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PREFACE TO THE THIRD EDITION 


The Second Edition has been out of stock for a long time 
causing great inconvenience to the vast majority of our readers and 
particularly students. We regret very much this inconvenience but 
the delay in bringing out this new edition has been due to various 
factors beyond out control—the second world war, the difficult 
post-war conditions and so forth. We have however taken this 
opportunity to rearrange the book in a more satisfactory form and 
have largely rewritten the subject matter and have tried to bring it 
uptodatc. 

The plan of the book has been somewhat altered to enable us 
to give a fuller and more advanced treatment of the various topics. 
After the first two chapters dealing with Thermometry and Calorimetry 
mote or less in a phenomenological way, the jthree main methods em¬ 
ployed in the theory of heat have been developed «£., the Kinetic Theory 
method, the method of Thermodynamics and that of Statistical Mecha¬ 
nics in Chaps. Ill to IX. These methods have been applied in subse¬ 
quent Chapters (X to Xfll) to the derivation of Equation of State/pheno¬ 
menon of Change of Phase, production of Low Temperature and Thermal 
Expansion, and in Chaps. XV & XVI to the problems of Radiation 
and Specific Heat. Thermodynamics of quantum-mechanical systems 
is dealt with in Chap. XVIL while the application of thermodynamic# 
and quantum statistics to Chemical Equilibria k considered in Chap. 
XVIII, The Appendix contains numerous useful Notes as in the last 
edition but new Notes have been added on Thermal Diffusion and Low 
Temperature Physics on account of the importance which these subjects 
have attained during post-war years. 

Though statistical mechanics has been introduced much earlier, 
care has been taken to see that the study of the subsequent chapters 
does not become difficult and with this end in view statistical mechanics 
has' been very sparingly employed until Chap. XVII. The student may 
thetefore omit Chap. IX in the first reading. On account of the com¬ 
prehensive treatment of the' various topics it is hoped that the book 
will be useful to the student, the research worker, the engineer and the 
physical chemist alike. 
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The authors take this opportunity of expressing their gratefulness 
to numerous friends who pointed out.the inaccuracies and shortcomings 
of the previous editions and offered suggestions for improvement. We 
are very thankful in particular to the late Prof. R. H. Fowler for his 
valuable suggestions and criticisms. It is earnestly hoped that this 
cooperation will be continued. 

Calcutta 

January, 1950. THE AUTHORS 


PREFACE TO THE FOURTH EDITION 

It is with profound grief that I present this edition. Professor 
Meghnad Saha, the senior author of this hook, died suddenly on 16th 
February, 1956 during the course of publication of this book. His death 
has removed the inspiring personality which originated the idea of writ¬ 
ing this Treatise and planned and executed it with such perfection. 
Fortunately, however, the preparation of the present edition was begun 
in early 1955 and I had fully discussed with him the various lines of 
improvement as well as the new topics to be included some of which 
were even written out with his collaboration. The few changes made 
therefore are almost as he would have wished them to be. 

Several portions of the book where notable progress has been 
made in recent years have been fully revised and brought up-to-date. 
Chapter XII as well as Note 17 dealing with low temperature physics 
have been rewritten and considerable new material added. Produc¬ 
tion of very high temperatures which has gained importance during 
recent years for purposes of atomic energy has been discussed at some 
length in Chapter XVIII. A new Note has been added (Note 21) 
to give the basic principles and methods of the Thermodynamics of 
Irreversible Processes as it was considered desirable to familiarise the 
student with this most notable progress in Thermodynamics during 
the last twenty years. To facilitate quick consultation an explanation 
of the Symbols and Notation has been given at the end. With these 
improvements it is confidently hoped that the book will be found 
more useful by the vast majority of its readers. 


Calcutta, 
March, 1958. 


R. N. Srivastava. 



PREFACE TO FIRST EDITION (TEXT BOOK OF HEAT) 


This book is largely based on the lectures which the senior 
aufhor had been giving to the Hons. B.Sc. and M.Sc. classes for 
the past twelve years. It is intended to give a full, up-to-date and 
concise account of not only the classical parts ot Heat, but also such 
allied subjects as the Kinetic Theory of Matter, Quantum Theory, 
Statistical Mechanics and Theories of Thermal Ionisation (State of 
Matter at High Temperatures). The inclusion of the last two 

chapters has been a deviation from the orthodox practice but is pro¬ 
bably justified by their growing importance. Full .and copious 
references to original treatises and papers have been given. It is 
therefore expected that the book will be heipfu! not only to the 

advanced students all over the world preparing for their degree 

course, but will also be found helpful by the research workers in 
Physics, Physical Chemistry and Astrophysics as a book of information 
and references. 

In spite of the care taken in the preparation of the book, it is 
feared that omissions of important results have been many, and the 
authors will be thankful if these are brought to their notice. 

Besides the various authors and publishers to whom "we make 

our grateful acknowledgement on the next page, our best thanks 
are due to the students of the B.Sc. Hons, class (1931), vi%, t Messrs. 
K. K. Bhargava, R. N. Rai, and B. N. Joshi, for preparing the Con¬ 
tents and the Name Index, to Mr. N. C. Chattetjee, M.Sc., of the 
Banaras Hindu University, for preparing the Subject Index, to Mr. 
S. C. E>eb, Research Scholar, • for verifying the calculations in last 
Chapter XIV, and to Mr. G. R. Toshniwal for help in writing 
Chapter VIII. 


Allahabad 
August, 1931 


THE AUTHORS 



FOREWORD TO THE TEXT BOOK OF HEAT 

The influence of temperature on the physical and chemical be¬ 
haviour jo( matter forms a field of study of the highest practical and 
theoretical interest. In recent years, our knowledge of this subject 
has vastly increased, and the field of research covers a great range 
of temperatures, commencing from the lowest possible and extend¬ 
ing upwards, apparently without any limit, except that of piactical 
attainment, Recent astrophysical researches—which are by no means 
in the nature of unsupported speculations—indicate the existence ol 
immensely high temperatures in the interior of stellar masses. The* 
senior author of this book has been the pioneer in that fascinating 
region of research which deals with the progressive breaking up to 
the atoms and molecules of matter into their constituent parts at 
high temperatures. The well-known Saha ionisation formula forms 
the starting point of much recent astrophysical research. It has also 
a beating on the electrical phenomena occurring in flames, electric 
arcs, and other high-temperature conditions in the laboratory or 
workshop, and therefore possesses high practical importance. 

The familiarity with thermodynamics and its applications to 
physical and chemical theories which # led Professor Saha to these 
classical researches has also made him a most successful expositor 
of the subject. His experience in the lecture-room and laboratory, 
first at Calcutta and later at Allahabad, has helped him to produce 
with the assistance of the junior author, a book in which freshness 
and width of outlook are combined with clearness and accuracy in 
detailed exposition. By undertaking the necessarily laborious task 
of producing a systematic and up-to-date treatise on the Theory ot 
Heat, Professor Saha has earned a claim to the gratitude of the wide 
circle of readers—-both m and outside of India—who, it is confident¬ 
ly hoped, will study this book and appreciate its merits. 


210, Bowbazar Street, 
Calcutta. 

14th July, 1931. 


C. V. RAMAN. 
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CHAPTER I 
THERMOMETRY 


IT. Concept of Temperature.—The sensation of heat ot cold 
is a matter of daily experience. By the mere sense of touch we. can 
say whether a substance is hotter or colder than ourselves. The 
hot body is said to possess a higher temperature than the cold one. 

But the sense of touch is merely qualitative, while scientific pre¬ 
cision requires that every physical quantity should be measurable 
in numerical terms. Further, the measurements must be accurate 
and easily reproducible. This requires that the problem should be 
handled objectively and the sense of touch should be discarded in 
favour of something which satisfies the above criteria. Let us see 
how this can, be done. 

When two bodies are brought in contact or communicate with 
each other through a wall, it is found that, in general, there is a 
change in their properties, such as volume, pressure, etc., due to 
exchange of heat. Finally a state is attained after which there is 
no further change as long as external conditions do not change. 
This is called an equilibrium state of the combined system. The 
two bodies are then said to be in thermal equilibrium with each other. 

Now consider two systems A and B separated from each other 
by an adiabatic wall, but each is in contact with a third system C. 
through a wall which allows heat to pass (diathermic). Experi¬ 
ments show that when such an arrangement is set up, both A and 
B reach thermal equilibrium with C with appropriate changes in 
their properties. Then if the adiabatic wall between A and B is 
replaced by a diathermic wall, it is found that no further change 
occurs in A and B showing that A was also in thermal equilibrium 
with B. These experimental facts may be stated concisely in the 
following form: 

Two systems in thermal equilibrium with a third are in thermal 
equilibrium with each other . 

This law of thermal equilibrium is the basis of the existence of 
the concept of temperature. In the above example the system C 
may be taken to be an ordinary mercury thermometer with which 
the bodies A and B are simultaneously or successively in thermal 
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equilibrium. All these three bodies may be said to possess a pro¬ 
perty that ensures their being in thermal equilibrium with one 
another. We call this property temperature. The temperature of a 
system is a property which determines whether or not a system is 
in thermal equilibrium with other systems. Evidently this tempe¬ 
rature can be measured by observing some such property of any 
one of these systems which varies with the addition of heat. 

Heat causes many changes in the physical properties of matter 
some, of which are well -known, e.g. t expansion, change in electrical 
resistance, production of electromotive force at the junction of 
two dissimilar metals, etc. All these thermometric properties have 
been utilised for the measurement of temperature. The earliest and 
commonest thermometers utilise the property of expansion. Mer¬ 
cury-in-glass is universally employed as a thermometer for ordinary 
purposes, but though it is simple, convenient to use and direct- 
reading, it is not sufficiently accurate for high-class scientific work. 

For the quantitative measurement of temperature we must select 
a standard temperature interval between two easily reproducible fixed 
temperatures just as we select the standard of length (metre) to be 
the distance between two fixed marks. The two fixed temperatures 
selected for this purpose are the melting point of ice and the boiling 
point of water. The next step is to sub-divide this standard tem¬ 
perature interval into sub-intervals by utilising some thermometric 
property and call each sub-interval a degree of temperature: On the 
Celsius scale this standard interval is divided into 100 degrees. The 
third step is to assign some arbitrary value to the. temperature of 
one of these fixed points and reckon ail temperatures from that 
point. On the Celcius scale the lower fixed point is called 0°C. 
It will be seen that the empirical temperature scale so defined is 
more or less arbitrary and any number of such scales may be selec¬ 
ted. In fact this devise merely serves to register temperature rather 
than measure it since multiples of temperature can have no meaning 
with reference to the temperature unit. It is only with absolute 
temperatures and on the basis of Carnot’s principle that it becomes 
possible to arrive at a measurement of temperatures by the definition 
of a ratio when the absolute zero of temperature is also fixed. 

1*2. Mercury Thermometer. —Everybody is familiar with the 
ordinary centigrade thermometer. It consists of a glass bulb con- 
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taining mercury to which a graduated capillary stem is attached. 
The freezing point of water is marked 0°C. and the boiling point 
100 C 'C. and the interval divided into 100 equal parts. This scale 
was first introduced by Celsius (1742) and is now adopted for all 
scientific work. Other scales in ordinary use today are those 
introduced by Fahrenheit (1714) and Rdaumur. But Fahrenheit was 
the first to choose mercury as the thermometric substance on 
account of its many advantages. It does not wet glass, can be 
easily obtained pure, remains liquid over a fairly wide range, has 
a low specific heat and high conductivity ; it is opaque and its 
expansion is approximately uniform and regular. But we must 
not forget its several drawbacks. The specific gravity and surface 
tension of mercury are large, and the angle of contact with glass, 
when mercury is rising, is different from that when it is falling. 

The range of an ordinary mercury thermometer is limited by 
the fact that mercury freezes at —38 ‘87°C. and boils at 356°C. but 
the upper limit can be raised to about 500°C. by filling the top of 
the tube with nitrogen under pressure. The thermometric glass 
must be of special quality : it should be stable and should rapidly 
return to its normal state after exposure to high temperatures. 
The glasses generally employed are verre dttr and Jena 16 m for 
better-class thermometers and borosiltcate glass 59 In and 1565 111 
for high-temperature work. Thermometers have, however, been 
constructed of quartz containing mercury under pressure, and these 
can be used up to 750°C. 

Mercury thermometers are generally employed for rough work. 
If they are at all used for accurate work, various corrections must 
be applied to get the true temperature. The important ones among 
them are the following:— 

(1) Calibration Correction. This is due to want of uniformity in the 

bore of the capillary tube. 

(2) Correction due to change in the fundamental interval from too to 

100+$ (say) where S has any value. 

(3) Correction due to shift of the zero. This is very important since 

glass after exposure to high temperatures returns to its normal 

state only after a very long time. 

(4) Exposed Stem Correction. Part of the stem and hence the con¬ 

tained mercury does not acquire the temperature of the bath. 
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(5) Correction doe to changes in the size of the bulb caused by variable 
internal and external pressure. 

(6) Correction for thermal expansion of the material. 

For details concerning the application of these corrections and other 
useful information see Glazebrook, A Dictionary of Applied Physics, Vol. 1 
(Article on Thermometry); Temperature, Its Measurement and Control in 
Science and Industry (1941), pp. 228—256 (Article by Busse). 


1*3. Special Types of Liquid Thermometers—The ordinary 
mercury thermometer is not suitable for certain purposes ; for this reason 

special types of thermometers have been devised. 
They are modifications of thfe ordinary thermo- 
meter designed to serve the particular end in 
view. 

For meteorological purposes thermometers 
are required to indicate the maximum and 
minimum temperatures to which they have been 
exposed during a certain period. Six devised a 
combined maximum and minimum thermometer 
which is indicated in Fig. 1. The bulb A and 
part of the tube is filled with alcohol up to the 
level B, then with mercury up to C above which 
again there is alcohol up to D. The glass 
indexes I, I, have each an iron wire attached 
(shown separately), and placed above B and C 
in each tube. When the temperature rises, the 
alcohol in A expands and the expanding mercury 
pushes upwards the index above C to its 
maximum limit. With a fall in temperature this 
index is undisturbed while the index above B is 
pulled upwards by the contracting alcohol, but 
Fig. 1 .—Six’s maximum and is left behind when the temperature rises.. The 
minimum thermometer. j fon w j re attached to the glass index prevents it 



from falling under its 
adjusted from outside. 


own weight and enables its position to be 


For determining the temperature of the air in meteorology, the Aspi¬ 
ration thermometer has been devised by Assmann. It consists essentially 
of a sensitive mercury thermometer whose buib is protected from solar 
radiation by a double-walled jacket. By means of an aspirator a current 
of air is kept circulating past the bulb. The bulb thus takes little time to 
acquire the temperature of the atmosphere. 
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The clinical thermometers in ordinary use are mercury thermometers 
of short range of the maximum type. The stem just above the bulb has 
constriction which the mercury passes when its 
temperature rises. On cooling, the mercury is 
unable to force its way back. The range of tem¬ 
peratures is 95°F. to 110°F., and the bulb is very 
thin and the capillary bore very fine. The mercury 
thread is rendered easily visible by constructing 
lens-front thermometers. 

For accurate work, such as the determination of 
the boiling and melting points of organic substances, 
several short-range thermometers are employed 
between the range 0 and 450°C. They are called 
chemical thermometers. Benzol and Toluol thermo¬ 
meters are amongst the many that are in use. 

The Beckmann thermometer, indicated in Fig. 2, 
is used to measure small changes of temperature 
with a high degree of accuracy. The stem is here 
marked from 0 to 5 representing approximately 
degrees centigrade and every degree is divided into 
100 equal parts. There is a reservoir at the top 
of the instrument (shown separately at h ) to enable 
the range to be varied. To set the thermometer 
to any desired range, the bulb is heated to expel 
mercury into the reservoir and the instrument 
gently tapped when the .mercury column breaks 
near tfie reservoir and some mercury is transferred 
into it. Next the Beckmann thermometer is im¬ 
mersed along with an auxiliary thermometer in a 
bath whose temperature is varied till the mercury 
stands at the 0 division of the former. The 
temperature corresponding to the zero of the 
Beckmann thermometer is thus observed on the 
auxiliary thermometer, and by varying the amount 
of mercury in the bulb this is adjusted to be near 
the desired range. The value of each scale divi¬ 
sion varies with die quantity of mercury in the 
bulb and a correction curve for different settings 



(*) 


(*) 

Fig. 2.—Beckmann 


thermometer 

of the zero is supplied with the instrument from which the correction 
at any point of the scale may be obtained. The true value of a scale 
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division may also be obtained by calculation if the expansion of mercury 
and glass be known. 

H- Gas Thermometers. —The fundamental disadvantage of 
liquid thermometers is that two thermometers containing different 
liquids, such as mercury and alcohol, and graduated as on page 3, 
will agree probably only at 0°C. and 100°C. and at no other tem¬ 
perature. This is due to the fact that the expansion of the two 
liquids is not regular and similar. Thus the mercury thermometer 
of page 3 would give an arbitrary 1 scale of temperature. Moreover, 
the corrections to be applied to it (p. 3) are uncertain and known 
only approximately. Hence for accurate work the mercury ther¬ 
mometers are calibrated (see §1*12) by actual comparison with a 
resistance thermometer throughout the entire range. Even then 
the mercury thermometer is rarely used for accurate work, and for 
all standard work gas thermometers are employed. 

Gases possess several advantages as a thermometric substance. 
Their expansion is large so that gas thermometers will be more 
sensitive and the expansion of the containing vessel will 
necessitate only a very small correction. They can be obtained 
pure and remain gaseous over wide ranges of temperature. 
Further, the scales furnished by different gases are nearly identical 
since the expansion of all gases is found to be almost perfectly 
regular. Thus the temperature t given by the relation t — 
100(Xi— X 0 )/(X 100 — X 0 ) where X may stand for the volume or the 
pressure at the temperature denoted by the subscript, is found to 
yield nearly identical values whatever gas we may use as the ther¬ 
mometric substance. As will be shown presently, on extrapolation 
to zero pressure, lx., to the state of a perfect gas, these scales of 
temperature become absolutely identical. Further, it will be shown 
that the temperature scale furnished by a perfect gas is absolute and 
universal; it does not depend upon the properties of any particular 

1 The volume v t of a certain mass of mercury at any temperature t 
lying between 0 and 100°G as measured on the perfect gas scale is 
given by the relation 

v t = (l-j-l-8182.10-* / -+- 0*78.10“® d 2 ). 

Thus the relation is not linear and the readings of the mercury 
thermometer as calibrated on page 3 will not agree, even after 
applying the corrections mentioned on page 3, with those of a perfect 
gas thermometer even in the range 0 — 1Q0°G 
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substance. It is for these reasons that gas thermometers are used 
as primary standards with which all others are compared and 
calibrated. 

The theoretical bases underlying the use of gas as thermometric 
substance are the laws 1 of Boyle and Charles. Let the gas be 
initially at pressure p ly volume and temperature /j 0 C. If we 
perform the change by first changing the pressure from p x to p 3 and 
next the temperature from t x to / 2 , wc have from these laws, 


P\V\-P#S> 



1 4-a^i 
1 -j-ftV 


where v' is the intermediate volume and a the coefficient of expan¬ 
sion at constant pressure. Combining these two equations we have 


P l*h a A /i\ 

'’TTr—TTZf* 

Pi^2 * 

which is the gas equation. 

Experiments show that the volume coefficient of expansion a is 
nearly the same for all the permanent gases of nature and is abso¬ 
lutely identical for all of them if their behaviour is extrapolated to 
the state of zero pressure, the ;.;tate of perfect gas. The 
value of a for a perfect gas from the best recent determinations is 
0*0036608- A gas thermometer filled with a gas at vanishingly 
iow pressure will then give the same scale of temperature what¬ 
ever the gas. This is called the Avogadro scale of temperature 
or the gas scale. 

The temperature /— — 1/a, /.<?>, 1/& degrees below the ice point is 
by definition called the absolute If we measure temperatures 

from this zero, the ice-point is given by 1 /a, the steam point by 
(l/a)-j-100, and generally any temperature /°C. by (l/a)-j-/= T°K. 
The scale so obtained is called the Absolute Scale or Kelvin Scale 
and will be denoted by °K. Hence equation (1) becomes 

1 Preliminary experiments show that these laws are obeyed by the so- 
called permanent gases in nature. More accurate experiments (Chap. X), 
however, reveal the fact that such gases obey these laws only approxi¬ 
mately and not rigorously, and in some cases considerable departures are 
observed. A perfect gas is defined as one which will obey Boyle’s law 
and Joule’s law (Chap. II) rigorously. 

2 The absolute zero thus defined is shown from thermodynamic consi¬ 
derations (Chap. VI) to he the lowest temperature possible. Hence the 
idea of this absolute zero is very important (see further §1*11)- 
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or 


Pi°% __ 0/ a )+4 _ Ja . 
Pi v i. 0/°)+A * 


Pi V 2 __ Pl V l _ A*0 

A “ r, “ r 0 


(say). 



where the suffix 0 denotes the quantities at 0°C. The quantity 
PqvJT 0 is known as the gas constant and varies as the mass of the 
gas taken, but is the same for equivalent gram-molecules of all 
perfect gases. For one gram-molecule this quantity is usually 
denoted by R. Hence the equation can be written generally in the 
form pV-~/j*RT where //* denotes the number of gram-molecules 
of the gas. 

We have already stated that the real gases do not obey the 
perfect gas laws. How can, we then find the value of T 0 and JR. ? 
The method of doing this will be indicated in section 1T0. There 
it is shown that for a perfect gas a = 0*0036608 per °C. whence 
T p = 273 16 degrees and R =- 8*314xl0 7 ergs per degree. 

Equation (2) furnishes two ways of measuring temperature. 
The pressure may be kept constant and the volume observed at 
different temperatures giving us the constant pressure thermometer; 
or the volume may be kept constant and the change in pressure 
noted, a principle utilised in the constant volume thermometer. 

1*5. Standard Gas Thermometers.—The constant-pressure 
air thermometer has been defended by Callendar on various 
grounds : (1) the apparatus and the calculations are simple; (2) the 
internal pressure on the bulb does not increase as the temperature 
rises ; (3) accuracy of the result depends upon the accuracy of 

weighing. Nevertheless the instrument does not give concordant 
results and has been replaced by the constant-volume thermometer 
as a standard. The normal thermometer selected by the Bureau 
International des Poids et Mesures and everywhere adopted today 
is the constant-volume hydrogen thermometer filled with gas at a 
pressure of 1 metre of mercury at the temperature of melting ice. 

It consists essentially of two parts : the bulb enclosing the invari¬ 
able gaseous mass and the manometer for measuring the pressure. 
Fig. 3(a) represents the thermometer 1 diagrammatically. 


1 A high-precision constant-volume gas thermometer has been des¬ 
cribed by Beattie and co-workers (Proc. Amer. Acad . Arts and Sciences, 
74, 327, 1941). 
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§1*5] STANDARD GAS THERMOMETERS. 9 

The bulb C is a platinum-iridium tube one litre in capacity, 1 
metre in length and 36 mm. in diameter. It is attached to the 
manometer by a capil- 9HH J 

lary tube of platinum |H] ffl Jjf 

one metre in length. ||j||l|ftk AI L 

The manometer consists 11111 JlL ^ 

of two tubes A and 6, ||||jl| It H 

and the stem of the baro- 1 11 / 

meter R dips into A. I |j iHHl 

The barometer tube is || | f "■yflfr 

bent so that the upper | | | I ifl^P 

surface of mercury in ||| f fi 

it *is exactly above B J 1111 I I ^ iBH 

and these levels can be | I | ]| | ^ SaH 

read off by a catheto- I l|j|| | I 

three telescopes. The ^||H| 1|g ^ 

number of observations ■ II11 g| ^ 

to be taken is thus || 1 

reduced to two. B con- 1 ® ||| II 

sists of tv.'o columns of \ ™j||| isJUL 

mercury separated by 

the steel-piece H and j 

both these columns f E| 1 

communicate with ^— Mir A 

A By raising or • ' 

lowering the mer- Fig. 3(a). —Constant-volume hydrogen thermometer, 

cury reservoir M, the mercury surface in the lower part of B is 
just made to touch a fine platinum point P [shown magnified in 
Fig. 3(b)], projecting from the steel-piece H, and thus the volume 
of the enclosed gas is kept constant. , 

The thermometer described above is suitable for measuring 
temperatures up to 500°C. For higher temperatures certain modi¬ 
fications are necessary which will be discussed in section 1*25. 
The range of gas thermometers with proper modifications can be 
extended ftom —260°C. to 1600°C. 

We shall now deduce a formula for converting the observed 
pressure readings into corresponding temperatures. If p Qi p l00 

F. 2 
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denote the pressures indicated by the manometer at the ice-point 
and the steam-point respectively, and T 0 the ice-point on die 
absolute scale, then 


whence 


Atoo 

Po 

1 


T o +100 


Piw~ Po 




T« 100 p 0 

where J0 is the coefficient of expansion at constant volume, and is 
known when Ao and p im are determined experimentally. To find 
the absolute temperature corresponding to any observed pressure 
Ai, we have 


since T 9 ~ll0. 


Ao 


or 


r Pi l 
‘ r “ Po'P 


. (3) 


ACCURATE GAS THERMOMETRY 

I ‘6. Gas Thermometer Corrections,—In the preceding 
section the equation was developed on the assumptions (1) that 
the whole gas attained the temperature to be measured, its volume 
remaining constant and there being no disturbing factors; and (2) 
that the gas obeyed the perfect gas laws. Actually, however, 
none of these assumptions is true and consequently corrections are 
necessary. First we shall correct for the former. 

Here the chief 1 sources of error are the following :— 

(a) The gas in the ‘dead space’ is not raised to the temperature of the 
bulb. The ‘dead space’ consists of the space, inside the capillary tube 
and in the manometer between the mercury level and the steel-piece H. 
Its initial and final temperatures are also different. 

(b) Increase In the volume of the bulb C with rise of temperature. 

(c) Change in volume of the bulb due to changes in internal pressure. 

(d) Change in density of mercury on account of temperature changes. 

Let V Q denote the volume of the bulb and H 0 the pressure of the 
contained gas at 0°C. If the volume of the dead space be v and its 
temperature throughout the experiment be / while a denotes the volume 

1 There are about 25 corrections in all and the task of correcting tor 
ail of them is extremely tedious and laborious. For the method of 
applying these corrections Guillaume’s Thermowftrk de Precision may be 
consulted. 
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coefficient of expansion of the enclosed gas, then the volume of the whole 
gas at N.T.P. will be 

fo + _»43-. 

r° l+a/- 1 760 

When the bulb is heated to 0°C. and the pressure becomes H 0 +A, the 
same volume is given by 

' \ Yi L±z&±** 

1 1 + a0 

where y is the coefficient of volume expansion of the bulb and b the 

coefficient of internal pressure, bh denotes the increase in the volume 

of the bulb due to the increase in internal pressure by h. Squat!ng 

the above two expressions we get 

t . y&)+bh\ (H 0 -f&) , vh 
0 « 0 — — 

whence 


+ JL l H i±* 

h 1+ttfJ 760 * 


„ „ _ f VS J ryS)+bh) (Ha-4) 

1 *"■-r+a“ " f 'i + o/ 


ad = 


H 0 +h Vq( 1 ±ydy±bh to 1 +afr 


1. 


(*> 

the 


H 0 V F 0 ’ H 0 F 0 *H-a/ 

Since the temperature to be determined, occurs on the right 
uncorrected value of d, d—hjKtfi is substituted there to give a mote 
accurate value of 9. This value may be again substituted on the right 
to give a still more accurate value of 9, The process can be repeated 
indefinitely. This is called the method of successive approximations and is 
very commonly employed in Physics. Generally the process need be 
performed only once or twice as the result then obtained attains the 
accuracy permitted by the observations themselves. 

1*7. Perfect Gas Scale. —We shall now correct for the second 
assumption, vi%.> for the departure of gases from Boyle’s law. In order 
to -do this we must know the actual equation of state (Chap. X) of the 
substance. 

We shall denote by t v and t p the temperatures as actually recorded 
on a constant volume and a constant pressure thermometer containing 
a real gas, while / will denote the corresponding reading given by a per¬ 
fect gas' thermometer. Then from definition 


and 


h - P-&r X 100, 

Piw~Po 

to = - v ny^ x 100. 


V, 


-v a 


<S) 

( 6 ) 


If the quantity of gas is the same in both the thermometers (/.*., at 0°C. 
the pressure and volume in both is p„, v 0 ), then if the gas obeys Boyle's 
law we have 

VQp, ~ (pv) t — v t p 0 .( 7 ) 



12 


THERMOMETRY 


P 


Thus multiplying (5) by v 0 and making use of (7) we get 

X100. 

(pv) loo -(pv) 0 

and multiplying (6) by /> 0 and using (7), 

Thus for a gas winch obeys Boyle's law the temperatures read on a constant pressure 
and on a Constant volume thermometer are identical , and each is given by 


' • ' (8) 

We shall now consider the equations of state of a real gas. As will 
be clear from a study of Chapter X, the number of such equations de¬ 
duced from theoretical considerations is very large, nevertheless none of 
them shows a complete agreement with the experimentally observed 
facts. Under the circumstances the most satisfactory procedure is to 
write down the equation of state for every gas from the observed experi¬ 
mental data as far as they are available. As this procedure involves a 
knowledge and measurement of the temperature, the equation is usually 
expressed In the form 


pv — sl-f-Bp-\-Cp*-\~Dp 3 + . . - . . (9) 

which was first suggested by Kamerlingh Onnes 1 . The constants A, B » 
C, D .are complicated functions of temperature but are indepen¬ 

dent of the pressure, and are found by performing the compression 
experiments on the actual gas, i.e. t by noting the volume at different 
pressures (Chap. X) and substituting in equation (9). For out present 
purpose we a«;e concerned only with the numerical values of these con¬ 
stants at. certain fixed temperatures and not with their dependence on 
the temperature which would require a measurement of the temperature. 
Hoiborn and Otto 2 have carried out very careful experiments on a num¬ 
ber of gases between the range — 183°C. to -J-400°C. and have given 

the values of the constants A, B, C .at different temperatures. For 

oxygen at 6°C. they find that 

i-ooidO-K'aoHaxio-v-j-s-esssxio- 6 ^..., . (9*) 
where p is in metres of mercury and v —1 when />=1. Thus the 
constants A, B, C . . . are in rapidly decreasing order of magnitude. 
The D term is generally negligible and at the pressures employed in 
gas thermometer C is also negligible. Thus the equation simplifies to 
pv = A+Bp> 


1 Leiden Com man.. No. 71, 1901. 

2 Zdts. f. Pfysik , 33, 9, 1925. 
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From this form of the equation, it is easily seen that at infinitely 
low pressures (^-*-0) the gas obeys Boyle’s law ( pv—A) and would thus 
behave like a perfect gas. From theoretical considerations given in 
Chapter X, the same conclusion follows. Hence in order to obtain 
the readings corresponding to a perfect gas we make observations on a 
real gas and extrapolate the readings to infinitely low pressure. This 
method was originally given by Berthelot but he used for this purpose his 
own equation of state and extrapolated graphically and also algebraically 
to the state of zero pressure. Using Kamerlingh (Dimes’ form of the 
equation the extrapolation becomes very easy and is illustrated below ' 
Using the constant-volume thermometer let us find any temperature /, 
say, the boiling point of sulphur. The temperature, as observed on this 
thermometer is, from definition, given by 


t. v 


A-i°- x ioo. 

Pioo—Po 

We then perform the compression experiments on the same gas at the 
two fixed points 0°, 100° and at /°C. (the temperature to be deter¬ 
mined). We have then 

Po v o = ^o+^oA» | 

Pioo v a ~ ^ioo+^ioo/W i • 0®) 

pi v 0 = A v \~B t pu ! 

where v c is the constant volume and the constants A i00> B 100 , 

A t > B t , are obtained from the results of the compression experiments. 
Then from definition 

Pt~P* 


t v = £Z- cs- x 100 = —— - ^°~ Xl00 
Piw Pn ^OplWl v 0 p 0 

__ ( A* ~~A 0 ) BqPo) ^ |qq 

C^ioo - ^o)~K®ioo Piw~~BoPo) 


from (10) 


A}—A 


A\qq—A 9 


*- . 100 


[ 


1 + (Bfpt B 0 p 0 )j (At A 0 ) 

1 +(B 1 oo/ > ioo~~^oi/ , o)/(' / ^joo A , 


>] 


— him\ 1 + 


1 


Bjpt — Vg Qmp\o« Vo 1 


At — A* 


l ioo 


A* J’ 


with the help of the binomial theorem and by neglecting quantities of 
the order (BpjA)*. We have put (At— A^)\00j(A lw —A 0 ) -- the 

temperature that would be given by the same thermometer if the 
initial pressure was infinitely low (/> 0 ~*0). Hence 


him h> tlifx 


^roBpiw~^apG __ R*pt hh 


■ioo A 0 sit 


At—A 


? • 


(II) 


This is the corrector, to be applied to the reading t v of the constant- 
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volume thermometer m order to reduce it to the temperature which 
would be given by the same thermometer if the pressure were infinitely 
small. All the quantities on the right-hand side except t\ im are known. 
We thus sec that tn m , the temperature to be determined, occurs in the cor¬ 
rection term. Since, however, the value of the correction is small, we 
can substitute t v for on the right and employ the method of succes¬ 
sive approximations as already explained. 

To find the magnitude of the corrections at any other temperature, 
the value of the correction at a large number of temperatures is found 
and then an interpolation curve drawn from which the correction at any 
temperature can be read. 

Constant-pressure thermomier .—The temperature t v recorded by this 
thermometer is, from definition, given by (6). Multiplying by the con¬ 


stant pressure /> 0 we have 


t v = X 100, 

P(s u im~Po v o 


and making use of (9) as before, we get 

t v = x 100, 

(A ioo — -^o) +A>(£ 10 o-Bo) 


Sh-A o 
^100” 


— mo At—A of, , h j, ^ loo ~A> 1 

A I P® A A A> A A 1 

]00 ^oL Ait—Ai 9 -^icu J 

T ^ioo— B 0 B t ,—Bo 1 


■ (12) 


which gives the required correction. We can draw an interpolation curve 
as in the previous case. 

It will be seen that the value of tu m is the same whether we use a 
constant volume or constant pressure gas thermometer and is given by 
100 We can, therefore, define the perfect gas scale 

(Celsius scale) thus: 


/= 100 


Urn (pv) t — Urn (J>v ) 0 

ps-o p—>o t 

Lira (pv) m — Um (pv)o ‘ 
p—x> p~^>o 


• (13) 


Equations (11) and (12) enable us to obtain the corrections for 
the temperature range —183 to -|- 400°C. for which the compression 
experiments have been performed by Holborn and Otto and consequently 
the necessary data are available. Above these temperatures due to lack 
of experimental data this method is inapplicable and a theoretical 
- equation of state must be employed—a method which was used for all 
tempetatutes prior to Holborn and Otto’s experiments, Above 45Q°G, 
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however, the correction irself is smaller than the errors of gas thermo¬ 
metry (Sec. 1-6) and is, therefore, generally neglected. 

A very good method of obtaining the correction to be applied to the 
real gas scale is to perform the joule-Thomson experiment (Chap. XII). 
The principle underlying this correction will be explained later. Unfor¬ 
tunately, however, the existing data on Joule-Thomson effect are not 
sufficiently copious to enable us to apply this method and the method 
given above is almost universally employed. 

1*8. We give below (Table 1) the corrections, which have to be 
applied to an actual gas scale in order to convert it to the perfect 


r Table 1 .—Gas Scale Corrections. 


Tem¬ 

perature 

•°c 

Constant pressure 

Constant volume 

Helium 

Hydro¬ 

gen 

Nitro¬ 

gen 

Helium 

Hydro¬ 

gen 

Nitrogen 

-260- 

3 

' » • 

/ 


+0*041 



-240 

• • 

* • 

• . 

+0*033 

+0*117 

, * 

-220 

• 9 

* 9 

• , 

+0*026 



-200 

m « 

* • 

« • 


+0*069 

« • 

-180 

♦ * 

« • 


+0*015 

+0*054 

* • 

-183 

+0-029 

+0*265 1 


+0*019 


• * 

-150 

+0*015 

+0*138 


+0*014 


► « 

-100 

+0*005 

+0* 053 v 

+0*399 

+0*008 

+0*015 

+0*052 

** 50 

+0*002 

+0*016 

+0*112 

+0*003 

wSEEm 

+0*015 

- 25 

+0*001 

+0*007 

+0*039 

+0 001 

mm 

+0*006 

u . 
+ 25. 


'-0*003 

-0*020 

-0*001 . 

mmSm 

-0*003 

50 


-0*003 

-0*025 

-0*001 

iaBilurl 

-0*004 

75 

1 

-0*002 

-0*018 

-0*001 

I 

+0*003 

125 


+0*003 

+0*025 

+0*001 

iBImuH 

+0*005 

150 

+0*001 

+0*008 

+0*056 

+0*003 

Hgfla 

+0*011 

175 

+0*002 

+0*013 

+0*090 

+0*005 

+0*011 

+0*018 

200 

+0*002 

+0*020 

+0* 132 

+0*008 

+0*017 

+ 0*027 

225 

+0*003 

+0*027 

+0*178 

+0 011 

+0*024' 

+0*038 

250 

+0*004 

+0*035 

+0*225 

+0*015 

+0*032 

+0*050 

275 

+0*005 

* t 

+0*274 

+0*019 

■ * 

+0*063 

300 

+0*006 

, a 

+0*320 

+(5*023 

■ « 

+0*080 

350 

+0*008 

, , 

+0*430 

+0*034 

. . 

+o iio 

400 

Mswm 

, , 

+0*550 

+0*046 

. * 

+0*150 

450 

+0*012 

• • 


+0*061 

• 8 

+0* 190 


gas scale. Values of t p and /— t v are given in the table. The 
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pressure of the gas at 0°C is 1 metre of mercury. The corrections 
for temperatures between — 260° and — 180°C. are given by Danes 
and Cath, 1 * and those between —183° and -}-450 o C. .by Holborn 
and Otto. 8 

A glance at the table shows that the corrections are smallest for 
helium and largest for nitrogen and except for helium they are less 
at constant volume than at constant pressure. 3 

1*9. Comparison of Different Gas Scales.—It will be now shown 
that the scales so furtjished by the different gases, when reduced to zero 
pressures coincide. Let u& calculate the value of the quantity (Ar~~ A^/Arf 
for the different gases for various values of /. The necessary data are 
given by Holborn and Otto 4 * who measured these temperatures with a 
platinum thermometer, which was standardised by comparison with 
a helium thermometer throughout the range, and thus essentially gave 
the helium scale. The values o( (At —A o )\Q0jA q^m.) so obtained are 
given in table 2, and are seen to be quite constant and equal to 0* 36604 
for all gases. Putting (At—A^jAf/w) — * and making use of this 


Table 2.—Values of 100 ^ 

A 0 t {ke i. } 


Gas 

Value of 100 (A t —A^JA 9 t ( M-y 

—183° 

-100° 

-50° 

100° 

200° 

4oo°c. 

Helium .. 
Hydrogen 
Nitrogen.. 
Neon 

Argon .. 

0-36605 

0-36604 

0-36604 

0-36604 
0-36604 
0-36604 
0-36604 
0-36604 

0-36602 
0-36604 
0- 36604 
0-36603 
0-36604 

0-36603 

0*36604 

0-36605 

0-36604 

0-36604 

0-36605 

0-36604 

0-36604 

0-36604 

0-36604 


experimental result we can write for any other gas 

A t = A 0 (1 -H/ (A rf.)), .... (14) 

or Ltm (fV)t — Ltt/i (1 ) • • • • (h^) 

p * p—>c 

1 Leiden Common., No. 156 (a), 1922. 

8 Zeits. f. Physik, 33,10,1925. 

3 For corrections according to various other authors see Temperature , 

Its Measurement and Control in Science and Industry (1941), pp. 56-57. 

; 4 Zeits. f. Pbysik, 23, 77,1924 ; 33, 25. 1925. 
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The temperature t g given by this gas thermometer after reduction to 
infinitely low pressure is given by 

Uw(pv) t — o 

t -£^_-vXlOO== w, . .( 16 ) 

s Lm(pv) im — Lm{pv) 0 

p-^yo p —>o 

from (15). Thus the temperatures given by all these gas thermometers 
after reduction to infinitely low pressure coincide, and since at these 
low pressures Boyle’s law is obeyed by all gases, the scales furnished by 
the constant-pressure and constant-volume thermometer containing any 
gas, after reduction to infinitely low pressure, must be identical. This 
is the perfect gas scale and may be attained with the help of any gas 
thermometer. 

1*10. Magnitude of the Coefficient of Expansion and the 
Gas Constant.—From Table 2 it is seen, that the coefficient of 
expansion a = {A t - is, within limits of experimental error, 
the same for all gases. From equation (15) it follows that , for a 
gas at infinitely small pressures, the coefficient of volume expansion 
at constant pressure is the same f<?r all gases. This is called Charles' 
law and is seen here to hold for a gas at infinitely low pressures. 
The numerical value of a , corresponding to a perfect gas is seen 
from table 2 to be 0*0036604. 

There is one more way of calculating a which was usually 
employed before this 


36 750] 

36700 
/ 

36650 
366JI 

36600V- 


I - ,<.t S 

Heiium * ♦ 
Hydrogen* • 
Nitrogen 00 





work of Holborn and 
Otto. The values of a 
and /?, the volume and 
pressure coefficients as 
defined in § 1 • 4 and 1 • 5 
are obtained for differ¬ 
ent gases at different 
initial pressures of the 
gas, and then graphi¬ 
cally. extrapolated to zero pressure. This was done by Henning 
■ and Heuse, 1 and their extrapolation is shown in Fig. 4. It will be 
seen that the lines for a and for the different gases intersect at 
the ordinate corresponding to zero pressure 'Very nearly in a single 
point, whose magnitude is 0*0036604. Taking into account all 


„ 300 ~500 700 900 

p in m.m. of Mercury - 


Fig. 4.—Extrapolation of « and j8 to zero 
pressure. 


1 Zeits.f. Physik ,, 5, 285, 1921. 
F. 3 
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the existing data from different methods obtained in the different 
laboratories of the world Beattie 1 gives the mean value 

* =‘(36608±2)xl0- 7 “G- 1 

The perfect gas equation may therefore be written 
Liar (pv)t = Um(pv\ <1 +«?/), 

p-*o 

and putting t-\-(\ja)=T t where T is the temperature on the 
absolute scale, we get 

Lim (pv)t = Um(j>v) 0 aT. . . . .' (17) 

p->o p -* 0 

From Avogadro’s law it follows that if we consider a gram- 
molecule of different gases, the quantity Uar(j>V) 0 will be the 

same for all gases. Then the above equation can be written in 
the form 

Lim(pV) = RT, .... ( 18 ) 
P-+* 

where UmipV)^ a has been put equal to R, a universal constant 

called foe gas constant. This is the perfect gas equation. From this 
as. in section T5, we deduce T 0 — Ija =±= 273*16±0*0rK. From 
some accurate experimental data on oxygen Henning 2 obtained 
Liar (pV) 0 — 22*414 litre x atmospheres. Hence 

p—x> 

R =s Lim (J>V )o a 

= 22414X *0036608 X KFx 76x 13*5955 X 981 ergs/degree 
= 8*314x 10 7 ergs pet degree. 

Since \ calorie* « 4*185xl0 7 ergs (Qiap. Ill) hence R — 1*987 
calories per degree. 

I’ll. Thermodynamic Scale of Temperatures.—It will be 
seen that the absolute temperature has been defined from the relation 
T = /+(!/*)> i’ e 'i 111 terms of the Celsius temperature as read on the 
perfect gas scale. Thus the absolute temperature depends upon the 
property of gases in general, though not upon the particular pro¬ 
perty of any individual gas. It will therefore be preferable to have 

1 Temperature, Its Measurement and Control in Science and Industry 
(1941), p. 87. 

* Zeits. f. Physik, 6 , 69, 1921. 

3 The values of these constants have been taken from Birge, Rev. 
Mod. Pbys., 13, 236, 1941. 
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a scale which is not dependent even upon the properties of gases. 
We shall now show how such a scale has been devised. 

In Chapter VI it will be shown how from Carnot’s theorem 
regarding the performance of ideal heat engines, .Lord Kelvin 
developed a scale of temperature which is independent of the 
property of any particular substance . This is the standard scale of 
temperature and is known as the thermodynamic scale. Further, 
it is shown there that this scale is quite identical with the per¬ 
fect gas scale. We thus see that the perfect gas scale which was 
hitherto shown to depend on the properties of gases now becomes 
independent of the properties of any particular substance. It 
is called the thermodynamic scale and is the standard scale adopt¬ 
ed in scientific work. 

So far we have defined the absolute zero as a temperature 
-i/* °c. below the ice-point. This definition is hardly satis¬ 
factory as no property of the absolute zero has been utilised in 
defining it and the value of a is known only to a limited degree 
of accuracy. Wc shall see later how a satisfactory definition of 
the absolute zero has been obtained from thermodynamic consi¬ 
derations of engines. On account of the uncertainty in the value 
of a it is evident that temperatures on the absolute scale arc not 
known so accurately as temperatures on the Celsius scale. For 
example, the boiling point of oxygen is —182*983°C. = 273*16— 
182*983 - 90 18°K and we are not justified in writing the third 
decimal place in the last term. 

1*12. Standardisation of Secondary Thermometers.— Gas 
thermometers are very cumbersome to use and require several 
corrections. Hence in laboratories they are replaced by secondary 
standards such as the resistance thermometer, the thermo-couple, 
etc., which have been carefully standardised by comparison with a 
standard gas thermometer in standardising laboratories, like the 
National Physical Laboratory in England, Bureau des Poid et 
Mesures in France, the Physikalisch-Chemische Reichsanstalt in 
Germany or the Bureau of Standards in Washington. 

For this purpose different standard baths may be constructed, 
each suitable for a particular range. Between 0° and 100°C. a water 
bath, between 80° and 250°C. an oil bath, between 250° and 600°C., 
a mixture of potassium nitrate and sodium nitrite and above that 
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an electrical beater is generally employed. For temperatures 
below 0°C., acetone cooled with solid carbon dioxide can be 
used down to aboyt —80°C. For still lower temperatures baths 
containing liquefied gases, such as methyl chloride, ethylene, 
methane, oxygen, nitrogen and hydrogen boiling under reduced 
pressure may be employed. For their ranges see Chapter XII. 

The secondary thermometers may also be standardised by means 
of a series of easily reproducible fixed points whose temperatures 
have been accurately determined. A table of standard temperatures 


Table 3 .—Standard Temperatures for Thermometry S 


Temperature°C 

Substance 

Temperature °C. 

Substance 

—252-780 

B.P. of Hydrogen 

419-5 

F.P. of Zinc. 

—195-81 

B.P. of Nitrogen 

444-600 

B.P. of Sulphur 

—182-97 

B.P. of Oxygen 

630-5 

' F.P. of Antimony 

— 78-5 

Sublimation of 

660-1 

F.P. of Alumi- 


co 2 


nium 

— 38-87 

| F.P. of Mercury 

960-8 

M.P. of Silver 

0-00 

M.P. of Ice 

1063 

M.P. of Gold 

4- 32-38 

Transition tem¬ 

1083 

F.P. of Copper 


perature of 

1552 

F.P. of Palla¬ 


Na 2 SO 4 .10H a O 


dium 

100-000 

jB.P. of Water 

1769 

F.P. of Platinum 

218-0 ' 

B.P. of Naphtha¬ 

1960 

F.P. of Rhodium 


lene 

2443 

F.P. of Iridium 

231-9 

F.P. of Tin 

2620 

M.P. of Molyb¬ 

305-9 

B.P. of Benzophe- 


denum 


hone 

3380 

M.P. of Tungster 

320*9 

F.P. of Cadmium 

3500 ±50 

M-P. of Carbon 

327-3 

■ 

F.P. of Lead 




is given in Table 3. The values given in this table are 
generally those adopted by the Seventh General Conference of 
Weights and Measures 2 representing thirty-one nations which was 

1 For a discussion of the sources for these values in addition to 
Conference Reports see Hcmdfmh der Physik , Vol. IX, pp. 591-602 ; Reports 
on Progress in Physics , 6, 298, 1940. See also Hoge’s paper in Temperature , 
Its Measurement and Control in Science and Industry (1941) pp. 141-156 for 
a critical discussion of the low temperature values. 

2 See a Report bv Burgess, Bull. Bur. Stand., 22, 635, 1928. See also 
Heuse and Otto, Ann. d. Physik , 9. 486, 1931. 







FIXED TEMPERATURE BATHS 


21 


§ 1 - 13 ] 


held in October 1927, but some amendments made by the Ninth 
General Conference 1 in 1948 have also been incorporated. 

1*13. Fixed Temperature Baths. —It is frequently convenient 
to calibrate the secondary thermometers by means of the fixed- 
point scale given above. The ice-point may be most conveniently 
obtained by dipping the thermometer in pure melting ice contained 
in a Dewar Bask. This is a double-walled glass or metal vessel 
whose inner sides are silvered and the space between the walls 
is evacuated 9 . For the steam-point the hypsometer indicated in 
Fig. 5 is employed. The diagram explains itself. C is the con- 



by evaporation, M is the manometer and T the thermometer. The 
path of steam is indicated by the arrows. The boiling point of 
water at the pressure p (in mm. of mercury) is found to be 
given by the relation 

1 See “The International Temperature Scale of 1948,” National 
Physical Laboratory, Teddington (1949); Stimson, Joum. Rex. Bur. Stand., 
Washington, 42, 209, 1949. 

2 For a complete description see Chapter XII. 
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F}g. 7 .—Platinum 
Thctmotnctct- 


where p Q stands for one standard atmosphere. 
For other fixed points a number of vapoui 
baths in which sulphur, naphthalene, aniline, 
etc., are used, serves the purpose. 

The sulphur boiling-point apparatus has 
undergone improvement at the hands of seve¬ 
ral workers 1 . Callendar and Griffiths found 
that the standard Meyer-tube apparatus was 
well adapted for the work. It consists 
of a hard glass cylinder A of diameter 
5 cm. and length about 25 cm. to which 
a spherical bulb B is attached at the 
bottom (Fig. 6, p. 21). The whole is sur¬ 
rounded bv an asbestos chamber C. The 
thermometer T is luted with an asbestos or 
aluminium cone D. This cone serves in two 
ways : (1) it prevents the condensed sulphur 
from running down over the bulb and cooling 
it below the temperature of sulphur vapour; 
(2) it prevents the bulb from directly radia¬ 
ting to the cooler parts of the tube. Sulphur 
is placed in the. bulb and heated over a dame. 
A side-rube may be provided in the upper 
part of the chamber which serves to condense 
sulphur vapour. The boiling point of sul¬ 
phur is given by the formula 

/ = 444-60 +69-010(^-1) -27-48/4 -l) 

\p 0 J \pQ / 

(-19-14 {+- — l)* 

where p 0 stands for one standard atmosphere 
and p the pressure in mm. of mercury. 


1 For a critical account of the subject Mueller’s paper in Tempera- 
furs. Its yieasureweni and Control in Science and Industry (l 94+ niay be 
ronsuhed. 
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Baths for naphthalene and aniline may be constructed by slightly 
modifying the apparatus of Fig. 5. 

RESISTANCE THERMOMETRY 

1*14. Platinum Thermometer.—The necessity of secondary 
standards has been clearly indicated above. Two types of such 
instruments based on two electrical properties of matter will 
be described in this chapter. The properties are : (1) variation of 
electrical resistance of metals with temperature; (2) variation 
of thermal electromotive force with temperature. First let us 
consider the former. 

Sir William Siemens was the first to construct in 1871 thermo¬ 
meters based on this principle but the constructional details wen 
unsatisfactory. Later improvements by Callendar and Griffiths 
have given the instrument its modern form. Figure 7 (p. 22) 
represents a hermetically-sealed thermometer designed by E. H. 
Griffiths for laboratory work of high precision. Pure platinum 
wire free from silicon, carbon, tin and other impurities is selected. 
It is doubled on itself to avoid induction effects and then wound 
on a thin plate of insulating mica m. The ends of this wire are 
attached to platinum leads which pass through holes in mica 
sheets closely fitting the upper part of the tube, and the other 
ends of these leads are joined to terminals P, P at the top of the 
instrument. The mica sheets give the best insulation and prevent 
convection currents of air up and down the tube. The tube 
is sealed at the top for, otherwise, moisture would deposit on 
the mica and break down the insulation. To compensate for 
the resistance of the leads, an exactly similar pair of leads, with 
their lower ends joined together is placed close to the platinum 
thermometer leads, and is connected to terminals marked C, C on 
the instrument. These are called compensating leads and are 
joined in the third arm of the Wheatstone bridge as shown in 
Fig- 9 (p. 26). Then since the ratio arms are kept equal and the 
compensating and platinum leads have equal resistance at all tem- 
peratures, it is the resistance of the platinum coil alone which is 
determined. For rough work up to 5O0 C C. copper leads may be 
used and the whole may be enclosed in a tube of hard glass. 
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But for accurate work platinum leads must be used and the 
whole must be enclosed in a tube of glazed porcelain. 

The precision and reliability of modem resistance thermo¬ 
meters are entirely due to the work of Callendar 1 and Griffiths. 
They determined the resistance of pure platinum from 0° to 
500°C. and found that it was very accurately given by a parabolic 
formula of the type 

R* — Ro(l • * • (1®) 

where R t , R 0 ace the resistances at /°C. and 0°C. and a, are 
constants. For pure platinum «t «= S^.IO -8 , /? — —5*8.10“ 7 . 

But Callendar further showed that it was unnecessary to solve 
this quadratic equation to find t from the value of R*. He gave a 
special form to this relation and introduced a nomenclature which 
has come into general use. Thus we assume the simple relation 2 

R^Ro (!+<*„), ... . • (20) 


where c is the mean temperature coefficient of resistance between 
0° and 100°C, and define the. platinum temperature fpt, which is 
nearly equal to the true temperature /, by the relation 

Ri R w 


fpt = 


R 


100“ Ro 


X100, 


( 21 ) 


where R f , R 0 , R 100 respectively denote the resistances at /°, 0° and 
100°C. The quantity R 100 -R« is called the fundamental interval . 
(F. I.) of the thermometer. Callender further showed that the 
difference between the true temperature t aod the platinum tem¬ 
perature fpt was accurately given by the parabolic formula 

- dg-}, • • (22) 

where S is a constant for that particular specimen of wire. To 
deduce (22) we proceed as follows :— 

■t _- X100 from (21) and (19) 

(lOO)a-T(lOO)^ XiW * V V J 


i—i. 


" a-{-Tfid/I [\ 100' 


t 

100 


1 Callendar, Tvatis., 1 7'd, 160, 1887; Callendar, Phil. Mag., 32 } 
104, 1891; Callendar PhiL Mag., 47, 191, 1899. 


c h shghtly different 


from a. The exact relation may be deduced 
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Thus 8 in equation (22) is equal lo 

0(IOO) 2 

a-H00j8 * 

The value of 8 for the specimens employed lies between l *488 
and 1 *498. The higher the purity the greater is <x and the smaller 
is 8. 8 is determined by finding the platinum temperature t pi for 

the boiling point of sulphur whose true temperature is known, and 
then substituting in (22). Later work by Heycock and Neville, 
and Waidnet and Burgess showed that if the platinum thermometer 
is standardised at 0 °, 100 ° and the boiling point of sulphur 
the parabolic formula (22) gives true readings as far as 630°C. 

1 * 15 . Measurement of Resistance.—The determination 
of temperature by this thermometer involves the accurate 
measurement of the resistance of the platinum wire. The mea¬ 
surement should be capable of a high degree of accuracy for 
the fundamental interval is generally 1 ohm and measurement 
. of temperature to hundredths of a degree requires resistance 
measurements correct to 1/10,000 ohm. It is therefore essential 
that the resistance of the connecting leads should be completely 
eliminated. Three methods (shown in Fig. 8 ) of compensating 
for or eliminating the effects 
of the resistance of the ther¬ 
mometer leads which have 
been in general use are the 
Siemens three-lead method , 1 
the Callendar’s compensat¬ 
ing leads method (explained 
in §1 * 14), and the poten¬ 
tial-terminal method. In the 
last method measurements are 
made with a potentiometer, 
a Thompson bridge or a differential galvanometer. This method 
is the best because the indications ate independent of the resistance 
of the leads, while in the first two they are not quite independent. 
It is only when the leads have the. same resistance that their resis¬ 
tances balance. The second method is employed in thevjftff- 
known Callendar and Griffiths bridge which is described 4 

1 For details see Mueller, Bull. Bur . Stands 13 , 54*7, 

F. 4 


CC 


pp 




Kg 


Siemens Calendar a Potential 
three-lead Thermo- Terminal 
Thermometer meter Thermometer 

Fig. 8.—Three methods of using a resis¬ 
tance thermometer. 
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Fig. 9 represents the Callendar and Griffiths bridge 1 diagrammati- 
cally. The ratio arms Q and S, are kept equal by the makers of the 

instrument. R consists of a set of 
resistances of 1 , 2, 4, 8 , 16, 32, 64 
units. The usual plug contacts are 
here replaced by mercury cup con¬ 
tacts. Li, L. 2 are two parallel wires 
of the same material which can be 
connected to each other by the 
contact-maker K. This arrangement 
is adopted in order to eliminate 
thermo-electromotive forces. P re¬ 
presents the thermometer and C the 
compensating leads. The bridge is 

Fig. o,—Callendar and Griffiths’ Bridge, adjusted for no deflection of the 

galvanometer G. The resistance r 

acts as a shunt and makes the resistance of the wire L a exactly in the 
desited ratio. Various other bridges have been devised but the one by 
Mueller 2 in particular is capable of yielding results ol the highest 
precision. Various precautions are generally necessary some of \*rhich 
are given below 3 :— 

( 1 ) The current flowing through the bridge heats the bridge 

coils and changes their resistance. The change in tem¬ 
perature may be observed on a thermometer and the corres¬ 
ponding change in resistance calculated. The correction 
can then be easily applied. Or the bridge may be placed 
in a thermostat. 

(2) The thermometer coil has to be very thin (15 mm. diameter) 

since it must have a large resistance and hence the heating 
effect is considerable. From Cailendar’s observations the 
heating effect for a current of '01 ampere is 0*016° at 0°C., 
arid 0*017° at 100° G Further the heating effect does not 
teach its maximum immediately the ..battery circuit is 
completed and the galvanometer indicates a gradual drift. 
According to Callendar the best procedure is to pass the 
same current through the thermometer at all temperatures 
when the heating effect remains approximately constant. 

1 For further details see Flint and Worsnop, Practical' Physics. 

2 Mueller, Pull. Bur. Stand., 13 , 547, 1916. Mueller, Ibid, 11 , 57, 1915. 

3 For further details see Methods of Mbits tiring Tan pin;inn, by E. 
Griffiths (Chap. 3). 
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(3) The bridge centre must be determined and the bridge wire 
calibrated. 

(4) Due to temperature gradient along the conducting leads and 
the junctions thermo-electromotive forces are developed in 
the circuit whose magnitude may be found by closing the 
galvanometer circuit when the battery circuit is kept open. 
To eliminate these, the galvanometer circuit should be 
permanently closed and balance obtained for reversals of 
the battery current. If induction effects are perceptible 
when the battery circuit is made or broken, a thermo¬ 
electric key should be employed. This key first breaks 
the galvanometer circuit, then makes the battery and the 
galvanometer circuits in succession, 

(5) The external leads connecting the terminals PP, CC to 
the bridge should be exactly similar and similarly 
placed. 

1 * 16 . As already mentioned, the platinum thermometer is 
standardised by measuring the resistance at the melting point of 
ice, boiling points of water and sulphur. The last gives S t and 
hence t can be determined from any subsequent determination 
of tyt and then utilising equation (22). For convenience of 
calculation tables have been prepared giving the gas scale tem¬ 
peratures corresponding to measured platinum temperatures for 
a standard value of 8. Another table gives the change in the gas 
scale temperature for a small change in 8 . Still, however, equa¬ 
tion (22) does not hold much above 630°C. For this reason 
every platinum thermometer is provided with a calibration curve 
drawn by an actual comparison with a standard gas thermometer 
in standardising laboratories. The temperature can be directly read 
from this temperature-resistance curve. A detailed comparison of 
platinum resistance thermometer has been carried 1 out at the 
Bureau of Standards in the temperature range — 190°C to 445°C 
The great advantage of platinum thermometers lies in their 
wide range (-200°C. to 1200 °C.). If carefully prepared, their 
readings are reliable to O '02° in the range 0° to 630°C and to 0*1° 
up to 1200°C. They are free from changes of zero for the wire, 

_^ , i 

1 See Hoge and Brirkweckle, four. Rfx. Bur. Stand., Washington, 28, 
217 , 1942. 
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when pure and well-annealed, has always the same resistance at the 
same temperature. They are very convenient for ordinary use, and 
when once standardised by comparison with a gas thermometer, 
they serve as reliable standards. They are often employed to 
measure small differences of temperature very accurately, sometimes 
even to one ten-thousandth of a degree. There are however some 
drawbacks also. The resistance thermometer has a large thermal 
capacity and the covering sheath has low thermal conductivity and 
therefore the thermometer does not quickly attain the temperature 
of the bath in which it is immersed. Further some time is lost in 
balancing the bridge. For these reasons the resistance thermometer 
is useless for measuring rapidly changing temperatures. Further 
impurities in the platinum are highly detrimental to accurate work. 
Impure platinum does not obey the same resistance-temperature law 
as the pure metal. The platinum used for making thermometers 
should be of such purity that Kjoo/^o not ^ ess t ^ ian 1*390. 

Another type of resistance thermometer which has the advantage 
of very high sensitivity is provided by the thermistor . A thermistor 
consists of a small bead of semi-conducting material which has a very 
high negative temperature coefficient of resistance varying inversely as 
the square of the absolute temperature. It has however the serious 
disadvantage, of instability of resistance. 

1-17. Differential Platinum Thermometer.— For measuring small 
differences of temperature very accurately a differential platinum ther¬ 
mometer is sometimes employed. In this there are two resistance 
coils, each having three leads at its both ends. Through one pair 
of leads the current is allowed to flow while the second pair is used 
for the measurement of the potential, difference across it and the third 
pair for connecting a resistance in parallel with it. When the two 
coils are immersed in two baths having different temperatures, their 
resistances, Ri and R 2 , become different but by connecting resis¬ 
tances Rj' and R 2 ' in parallel to them respectively it is so adjusted with 
the help of a differentia! galvanometer that the E. M. F. across each 
coil and consequently the resistances of both become identical. Then 


i + J_ 

R t + R/ 


R, 


+ IIP; ° r ■&! — R-i 


Thus knowing Ri, Rg, R\', R«' w<r can calculate the difference R 2 —Ri 
accurately from which the difference in temperature can be calculated. 
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THERMO-ELECTRIC THERMOMETRY 

1 * 18 . Thermo-Couples.—Let us now return to the second 
electrical property utilised for temperature measurement. Starting 
from Seebeck’s discovery of thermo-electricity in 1828 numerous 
attempts were made to construct a thermometer based on this 
principle, for instance, by Becquerel, PouiJlet and Regnault. 
At present thermo-electric thermometry has attained a degree of 
precision inferior only to resistance thermometry below about 
1000°C. but for temperatures exceeding that, it is the only 
sensitive and convenient electrical method at our disposal. 

A complete thermo-electric thermometer outfit consists of the 
following parts :— 

(1) The two elements constituting the thermo-couple. 

(2) The electrical insulation of these wires and the protecting 

tubes. 

(3) Millivoltmeter or potentiometer for measuring the 

4 

thermo-electromotive force. 

(4) Arrangements for controlling the cold-junction tempera¬ 

ture. . 

The choice of the elements constituting the couple is deter¬ 
mined by the temperature to which the couple is to be heated 
and the thermo-electromotive force developed at this temperature. 
For low temperatures up to 300"C. couples of base metals, such 
as iron-constantan and copper-constantan are satisfactory, as they 
develop large E.M.F. of about 40 to 60 microvolts per degree. 
For high temperatures these base metals cannot be used as they 
get oxidized and melt. Nickel-iron couple may be used up to 600° 
while nickel-nichrome and chromei-alumel thermo-couples can be 
used up to 1000°C., but above that platinum and an alloy of 
platinum with iridium or rhodium must be used. Le Chateiier in 
1886 introduced the couple consisting of pure platinum and an 
alloy containing 90 per cent Pt and 10 per cent Rh which is now 
largely employed for scientific work. The E.M.F. developed by 
these noble metals is, however, rather small. 

The two elements are taken in the form of a. wire and one 
end of both is welded together electrically or in an oxy- 
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hydrogen 



Fig. 10.— 
Thermo¬ 
couple. 


flame. This end a (Fig. 10) forms die hot junction. 
The portions of the wires near the hot juncticn are 
insulated with capillaries of fire-clay (or hard glass cor 
lower temperatures) and are threaded through mica discs 
enclosed in outer protecting tube of procelain, quartz 
or hard glass, depending upon the temperature for 
which it is meant. The protecting tube prevents the 
junction from contamination but necessarily introduces 
a lag. For rough use this may be further enclosed in 
a steel sheath (shown black in the figure). Where there 
is no risk of contamination, the mica discs and the 
protecting tubes can be dispensed with. The wires are 
connected to terminals C x and C 2 on the. instrument. 
To these terminals are connected extension leads lead¬ 
ing to the cold junction [Fig. 11 (<*)]. For base-metal 
couples these leads are of the same material as the 
elements of the couple itself. Thus the cold junction is 
transferred to a convenient distant place where a cons¬ 
tant temperature, say 0°C., can be maintained. Usually 
the extension leads are marked so that there is no 
difficulty in connecting to the proper terminals. 
There are two ways of making the connections which 
are indicated in Fig. 11 (/•>) t and (<r). For Pt, Pt-Rh 
couple it is very expensive to use extension leads of 
these elements and hence leads of copper and nickel- 
copper alloy may be used, copper being connected to 


the Pt-Rh wire and nickel-copper alloy to the Pt wire. The 



(•) (*> <0 
Fig. 11.—Methods of using a Thermo-couple. 


effects produced by these leads almost completely balance pro- 
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vided Cj and C 2 (Fig. 10) are at the same temperature. The other 
ends o£ these leads form junctions with copper wires, the junctions 
being immersed in melting ice contained in a Dewar vessel to 
form the cold junction as indicated in Fig. 11(c). The E.M.F. 
developed is measured with a milli-voltmeter or potentiometer. 
For accurate work the binding screws of the potentiometer must 
be of copper. 

The measurement of E.M.F. is based upon the three funda¬ 
mental laws of thermo-electricity : (1) the law of the homogeneous 
circuit, (2) law of intermediate metals and (3) law of intermediate 
temperatures. The law of homogeneous circuit, established 
experimentally, states that an electric current cannot be maintained 
in a circuit of a single homogeneous metal of vai ying cross-section 
by the application of heat alone. The law of intermediate metals 
states that the algebraic sum of the electromotive forces in a circuit 
composed of any number of dissimilar metals is zero if the entire 
circuit is at a uniform temperature. The law of intermediate 
temperatures states that the electromotive force developed by any 
thermo-couple with its junctions at temperatures T, and T 3 is the 
algebraic sum of the electromotive forces developed with junctions 
at T, and T 2> and at T 2 and T v It follows from these laws that the 
algebraic sum of the thermal electromotive forces developed in any 
circuit containing any number of dissimilar homogeneous metals 
depends only upon the temperatures of the junctions. 

1 • 19. To find the temperature of the hot junction we must 
measure the E.M.F. developed! by the thermo-couple. This can 
be done by means of a high resistance milli-voltmeter which may 
be graduated to read temperatures directly and the temperature 
thus obtained can be relied upon to about ±5°C. For attaining 
higher accuracy a potentiometer must be used. 

This arrangement essentially consists of a number of resistance 
' coils A (Fig. 12, p. 32) placed in series with a long wire resistance r 
stretched along a scale. A current from the battery B flows through 
these resistances and its strength is so adjusted by varying R that, 
the potential difference across a fixed resistance K balances against 
the E.M.F, of a standard cadmium cell C (T0183 volts). * The 
E.M.F. developed by the thermo-couple Th is balanced as indica¬ 
ted. The potentiometer can be made direct reading by keeping 
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K — 101 83 ohms. Thus there is a fall of 1 volt per 100 ohms 
and by constructing the smallest resistance coil of O’ lobm resistance 

and the wire r also of the same 
resistance, the total E.M.F. 
across the wire will be 1 mV. 

If the wire is divided into 

1 

100 divisions and in addition 
has a sliding vernier having 10 
divisions, the readings can be 
taken correct to l micro-volt. 

Various types of potentio¬ 
meters based on this principle 
have been devised specially for 
this purpose. 1 With these 
instruments the E.M.F. can be measured accurately to 1 micro-volt 
which corresponds to about 0 * 1°C. for a Pt, Pt-Rh couple. Fora 
copper-cons tan tan couple this corresponds to about I /40 degree. By 
using a sensitive moving coil galvanometer and taking sufficient 
precautions it is possible to measure to 0* 1 micro-volt and the 
sensitiveness is increased about ten times. The sensitiveness can 
also be increased by using a number of thermo-couples in series. 

For accurate work the cold junction must be maintained at 
0 °C., otherwise corrections 2 will be required. 

In order to deduce the temperature from an experimental determina¬ 
tion of the E.M.F. a calibration curve is generally supplied with the 
instrument. This gives the temperature corresponding to different 
electromotive forces developed and has been drawn by the makers 
by an actual comparison with a standard thermocouple throughout 
the range. If it is required to calibrates thermocouple in the absence 
of a standard one, the fixed points (§ IT2) must be utilised. The 
E.M.F. at those points is measured and an empirical interpolation 
formula employed in order to give the E.M.F. corresponding to the 
intermediate temperatures. For a Pt, Pt-Rh couple it is found that three 
different equations must be used for the different ranges. Thus 



Fig. i'2 .—Illustration of the principle of 
potentiometet. 


1 For a description of these see Ezer Griffiths, Methods of Measuring 
Temperature. 

2 See F. Roeser, jour. App. Phys. 11, 394, 1940. 
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from 0° to 400°C., E =At-{-B(] — e 01 ); 

300° to 1200°C., E = — A'+B'f+C't* ; 

1100° to 1750°C., E = - A" -\-B” t-\-Ct % 

where A, B, C> are constants whose values are determined empirically. 

The average value of these constants have been found from experi¬ 
ments on different specimens and from these a table giving the tempera¬ 
ture for different E.M.F’s has been prepared. In practice it is, therefore, 
found convenient to determine the E.M.F. of the thermo-couple (required 
to be used) at a few fixed points and then draw a ‘difference curve’ 
giving the difference of readings of this thermo-couple and the tabulated 1 
values of a thermo-couple of the same group in terms of the experi¬ 
mental thermo-couple. From this ‘difference curve’ the true E.M.F. 
and then from the table the corresponding temperature is found out. 

Thermo-couples are frequently employed for laboratory work 

* 

since they are cheap and can be easily constructed. They can be 
used for the measurement of rapidly-changing temperatures since 
the thermal capacity of the junction is small and hence the ther¬ 
mometer has practically no lag. Another advantage in the use 
of thermo-couples is that they measure the temperature at a point 
—the point at which the two metals make electrical contact. Its 
chief disadvantage lies in the fact that there is no theoretical formula 
which can be extrapolated over a wide range and consequently 
every thermo-couple requires separate calibration. 

' The useful range of thermo-electric thermometers is about 
. —200°C. to 1600°C. though couples of Ir and 90 per cent Ir 
10 per cent Ru have been used up to 2100°C. Readings are re¬ 
liable only when the composition of the couple does not change 
even slightly. In actual practice frequent calibration is necessary. 

The following are the chief sources of error in thermo-electric 
thermometry:— 

, (1) Parasitic electromotive forces developed in the circuit. They 
are due to (a) Peltier effect or E.M.F. developed due to heating of junc¬ 
tion of dissimilar metals at points of the circuit other than the hot and 
the cold junctions. This occurs often in the measuring apparatus. 
(fr) Becquerel effect or E.M.F. generated due to inhomogeneities in a 
single wire; this occurs mainly in the thermo-couple wires. The E.M.F. 

1 Such tables for Pt, Pt-Rh and Cu-constantan have been published 
by Adams in Symposium/ ok P wo me try, Amer. Inst, of Mining and Metall. 
Engineers, September, 3 0 i ?, p. 165. 

F. 5 
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measured h a sum of the effects (a) and (b), and the Peltier E.M F at 
tiie two junctions and the Thomson E.M.F. along homogeneous wires 
or the thermocouple with ends at the two temperatures. The un¬ 
desirable effects mentioned in (</) and (t/) must be eliminated by the use 
of materials and methods fiee from these effects since they are not 
taken, into account in any thermo-electric formula:. 

(2) Leakage from the light mains or furnace circuit. If leakage 
currents pass through the potentiometer their presence can be detected 
by short-circuiting the thermo couple when the galvanometer continues 
co be deflected. 

(3) Oold-j unction correction if it is not kept at 0°C. 

For the methods of minimising or eliminating these errors the 
reader is referred to Measurement of High Temperatures by Lc Charelier and 
Burgess. 

We give bc-low in table 1 the thermoelectric force for various 
couples in common use. The cold junction is maintained at 0°C., 


Table 4 .— B-M-t. in millivolts for some common couples. 


i 

Temp. j 

°C i 

1 

j 

OAO/ p,. j 

10% .Rh! 

Cbroanel/ 
Ah line! 

Chromel/ 

Omstan- 

Iron/ 
Cons tan 

Copper/ 
Con stan- 

1 
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'Ft 1 - | 

1 


tan 

tan 2 

fan 2 

-183 

i 

1 

—5 48 

-8-25 

- 7-83 

-5-26 

- 89 


-2-87 

-4-26 

-3-95 ’ 

-2-76 

o 

0-000 ! 

0 00 

o-oo 


0-00 

100 

0-6^3 

4 10 

6-32 

5-40 

4-276 

200 | 

1-436 

8-13 

13-42 

10-99 I 

9-285 

400 i 

3 250 

16-40 

28-95 

22-07 1 

20-365 

600 

5*222 

24-91 

45-10 

33-27 1 


800 

7-330 

33-30 

6108 

45 69 J 


1000 

9*569 

41-31 


1 


1200 

11-924 , 

48-89 




1400 

14-312 ! 



• • 


1600 

16-674 

# p 


t 

1 


1700 

i 17-341 
} 


• - 

i 

i 



while the ho? junction ; s at f'Q. If the current flows from metal A 
to metal B at the cold junction, A ?s said to be thenno-electricaily 


j Bur. of Stand. J. of Research, 10,275, 1933. See also €. R. Barber, 
Vroc. Plys. See. Lord., B., 63, 492, 1950. 

. * Bur of Stand, J. cf Pest arch, 20 , 337, 1938. 
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positive to.B, and the E.M.F, of the thermo-ccuplc AB will be 
positive and that of BA negative. Rare-metal couples of good 
manufacture will reproduce the values given in the reference 
table to within about at 

the goid point or di3 c C. at the top 
of the range. 

1 *20. Differential Thermo-coup¬ 
les—For measuring very small 
differences of temperature accurately 
sometimes differential thermocouples 
are used. Fig. 13 shows such a ther¬ 
mocouple. A single wire B of some 
metal forms the one element cf both 
the couples, while the other elements of the two couples consist ol 
wires Ai and A 2 oi another substance. These are joined at Ji and 
Ja to two copper jeads connected to the millivcltmeter V or potentio¬ 
meter. The junctions H| and H ? . are immersed in the baths whose 
difference of temperature is required, while Ji and J 2 are maintained at 
0°C. Jt is seen that the E.M.F. s developed by the two couples oppose 
each other. The net F..M.F. developed is equal to 

OV-r,) (JB/Jjj? 

where T i and T 2 denote the temperatures of Hi and H 2 respectively and 

7\> 

(dEjdT)^ denotes the rate of variation of the E.M.F. for the two 

elements between the temperatures Ti and T y Thus the difference in 
temperature (Id-—Ti) can be found if the variation of the E.M.F. for the 
a>uple is known. For greater sensitivity a number of such couples are 
used as shown in Fig. 14. It will be seen that the alternate junctions 
are ah immersed in the bach at Tj and the rest in T a . 

1 * 21 . Certain methods of measuring temperature utilise the 
radiation emitted by the hot body whose temperature is to be mea¬ 
sured. These methods will be discussed in detail later (Chap. XV). 
They are generally used for measuring temperatures from about 
1000°C. to any upper limit. 

' Another type of thermometer generally employed for low 
temperature work is the vapour pressure thermometer. Jr> this, <he 
vapour pressure exerted by the liquid at different temperatures is 
measured. Now since the vapour pressure of a liquid increases 



H B, H»H 2 H, H* 

Fig. 13.— big. U.—A number 

Differential of differential 


chetm n-couple. thctmo-couples: 
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with rise of temperature it is clear that the temperature can be 
easily deduced front a measurement of the pressure exerted by 
the saturated vapour- A vapour pressure thermometer is described 
in section 1 '24. 

1*22. Other methods which have been utilised for measuring tem¬ 
perature make use of one of the following properties of matter:— 

(1) Expansion of a bar of metal. 

(2) Paramagnetic susceptibility of salts (Chap. XII). 

(3) Changes in vapour density with rise of temperature. 

(4) Variation of refractive index of a gas with temperature in accord¬ 

ance with Gladstone and Dale’s law. 

(5) Calorimetric methods based on the measurement of quantity of 

heat. 

1*23. Low Temperature Thermometry 1 . —The standard 
thermometer in “this range is the constant volume hydrogen or 
helium thermometer. The difficulty in this case is that gases 
liquefy and even solidify at these low temperatures. Prof. Dewar, 
however, showed that the boiling point of hydrogen as indicated 
by the hydrogen thermometer was —253*0°C. and —253*4°C., 
while a helium thermometer registered —252*7°C. and —252*1°C. 
Similarly, he compared thermometers of other gases .These experi¬ 
ments evidently led to the conclusion that a gas could be relied 
upon even to its boiling point. Thus helium furnishes the scale 
down to its boiling point (4*2°K). The corrections necessary to 
convert this scale to the thermodynamic scale may be obtained 
as in §1*7 and have been given by Onnes and Cath* (see, table 1 
§ 1*8). For temperatures below 4*2°BC we must use the helium 
gas thermometer with the pressure well below the vapour pressure 
of liquid helium at the temperature to be measured. In some 
fecent determinations Schmidt and Keesom used initial pressures 
of 0*0665 cm. of mercury (at 4*2°K) in the gas thermometer. The 
exact measurement of these very low pressures involves consider¬ 
able experimental difficulties chiefly on account of adsorption of , 
helium by pyrex glass and the thermo-molecular effect (Chap. III). 
Due to the latter effect the pressure measured by a manometer kept 

1 See Burton, Smith and Wilhelm, Phenomena at the Temperature of 
liquid helium (1940), Chaps. Ill and VIII. 

2 Leiden Commun No. 156 (a), 1922. 
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at room temperature may be appreciably greater than the pressure 
in the thermometer bulb. For pressures greater than about 1 cm. 
of mercury this effect can be neglected but for lower pressures 
corrections must be applied to take it into account. A hot wire 
manometer is often used to measure this pressure and is placed very 
close to the thermometer. With these devices the helium gas 
thermometer gives us the thermodynamic scale down to 1 °K. 
Below this it is difficult to fix the thermodynamic scale with 
certainty. Now we shall consider the secondary standards. 

Mercury freezes at —-38 87°C., and alcohol at — 111*8°C. and 
hence these thermometers cannot be used below the respective 
temperatures. A special liquid thermometer containing fractionally 
distilled petroleum ether can be used down to — 190°C. 

But for all accurate work, however, resistance thermometers are 
employed. It is absolutely? essential that the substance of which 
the thermometer is made is perfectly pure. Pure metals show a 
regular decrease in resistance with decrease of temperature. Dewar 
and Fleming found that the presence of the slightest trace of impu¬ 
rity in a metal is sufficient to produce a considerable increase in 
resistance at these low temperatures. It is, therefore, difficult to 
trust the purity of any specimen for very low temperatures without 
actual comparison. Henning 1 2 found from a detailed investigation 
that the parabolic formula did not hold below —40°C. Van Dusen* 
proposed the formula 


R<-Ro 
RlOO - Rp 


ioo + a 




(25) 


where € is a constant and S has already been defined in §1*14. 
The constants R 0 , R 100 and S are determined by calibration at 
0°C., 100°C. and the boiling point of sulphur as explained pre¬ 
viously, and the constant e is then determined by calibration at the 
boiling point of oxygen 3 which is taken as —182'97°C. The 
method of using it is, as before, to calculate the platinum tempera¬ 
ture and to use its value in (25) to get the difference formuia and 

% 

apply successive approximations to get the correct difference i—t#. 


1 Ann. d. Physik, , 40, 635, 1913. 

2 Journ. Amer.. Chem• Sor 47,326, 1926. 

3 See Heuse and Otto, Ann. d. Physik, 9, 486, 1931; Yost, Garner 
Osborne, Rubin and Russel, Journ. Amer. Chem. Soc., 3488, 1941. 
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Van Dusen's iormula has been found to hold satisfactorily from 
0 °C. to -190' J C., the error now here being greater than dr O’ 05°. 

. For temperatures below — 190°C. the platinum resistance ther¬ 
mometer has been used by Henning and Otto 1 who have given a 
complicated formula 2 3 for calculating temperatures from the observ¬ 
ed resistance. The formula is, however, not entirely satisfactory 
and hence it cannot be used to calibrate the platinum thermometer 
from the fixed points alone. The procedure generally adopted is 
to select a particular platinum thermometer and calibrate it by 
actual comparison with a standard gas thermometer. Values of 
R r /R 0 are thus determined at different temperatures, R r being the 
resistance at the temperature T. Such a table of values from 10° 
to 95°K has been given by Hoge and Btickwedde . 8 Since no two 
samples of platinum have exactly the same resistance temperature 
relation, the table applies directly only to one platinum thermo¬ 
meter. For other thermometers a deviation curve must be drawn 
showing the difference between their resistance ratios and that of 
the standard, the points being determined by calibration at a few 
temperatures. For details see the paper by Hoge and Brickwedde. 
Resistance thermometers of lead have also been employed in this 
region. Onnes 4 used a lead resistance thermometer down to 
—259°C. He actually found the resistance of a lead wire at various 
temperatures as observed on a gas thermometer. Nernst 5 gave a’ 
method of using the readings of Onnes for calculating temperatures 
with the help of any other lead thermometer. 

For temperatures below about 20°K, the normal boiling point of 
hydrogen, the platinum resistance thermometer is not sufficiently 
sensitive. Pure lead makes a reasonably sensitive resistance ther¬ 
mometer down to 7°K but the best metals for the purpose are the 
alloys constantan and unannealed phosphor-bronze since they have 

1 Phyi. Zeits., 37 , 639, 1936. 

2 The formula is 

Rr/R^a-K^r-t- cT 2 )D(dl00jT) + (d+eT-cT*)D(23Q!T) where 
T is the absolute temperature and D denotes the Debye specific 
heat function (Chap. XVI). 

3 Bar. of Stand* J. of Research, 22, 351, 1939. 

4 Leiden Commun., No. 99, 1907. 

5 Nernst, Grmdlagen des neuen Warmsat^es, p. 31. 
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large temperature coefficient, but their usefulness is somewhat 
limited by the fact that their resistance is increased by an external 
magnetic field. Thermometers of phosphor-bronze are much more 
sensitive since their temperature coefficient of resistance is fifty- 
five times greater than that of constantan. Further, the resistance 
changes linearly with the temperature and is much less affected by 
magnetic fields. Phosphor-bronze can be used down to O'03°K but 
its resistance depends to some extent on the strength of the current 
used to measure it. Constantan thermometers do not appreciably 
buffer from this difficulty and give a smooth calibration curve from 
20°K to 2°K. Recently carbon resistance thermometers have been 
utilised below 1°K since their resistance increases very rapidly as the 
absolute zero is approached. All resistance thermometers for use 
below 5°K must be calibrated by means of a helium vapour pressure 
thermometer. 

For low temperatures copper-constantan and iron-constantan 
thermocouples are convenient to use as they develop a large E.M.F. 
They are very sensitive up to —200°C. and can be used down to 
—255°C. Below —200°C., however, couples of gold-silver and 
platinum-silver are preferable. For very low temperatures an 
alloy of gold with about 2 per cent, cobalt against the standard 
silver alloy (containing O'37 atomic per cent, of copper) is found 
to b& quite sensitive and has been used from 17 to 2‘5°K. 

The helium gas thermometer and the vapour pressure ther¬ 
mometer (§1 '24) have been used down to 0*75°K but for 
temperatures lower than this the paramagnetic susceptibility of 
certain salts has been utilised (Chap. XII). For this it is necessary 
to assume that the paramagnetic susceptibility varies inversely 
as the absolute temperature—a law which is known to fail very 
near the absolute zero. 

1 *24. Vapour Pressure Thermometers. —We have considered 
above two types of secondary thermometers which are used in 
low-temperature work—resistance thermometer and thermo-couple. 
The third type is the vapour pressure thermometer whose principal 
advantage is its high sensitivity in certain temperature intervals. Its 
use is based on the well-known fact that the vapour-pressure 
of a liquid varies uniquely with the temperature (Chap. XI). 
To every temperature there corresponds a fixed vapour pressure 
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which is less for lower temperatures. The method consists simply 
in measuring the vapour pressure of a certain liquid at the 



required temperature. Fig. 15 shows 
a vapour pressure thermometer of the 
type used at Leiden. It consists of a 
small bulb a containing the liquid and 
connected with capillaries b, c to the 
manometer mm' while M is a mercury 
reservoir for raising or lowering the 
mercury level in m, //?'. The bulb a and 
a part of the glass capillary b are sur¬ 
rounded by a copper tube e in order to 
ensure uniformity of temperature, while 
b is further surrounded by a glass tube 
g closed at the top. This latter prevents 
radiation of heat to and from the tube. 
For setting up the apparatus, the mer¬ 
cury level in m is lowered, the vessel a 
and the connecting tubes are evacuated 
through /, and finally the desired gas 
is also introduced through /. Next, 
the gas is compressed by raising the 
reservoir M and a part of it becomes 
liquefied in a. Then the globe a and a 
part of the tube are immersed in the 
liquid bath whose temperature is to be 
measured, and the pressure in the mano¬ 
meter mm' is observed. With the help 


Fig. 15.—-Vapour pressure 
thermometer. 


of tables giving the vapour* pressure of 
the liquid at various thermodynamic tem¬ 


peratures, the temperature corresponding to any observed reading 
of the manometer can be found. These tables are prepared by 


actually finding the vapour pressure at different temperatures as 
observed on a gas thermometer. (For a set of such tables see 
Handbuch der Phj.dk, volume IX, p. 590.) The useful liquids are 
S0 2 , ammonia, C0 2 , C 2 H 4 , CH 4 , 0 2 , H 2 and helium. 

The great disadvantage of these thermometers is that their range is 
very limited. Oxygen is useful in the range—150°0 to —210 C, neon in the 
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range —246° to —249°, hydrogen in —253° to —262° and helium below 
about — 268°C. This is because above these higher limits the pressure 
is too high for convenient measurement, while below the lower limit, 
the pressure is too small to be measured accurately. Still however they 
are frequently used on account of their simplicity and high sensitivity 
since the vapour pressure curves are very steep near the normal boiling 
point of these gases. In using these thermometers it is necessary to see 
that all points in contact with the thermometer tube shall be warmer than 
the point to be'measured since this thermometer always shows the tempe¬ 
rature at the coldest point of the apparatus. As mentioned earlier, for 
pressures below 1 cm. of mercury the pressure in the bulb and in the mano¬ 
meter will be different due to thermo-molecular effect and corrections 
must be applied for this. These pressures are measured by a liquid ma¬ 
nometer, mercury or, for still lower pressures, butyl thallate being used. 

The helium vapour pressure thermometer has been used down to 
0*75°K, the pressure being measured by a McLeod gauge or a hot-wire 
manometer. Accurate experimental data regarding the vapour pres¬ 
sure of helium at different temperatures, as measured on a helium gas 
thermometer, have been obtained by Keesom and his coworkers. 1 
They have expressed their results in terms of formulae which constitute 
the so-called 1932 temperature scale and the 1937 temperature scale. 
Schmidt and Keesom gave the 1937 scale in tire form of a graph of 
corrections to the 1932 scale but Keesom and Lignac 3 represented 
it by the following formulae : 


Above 2*19°K. 

\og l0 p = - ~'f— -f 0-00783T -f 0*017601 T* + 2-6730, 

log l0 p = +0*0343 lo glo T+0-018024r*+2-6775 . 

Between 2*19 and 1*6°K. 


(26) 


log,,/. = - + 2-5 log,, T- 5-9W x 1<H T >+1 • 1958, (27) 

In these formulae p is the vapour pressure expressed in cm. of mercury at 
the ice-point. Several discrepancies were, however, found in this scale, 
and consequently Bleaney and Simon 8 suggested the following formula: 

log,,/ = - —f- +2 5 Iog„T +1196 +A. • • (28) 

1 Keesom, Weber and Nogaard, Leiden Commrn No. 202 b (1929); 
W. H. Keesom, Leiden Commun ., Supp., No. 7 Id (1932); Schmidt and 
Keesom, Leiden Commun. , No. 250c (1937); PJjysica , 4 , 971, 1937. 

2 Leiden Commun . Supp., No. 90c (1939). 

3 Trans. Faraday Soc 35,1206, 1939. 

F. 6 
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where is a small correction term, its value being given by a graphical 
representation. 

Due to these difficulties the temperature scale in the helium range 
was discussed recently at a conference in Amsterdam in 1948 and a 
temperature scale in terms of vapour pressure of the helium isotope of 
mass 4 has been agreed upon for use in cryogenic laboratories. It is 
based on cqn. (28). for temperatures below 1*6 °K, and on equations 
(27) and (26) in their respective ranges but for temperatures between 
4'3°K and 5*2°K the data of K. Onnes and Weber 1 are utilised, which 
can be represented by the interpolation formula : 

T= 2-967 4- l-9Q5xlO-*/> — 3*521 xlO~ c jt> 2 . . . (29) 

This agreed temperature scale is given in Table 5 in an abridged form. 

Table 5_ Vapour pressure of He 4 at different temperatures 


in turn, of mercury at 20 °C. 


T°K 

p (mm) 

T°K 

p (mm) 

0-10 

3-4X10- 32 

2*50 

76*92 


1 * 6 x 10 -6 

3*00 

181*2 


1*1x10-2 

3*50 

353*4 


0* 121 

4*00 

615*6 

1-50 ! 

3* 593 

4*212 

760 


23*45 

4*50 

980 



5*00 

1460 


The different thermometers suitable in the different low temperature 
ranges are represented diagrammaticallyin Fig. 16 where for convenience 
of representation the logarithmic scale has been adopted* The ranges of 
the different vapour pressure thermometers and of the different resistance 
thermometers are clearly indicated in the figure* 

PYROMETRY 

1*25. Gas Pyrometers 2 .—We have already described *the 
constant-volume hydrogen thermometer with a platinum- 
iridium bulb. For temperatures above 500°C. hydrogen cannot 
be used as a thermometric gas because heated platinum is per¬ 
meable to it, hence nitrogen is invariably employed. As regards 
the material of the bulb, Jena glass can be used to about 500°C. 

1 JL Aden Common ., 147 b (1915). 

2 A good account of high temperature work will be found in an 
article by Day ?nd Sosman on “The Realization of the Absolute Scale of 
Temperature” in A Dictionary of Applied Physics (Glazebrook), Vol. J, 
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while quartz glass can stand up to about 13G0°C. but is attacked 
by traces of alkali from hand, etc. Ordinary porcelain is porous 
and permeable to the 
thermometric gas but 
glazed porcelain was 
formerly employed upto 
about 1000°C., above 
which, however, the gla¬ 
zing softens and breaks ; 
also its expansion is not 
regular. An alloy of 
platinum and iridium 
was employed by Hob 
born and Valentiner 
upto 1600°C.. Iridium, 
however, distils and also 
makes the bulb brittle. 

Holbom and Day found 
the alloy of 80Pt-20Rh 
best for the purpose and 
used a modified form 
of bulb of this material 
to about 1600°C. They 
performed experiments 
with great care and took 
into account twentyfive Fi *’ 1# ‘-' n,e lo ‘ t “ itbmi = scak 
possible sources of error so that their values are regarded as 
standard at high temperatures. The corrections, which have been 
discussed in section 1*6, however, become enormous at these 
high temperatures and hence there is considerable uncertainty in 
determining the high ^temperature fixed points with a gas thermo¬ 
meter. Accurate work by Holbom and Day and by Day and 
Sosman with a gas'pyrometer enables us to fix the temperature of 
the melting point of gold as 1063°C.d;0 , 5 and this ‘‘gold p-oim’' 
is largely the basis for our present high-tempe/arare scale. 
The nitrogen constant-volume scale has been extended up to 
1550°C. by Day and Sosman in then monumental work on the 
determination of the melting point of palladium. 
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1*26. Resistance Pyrometers.-- The platinum resistance py¬ 
rometer has been described above. It can be used to about 
1200'C, though the melting point of platinum is 1770°. If used 
above 1200° the platinum becomes changed and does not return 
to its initial zero, and has to be restandardised. The mica insu¬ 
lation also sometimes breaks due to moisture getting inside. Up 
to about 1000°C. it is the most sensitive and useful pyrometer 
but above 660 C C. a calibration curve must be used. 

1-27. Thermo-Electric Pyrometers..—The thermo-electric 
pyrometers have been described above. For temperatures above 
600°C. the platinum, platinum-rhodium (90%Pt» 10%Rh) couple 
is most suitable on account of its good reproducibility and can be 
used up to the melting point of platinum (1769 C C). It is free from 
parasitic disturbances and changes in composition, and is the most 
sensitive, pyrometer in the range 1000° to 1500°C. Sometimes the 
13%Rh 87%Pt alloy couple is preferred to the 10% alloy as the 
e.m.f. developed is a little higher. Hoffmann 1 and others have 
constructed thermo-couples of Ir, 90Ir-10Ru which can be used 
to about 2100° and possess a sensitivity of 2 micro-volts per degree. 
For use up to 3000°C. thermocouples of tungsten and an alloy 
of tungsten with 25 per cent, molybdenum have, been constructed 
by Pirani and Wangenheim 2 which possess a sensitivity of 
6 micro-volts per degree at 3000°. Above 1000°C., however, 
radiation pyrometers are generally used which will be described in 
Chapter XV. 

1 * 28 . International Temperature Scale.—We have seen that 
the thermodynamic centigrade scale is the standard scale of tem¬ 
perature and is given by the helium or nitrogen gas thermometer, 
but gas thermometry involves many experimental difficulties. On 
account of these difficulties in the practical realisation of the 
thermodynamic scale the International Committee 3 in 1927 found 
it expedient to adopt a practical scale known as the International 
Temperature Scale. 'This scale agrees with the thermodynamic 
scale as closely as our present knowledge permits and is at the 

J Zeits. f. Pbysijk, 37, 142, 1926; 27, 287,1924. 

E Zeits, f. teebn. PbyriM. 6, 358, 1925. 

3 For details of the report see paper by Wcnscl in the Temperature 
Symposium (1939), he. (it. p. 21. 
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same time designed to be easily and accurately reproducible. It is 
based upon a number of reproducible fixed points to which 
numerical values have been assigned and the intermediate tempera- 
tures have been defined by agreement as the values given by the 
following thermometers according ,to the scheme given below : 

(1) From 0 °C. to 660°C_The standard platinum resistance ther¬ 

mometer calibrated at 0°, 100 o C. and the boiling point of 
sulphur (444- 60). 

(2) From - 190° C to 0°C_The platinum resistance thermometer 

which gives temperature by means of the formula 

R t = R 0 {1 + <xH-0/ 2 -f y(7-100)* 3 }, . • W 

the constants being determined by calibration at ice, steam 
and sulphur points and at the oxygen point (—182'97). It 
will be seen that this formula is equivalent to van Dusen s 
formula (25) if e = (100) 8 8y//S. The thermometer must 
have in addition R//R 0 less than 0*250 for t = — 183°C. 

(3) From 660 °C to 1063°C—The platinum Pt-Rh thermocouple 
where temperature is defined by 

E = a -f bt + . . • ♦ (26) 

and the three constants are determined by calibration at 
the freezing point of antimony and at the silver and gold 
points. 

(4) Above 1063°C.— An optical pyrometer (See Chap. XV) 

calibrated at the gold point (1063°C). 

It should be emphasized that the International scale does not re¬ 
place the thermodynamic scale; it merely serves to represent it in a 
practical manner with sufficient accuracy for most purposes. 


1-29. Illustration of the Principles of Thermometry. - 

Absolute or Thermodynamic Scale 

, Gas Thermometers 
(Primary standards) 

r-r-J-—i 

Constant volume Constant Pressure Gravimetric Thermometers 

(Compensated Air Thermometer) 

Secondary Thermometer 


Expansion Resistance Thermoelectric Radiation 

Thermometers Thermometers Thermometers Pyrometers 
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Chart of Fixed Points 
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200 
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400 
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800 
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■ —268 - 94*C B. P. of Helium 
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Chart of Fixed Points (Coatd). 
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PROBLEMS 

1. The resistance of a platinum thermometer at 0°, 100° and the 
boiling point of sulphur (444-6°) is 2-56, 3-56 and 6-78 ohms respectively. 
Calculate the true temperature when the resistance of the thermometer is 
5-56 ohms. If the resistance at the boiling point of oxygen (—183-0°C.) 
is 0-630 ohms, calculate the temperature when the resistance is 1 ohm. 

2. Use equation (27) to calculate the temperature when the pressure 
recorded by a helium vapour pressure thermometer is 10 mm. of 
mercury. 

Books Recommended 

1. Burgess and le Chatelier, The Measurement of High Temperatures. 

2. Ezer Griffiths, Methods of Measuring Temperature (Griffin, 1947). 

3. Henning— Temperatur-messung. 

4. Handbucb der Pbjsik, 9, Chap. VIII. 

5. Mullcr-Pouillet’s Lebrfmh der Pbysik, vol. 3, part 2. 

6. J. A. Hall, Fundamentals of Thermometry , Institute of Physics, 
London (1953). 

7. J. A. Hall, Practical Thermometry , Institute of Physics, London 
(1953). 

8. Burton, Smith and Wilhelm, Phenomena at the Temperature qf 
Liquid Helium, Reinhold Publishing Corporation, New York 
(1940). 

9. Temperature , its Measurement and Control in Science and Industty 
(1941), published by Reinhold Publishing Corporation, New 
York. 

10. Journal of Applied Physics , vol. 11, (1940). 
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CALORIMETRY 

2T« Unit Quantity of Heat— The Caloiie. —It is a mattct of 
common experience that when a hot body is placed in contact with 
a cold one, the former becomes colder and the latter warmer ; we 
say that a certain quantity of heat has passed from the hot body to 
the cold one. If we take equal quantities of water in three different 
vessels at the same temperature and plunge equal masses of alumi¬ 
nium, lead and copper previously heated to 100°C. into these 
vessels, one in each, the equilibrium temperature is highest for 
aluminium and least for lead. This indicates that, of these three 
metals, aluminium can yield the largest quantity of heat and lead 
the least, and we say that aluminium has a larger capacity for heat 
than lead. 

For measuring quantities of heat we require a ‘unit’. The 
quantity of heat required to raise the temperature of 1 gram of 
water through 1°C. is different for different initial temperatures as 
we shall see later in this chapter. Hence the unit quantity of heat 
must be defined with respect to a particular temperature. The 
International Union of Pure and Applied Physics (1934) recom¬ 
mends the selection of the 15° calorie as the standard and defines 
it as “the amount of heat required to raise the temperature of one 
gram of water 1 from 14*5° to 15'5° on the International Scale 
of temperature under the pressure of one normal atmosphere. 
Another unit sometimes adopted is the mean centigrade calorie which 
is defined to be 1/lQOth of the total quantity of heat required to 
raise 1 gram of water from 0 C C. to 100°C. The mean calorie is 
experimentally found to be T0002 times the 15° calorie. In Britain 
the British thermal unit (written 3. Th. U.) is frequently employed* 

1 The specific heat of H l 3 O l8 at 15°C is 0-99999 of that of norma , 
water. This reduction almost balances the increase in the size of the degree 
which would result if H 1 2 0 16 were selected as the standard substance. 
Hence the value of the calorie defined in terms of H l a O w or of normal 
water agree to about one in a million. 

2 Recently, the joule (10 7 ergs) has been recommended by international 
agreement for adoption as the unit, of heat (See Chap. Ill for relation 
between calorie.and joule). 
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which represents the quantity of heat required to raise 1 lb. of 
water through 1°F. 

2‘2. Specific Heat. — The specific heat 3 of any substance is 
defined as the number of calories required to raise 1 gram of the 
substance through 1°C. This has not the same value at all tem¬ 
peratures. Thus if a quantity of heat Q raises the temperature of 
m grams of a substance from 0 to 6', s the mean specific heat of 
the substance between 6 and O' is given by 0)]; while 

if the quantity dQ raises the temperature by the small amount dd 
the specific heat at the temperature 6 is equal to (1 jm)dQjdd. The 
thermal capacity or water equivalent of a body is equal to the product 
of its mass and specific heat. 

From the foregoing definitions it follows that if we determine the 
mean specific heat between 0 and /°C. for various values of t, we can 
easily calculate the true specific heat at any temperature. Assume that 
the mean specific heat ? can be represented by the relation 

... . . (1) 

where / is in degrees centigrade and a, b, c, . . . are constants deter¬ 
mined experimentally. Hence the true specific heat s at any temperature 
/ will be given by the relation 

s = (i^) — a~\-2.bt-\-3ct ^..... . . (2) 

Thus knowing the constants a, b, *...., s can be calculated. 

2*3. Methods in Calorimetry.— The following are the chief 
methods 8 employed in Calorimetry 3 :— 

1. Method of Mixtures. 

2. Method of Cooling. 

3. Methods based on Change of State or Latent Heat Calo¬ 
rimetry. 

4. Electrical Methods. 

In the following pages we shall discuss these methods one by 
one. Under every one of these we shall consider the various 

1 For historical references regarding specific heat see The Discovery 
of Specific.Heat and Latent Heats (London, 1935) by Mckie and Heathcote. 

2 This classification is not very rigorous because sometimes there 
is an overlapping, and further, the fourth one is very general. We 
have adopted this grouping because it is convenient. 

3 A good account of these methods is given in Glazebrook, A 
Dictionary of Applied Physics, 1, article on ‘Calorimetty’. 
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experimental arrangements that have been adopted. Solids and 
liquids will be considered first while gases will be taken up later 
in the chapter. 


1. METHOD OF MIXTURES 


2*4. Theory of the Method. —Regnault about the year 1840 
made a careful study of the Method of Mixtures, and by care and 
skill obtained results of the highest accuracy. The method consists 
in imparting the quantity of heat to be measured to a certain mass 
of water contained in a vessel of known thermal capacity and 
measuring the rise of temperature produced. Thus if a substance 
of mass m x , specific heat s x and initial temperature 6 X , be plunged 
into m 2 grams of water at temperature $ 2 and if W be the thermal 
capacity of the calorimeter and 6 the final temperature of the 
mixture, we have, by equating the heat lost by the substance to 
the heat gained by the water and calorimeter. 


m ih (0i—0) = (w a -f-lF) (0—02), 


or 


fo a +TF) ( 0—0a), 

tf» x (6 x -6) 


This gives the specific heat of the substance. Various cor¬ 
rections are, however, necessary, for heat is lost by the system by 
conduction, convection and radiation. Thus for 0 we must put 
0+A0 where /\B is the correction. 


2*5. Radiation Correction.—It 
the calculation of this loss of heat < 
radiation correction may be calculat¬ 
ed with fair accuracy with the aid 
of Newton's Law of Cooling (Chap. 
XV) which states that for small 
differences of temperature the heat 
loss due to radiation is propor¬ 
tional to the temperature difference 
between the calorimeter and the 
surroundings. To illustrate its 
application let AB (Fig. 1) denote ^ 
the observed rise of temperature 
during an experiment, BC the obser¬ 
ved cooling at the end of it. We 
temperature. Divide the abscissa into 


most experiments on calorimetry 
ie to radiation is important. The 



have to calculate the true rise in 
n intervals S/i, St 2 , . 
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by means of ordinates PjMj, P 2 M a> .. P„M n such that the small 

portions AP l3 P^*,.Pn-jP*, may be treated as straight lines. Let 

us measure temperatures from the temperature of the surroundings. 


If 0 1 , 8 2 .denote the mean temperatures during these intervals, 

9\, 0 a '........the temperatures at the ends of these intervals, repre¬ 


sented by PjM^ P 2 M 2 .. then the temperature diminution due to 


radiation in the interval Si'i is kdi8ti> If 0/, 0./.0„" denote the 

temperatures at the ends of these intervals had there been no loss due 
to radiation., then 

0/ ^ <Y-f ^84 ..(3) 

8/ » d 2 '+k8 } 8t x +kd 2 8f 2 .( 4 ) 


8 n —- 8 n -yk ^ 0 j S/j -}- 8 At 2 ■ |- . . . 6 n S^i) 

— 6 n ' -\~k (area of the curve ABM* A) 

— ®n A" k | 9 dt. . . . . . (5) 

We can thus correct any temperature S H ' if we determine the area AP*M*A 
and k . . 

An alternative method is to plot the upper curve from the lower curve 
by increasing the ordinate MjP x to MjP/, M 2 P 2 to M 2 P 2 \ etc., where 
MjP/— 0/, M 2 P 3 '— & 2 , etc. The highest ordinate on the curve (t^., DE) 
gives the true rise of temperature in the experiment corrected for radiation. 

To determine k We have to observe the rate of cooling at any temper¬ 
ature. The curve BC (Fig.l) is obtained for this purpose experimentally. 
From this dOjdt is calculated for any mean value 0. Now k—- ( 1 / 6)d9jdt 
hence k is known . 1 

Another method known as the adiabatic method consists in com¬ 
pletely preventing the heat loss from the calorimeter by enclosing the 
latter by a bath whose temperature is continuously adjusted and always 
kept equal to that prevailing in the calorimeter. 

2*6. Specific Heat of Solids.— For finding the specific heat of 
solids by this method the requisites are a calorimeter with an 
enclosure, a thermometer and a heater. For work at ordinary 
temperatures the calorimeter is made of thin copper, nickel-plated 
and polished on the outside, so as to reduce radiation, losses. It 
is supported on pointed pieces of wood or by means of thread 
Inside a larger double-walled vessel which has water maintained 
at a fixed temperature in the annular space between the walls. 

1 For other methods see Glazcbrook, A Dictionary of Applied Physics, 
I, pp. 61-53, 
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The heater is a steam-jacket in which the substance is heated by 
steam without becoming wet. An oil bath may also be used. The 
transference and radiation errors must be reduced by suitable 
mechanical devices as in Regnault’s classical experiments. 

For high temperatures the solid substance is heated in an electric 
furnace. White 1 2 in his determination of the specific heat of silicates 
at high temperatures employed a furnace having a platinum coil 
wound on its interior surface. The substance was supported 
inside the furnace in a loop of platinum-wire and was allowed to 
drop into the calorimeter containing water by a suitable mechanical 
device. Change in temperature was measured by a resistance 
thermometer. 

For work at low temperatures the substance is cooled down 
in a quartz vacuum-vessel 8 surrounded by liquid air before being 
dropped into the calorimeter. 

Awbery and Ezer Griffiths 3 have determined the specific heat of 
solids and molten metals and salts as well as their latent heats of 
fusion by using an improved apparatus based on the method of 
mixtures. They took special precautions to prevent the loss of 
calorimetric liquid by evaporation. Their apparatus is described 
in Chap. XI. 

The use of water as calorimetric liquid has several drawbacks. 
Its range is small and specific heat large so that the rise of tem¬ 
perature is small; further there is considerable risk of some water 
being lost by evaporation. For these reasons several workers have 
replaced it by a block of metal. The copper block calorimeter de¬ 
vised by Nernst, Lindemann and Koref 4 is exceedingly convenient 
for low temperatures. It consists of a heavy copper block K 
(Fig. 2) cemented with Wood’s metal to the inside of a Dewar flask 
D. This block here plays the same part as water in the ordinary 
method of mixtures. The heated substance is dropped into the 
copper block through the glass tube R and the change in tempera¬ 
ture of the block is read on thermocouples T, T one of whose ends 


1 Pbys. Rett., 31, 670, 1910; Attter. Jour, of Saettee, 47 v \ '-HV 

2 Koref, Attn. d. Physik, 36, 49, 1911; and see also Richards and jack- 
son, Zeits.f. Pbys. Cbm., 70, 414,1910. 

* Proc. Pbys. for. LW, 38, 378, 1926. 

4 her. d. Pt\ A hod. tl i'Piss., 3 (Marz), 1910. 
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is inside the copper block K and the other in the block C. The 
copper block on account of its good conductivity renders the 
temperature uniform throughout the mass in a short 
• . time. 

;—I ■ aBasi This method has been employed by several recent 

workers for an accurate experimental determination 
W/M \ of the specific heat of solids at high temperatures— 

i I a task which has acquired great importance in recent 

) L years on account of the unsatisfactory explanation 

jil i® c offered by the present theories of specific heats of 

jf "'v, substances at high temperatures. Magnus 1 deter- 

; ; mined in this way the specific heat of platinum 

; o. ; and other metals up to 900°C. The metal block 
jjj D i calorimeter was also utilised, among others, by 

^ • Hengstenberg, 2 Oberhoffer and Grosse 3 and Jaeger 

| '<-T-r ;• and his collaborators 4 . 

• | j j j 2*7. Experiments of Jaeger and Rosenbohm.— 

| ! j Jaeger and Rpsenbohm determined the specific heats 

y - j of W, Pt, Os, Rh, Ir, Ru and Pd upto about 1600°C 

j and claim an accuracy of 0 -1 per cent for their 

j results. We shall describe their experiments in detail 

as they took very great care to eliminate all 

sources of error and obtained reliable and repro- 

Fig. 2.—Copper ducible results. 

Block Calori- 

meter. Their calorimeter is indicated in Fig. 3. A is the 

aluminium block calorimeter of cylindrical shape. In its 
centre there is bored up to some depth a hollow cylindrical opening 
a to the lower part of which is fixed an aluminium piece provided 
with a steep conicaL boring r. The inside of the cylindrical cavity as 
well as that of the conical bore r is provided with a platinum lining. 
The heated object falls through the porcelain tube TT into the opening 
a and is first caught by a an extremely mobile trigger n which instantly 
closes the nickel lid Q. This mechanism thus works like a mouse-trap 

1 Ann, d. ny.dk, 48, 983, 1915 ; Zetis. f. ?fos:k, 7, 141, 1921. 

2 Hengstenberg, Dr. Ing. Dissertation, Breslau (1920); Bornematm 
and Hengstenberg, Metal!, u. Er 17, 319, 339, 1920. 

3 Stahl und FJsen, 47, 676, 1927. 

1 Proc, K. Akad. Wet. ,4mst., 33, 457, 1930; 30, 905, 1927; 39, 
442, 912, 1936. 
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and prevents loss of heat by radiation from the substance. The 
temperature of the calorimeter is measured by 36 thermocouples of cop- 
per-constantan whose hot 

junctions are embedded in I HBBasmnnBq^ns 

36 narrow cylindrical bor- I Jf — • 

ings (0,0. 1 .) arranged [ 10 _. w _ 

in two concentric circles I j |r=== 

and going down to 16 |l .1 [.1 |. I 

cm. depth. The thermo- | Wp u - - - - y 

couples are connected in L X j||Sp|n ^ n X B B p M X 

four series of nine each. |jp? lpii|i§^|| fSqjjjfe^ ||gi 

The thermocouple leads |v\*w : ^ 

passthrough the wooden Jk>^£ : :; IS U. 

cover cc and their cold YlP „ J X -7 [I U .| ' 

junctions are embedded J 3 ‘ z ^f| ° f z i [~ ‘ r 

into, the borings of the ; r L N L \ | 

copper ring N which is I b m y f h I s l mb I 
immersed in molten and j > M . a *q 

subsequently resolidified | ; ^ 1 ~ 3 ics bS»X»< i ^K J l 

paraffin P contained within | ^ 

the conical reservoir Y. „ «, . _ e T . , 

„ „ , „ „ Fig. 3. —Calorimeter of Jaeger and Rosenbohm. 

The E. M. F. was measured 

with the help of a potentiometer free from thermo-electric contact 
potentials and P.D. smaller than the smallest decade unit were measured 


Fig. 3.—Calorimeter of Jaeger and Rosenbohm. 


by the deflections of a calibrated galvanometer of 30 ohms resistance and 
having a sensibility of 10“ 10 amp. Thus it was possible, according to 
the authors, to determine temperature differences accurate to 0*0001°C. 
with absolute certainly. 

The aluminium block A fits tightly into a thin outer mantle of brass. 
The whole is placed inside the Dewar-vessel H of glass, the inside sur¬ 
face of which is coated with strips of aluminium foil of which a cushion 
is also made at the bottom. The Dewar-vessel is kept in position by- 
being enclosed in a zinc cylinder Z containing a lead layer d at its 
bottom, and covered at its top with the wooden cover cc. Outside the 
cylinder Z there is another concentric zinc cylinder Z' having holes i, i at 
the bottom and provided at the top with a wider copper mantle G 
having an ebonite base e. Z' is surrounded by a much wider concentric 
cylinder J of zinc, nearly full of water and carefully insulated at the top 
with a water-bearing cover D and layer of felt Y. The water in J is 
kept at a constant temperature to within 0-001 °C. at about 20°C with 
the help of three heating spirals M of nickelwire (one of which h 








56 


CALORIMETRY 


[H 


connected to a special type of thermo-regulator) and the spiral tube a 



Fig, 4,—The experi¬ 
mental substance. 


just inside Z' in which cold water is kept circu¬ 
lating. The water in J is kept vigorously stirred 
by three stirrers L, L worked by means of W, W' 
and R, the last being set in motion by an electric 
motor. The water circulated through D and also 
in the space between Z, Z\ To diminish radiation, 
J is further surrounded by a double-walled wooden 
vessel containing slag wool. 

The experimental substance is first obtained in 
the form of globules and a known weight of these 
is placed inside the crucible K (Fig- 4) of iridium- 
free platinum. The shape of the crucible is such 
that it fits exactly within the conical opening r of 
the calorimeter A in figure 3. 


The crucible is closed at the lop with an exactly fitting cover F 
which has a tube 3 for inserting the Pt, Pt-Rh couple, and a platinum 
capillary m for connection to a vacuum pump. When the evacuation of 
the inside of the crucible is complete, the capillary m is drawn in the 


form of a loop h and closed. 

The crucible K is suspended in the electrical furnace (shown in Fig. 5) 
by a thin platinum wire which can be melted by passing a strong electric 
current when the crucible is to be dropped into the calorimeter. 


The furnace EUI stands on the iron 
frame/ which rests with three legs 
on the iron table t and the latter 
:xsts on l which can be moved on 
rollers. The furnace has a core S 
of hard magnesite having a plati¬ 
num coil wound on its interior wall; 
outside S is a concentric cylinder of 
burnt magnesia and all these are en¬ 
closed by E,U and I which are made 
of chamotte. Radiation from the 
furnace to the room and the calori¬ 
meter is prevented by water jackets, 
shown in the figure, through which 
cold water circulates. The tube 
leading down from the furnace is 
just above T which, in turn, leads 
to the calorimeter hut radiation of 



: ig. 5.—Furnace for heating the substance. 


eat to the latter is prevented by 
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q which, however can be removed for an instant when K falls into 
the calorimeter. 

J Experimental Procedure .—The water equivalent of the calorimeter was 
first found. For this purpose a known weight of water was put inside 
the platinum crucible and the latter heated to a known temperature and 
then dropped into the calorimeter. Knowing the specific heat of plati¬ 
num, the thermal capacity of the calorimeter is easily calculated. 

Next the experimental substance is enclosed in the crucible, kept in 
the furnace for an hour and then dropped into the calorimeter. From the 
rise in the temperature of the latter the total heat given, by the crucible in 
falling to 20°C is known, and subtracting the contribution of the crucible, 
the heat given by the substance is found. Knowing the specific heat of 
the substance in the range 0—20°C. the amount of heatj£ that would be 
given by the substance in cooling from / J to 0 s C. is calculated. From such 
measurements for different temperatutes t, the quantity Q or the mean 
specific heat 5 between 0 and f can be represented as a function, of t. 
From this the true specific heat of the substance at any temperature can 
be calculated as explained on page 50. 

2 • 8. Specific Heat of Liquids. —Specific heat of liquids which 
do not react ‘chemically with water or any other substance of 
known specific heat may be obtained by direct mixture. For 
liquids which react in this way Regnault used a different form of 
apparatus. The liquid was not allowed to mix with water but 
was admitted when desired into a vessel immersed in water. The 
liquid was first heated and then forced into the vessel. The specific 
heat could be calculated as before. 

Another class of experiments for measuring the specific heat of 
liquids involves the expenditure of some mechanical energy and 
measurement of the consequent rise of temperature. To this class 
belong the classical experiments of Rowland for determining the 
mechanical equivalent of heat. They will be described in detail in 
Chapter III. 

A very ingenious modification of the method of mixtures has been 
devised by Callendar 1 which is known as the Continuous-mixture method. 
In this the same current of water first flows as a hot current and then 
after being further cooled, it flows as a cold current exchanging heat 
with the hot current in a suitable exchanger. Thus the mean specific 


1 Phil. Trans., A , 212, 1, 1912. 
F. 8 
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heat of the hot water could ire directly compared with the mean specific 
heat of the cold water. 

2. METHOD OF COOLING 

2*9 This method, perfected by Dulong and Petit, is found to be 
most convenient for liquids but unsuitable for solids owing to variations 
of temperature within the latter. The method is based on the assump¬ 
tion that when a body cools in a given enclosure on account of radiation 
alone, the heat bQ emitted in the time dt is given by the relation 

SQ = Af(B) dt, . . ' . . (6) 

where A depends upon the area and the radiating power of the surface 
and /(<?) is an unknown function of 6, the excess of the temperature 
of the body over that of the surroundings. If this produces a cooling 
of the body through —dd, then 

8J2 — —ms dd . (7) 

Combining this with (6), we get 

—■ms d6 — A f{d) dt . 


Or 


!' 

J a 


dt. 


ms 


f'* tt 


a m 


Or 




ms r 1 dd 


( 8 ) 


* . * ’ ’ 

Similarly for another substance to cool through the same interval 


of temperature 


, __ m's't 1 dd 

~ M‘ 


(S) 


If A—A!, i.e., the surface area and the radiating power of the two bodies 
be the same, we have from (8) and (9) 


ms 

7 


m' s' 


f ' 


( 10 ) 


If masses m, m of two liquids be contained successively in a calori¬ 
meter of thermal capacity W and the calorimeter suspended inside a 
vessel kept at 0°C by immersion in melting ice, and then observations 
of the rate of cooling taken, we have 

W-\-ms_ Worn's' 

- ... 


( 11 ) 


Jf one liquid is water (r— 1), the specific heat of the other is thus deter¬ 
mined from a knowledge of t, t', m , m'. , 
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The method 1 is sometimes employed for determining the specific 
heat of liquids but is not capable of any great accuracy and is rna‘.fily 
of historical interest. It has, however, been adopted by Matley 2 tc the 
determination of the specific heat of poor conductors. 


3. METHODS BASED ON CHANGE OF STATE 

2*10. The heat to be measured may be applied to a solid at 
its melting point or to a liquid at its boiling point and the cor 
responding amounts of liquid or vapour thereby produced may be 
measured. This gives rise to two methods. These methods were 
of real advantage in the last century when accurate measurements 
of temperature were not possible, hut with the recent development 
of accurate thermometers and electrical heaters, they are now less 
in use, chiefly on account of their inherent defects. We may also 
employ the converse process, we may use the vapour to heat a 
substance so that a part of it becomes condensed, and measure the 
amount condensed. . This is employed in Joly’s steam calorimeter 
which is very convenient for determining the specific heat of gases 
at constant volume. \ 

2*11. Method of Melting Ice.—In this method the heat given 
out by a certain substance in cooling is imparted to ice and measured 
by the amount of ice thereby melted. Thus if M grams of a 
substance of specific heat s and initial temperature 0 are able to 
melt m grams of ice when placed in contact with the latter, the 
specific heat is given by the relation 

MsQ=mL t .... (12) 

where L is the latent heat of fusion. An improved form of the 
apparatus devised by Bunsen will now be described. 

2*12. Bunsen’s Ice Calorimeter.—In this calorimeter the 
water produced by the melting of ice is not drained off but is 
allowed to remain mixed with ice and the resulting change m 
volume observed. The calorimeter is illustrated in Fig. 6. The 
test-tube A is fused into the cylindrical glass bulb B which i? pro¬ 
vided with the glass stem C. B is nearly filled with boiled air-free 

1 For a new application of the cooling method by Saladin, see 
Handbuch der ExperimntaJ-pbysikj Vol. 8, p. 152. 

8 Proc. Roy. Soc. Land., 45, 591, 1933. 
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water and the remaining space and the stem is filled with mer¬ 
cury. The stem terminates in an 
iron-collar D containing mercury 
into which a graduated capillary 
tube E is pushed so that mercury 
stands at a certain graduation 
in E. 

In conducting an experiment, a 
stream of alcohol cooled by a freez¬ 
ing mixture, is first passed through 
the test-tube A’ until a cap of the 
ice F is formed round it in B. 
The whole instrument is then kept 
immersed in pure ice at 0°C. for 
several days till all the water in B is 
frozen. It is then ready for use. 

To calibrate the scale on E, let 
Fig. 6.—Bunsen’s Ice Calorimeter. a mass m of water at a tempera¬ 
ture 9° G be poured into the test-tube A. Some ice in B melts and the 
resulting contraction of mercury, say, » divisions on E is observed. 
Then if a recession of mercury by 1 division corresponds to q 
calories of heat 

mQ — nq, or q-= mOjti. . . . . (13) 

Next the substance under investigation, previously heated to a tem¬ 
perature 9' is dropped into some water at 0° contained in the test-tube A. 
Then if M, s denote the mass and the specific heat of the substance res¬ 
pectively, and #' the observed recession of mercury thread in E, we have 

Ms 9' = riq. 



or 


ri mri 9 

1 ” MV l? “ AST 


(14) 


This gives the specific heat of the substance. The specific heat of the 
metals which can be had in small quantities can he readily found by 
this method. 

The accuracy attained by this apparatus is, however, limited. The 
ice in the surrounding vessel may not be at the same temperature as 
that in the vessel B, thus a progressive heating or cooling of ice in B 
may take place. A serious objection to the use of the ice-calorimeter, 
however, rests on the fact that a given specimen of water can freeze into 
ice of different densities. 
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2*13. Joly’s Steam Calorimeter. —In the steam calorimeter 
devised by Prof. Joly 1 in 1886 the heat necessary to raise the tem¬ 
perature of a substance from the ordinary temperature to the 
temperature of steam is measured by the amount of vapour con¬ 
densed into water at the same temperature. It consists of a thin 
metal enclosure A (Fig. 7), double-walled and covered with cloth. 



which is placed beneath a sensitive balance. One pan of the 
balance is removed and from this end of the beam hangs freely 
a wire w supporting a platinum pan P inside the enclosure. The 
substance whose specific heat is required is placed on this pan and 
weights added on the other pan till balance is attained. The 
temperature of the enclosure is observed by means of a thermo¬ 
meter inserted into the chamber, and in the meantime steam is got 
up in the boiler. It is then admitted suddenly into the chamber 
through the wide opening O at the top and can escape through 
the narrow exit-tube t at the bottom^ Steam condenses on the 
substance and the pan, and weights are added on the other pan to 
maintain the equilibrium. When the pan ceases to increase in 
weight the readings are noted and the temperature of the steam 
read on a thermometer. During the final weighing the steam is 


1 Proc. Roy. Soc. bond., 41, 352, 1886. 
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allowed to enter the chamber through a narrow escape-tube so as 
not to disturb the pan. The weight becomes practically constant 
in four or five minutes though a very slow increase of about 
4 milligrams per hour due to radiation may be observed. The 
di^ercncc octween the two weighings gives the weight of steam 
condensed. 

Let M be the weight of the substance, w, the increase in weight 
of the pan, Q v the initial temperature of the enclosure, 0 2 , the 
temperature of steam, IF, the thermal capacity of the pan, id, the 
latent heat of steam, s. the required specific heat, then 

Ms (tf 2 - 9J+\F(e z - 0 t ) = wL. . (15) 

W is determined from a preliminary experiment without any sub¬ 
stance on the pan and thus the specific heat of the substance is found. 

For great accuracy various precautions and corrections are necessary. 
Steam condenses on the suspending wire where it leaves the chamber 
and then surface tension renders accurate weighing difficult. A thin 
spiral of platinum wire in which a current flows usually surrounds 
the suspending wire jus* above the opening, and is made to glow' so 
that the heat developed is just sufficient to prevent condensation. A 
rapid introduction of steam is necessary in the early stages, for steam 
also condenses on the pan due to radiation to the cold air and the 
chamber, thus causing error. This is of coutse partially balanced by 
radiation from the steam to the substance later. Further, n> does not 

* f 

accurately represent the weight of strain condensed since the first weight 
is taken in air at 0i°C. and the second in steam at 0 2 °C Ail the weigh¬ 
ings must be reduced to vacuum and then the increase in weight 
calculated. Specific heat of rare substances can be found by this method 
since small quantities of the substance are needed but a sensitive balance 
is indispensable. The specific heat of liquids and powders can be found 
by enclosing them in glass or metal spheres whose thermal capacity is 
taken into account. Gases can also be similarly enclosed, but then the 
modified form of the apparatus—the. differential calorimeter is used. 

In the differential steam calorimeter invented by joly 1 in 1889, 
both the balance pans are made exactly similar and of .equal 
thermal capacity and hang in the same steam-chamber (Fig. 8). 
The substance to be tested is placed on one pan and the excess of 
steam condensing on this pan over that on the other pan is entirely 

1 Vres . Roy. Soc. Lond., 47, 218, 1889. 
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due to the substance. Thermal capacity of the pans, radiation 
from them and all other sources of error common to them are 
eliminated, the substance bearing 
only its own share of the error. The 
chief use of this apparatus, how¬ 
ever, consists in the determination 
of the specific heat of gases at con¬ 
stant volume. The pans are then 
replaced by two equal Hollow 
spheres of copper furnished with 
“catchwaters” (shown in the figure). 

One sphere is filled with the 
dried experimental gas at any 
desired pressure while the other is 
empty. They are counterpoised by 
adding necessary weights m which 
represent the mass of the contained 
gasi Steam is admitted and conden¬ 
ses on the pans. Greater steam 
condenses on the sphere containing 
the gas, the excess, say, w giving the 
steam required by the gas. Now the 
specific heat at constant volume c v 
may be calculated from the equation 



m v ( 0 2 — dj) — u>L, 


The deferential 5tcani 
Calorimeter. 

. • • (16) 


where 6 2 , 0 l are the final and initial temperatures of tlie chamber. 

Joly used copper spheres of diameter (5*7 cm. and weighing 92*2 
gm. and employed gases at different pressures. Corrections were applied 
for the following :— 

1. The expansion of the sphere due. to increased temperature and the 
consequent work done by the gas in expanding to this volume. 

2. The expansion of the sphere due to the increased pressure of the 
gas at. the higher temperature, 

3. The thermal effect of this stretching of the material of which the 
sphere is made. 

4. The increased buoyancy cf the sphere due to its increased volume 
at the higher temperature. 

5. 'flic unequal thermal capacities of the spheres. 



64 CALORIMETRY [H 

6. The reduction of the weight of water condensed to, its weight 
in vacuum. 

The steam calorimeter has been employed by Carlton-Sutton 1 to 
measure the latent heat of steam directly in terms of the mean calorie. 
A bulb, first empty and next filled with water at 0°C., was heated by 
the steam from 0 to 100°C. From die mass of steam condensed in the 
two cases and knowing other constants, the mean specific heat of water 
between 0° and 100°C. could be calculated. 

2*14. Vaporisation Calorimeters. —Dewar 2 devised calori¬ 
meters based on an analogous principle in which he employed 
a liquefied gas as the calorimetric substance. The heat to be 
measured is applied to the liquefied gas whereby the liquid eva¬ 
porates absorbing its latent heat and the volume V of gas thus 
produced is measured. The heat communicated to the liquid is 
then given by VpL where p is the density of the vapour and L 
the latent heat of vaporisation of the substance. Using liquid 
oxygen and liquid hydrogen the apparatus can be adopted for very 
low temperatures. In case of hydrogen 1 c. c. of vapour at N.T.P. 
corresponds to a very small quantity of heat (about 1/100 calorie) 
and consequently vapour calorimeters have been used by Curie and 
Dewar 3 for measuring the heat of formation of radioactive products. 

This method has been utilised- for measuring the specific heat 
down to very low temperatures. The experimental substance (solid 
or liquid) is first kept in a constant temperature bath (say 0°C.) 
and then dropped into the calorimeter containing liquid 0 2 or H a . 

4. ELECTRICAL METHODS 

The electrical method was first employed by joule in his at¬ 
tempts to determine the mechanical equivalent of heat. The elec¬ 
trical methods at present available may be sub-divided into two : 

1. Methods ba.s?d on the observation of rise of temperature. 

2. Method employing the steady-flow electric calorimeter. 
We shall first consider the application of these methods to liquids 
because historically the method was first applied to them. 

1 Prof, Roy. Sor. Lend., 33, 155,1917. 

2 Proc. R.oj~ Sac., A, 76, 325, 1905, 8§, 158, 1913; see also Dewar, 
‘Collected Papers,’ Cambridge (1927), p, 1399. 

’ proc, Roy. Inst., 17, 581, 1904;-Curie, Radioaktmtat. bee Ta\lor 
.md Kmrenbach, Jour. Amer . Chem. Sor., 64, 1505, 1^24; Dewar, Inc. cit . 
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2*15, Methods Based on the Rise of Temperature.— Follow¬ 
ing Joule this method was adopted by many workers. Griffiths, 1 
Schuster and Gannon, W. R. and W. E. Bousfield 2 , and Jaeger 
and Steinwehr 3 employed this method for determining the 
mechanical equivalent of heat and found that it was capable of the 
highest accuracy. The same arrangement 4 may be employed for 
finding the specific heat of liquids. The foregoing workers used 
only water, but other workers used other liquids. Babcock 5 mea¬ 
sured the specific heat of liquid ammonia at high temperatures. 
An adiabatic form of apparatus was used by Trehin® and Cohen 
and Moseveld. 7 

The principle of the method is to generate heat by passing a 
current through a conductor. If / is the current through a con¬ 
ductor of resistance R and B the potential difference across its 
ends, the energy spent in a time t seconds is Bit ergs provided B 
and / are expressed in electromagnetic units. If this raises the 
temperature of M grams of a substance by 80, the specific heat s of 
the substance is given by the relation « 

Eit=JMs 89, . . . . (17) 

where J is the mechanical equivalent ot heat (see Chap. III). If 
B is expressed in volts and i in amperes, the energy spent is given, 
in Joules. 

Any two of the quantities E, i, and R may be measured thus 
giving three methods. Griffiths, in his determination of the specific 
heat of water, chose to measure E and R which is rather difficult 
for R must be measured during the heating experiment. Griffiths’ 
work is important since it first established the fact that the electrical 
method can accurately give the value of J in absolute units. 

2*16. Experiments of Jaeger and Steinwehr. —Jaeger and 
Steinwehr applied this method to determine the mechanical equiva- 

i Phil. Trans., A (1893); Pros. Roj. .Sos., 55, 1894. 

* Phil. Trans., A, 211, 236, 1911. 

3 Ann. d . Physik, 64, 305, 1921. 

4 A detailed account of these methods will be found in Glazebrook, 
A Dictionary of Applied Physics, 1, pp. 485-490 (1922 edition). 

5 Pros. Amer. Acad., 55, 325, 1920. 

6 Ann. Chim.'Phys. (9), 15, 246, 1921. 

7 Zeils.f. plsys. Cbem., 95, 305, 1920. 

F. 9 
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lent of heat and hence also the specific heat of water at temperatures 
between 5° and 50°C. They carried out the experiments very care¬ 
fully and aimed at an accuracy of 1 in 10,000. Their results are 
very reliable and, therefore, we shall describe their experiment in 
some detail. 

They employed a large mass of water (50 Kgm.) and conse¬ 
quently the thermal capacity of the vessel was only a small fraction 
(about 1%) of that of the contained water. This also made the loss 
of heat by . radiation from the surface small in comparison with the 
electrical energy supplied. The mass of water, though very large, 
was measured accurately on a special equal-armed balance. The 
rise in temperature produced by the electrical energy was kept 
small (about T4°C.) with the specfic object that Newton’s law 
of cooling should hold accurately throughout the interval. This 
is, however, of doubtful utility as the departure from Newton’s 
law would be hardly appreciable while the small rise makes 
accurate measurements of temperature extremely difficult. 

A section of their apparatus is shown in Fig. 9. AA is the cylindrical 
copper calorimeter lying on its side on procelain insulators and is thereby 
insulated from the surrounding constant-temperature bath B. On the 
upper side at O there * is a hole for the introduction of the heating 
coil H, the resistance thermometer and the shaft t which drives the 
stirrer SS. The hole can be closed by a lid through which the respective 
leads pass and are soldered. The stirrer is rotated at a constant rate 
of about one revolution in two seconds and the energy developed by 
it which was about one watt, was found. 

The heating coil of constantan wire was 1 mm. in diameter and 14 m. 
long and had a resistance of about 8 ohms. It was covered with 
silk and shellacked, and wound on a brass cylinder. Upon this another 
brass cover was placed and properly soldered. The wire was heated 
by a current of about 10 amp. The strength of the current was 
accurately measured by including a standard 0*1 ohm coil in series and 
measuring the P. D. across it cm a carefully calibrated potentiometer. 
The P. D. across the heater was similarly measured by permanently 
keeping a resistance of 10,000 -j- 127 ohms in parallel with the heater 
and measuring the P. D. across the 127 ohm resistance. The time 
for which the current flowed was about 6 minutes and was recorded 
automatically on a chronograph. The electrical energy supplied was 
about 800 watts. 
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The calorimeter was surrounded by a double-walled metal box B 
rhe space between the walls being full of water in which was kept immer¬ 
sed a long coil through which -— t — * 

Water at a regulated tempera- |j~. 

ture could be passed. Thus the A 

temperature of the surrounding j . <]$%%{& . §|lp&*3|g[ 

bath could be kept constant at m uz$b±LjiLL || 

any desired value and the radi- |f £ ~ I?-7 pv 

adon loss from the calorimeter HI \ fj V\ f] %. \ 
was kept small and regular. |ft\ AL^j * \ \ M $ '• A 

This was corrected’ for J 1 y IvTyCy ? 

observing the rate of cooling be- ^ 

fore and after the experiment jnh/ j \^. \VR / j .■/' 

the temperature was measured by / V A v / 

a carefully calibrated platinum ^ y JS'-jvjO |K / 

thermometer. The small tempe- 5| - 1 '^ / 

rature rise necessitated resistance ZT~T . .-7T^-• 

Fig. 9.—A section of Jaeger and Steinwehr a 
measurements accurate i< > 1 in 2 Calorimeter. 

millions in order that temperature measurements be accurate to 1 irt 

10,000. This was hardly possible and hence the individual results 

obtained by these investigators show departure by a few hundredths* of 

a per cent. 


Iks 

1 Ati/ / 


Fig. 9.—A section of Jaeger and Steinwehr’a 
Calorimeter. 


2*17. Experiments of Osborne, Stimson and Gi tunings. —A very 
accurate determination of the mechanical equivalent of heat and hence 
also of the specific heat of water by the electrical method has been 
carried out by Osborne, Stimson and Ginnings 1 . Their calorimeter 
contained water, which was partly in the liquid and pardy in the vapour 
state. The water was obtained free from dissolved gases by distilling 
and then redistilling under reduced pressure. It was heated by an elec¬ 
trical heater immersed in the water and the rise of temperature measured 
by platinum thermometer. The temperature of the surroundings of 
the calorimeter was controlled and adjusted to be nearly the same as 
that of the calorimeter itself. In this way the specific heat and heat of 
vaporization of water, the enthalpy of water, the enthalpy and specific 
volume of water vapour were all determined from the ice point to the 
steam point. 

2*18. The Method of Steady-flow Electric Calorimeter.— 
Great accuracy has been -attained by Callendar and Barnes 3 by using 


1 Bur. of Stand. J. of Research , 23, 197, 1939. 
8 Phil. Trans., A, 199, 55, 1902. . 
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the steady-flow electric calorimeter shown in Fig. 10. A steady 
current of the experimental liquid flowing through the narrow 
glass-tube /, about 2 mm. in diameter, is heated by an electric 
current flowing through the central conductor of platinum. The 



' Fig. 10.—Steady-flow Electric Calorimeter- 

Steady difference of temperature 89 between the inflowing and out¬ 
flowing water is measured by a pair of platinum thermometers 
Pt at each end connected differentially in the opposite arms of a 
bridge of Callendar and Griffiths’ type. The bulb of each ther¬ 
mometer is surrounded by a thick copper tube of negligible 
resistance attached to the central conductor. This on account of 
its good conductivity keeps the bulb uniformly at the temperature 
of the adjacent water, and due to its low resistance prevents 
generation of any appreciable amount of heat by the current close 
to the thermometer. The leads L, L and P, P are attached to this 
tube of copper, the former for introducing the heating current 
and the latter for measuring the potential difference across the 
central conductor in terms of a standard Clark cell by means 
of an accurately calibrated potentiometer. The potentiometer 
also serves to measure the heating current i from the value of 
the potential difference across a standard resistance included in 
the same circuit. In order to diminish the external loss of heat 
the flow tube is enclosed in a hermetically sealed glass vacuum- 
jacket surrounded by a constant-temperature water jacket whose 
temperature was kept constant by a delicate electric regulator. 

Neglecting small corrections the general equation is 

Eit = JMs{9 i — O^+Jht, . . . (18) 

employing the same notation as before, where h denotes the heat loss 
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pet second on account of radiation, and B\ t 6 2 , the temperatures of the 
inflowing and outflowing water respectively. The time of flow t in 
these exp eriments was about 20 minutes and was recorded automatically 
on an electric chronograph reading to 0*01 sec. The mass ot water 
M was measured by collecting the outflowing water and was about 
500 grn. The difference in temperature 8 Z -6 t was from 8° to 10°C. 
and was accurately read to •001°C. The heat loss h was very small 
and regular,' and was determined and eliminated by suitably adjusting the 
electric current so as to secure the same rise of temperature for different 
rates of flow of the liquid. Thus for two rates of flow we have 

E x i x t^ JM x s ( 0 2 ~ 0 ,) r]ht, 

e 2 4 ^ = /A/ a T (d 2 — 

. v_ Cgi h -^g *g) {_ 

- J ~ (M x -M z ) ( 0 2 - e x )s * 

Since the temperatures at every point of the apparatus are the same in 
both experiments the heat loss h must also be the same. The specific 
heat s thus determined is the average specific heat for the interval 0 2 — 6 1 
and may be taken as the specific heat at the middle of the interval. 

The great advantage of this steady-flow electric method Is that no 
correction is necessary for the thermal capacity of the calorimeter since 
there is no change of temperature in any part of the instrument. Care 
must, however, be taken to secure perfect steadiness as it is practically 
impossible to correct for unsteady conditions. Further, since all con¬ 
ditions are steady, the observations can be taken with the highest 
degree of accuracy. There is no question of thermomettic lag. It is 
essential, however, that the current of water be thoroughly mixed other¬ 
wise temperature over a cross-section of the tube will not be uniform; 
this is secured by having the central conductor in the form of a spiral 
instead of a straight wire. 

Callendar and Barnes used this method to find the specific heat of water 
at various temperatures. Their results are discussed in the next article. 
Callendar 1 found the specific heat of mercury with this apparatus. The 
central conducting wire was dispensed with, the flowing mercury itself 
serving as the conductor. Griffiths 2 employed this method to determine 
the specific heat of aniline over the range 15° to 50°C. Burnett and 
Roebuck 3 have used a modified form of the apparatus in which the liquid 

1 PM. Trans., A , 199, 104, 1902. 

2 Phil. Mag., 1895. Proc. Camb. Phil, Soc., 1895, 8 , Part, 4. 

3 Phys. Ret;., 30, 529, 1910. 
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was made to flow radially across the heating coils, these latter being wound 
between two porous tubes. 

2*119. Specific Heat of Water.—In ordinary calorimetric ex¬ 
periments the specific heat of water is assumed constant at all 
temperatures and equal to unity. Accurate investigations of the 
last article, however, show that it varies with temperature. The 
first accurate experiments for determining this variation of the 
specific heat of water are those of Rowland 1 in connection with 
his determination of the mechanical equivalent of heat (Chap. III). 
He argued that if the specific heat of water at ail temperatures 
were constant this mechanical equivalent must come out a constant 
quantity even if we used water at different temperatures. The 
variation in the value of J was due to the variation in specific 
heat. 

The other accurate experiments on the subject are those of Cai- 
lendar and Barnes (sec. 2'18) and of Jaeger and Steinwehr 
(sec. 2’16). Both of them determined accurately the specific heat 
of water at various temperatures. Their values are given in 
Table 1 together with the values obtained recently by Osborne, 


Table 1 .—Specific Heat of Water at different temperatures 

in int. Joulesfgm . 


Temp. 

°C. 

Specific 

heat 

(Barnes 5 ) 

Specific 

heat 

y&s) 

Specific 

heat 

(O, S & G) 

►raw WiWWMtWf 

Temp. 

°C. 

Specific 

heat 

(Barnes 2 ) 

Specific 

heat 

(O, S &G) 

0 


■ • 

4-2169 

55 

4-1749 

4-1816 

5 

4-2035 

4-1966 

4-2014 

60 

4-1775 

4-1836 

10 

4-1909 

4-1897 

4-1914 

65 

4-1800 

4-1860 

15 

4-1825 

4-1842 

4-1850 

70 

4-1828 

4-1888 

20 

4-1768 

4-1800 

4-1811 

75 

4-1855 

4-1920 

25 

4-1731 

4-1771 

4-1788 

80 

: 4-1884 

4-1956 

30 

4-1710 

4-1755 

4-1777 

85 

4-1912 

4-1997 

35 

4-1703 

4-1753 

4-1774 

90 

4-1940 

4-2043 

40 

4.1703 

4-1764 

4-1778 

95 

4-1968 

4-2095 

45 

4.1712 

4-1788 

4-1787 

100 


4-2152 

50 

4-1728 

4-1826 

4-1799 

• • 




1 Proc. Amer. Acad, of Arts and Sciences, 7, 1879-80. 

2 See Phil. Trans., 212, 30, 1913. 
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Stimson and Ginnings 1 at the National Bureau of Standards, 
Washington. The specific heat is expressed in international Joules 2 
per gram per °C. 

The values given in the second column have been recalculated from 
Barnes’ results for the sake of comparison. The results of all these 
three investigations are plotted in Fig. 11. It will be seen that the values 
obtained by Callendar and Barnes lie somewhat wide of the others and 



Fig. 11.—Specific heat curve for water. 

appear to be less reliable chiefly on account of the uncertainty in the 
values of the electrical units employed. From these curves it is evident 
that water has a minimum specific heat at about 34°C. 

Specific Heat of Solids 

2*20. Rise of Temperature Method.— The electrical method 
was first applied to solids by Gaede 3 in 1902. E. H. Griffiths and 
E. Griffiths 4 determined the specific heat of many metals over the 
range —160° to 4-j0O°C. The substance was used in the form of 
a calorimeter and was first cooled below the desired temperature. 
Electrical energy was utilised in heating the calorimeter and the 
temperature indicated by a resistance thermometer. The calori¬ 
meter was enclosed in a constant temperature bath whose tem¬ 
perature was kept constant to 1/100th of a degree by cooling the 
vessel with the aid of a spiral tube through which previously 

1 Bur. of Stand. J. of Research, 23, 197, 1939. 

2 1 int. Joule - 1-00041 ±0-00010 abs. Joule = 1-00041 xlO 7 ergs. 

3 Rhys. Zeits., 4, 805, 1902. 

4 Phil. Trans., A, 213, 1913. Proc. Roy. Soc., A, 89, 561, 1914. 
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cooled air was allowed to flow at a regulated rate* Correction 
was applied for the heat lost by radiation. 

This method has been utilised by Dickinson and Osborne 1 , 
Pirani (1912), Perrier and Roux 2 , and others particularly for the 
measurement of specific heat at high temperatures. 

2*21. Nemst Vacuum Calorimeter.—A different torm of the 
apparatus, known as the vacuum calorimeter , was used by Nemst and 
Lindemann 8 for measuring specific heat at very low temperatures. 
This differed from the foregoing ones essentially in having the 
calorimeter suspended in vacuum . The results achieved with its 



aid are of great theoretical importance and hence their apparatus 
will be considered in some detail. For good conducting solids, 
such as metals, the calorimeter shown in Fig. 12 (a) was used. 
The substance whose specific heat is to be determined is shaped 
into a cylinder C, having a cylindrical hole drilled almost through 
its entire length, and a closely fitting plug P made for it from the 

1 Bull. Bur. Stand., 12, 23, 1915. 

2 Mem . de la Soc. ]/aud., 3, 109, 1923. 

3 Journal de Physique, [4] 9, 1910 ; A.nn. d. Physik, 36, 395, 1911. 
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same material. The substance here acts as its own calorimeter. 
The plug is wound over with a spiral wire of purest platinum 
(shown dotted in the figure) which is insulated from it by means 
of thin paraffined paper and finally liquid paraffin is poured over it. 
The upper part of the plug is somewhat thicker than the lower 
part, thus a good thermal contact is obtained. The calorimeter 
K thus constructed is suspended inside a pear-shaped glass bulb 
[shown at (b)] which can be filled with any gas or evacuated. The 
whole can be surrounded by suitable low temperature baths, such, 
as liquid air or liquid hydrogen. The platinum spiral, which 
serves both as electric heater and resistance thermometer, is 
connected in series with the battery B, resistance r and a precision 
ammeter A, the voltmeter V indicating the potential difference 
across the spiral. 

To carry out an experiment, the calorimeter was first brought :.o the 
desired temperature by introducing hydrogen, which is a comparatively 
good conductor of beat, into the pear-shaped vessel and then sun- tunding 
the latter by a suitable bath. Then the vessel was completely evacuated 
and surrounded by a low temperature bath, so that the loss of heat by 
radiation was small and regular and could be taken into account while 
the loss due to conduction and convection was entirely eliminated. A 
current was then allowed to flow through the heater for i seconds and the 
voltage across it was adjusted to be constant by varying the resistance r. 
If R/, R,', and if, k denote the final and initial values of the resistance 
of the heater and the current through it respectively, and E the cons¬ 
tant potential difference. 


% 




(19) 


Thus an observation of it, /*, and E gives R/ and R it and from a previous 
determination of the resistance of the platinum spiral at various tempera¬ 
tures the rise in temperature SO can be found. The energy supplied 
electrically is Eft where i is the average value of the current. Now if 
M is the mass of the substance forming the calorimeter, s its specific 
heat, we have 

Eit — JMsSO 4 h. ... (20) 


This gives the specific heat at a single temperature since SO is usually 
1 or 2°. The heat capacity of the paper and paraffin is very small and 
can be found and eliminated by taking different amounts of the experi¬ 
mental substance and ;.t the same time arranging that the tempera/me 

F. 10 
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rise is the same. The heat loss h is very small and regular and is 
determined and accounted 1 for by observing the rate of cooling before 
and after the experiment. Further, small corrections have to be applied 
for the fall cf P.D. ‘ across the ammeter, the current through the volt¬ 
meter and the energy spent in the connecting leads to the heater. 

For non-conducting solids the calorimeter shown in Fig. 12(c) was 
employed. The heating wire was wound over a cylindrical silver 
vessel D and the whole covered with silver foil to diminish heat 
loss. This foil was soldered at the bottom of the- cylinder as 
indicated. The solid whose specific heat is required was placed 
inside the silver cylinder and the latter dosed with the lid. The 
silver on account of its high conductivity keeps the temperature 
uniform and this is further secured by filling the cylinder with 
air through the tube in the lid. The tube is then closed with 
a drop of solder so that it may be gas-tight. It is absolutely 
necessary that air should be present inside the vessel to facilitate 
equalisation of temperature throughout the experimental sub¬ 
stance. The heat capacity of the silver vessel was calculated 
and also determined experimentally. Liquids and gases can be 
similarly admitted into the cylinder and their specific heat 
determined. 

In this method very accurate measurement of temperature is 
necessary since the rise of temperature is only 1 or 2°. JFor work 
'Ji very low temperatures the platinum wire was calibrated by 
comparing it throughout the range with a lead resistance thermo¬ 
meter (see p. 37). Bat this does not completely solve the difficulty 
for at these low temperatures the resistance of the platinum wire 
changes considerably owing to the introduction of the electrical 
energy. Consequently Eucken and Schwers 2 in their work used 
a constantan wire as the heater and a lead wire as the resistance 
thermometer. These considerations led Nernst and Schwers 3 to 
devise the second type of the vacuum calorimeter. The calori¬ 
meter was of copper and the heater a constantan wire. The 
constantan wire possesses the great advantage that even at low 

1 For an account of how it is done see The Ncir Heat Theorem by 
N'je'USt, pp. 46-47 published by Methuen Sr Co. 

*■ Verb. d. Denis. Phys. Ges., 15, 578. 

3 ijn .7 kgi. Pr - A had. d. \Vdss. s 'i914. 
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temperatures its temperature coefficient of resistance is negligible 
and hence the current and the voltage across it can be conveniently 
adjusted. The temperature was measured with a thermocouple. 
The calorimeter was surrounded by a copper sheet. For further 
details the reader is referred to Nernst's The New Heat Tlxonra, 
pages 37-49. 

In the foregoing experiments the radiation correction had to 
be determined and applied. A different procedure, however, has 
been adopted by Simon and Lange. 1 They presented any loss of 
heat by devising the “ adiabatic vacuum calorimeter”. In this 
apparatus the object is achieved by surrounding the vacuum 
calorimeter with a bath whose temperature is varied and kept 
always equal to that of the calorimeter. 

The vacuum calorimeter method has been used by a large 
number of workers. Kucken, Hauck, 2 and Keesom and Onncs 
used it to find the specific heat of liquefied gases. Clusius and 
Harteck 8 measured the specific heat of various substances up to 
10°K while Sucksmith and Potter 4 found the specific heat of 
ferromagnetic substances up to about 400 C C. 

2*22, An ingenious though not very accurate method of finding the 
specific heat of metals has been used by s..orbino 5 , Pirani, Worthing 8 and 
others. The metal is in the form of a uniform wire, enclosed in an eva¬ 
cuated glass bulb and heated electrically. The characteristic equation is 

/E-/(T) ¥"s d J r .(21) 

where i and E denote the instantaneous values of the electric current and 
the voltage across the filament, T its temperature, tn its mass, s its specific 
heat, and dTjdt the rate of rise of temperature. The first term denotes the 
electrical energy supplied, the second the heat lost by radiation and the 
third the amount of heat required to raise the temperature of the filament. 
H and i are measured with a potentiometer and T is calculated from the 
resistance of the filament. /(T) can be obtained by finding the value of 
Ei for no rise of temperature. The loss of heat by conduction along the 
leads was eliminated by performing experiments with wires of different 

1 'Letts. /. phys. Chew ., 110, 343, 1924. 

* Letts, f. phys. Chem ., 134, 161, 1928. ’* Ibid., 134, 243, 1928. 

* Pros. Roy. Soc., 112, 157, 1926. 

6 Phys. Letts., 11, 413, 1910; 14, 915, 191.3 and connected papers. 

8 Phys. Rev., 5, 340, 1915. 
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lengths but having the same cross-section and carrying the same current. 
The radiation generally lags behind the temperature as recorded by a 
resistance thermometer and hence s as calculated from (21) is different for 
rising and falling temperatures. The mean of the two values is taken. 

- 2*23. Heating by Cathode Rays.—-An interesting method 
has been employed by Klinkhardt 1 in which the experimental 
substance is heated by bombardment with slow cathode rays. His 

apparatus is indicated in Fig. 13. 

The experimental metallic substance K. is sup¬ 
ported in high vacuum by means of two small 
quartz rods which insure its insulation from the 
surroundings, just opposite K is a thoriated 
tungsten wire w which is heated by a small battery 
of accumulators. Between of and K an electro¬ 
static field of gradient between 100—200 volts is 
applied. Thus the electrons from w bombard K 
which is heated by the kinetic energy of the 
impact. Any reflection of the electrons is prevent¬ 
ed by the electrostatic field between w and K and 
also between K and- the protecting cage C, the 
latter being kept connected to The experimen¬ 
tal substance K can be maintained at any desired 
temperature by passing a suitable current through the heater H which, 
is simply a platinum wire wound over a quartz frame RjRg. The loss 
of heat by radiation to the outer cage is minimised by inserting a 
platinum sheet between C and K., The temperature of the substance is 
measured by the thermocouple Th. - The whole apparatus was enclosed 
in an evacuated glass sphere (not shown) the lower end of which was 
cooled, and upon this rested two stout quartz tubes Q, Q which served 
to support the whole apparatus and also carried the connecting wires. 

Apart from small corrections due to the fact that electrons possess a 
definite heat of vaporisation the energy supplied was given by the product 
of the potential gradient and the electron current, the latter being mea¬ 
sured by a precision ammeter. Knowing the heat capacity of K, the in¬ 
crease in its temperature and the time of flow of electrons, the specific heat 
can be calculated. With this apparatus the specific heat of metals could 
be measured upto 1000 C 'C. correct to about 2 per cent. The apparatus 
can be adopted to low temperatures. 



Fig, 13,— KJinkhardt’s 
■ apparatus. 


1 Ann. d. P/jysik, 84, 167, 1927. 
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Another interesting method has been employed by Davies and 
Thomas 1 in which the specimen is heated by eddy currents produced in 
it when placed in an alternating magnetic field. The method has been 
utilised for determining the' specific heat of a number of metals at 20°C 
and appears to yield satisfactory results. 

2 * 24 . Results of Early Experiments.—In 1819 Dulong 
and Petit from their investigations concluded that the product of 
atomic weight and specific heat is constant for many substances, or in other 
words, atoms of all substances have the same capacity for heat. Regnault 
from his own researches found that for ordinary substances the 
mean value of the constant was 6'38 with extremes of 6 • 76 and 
5*7. A more accurate value of the constant can be obtained from 
the kinetic theory (Chap. III). The atomic heat at constant volume 
is shown there to be equal to 3fL — 5*955. According to Richat2, 
the value of the ratio C P jC u for many substances lies between 1*01 
and 1 * 04, hence the atomic heat at constant pressure, the quantity 
commonly determined should, lie between 6*01 and 6*19. This 
law is of great use in determining atomic weights. 

In illustration of the law we append below, table 2 giving the 


Table 2 2 .—Illustration of Dulong and Petit*s law. 


Element 

Atomic weight 
(1) 

Mean specific 
heat (2) 

Atomic heat 
(1)X(2) 

Sodium 

23*00 

0*703 

7*06 

Magnesium 

24*32 

0*247 

6*00 

Aluminium 

27*1 

0*2175 

5 83 

Iron 

55*84 

0110 

6*14 

Nickel 

58*68 

0*1092 

6*41 

Copper 

63*57 

0*0930 

5*92 

Zinc 

65*37 

0*0939 

6*14 

Silver 

107*9 

0*0559 

6*03 

Cadmium 

112*4 

0*0557 

6*26 

Tin 

118*7 

0*0556 

6*60 

Antimony 

121*8 

0*0502 

6*10 

Platinum 

195*2 

0 0318 

6*21 

Gold 

197*2 

0*0309 

6*10 

Lead 

207*2 

0*0310 

6*43 

Bismuth 

209*0 

0 0299 | 

6*22 


Mean value — 6*24 


1 Phil. Mag., 24, 713, 1937. 

* Taken from Handbuch der Experimental physik, 8 , p. 193. 
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mean specific heal: of a few elements between 15° and 100 °C. The 

JL 

elements are arranged in order of their atomic weights. 

In 1831 Neumann enunciated a similar law concerning mole¬ 
cular heats : the product of the specific heat and the molectdar weight of 
compounds of similar composition are nearly constant. The value of the 
constant varies from one series of compounds to another. This 
law is known as Kopp-Neumann’s Law. In illustration of the 
law the following table 1 is added. 


Table 3.— Molecular Heat of Oxides 


Compound 

Specific heat 
( 1 ) 

Molecular weight 
( 2 ) 

i Molecular heat 
(1)X(2) 

Cr 8 O a 

0-1796 

152-0 

27-4 

Fe 2 O a 


1-59-8 

27-2 

AsjO^ 


197-8 

25-3 

SboOo .. 

B 12 O 3 


287-8 

25-9 


464-8 

1 

28-1 


Mean value = 26-8 


Kopp-Neumann’s law can be considered as a particular case of 
the following law: The molecular heat of a compound may be considered 
as the sum of the atomic beats of its constituents. Thus if a compound 
has the composition A^QD,* its molecular heat C p is given by 
the relation 

C p = aC pA -\- bC P B-{- cC p c-\- dCpD, . ■ (22) 

where A, B, C, D stand for the different types of atoms composing 
the compound and- C pA , C pB , etc., their atomic heats given by 
Dulong and Petit’s Law. The law is of much use in evaluating the 
molecular heats of certain substances. 

2*25. Variation of Specific Heat .—The specific heat as determined 
by the foregoing methods is not found to be a constant quantity. For 
solids and liquids the effect of pressure on specific heat is rather small. 
The effect of temperature is however- very marked. Increase of tem¬ 
perature invariably increases the specific heat, while the decrease of 
temperature lowers it. In chapter XVI a table is given which shows the 
variation of specific heat of silver with temperature. Various empirical 
formulae have been proposed from time to time to indicate the effect of 


1 Taken from Handbuch der 'Experimental pbpiky 8 , p. 200. 
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pressure and temperature on the specific heat. The effect of pressure can 
be calculated with the help of thermodynamic formulae (Chap. VII) while 
the variations with temperature have been to some extent successfully 
accounted for only in recent years by the application of the quantum 
theory of specific heats (Chap. XVI). The earlier observations (vi%., 
Dulong and Petit’s law) can be easily accounted for by the kinetic theory 
(Chap. ITT) or more accurately by the quantum theory (Chap. XVI). 

2*2$. Two Specific Heats of a Gas.—The specific heat of 
a gas, as of solids and liquids, may be defined as the ratio of the 
heat absorbed to the rise in temperature, per unit mass of the gas. 
A little consideration will show that this definition is somewhat 
vague and requires to be more precisely defined. Imagine a quantity 
of gas to be suddenly compressed. The temperature of the gas will 
be found to rise though no heat has been added. The ratio, heat 
addedl increase in temperature, i.e. y specific heat, vanishes. Again let 
xhis compressed air expand suddenly ; a cooling would take place. 
This is just prevented by applying some he^t to the gas. In this 
case the ratio, heat addedjchange in temperature , becomes infinite. 
Thus we see that the original definition gives an infinite range of 
values for the specific heat. Hence external conditions are of 
paramount importance in considering the specific heat of gases. 
It has become customary to speak of two specific heats of a gas : 
the specific beat at constant volume denoted by c v and the specific beat 
at constant pressure denoted by c p . In the former process the gas 
is maintained at constant volume so that the. whole heat applied 
goes to increase the internal energy 1 of the gas. In the latter case 
the gas is allowed to'expand against a constant pressure and in 
so doing it does external work as well as a very small amount of 
internal work against molecular attractions. These two quantities of 
work are obtained from the heat energy applied to the gas. Hence 
the specific heat at constant pressure is necessarily greater than the 
specific heat at constant volume by an amount which is simply 
equal to the thermal equivalent of this work. 

Let us assume that the gas is perfect, its molecules exert no 
influence on one another except during collision. This is approxi- 

1 According to the molecular point of view internal energy cbnsists 
of the kinetic and potential energies of the molecules, atoms, electrons 
etc. For a formal definition of internal energy see Chap.' V. 
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matdy true for permanent gases as Joule’s experiment (sec. 2*27) 
shows. Hence in this expansion no internal work against molecular 
attractions is done by the gas and the excess of heat supplied 
in the second case is simply the thermal equivalent of the external 
work. 

Consider the gas enclosed in a vessel of any shape and suppose 

the walls of the vessel can expand outwards. Let 8A denote an 

element of area of the walls and 8x the distance traversed by 

it measured along its outward drawn normal. Then the work 

done by the gas in this infinitesimal expansion is pSA. 8x and for 

the expansion of the entire surface the work is equal to 2 p8A. Sx 

<* 

8x — p 8V where 8V is the increase in the volume of 
the gas and p is the pressure of the gas which remains constant. 
Suppose a gramme molecule of the gas, occupying a volume V l 
at temperature T°K and pressure p, expands to a volume V 2 at 
temperature (T+l)° K the pressure remaining constant. The work 
done by the gas in expanding from V t to V 2 is 

P(V 2 ~V,d = R[(T+1)-T] = R . (23^ 

by the gas laws 2 . Let Mc P — C P> Mc v — C v> where M is the 
molecular weight of the gas. C v and C v may be called the gram 
molecular or molar specific heats. Then the thermal equivalent 8 of the 
above work is J (C p — C u ). Hence 

J (C p -C v ) = R. 

If C p and C v are measured in ergs 4 we get 

C p —C v — R.(24) 

This law was first deduced by R. Mayer. 


1 This is true for a perfect gas only. For real gases and in fact for 
any substance it is shown in Chap. VII that 


C p —C v 



where the differentials must be evaluated from the actual equation of 
state (Chap. X) for the gas. This is done in Chap. VII. 

2 In applying the gas laws for the relation between V and T we neces¬ 
sarily assume that the gas is always in a state of equilibrium and never 
passes through non-equilibrium states. Such a process is called a quasi¬ 
static process which is characterised by the condition that the system is at 
all times infinitesimally near a state of mechanical and thermal equilibrium 
with the surroundings as well as with its own component parts. 

3 This assumes the First Law of Thermodynamics which will be 
discussed in Chap. Ill and Chap. V. 

4 For a more formal proof see Chap. V. 
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2*27. Experiments of Gay-Lussac and Joule.—Gay-Lussac 
first carried out experiments to determine whether a gas does any 
internal work in expanding. Somewhat later Joule employed a 
similar apparatus but he immersed the vessels in calorimeters. His 
apparatus is indicated in Figs. 14 and 15. The two vessels A and B 
communicated with each other through a tube furnished with a 
stop-cock C. A was filled with dry air at 22 atmospheres while B 



Joule's experiment with 


one <ealorimeter 

Fig. 14. Fig-15- 

was exhausted. First the whote apparatus was placed in a single 
calorimeter (Fig. 14) and the stop-cock C opened allowing the 
enclosed gas to expand. This process is called free expansion as no 
external pressure is applied to the gas. Joule could not detect 
any change in the temperature of the water, showing thereby that 
no internal work against molecular attractions was done by the 
gas in expanding. To investigate the point further, the parts 
A, B, C were placed in separate vessels (Fig. 15) containing water 
whose temperatures could be read by sensitive thermometers. On 
opening the stop-cock C the air expanded into B and the temper¬ 
ature of the vessel surrounding A fell while the temperatures of 
B and C rose. It was found that the heat lost by A was equal to 
the sum of the heats gained by B and C, thus the total change in 
the energy of the gas during expansion is zero, i.e. y (^UjdV) T — 0 
where U is the internal energy and V the volume. This is known 
as Mayer’s hypothesis or Joule’s law. This shows clearly that no 
internal work is done by a gas in expanding. Joule’s law holds 
only for the perfect gas to which the permanent gases of nature 
like helium, hydrogen, etc. approximate. For further discussion 
F. 11 
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see Chap. XII. As a matter of fact a slight fall in temperature 
should be observable in Joule’s experiment with one calorimeter 
but on account of the large heat capacity of the calorimeter it 
escaped detection. 

2*28. Adiabatic Transformations .—When a system under¬ 
goes a change under the condition that no heat enters or leaves it, 
the transformation is said to.be adiabatic. Such a process can be 
approximately realised in practice by thermally insulating the 
system with some non-conducting material, or by performing the 
process rapidly since in general heat conduction takes place very 
slowly. In an isothermal change the temperature is kept constant 
by adding heat to or faking it away from the substance. In 
general a process must be performed very slowly in order that 
it may be isothermal. Consider an amount of heat applied, to a 
perfect gas. As shown in sec. 2*26 this is spent in raising the 
temperature of the gas and in doing external work. If we consider 
a gramme molecule of the gas, the former is equal to C v dT and 
the latter to pdvfj both in calories. Hence 

or, if Sj 2 and C v are measured in ergs, 

5j2 = CJT+pdV. .... (25) 
This equation combined 1 with pV = RT will give the solu¬ 
tion of all problems on perfect gases. In an adiabatic transforma¬ 
tion Sj 2 — Therefore 

CJT+pdV = 0. .... (26) 

> In order to find a relation between p and V we must eliminate 
T from (26) by means of the gas equation pV — RT. Differen¬ 
tiating the latter, we have 

pdV+Vdp — R. dT. .... (27) 

Substituting ,for dT from (27), in (26), and replacing R by 
C v —C w we get 

C v Vdp-YC p p dV = 0. 


jp When we use the equation of state pV — RT we necessarily 
imply that the process is quasi-static or mechanically reversible. 
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Denoting CJC V by y we obtain 


db dV 

p v 


which on integration, yields 

log/) -f- y log V ----- constantf 

or p V y — constant . „ (28) 

This is the relation between p and V for quasistattc adiabatic 
changes in a perfect gas 2 . In such changes the gas must pass 
through equilibrium states. It may be pointed out that a free ex¬ 
pansion is adiabatic but not quasistatic and it is fallacious to apply 
equation (28) to such a process, though this is frequently done. 

To find the quasistatic adiabatic relation between T and V or 
between T and p we must respectively eliminate 3 p or V between 
equation (28) and the gas equation pV~RT. The results are 

TV y 1 = constant; , . . . . (29) 

Tp^ y ^‘ y constant. ..... (30) 

2 * 29 . Experimental Methods. 4 — We shall now consider the 
experimental methods of finding the specific heats of gases. Since 
for perfect gases C P ~C V = R, a knowledge of one of the specific 
heats gives the other. Again if we determine y, /.«., C> p fC v , the 

1 We have assumed that y remains constant in the integration. Strictly 
speaking this is not the case., C v and hence C v and y also, vary with 
volume, pressure and temperature of the gas. Hence equations (28), 
(29) and (30) do not hold rigorously for all values of p, V, and T. The 
differential equations however are quite exact and the integrated results 
will also be exact for small variations of the variables in which y could 
be treated as constant. We have of course to substitute the proper value 
of y under the conditions of pressure, volume and temperature. 

8 For real gases the relations corresponding to (28), (29) and (30) art. 
much more complicated and cannot be deduced without making use of 
both the laws of thermodynamics. These relations can be deduced by 
starting from the results obtained in examples (1), (2) and (3) at the end 
of Chap. VII. This is illustrated in example (4) following them. For 
experimental measurements of y based on the adiabatic expansion method 
(§2*37—2-40), these equations deduced there for actual gases must be 
used. 

3 Equation (29) can be deduced more briefly by eliminating p between 
(26) and the equation pV — RT, and equation (30) by eliminating dV 
between (26) and (27). 

4 The reader will find a very good account of these methods in Parting¬ 
ton. and Shilling, Specific Heat of Gases, 
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above relation will give both C p and C v . Hence the experimental 
methods may be divided into three classes : (a) The measurement 
of C p , (/->) The measurement of C v , (c) The determination of y. 

(a) MEASUREMENT OF C p . 

The specific heat at constant pressure has been found either by 
the Method of Mixtures or by the Constant-Flow Method. The 
principle of these methods has been already explained. 

9. • 30, Method of Mixtures—Regnault’s Apparatus.—This 
method was first applied to gases by Lavoisier and Laplace and 



was later used by Regnault who obtained results of high accuracy. 
His apparatus is indicated in Fig. 16. Pure dry gas was com¬ 
pressed in the reservoir A which was immersed in a thermostat. 
The reservoir was provided with a manometer (not shown). Gas 
could be allowed to flow through the stopcock V at a uniform 
rate. This was . effected by continuously adjusting the stop-cock 
V (shown separately in Fig. 16 b) so that the pressure indicated by 
the manometer R was constant. The gas then flowed through a 
spiral S immersed in a hot oil-bath and then into die calorimeter 
C finally escaping into the air. The gas acquired the temperature 
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T of the bath and raised the temperature of the calorimeter, say 
from d 1 to 0 2 . 

If m be the mass of the gas that flows into the calorimeter, c v 
its specific heat is given by 

nu, (r - = r(9 a -«,),. . . (3i) 

where W is the thermal capacity of the calorimeter and its con¬ 
tents . 1 

2 31, Other Experiments.—The experiments of Wiede¬ 
mann (1876) were essentially similar to those of Regnault. Lussana 
(1898) devised a high-pressure apparatus in which the same amount 
of gas enclosed at a high pressure can be repeatedly heated and 
passed through the calorimeter. The principle employed is the 
same as in Regnault’s experiment. McCollum 2 has employed this 
method for measuring the specific heat of dissociating N 2 0 4 bet¬ 
ween room temperature and 100°C. 

As regards determination of specific heat at high temperatures 
the experiment of Holborn and Henning 3 may be mentioned. Em¬ 
ploying suitable electric heaters and a well-designed calorimeter 
they were able to find the specific heats of nitrogen, carbon-dioxide 
and steam up to 1400°C. The calorimeter corrections are difficult 
and uncertain. The same method has been used by Nernst 4 in 

A 

finding the specific heat of ammonia up to 600°C. 

2 • 32. Constant-flow Method.—For finding the variation of 
specific heat with temperature the constant-flow method is most 
suitable and was first used by Swan . 6 Scheel and Heuse 8 used 
the method for finding the specific heat down to very low 
temperatures. 

Their calorimeter is indicated in Fig. 17.T he gas under test, previ¬ 
ously brought to a steady temperature by passing through a suitable bath, 
enters the calorimeter from below at E and flows in a steady stream 
through a spiral F, then through two jackets C and B as indicated by 

1 A detailed theory of this method which is applicable to all flow 
methods has been given by Searle, Proc. Camb. Phil. Soc., 13, 321, 106. 

2 Jour. Atner. Chem . Soc., 49,28, 1927. 

3 Ann. d Pbysik, 23, 809,1907. * Zests, f. EJectrocheme, 16 , 96, 1910. 

6 Proc. Roy. Soc. , A, 82,147,1909 ; or Phil. Trans., A, 210, 199,1910. ' 

8 Ann. d Physik, 37, 70, 1912; 40, 473, 1913; 59, 86, 1919. 
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the arrows and finally enters the inner tube at A. This gas is now 
heated by the heating coil H made of constantan. The temperatures 



of the incoming and outgoing gases 
are observed by the resistance ther¬ 
mometers Ti, Tg. Above the heater 
are a wire gauze Gi and a packing 
of wire gauze G a (shown separately) 
in order to make the temperature 
of the gas uniform before reaching 
the thermometer T 2 . The gas leaves 
the apparatus as indicated. Nearly 
the whole apparatus is enclosed 
in an evacuated jacket D, the latter 
itself being immersed in a constant 
temperature bath. When the gas 
flows through the jackets C and B 
it absorbs much of the heat radiated out and thus 
the radiation loss is considerably diminished. 

The equation for continuous flow already given is 
Bit - JM's 80+H. 

If rn grams of the gas flow in 1 second and Ad 
denote its molecular weight, Cp its molar specific 
heat and h the heat loss per second, the above becomes 

&£?-86 = Ei-h. . . (32) 

The greater part of the hea t lost is brought back by 
the incoming stream of gas. To calculate the true heat 
loss we proceed as follows • The heat h l lost by the 
gas and heater to the surrounding vessel is propor¬ 
tional to 80 and assuming Newton’s law, it may be 
put equal to kiSd = This will produce a rise 

in temperature of the surrounding gas equal to 86' 
which is proportional to h'jm. Thus 86' — k^Eijm 2 
and the heat lost by radiation from this to the bath 
surrounding D will be <638 9' = kEtjm 2 for 86' repre¬ 
sents tire excess of temperature: of C and the outer gas 



Fig. 17.— Constant- over the bath as the gas was initially brought to the 
f ° r temperature of the bath. Hence h = kEijw 2 where 
k is some constant. Equation (32) then yields 



M hi f . k \ 

]/// 86 \ in 1 ) 


. ( 33 ) 
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k can be eliminated by performing experiments with different values of m. 

For work at low temperatures the gas was initially passed 
through a low temperature bath in which the calorimeter was also 
immersed. Id studying helium and other rare gases Scheel and 
Heuse modified the apparatus so as to employ a closed circuit. 
They carried out measurements on various gases in the range 0 
to 180°C, and found reliable results. The theoretical explanation 
for the variation of specific heal with temperature is given in 
Chap. XVI. 

For measurement of specific heat at high pressures the cons¬ 
tant-flow, method has been employed by Holborn and Jakob 1 , 
Krase and Mackey 2 and others and gives the most reliable results. 
It may, however, be pointed out that the constant-flow method 
always gives values about 1 per cent. higher than those obtained 
by adiabatic expansion or acoustic methods (§2'37—2 *44). 

2*33. A modified Constant-flow Method.—In the forego¬ 
ing constant-flow method there is much difficulty and uncertainty 
in measuring the temperatures of the inflowing and outflowing 
gas. This has been avoided in a new type of constant-flow 
apparatus devised by Blackett, Henry and Rideal 3 which is, how¬ 
ever, based on different principles. In this a knowledge of the 
temperature of the gas is not at all necessary. The principle of the 
experiment will be explained by considering a simplified 4 case. 

Consider a long narrow tube with its two ends kept at temperatures 
differing by $i and suppose radiation from the sides of the tube is pre¬ 
vented. Then, as will be shown in Chap. XIV, there will be a uniform 
temperature gradient along the tube equal to B\jl where / is the length 
of the tube. If now a gas is allowed to flow slowly through the tube 
from the cold end to the hot end, it will acquire heat by conduction from 
the walls and will be continuously rising in temperature as it goes forward. 
Let <f> denote the excess of the temperature of the gas at any section over 
the temperature of the cross-section of the tube at the same place. Then 
<f>= 0 at the ends and except for a small distance near the ends, it has a 

1 Bed. Ber ., 1 , 213, 1914. 

* Am. Chem. Soc.J., 52, pp. 108 and 5111,1930. 

3 Proc. Roy. Soc. L.ond., 126, 319, 1930; see also Henry, Ibid., 133, 
492, 1931. 

4 For a detailed consideration of the theory of the method and its 
verification the original paper should be. consulted. 
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constant negative value (*> throughout the tube, since <f> can depend only 
on the gradient dOjd^ t the radius of the tube (both of which are constant) 
and the velocity of flow p 0 , the viscosity, conductivity, density and 
specific heat of the gas, and all these can be treated as constant as long 
as 0i <s small. 


The. temperature rise of the gas per second is v Q d$jd%. If r be the 
radius of the tube and s the specific heat of the gas per unit volume at 
constant pressure, the heat necessary to maintain the rise in temperature 
of the gas contained in unit length of the tube is 

Q = irr 2 s\ j- =sV 0 ~-, . . . (34) 

where V 0 = irr % u 0 the volume of gas passing per unit time. This heat Q is 
supplied by the wall per unit length per unit time, and on account of this 
the temperature gradient will change. The heat gained 1 by the element 
through conduction is KAd 2 9jd% 2 where K is the thermal conductivity 
of the tube and A the area of its cross-section. Hence in the steady state 




(35) 


Assuming this equation to hold up to the ends of the tube (which is 
not so since <f> changes there), the solution of (35) with the boundary 
conditions 0=0, when % = 0, 6 — $i when % = /, becomes 



l-tf 2 ^ 


(36) 


where a = sV 0 j2KA. Assuming a to be small, for z = //2 this gives 

9 = 0j (1 "j-e a ^) —1 

and its excess 0 over the temperature (0i/2) prevailing there without flow 
is given by 

& ^ ~0,o//4 = -sV^/jSKA. . . • . (37) 

Thus the ratio of the quantity 0/ V 0 for two gases will be in the ratio of 
their specific heats. 

The relation (34) will hold even if the tube is surrounded by a bath 
having the temperature of the cold end and also for large values of 0> 
For experimental purposes it is more convenient to have a long tube 
whose ends are kept at the same temperature, and the central portion is 
raised to the maximum temperature by an electric current passing through 
the entire rod. The previous temperature difference 0 is now analogous to 
the present temperature difference between the midpoints of the two bars 
(to which the present bar is equivalent), and can be shown to be given by 

0 = C^-J-Cja 3 .... (38) 


1 Sec Chap. XIV. 
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where C 3 depends upon conductivity, viscosity, etc, of the gas, and the high 
power terms become appreciable only for large velocities of flow of the 
gas. 

A section of their apparatus is shown in Fig. 18. The experimental 
gas flows through the narrow iron tube AA, 2 mm. in diameter, which 



Fig. 18 .—Henry’s modified constant-flow apparatus. 


is further surrounded by the massive iron tube BB the latter having 
conical holes at the ends to fit the conical steel plugs C, C. These are 
held in position by the screwed collars D, D and are electrically insulated 
from B by mica. The conical plugs C, C carry the cylindrical plugs E, E 
which fit tightly on AA. The whole apparatus is enclosed in a furnace. 
The thin constantan wires, which, with the tube AA form the thermo¬ 
couples, ate embedded in AA, one at the centre, two at equal distances on 
either side of the middle point, and one at the end; these are all carried 
in porcelain tubes through holes in E. The tube AA is heated by an' 
alternating electric current which is kept constant by an automatic regula¬ 
tor. By moving the screws S, S it is so arranged that the symmetrical 
thermo-couples, connected differentially record zero deflection on a po¬ 
tentiometer arrangement. The gas is next allowed to flow through 
A A at a slow speed, which is maintained constant by a complex device, 
and the value of (9 obtained from the readings of the symmetrical thermo¬ 
couples. The maximum temperature 8 m developed in the centre was 
also observed, and the mean value of (9/ for different gases was .found. 

The ratio of this quantity for different gases gives the ratio of their spe¬ 
cific heats and knowing the specific heat of one (say argon) the specific 
heat of O a , N 2 and air was found up to 350°C. The accuracy claimed by 
the experimenters is about 1 per cent. 

{b) METHODS BASED ON THE MEASUREMENT OF C v 
2 * 34 . Steam Calorimeter.—The direct determination of 
C u is best made by means of Joly’s steam calorimeter (Sec. 2*13). 
The method of carrying out the experiment and the necessary 
details will be found in that section. 

R 12 
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2*35. Explosion Method.—Following the work of Bunsen, 
Vieille and others, Pier 1 improved the explosion method and 
devised the modern explosion bomb shown in Fig. 19. Immersed 



Fig. 19.—Pier’s Explosion Bomb, 


in the water-bath B is a steel-bomb A which has side-tube M 
through which the bomb can be evacuated and various gases 
introduced at the desired partial pressures. D is a corrugated 
steel membrane closing an opening in the bomb and carrying 
mirror S. Light reflected from the mirror falls on the photo¬ 
graphic film F which is wound on a revolving drum. By applying 
various known static pressures and noting the deflection of the 
light spot, the pressure attained in any experiment can be found 
simply from the record on the film. Any explosion mixture, 
P say a mixture of hydrogen 

and oxygen, together with the 
inert gas whose specific heat 
is required is introduced into 
the bomb. By ‘inert’ is meant 
any gas which will not take 
part in the reaction either 
from want of chemical affinity 



Fig, 20.—Continuous record of piessuic 
during explosion. 


or due to its presence in ex¬ 
cess. .The partial pressures of 


the various gases are known. The explosion is started by means 


1 Zeits. /. Pbys. Cbem ., 66, 795, 1909 ; Zcits. /. pMctrocbtmie, 15, 536, 
1909; 16^ 897, 1910. 
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of electric sparks and the record on the photographic film is 
taken. Fig. 20 shows atypical record. From this the-maximum 
pressure p r reached during an explosion can be easily read 
(corresponding to the point P in the figure). The maximum 
pressure is reached in about 0*01 sec. 

The calculation may be easily made. Tf the vessel were allowed to, 
cool to the initial temperature jT s (absolute), suppose it would record the 
pressurep 3 . The maximum temperature T\ reached during the explosion 
is calculated from the value of p\ t for, from the gas laws, .since the volume 
remains constant, 

Pi __ A - t — T 

Or, if p; denote the initial pressure and r the ratio final/initial number of 
molecules (owing to the explosion the total number of molecules changes), 
we have 

p 2 = r pi [*.* volume and temperature are the same] 

. .•.r,-A.r t - £r„ . . ,(39)- 

where p* is the ratio of explosion pressure to initial pressure. The rela¬ 
tion connecting the specific heats and the heat of reaction is 

ng 2 = (T, TO (nC w f n'C*), . . . (40) 

where n is the number ot gramme-molecules of the reaction products, i»' 
the number of gramme-molecules of the inert gas; C vr , C w - respectively their 
mean molar specific heats over the range (Ti—Tj); Q 2 the heat of reaction 
for the explosion mixture at r 2 °. Q % is generally known from thermo¬ 
chemical data. We can determine C VT by exploding either with different 
amounts of a gas whose variation of specific heat with temperature is 
known, or with different quantities of argon, a substance whose specific 
heat is constant. Then the same reacting gases may be exploded with any 
inert gas, and knowing C vr we can find C m - for the inert gas. 

The method is very suitable for measurements of specific heat up to 
high temperatures and has been used to about 30Q0°C., but suffers .from 
the disadvantage that directly it gives only the average values over a wide 
range and not the specific heat at any temperature. With numerous data 
It is possible to calculate the latter, but even the average values are subject 
to considerable uncertainty, because corrections 1 must be applied for loss 
of heat, effects of dissociation, incomplete combustion, etc. For argon. 
Pier found that the specific heat does not vary with temperature. 

1 See Zeiis. f. Beitmhemie, 17 , 731, 1911; 18 , 101, 1912. 
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The method has been employed, among others, by Bjerrum 
(1913), Siegel (1914), Wohl 1 , Womersley 2 and Fenning and 
Whiffen 3 . The last mentioned workers have found the molecular 
heats of CO, N 2 , CO< 4 and water vapour. Their results agree with 
deductions from spectroscopic data. 

2 * 36 . Nernst’s vacuum-calorimeter method is employed to 
find Cv at low temperatures. Eucken has in this way. found the 
specific heat of hydrogen between 35° and 273°K and obtained 
interesting results which will be discussed in Chap. XVI. In his 
experiments hydrogen was contained in a thin-walled steel flask 
which was heated electrically by winding round it a constantan 
wire carrying electric current. The rise in temperature was mea¬ 
sured by a resistance thermometer of lead or platinum. It may 
be remarked that the heat capacity of the containing vessel, which 
would have been much greater at ordinary temperatures, is only a 
small fraction at these low temperatures. The same method was 
employed by Giacomini 4 . 

<V) METHODS BASED ON DETERMINATION OF y 

As already pointed out this is an indirect method of finding 
the specific heats of gases. Though indirect it is capable of the 
highest accuracy so that the modem accepted values 5 of specific 
heats are based on the values of y thus obtained. 

The methods of measuring y, the ratio of the two specific heats, 
may be classified under two heads : (1) those depending on the 
adiabatic expansion or compression of a gas, (2) those depending on 
the velocity of sound in the gas. We shall first consider the former. 

(1) Adiabatic Expansion Method 

2*37, Experiments of Clement and Desormes.— Clement 
and Desormes (1819) were the first to find y by the adiabatic 

1 Zeits. f. Pbys. Chem., 118, 400, 1925. 

* Proc. Roy. Soc. Load., 100, 483, 1923. 

8 Phil. Trans., A, 238, 149, 1939. 

* Phil. Mag., 50, 146, 1925. 

5 It may be remarked in this connection that an error of 1 per cent, 
in the value of y will produce an error of 3 per cent in the value of 
C p or C v which is a serious handicap to this method. Further, see the 
criticism by Henry, Proc. Roy, Soc., 133. 
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expansion method. Their original apparatus has been considerably 
improved and is indicated in Fig. 21. A large flask A of about 28 


litres capacity is closed 
by a stop-cock M about 
1 *4 cm. in diameter. The 
flask is connected to the 
water manometer P t P A by 
means of a side-tube and 
is plugged with cotton¬ 
wool to avoid loss of heat. 
First the flask is partially 
evacuated and the pressure 
pi, recorded by the ma¬ 
nometer, is observed. 
The stop-cock M is 
then opened and quickly 
closed. Air rushes into 



the flask tiU the pressures Flg . 21 ._ clemem ^ Detonncs . Apparaws . 
inside and outside become 


equal. The process is adiabatic since the loss of heat in the short 
interval for which the stop-cock M is open, may be neglected. 
The temperature of the air in the flask rises on account of the 
inrush of the external air and the pressure becomes atmospheric. 
The flask is next allowed to cool to the temperature of the sur¬ 
roundings when the water in the manometer rises and finally 
indicates the pressure pf.' 

Let the atmospheric pressure be p\, and the Specific volumes 
of the air at the pressures pi, /> A , pf and the corresponding tem¬ 
peratures be x'a, Vf respectively. The first process is adiabatic 
and.if, in addition, we assume it to be approximately quasistatic, 
we have in the case of a perfect gas, 

pi vp ~ px .(41) 

Since the final temperature is the same as the initial, we 
have, considering 1 gram of the gas 

Pi ru ( = p f v f . , . . ( 42 ; 

A S ain ~ v f , .(43) 

because the volume of the manometer tube is negligible compared 
with that of the flask and hence there will be iu. appreciable 
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change in the specific volume of the gas due to the rise of the 
Uquid in the manometer. 

Combining (41), (42), and (43), we have. 


fn = (pi\y 

pA \pf)' 

__ log pj —log pA 
log pi — log Pf 


(44) 


From measurements of Clement and Desormcs, Laplace deduced 
the value of y to be 1 *354. 


In this experiment there is a source of serious error. We have 
assumed that the pressure inside has become atmospheric when the stop¬ 
cock M is closed. Actually however oscillations set in; on account of 
the kinetic energy more air enters in the first rush than would make the 
pressure just atmospheric, and hence the pressure inside becomes greater 
than p\. Next some air .rushes • out till the pressure inside is less than 
pA and. so on. After several such overshootings the pressure p\ is 
attained. This takes considerable time and as a matter of fact, this to-and- 
tro motion has not subsided when the stop-cock is closed. It must be 
dosed at the instant when during an oscillation the pressure just becomes 
atmospheric. This is very difficult to secure and hence later investigators 
tried to avoid it by measuring the change in temperature resulting from 
adiabatic expansion. The stop-cock has not to be closed in this case; 
We shall consider shortly the experiments of Lummer and Pringsheim 
and of Partington and Shilling based on this principle. 

We have assumed above that the incoming air has the same tempera¬ 
ture as the air in the flask initially. To avoid correction in case it is not 
so, it is better to start with compressed gas in the flask. Further, care must 
be taken to use perfectly dry air, for y is appreciably different for moist 
air. Consequently the water manometer is replaced by a sulphuric acid 
gauge.' Rontgen (1870) modified the apparatus and determined the 
cooling during expansion on account of radiation by making use of 
Newton’s law of cooling and corrected his results for it. 

2’38. Experiments of Joule, Lummer and Pringsheim, 
and Partington.— joule was rhe first to study the change in 
temperature by adiabatic expansion or compression. Various 
investigators later employed this method to determine y. Air was 
compressed in a vessel and its temperature and pressure observed. 
It was then allowed to expand suddenly to atmospheric pressure 
and the change in temperature noted. The calculations can be 
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easily made. If pT L denote the pressure and temperature before 
expansion, p 2 , T 2 the same quantities after expansion, we have, 
from (30) 




o ~ y)iv — TiP y ~ y 


. (45) 


or 


Pi __ 


T, 


7 = 


(i ~ y) l°g t 1 = y lo g ->• 

jPa * i 

log p'^log p a 


(iog/j.-log ;*) - (log 7’,-log 7,) 


(46/ 


Thus y can be calculated. 

Lummer and Pringsheim 2 3 made considerable improvements in 
the apparatus for determining y by this method. They employed 
a 90-litre copper sphere and measured the change in temperature 
by the change in resistance of a thin bolometer 8 wire hanging at 
the centre of this sphere. A Thomson galvanometer having a 
period of 4 sec. was used as a null instrument. Certain errors 
are however inherent in the apparatus : 

(1) The bolometer acquires heat from the walls of. the 

vessel by conduction and convection through the gas. 

(2) Heat is conducted away along the leads. 

(3) The bolometer receives heat radiated by the walls. 

% 

(4) The temperature measurement is uncertain on account 

of the lag of the bolometer and the period of the 
galvanometer. 

In order to eliminate these errors Partington 4 has further 
improved the apparatus. To reduce (1) a large expansion vessel 
(1:30 litres capacity) is used and to reduce (2) thin leads are 
employed for the bolometer. To eliminate (4) a bolometer of 
very thin platinum wire ( 001 to *002 mm. in diameter) with 
compensating leads is employed; thus there is no lag. . Further 
an Einthoven string galvanometer capable of recording tempera- 

1 As already pointed out, in accurate work we must use, instead of 
(41) and (45), the equations deduced in example (4) at the end of Chap. 
VII from the actual equation of state for the gas. The results would 
then become much more complicated. 

2 B. A. Reports , p. 565 (1894). 

3 It is simply a resistance thermometer made of very fine wire. 

* Proc. Roy. Soc. Lond., A, 100, 27, 1921. 
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ure in 0.01 sec. is used so that a detailed record of changes in 
temperature of the gas during and after expansion is obtained. 
His apparatus is indicated in Fig. 22. ’ The vessel A is provided 
with the expansion valve C which can be manipulated by means 
of the spring P and whose size can also be varied. A is connected 
to the sulphuric acid manometer M, the mercury manometer w, 
and the drying tubes F. Thus carefully purified air enters A. 
Further the vessel A is kept immersed in a water-bath which is 
kept stirred by S. B is the bolometer wire (shbwn separately in the 
figure) and is connected in one arm of a Wheatstone bridge. G is 
the string galvanometer. 



Fig. 22.—Partington’s apparatus. 

The initial temperature was read on a carefully standardised mercury 
thermometer T immersed in the bath and was given correct to -01°. Then 
"the resistance in one arm of the Wheatstone bridge was arbitrarily lowered 
to give some deflection in the galvanometer. The initial pressure of the 
gas was so arranged by trials that immediately after expansion this deflec¬ 
tion was reduced to zero. After the expansion experiment some ice was 
continuously added to the bath to keep its temperature constant and equal 
to that immediately after expansion. This was ascertained by keeping 
the galvanometer deflection steadily at zero, and the temperature of the 
bath was again read on the same mercury thermometer. 

If the aperture is too large, oscillations of the gas take place and the 
galvanometer deflection is not quite steady, the initial deflection being 
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sornewhat greater than the true value. If the aperture is too narrow 
prolonged expansion results and the process is not adiabatic. In practice 
the aperture was gradually diminished and when overshooting was elimi¬ 
nated the deflection was instantaneous, and perfectly steady. The initial 
pressure of the enclosed gas was read on the manometer M and the (S 
atmospheric pressure was read on a. Fortin’s barometer, y was calculated 
in the manner explained above and its value was found to be 1 • 4034 at 


17°C. This method cannot be used at high temperatures since it is im¬ 
possible to determine accurately the cooling correction. 

A further modification of this method has been used by Kistiakowsky 
and Rice 1 who employed a wollaston wire as a resistance thermometer ■ 
and a better device for measuring the pressure accurately and rapidly. 


2*39. Riichardt’s Experiment.— A 

simple method for determining y, which 
is suitable for class-room demonstration 
has been described by Rinkel 2 and 
Riichardt 3 . Ruchardt’s apparatus consists 
of a large glass bottle V (Fig. 23) fitted 
air-tight with a glass-tube at the top and 
a stop-cock H at the bottom. The glass 
tube has a very uniform bore in which 
a steel ball of mass m fits very accurately. 
If the ball is dropped into the tube, 
it begins to oscillate up and down and 
comes to rest after a few oscillations. If 
the period of oscillation be determined with 
a stop-watch, y can be easily calculated. 



Fig. 23.—Ruchardt’s 
apparatus. 


Let A be the cross-section of the glass tube, v the volume of the 
bottle, p 0 the barometric pressure, and p the pressure in the flask. Then 
in the equilibrium position 


• ... (47) 

If the ball now moves a distance x downwards, it compresses the air 
adiabatically increasing the pressure to pj-dp, hence its equation of 


motion is 


d' l x A j. 

m = - Ad P' 


1 Jour. Cbem . Phys., 7, 281, 1939. 

2 Phys. Zeits., 30, 803, 1929. 

F. 13 


3 Phys., Zeits., 30, 57, 1929. 
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Now since pvy — constant, 

we 

have 



dv 


Ax 

i 

II 

* 

V 

= yp 

V 

{fix 


ypA 

l 2 

* • m ~dfi 


__ -LA. 



from which the period of oscillation conies out to be 

'r n t ms 4ir 2 /s tv . . 

J VfiA*' y “ P^fi- ■ ' (51) 

Thus knowing T, p> and the constants of the apparatus, y can be eva¬ 
luated. 


Due to insufficient number of oscillations considerable error creeps in 
and hence Rvichardf s results were not, very accurate. Brodersen 1 has de¬ 
veloped a photographic arrangement for measuring the periodic time cor¬ 
rect to about 0* 1 per cent, and claims an accuracy of 0- 3 per cent, in the 
value ot y. Light from a mercury vapour lamp at 500 cycles was placed 
behind the tube in which the ball was oscillating. The light after travers¬ 
ing the tube fell on a rotating mirror from which it was reflected on to 
a photographic plate. Thus the motion was automatically recorded on 
the photographic plate and the photograph enlarged, and from this the 
periodic time could be accurately read. 

Another modification has been employed by Clark and Katz 2 who 
caused oscillations of a steel piston separating two gas chambers. The 
oscillations were produced by an alternating magnetic field produced by 
an alternating current in a coil, die frequency of alternating current 
being varied to get resonance. The results obtained by this method 
are quite accurate and reproducible. 


(2) Velocity of Sound Method 

2 * 40 . This method also depends upon the adiabatic expansion 
and compression of a gas but differs from the foregoing method 
in that no direct measurement of changes in temperature or pressure 
need be observed. The method has given us very accurate data 
regarding specific heats for both high and low temperatures and 
so we shall consider it in some detail. 

The velocity of sound in any fluid is given by the equa¬ 
tion 3 y ~ V'Egjp where E s is the adiabatic elasticity of the 

- Zeits.f. Physik., 62, 80, 1930. 

* Can. Jour. Rw, A, 18, 23, 1940; 21, 1, 1943. 

3 See Barton,- Sound. 
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fluid and p its density. For adiabatic changes in perfect gases 
pvy — constant, hence 

E, — = yp (from 49). 

<f = Jtfk .(52) 

Thus if we determine the velocity of sound in die gas we can 
find y. 

In the case of real gases the relation pv y — constant does not hold. 
We can however easily start from the result established for any substance 
in example (1) in Chap. VII, pt%. 

— y> • (51) 

whence °E, - - yV{^> ) y 

“> • • (53) 
We have to evaluate from the actual equation of state. 


Assuming the equation in the form pV — RT+Bp, we have 
V / dp \ _ __ RT Y- — — Jt T . £¥- 


P \ 3 V ) t 


(V-B) 


(RT)* p 


= -sk( RT+B ^“-¥( 1 +CT)’ 


• cf* _ y RT ; i+ ^ 2 
~ ~M r ' [ A ^ K.T/ 

Using Berthelot’s equation (see Chap. X)»in the form 

tV = RTfl-l-JL - -4 (\ 


pV = RT^+t^b pc. " 

and comparing with the above we have 


•S)l 


„ _ 9 RT, / _ 6T,\ 

" “ 12# 7T \ T‘ >' 


and hence 


y RT 


9 T e 




' t p c \ r»./j * 

For calculating from the experimental results equations (54) and 
(55) are generally employed. 

2'41. We may adopt either of th e^two following methods. The 
absolute velocity of sound in the gas may be determined or we 
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may compare the velocity with that in another gas (say air) which 
has been determined accurately by other methods. 

For our purpose we discard the large-scale determinations of 
the velocity of sound in air on account of the various defects 
inherent in them. A very accurate direct determination of the 
velocity of sound in air was made by Hebb 1 in 1905 by a method 
depending on the reflection of sound of known frequency from 
parabolic mirrors. His mean value after employing all corrections 
gives 331 *41 metres/sec. as the velocity of sound in air at 0°C. 
and 760 mm. pressure which agrees very well with the best recent 
value of 331 * 60 ± 0*05 given by Kneser 2 . 

Now we must remember that practically all determinations of 
the velocity of sound in gases have been made in tubes, but the 
velocity in a tube is not the same as in free space. Corrections 
have to be applied to reduce this velocity to that in open space. 
In the foregoing formula the velocity in open space must be 
substituted. 

Dixon 3 has directly determined the velocity of sound in different 
gases from 15°C. to 1000°C. in a very satisfactory manner. The 
gas was allowed to traverse a metal pipe about 15 metres in length 
and 2'5 cm. in diameter. The pipe was coiled spirally and 
immersed in suitable temperature baths. It was fitted at its two 
ends with exactly similar aluminium end-pieces, each of which 
acted as transmitter and receiver in turn. The end-pieces were 
closed at one end with a thin steel plate, and a hole was made in 
the wall of the end-pieces and closed by a platinum disc carrying 
a platinum upright outside. When the steel plate was struck by 
an electrically controlled hammer, a sound wave started along the 
tube and when it passed the platinum disc the latter was pushed 
out, and the upright broke the circuit of a pendulum chronograph. 
Thus the time sound takes to travel from one disc to the other 
was automatically recorded and its velocity calculated. 


Method based on the Measurement of Wavelength 

2‘42. Kundt’s Tube.—Kundt (1868) first devised an appara¬ 
tus by means of which he could find the velocity of sound in a gas. 


1 Phys. Rev ., 20 , 89, 1905; 14 , 74, 1919. 

2 Ann. d. Phys 34, 665, 1939. 3 Proc. Roy. Soc., A, 100, 1,1921. 
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This consists simply of a glass tube about 1 metre in length and 
3 cm. in diameter. One end of the tube was fitted with a movable 
stopper, while through the other end passed a loosely-fitting disc 
carried by a glass or metal-sounding rod which was itself clamped 
at its centre. Later Kundt employed the double-tube apparatus 
indicated in Fig. 24. Two tubes A and B are connected by means 

\ 1 1 

Fig. 24.—Kundt’s double-tube apparatus. 


of the sounding-rod S which is clamped at distances one-quarter 
of its length from either end. The two rubber corks d, d in the 
tubes A and B provide the clamping arrangement. The pistons P, 
P can be moved to and fro to bring the tubes in resonance with the 
rod S. Throughout the length of each tube is spread some light 
dust such as lycopodium powder or silica dust. One tube is filled 
with air and the other with the experimental gas. The sounding- 
rod S is excited by rubbing it at^he centre when the dust is thrown 
into violent agitation at the antinodes and collects at the nodes. 
The distance between successive nodes equals half a wavelength, 
and knowing the frequency of the sound the velocity is easily 
obtained. The double form of the apparatus is very convenient for 
comparing the velocity of sound in any gas with that in air for 

gasl'P air — \jaslKtir m 

From this the velocity in any gas can be easily calculated if the 
velocity in air is known, and no knowledge of the frequency of 
sound is necessary. 

Various precautions are, however, necessary. The tube and the pow¬ 
der must be perfeedy dry. Carefully purified air must be used otherwise 
correction 1 for the various impurities must be applied.- Too much dust 
should not be used for excess of dust diminishes the velocity. A decrease 
in the diameter of the tube also diminishes the velocity. Finally, from 

1 It can be easily shown that for a mixture of perfect gases 

P _ Pi I Pi 

r-i yi -i ra-i* 

where p\> p 2 are the partial pressures of these gases, p the total pressure 
and F stands for the ratio C p jC v for the mixture. 
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cbe velocity in the tube the velocity in open space must be deduced. 
Though mathematical equations giving the requisite correction have 
been developed by Helmholtz, Kirchhoff and others, they are not quite 
adequate. 1 The best method 2 is to express the velocity <¥' in the tube as 

where velocity in open space, k~'& constant depending on the tube 
(its raciius, thickness, thermal conductivity, surface, frequency of the 
sound, etc.), C = a factor depending oh the gas (its viscosity^ density, 
ratio of specific heats, etc.). Kirchhoff showed that 

J 1 jl+Ve (^-)J» • • • C 56 ) 

where viscosity, density, y—ratio of specific heats and t— Kjrjc^ 
K being the thermal conductivity. For k he gives the value l/(2rybr») 
where r is the radius of the tube and n the frequency of the sound waves, 
but this value is open to criticism. 

For air from Hebb’s experiments we know < 3^, and by observing 
and calculating Cfrom (56), k for the tube is determined. This value-of 
k is employed to give the velocity in open space for any* other gaS*. 

Kundt and Warburg (1876) enjployed this method to determine 
the velocity of sound in mercury vapour. One of the tubes corn 
tained mercury vapour and was heated in an air-bath to about 
300°C. The distance between two nodes was measured when 
the tube cooled. They found y— 1 - 666. Ramsay 4 employed this 
method to find y for argon but on account of certain difficulties he 
got a low value. Behn and Geiger 6 improved the apparatus consi¬ 
derably. They dispensed with the sounding-rod and employed a 
sealed tube containing the experimental gas as the source of sound. 
This tube was clamped in its middle and was excited like the sound¬ 
ing-rod. T’he tube should be chosen properly and its length be 
adjustable so that the contained gas may give resonance with the 
sound emitted by the rod. This was secured by adding to the ends 
the requisite number of small metal discs. This sounding tube pro¬ 
jected into the comparison tube containing air whose length could 


1 See P. S. H. Henry, Proc. Pbys. Soc. Load., 43, 340, 1931. 

2 See Partington and Shilling : Specific Heats of Gases, p. 52. 

3 A different procedure, however, has been adopted by Kaye and 
Sherratt (Proc. R qy. Soc., 141, 156, 1933). 

4 Phil. Trans., A, 186, 228, 1895. 

5 Verb. d. dents, phys. Ges 9, 657, 1907. 
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also be adjusted. The apparatus was eminently suited for gases at 
high temperatures. This method was later employed by different 
investigators particularly by Partington and Shilling. 

2-43. Experiments of Partington and Shilling.—Thejc: 
investigators determined the velocity of sound in various gases up 
to 1000°C. by a resonance method 1 . Their apparatus is diagram- 
matically represented in Fig. 25. 



FF is a silica tube 230 cm. long and wound over almost along its entire 
length with heating coils. To this tube is attached at X a glass rube, 
MM, 150 cm. long. Inside the former is the piston P of silica carried by 
the rod A, also of silica. BB is a steel tube joined to A by means of a cork. 
The tube BB carries a saddle I moving oh a mtlhmctic. scale, thus rbc 
displacement of the piston can be found. Through this tube pass the 
thermo-couple leads to the potentiometer system E. 'Hie other end of the 
silica cube is closed by a telephone diaphragm T which can be moved by 
means of the screw Y. This end can be closed gas-tight by means of the 
bell-jar J. The telephone diaphragm is excited by a valve oscillator V 
giving a note of frequency 3000. D is a side tube from which a rubber- 
tube leads to the ear of the experimenter. X. is an asbestos plug to 
prevent radiation of heat to M. 

The silica tube is filled with the experimental gas and maintained at 
the desired temperature. The central tube AB is gradually moved away 
from D and the successive positions of the saddle T on the millimetre 
cud: corresponding to a maximum sound in D are noted. The successive 

rZ'is. FaraJaj Soc ., 18, 386, 1923. 
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distances correspond to A/2 and knowing the frequency the velocity is 
determined. The position of T has to be adjusted at different tempera¬ 
tures in order to give maximum sou d in D when it will be at a distance 
A/2 from the latter. 

2 *44. Cook 1 employed this method to find y for air and oxygen 
from 90° to 293°K. His apparatus may be visualized if we imagine 
the hot air-bath of Kundt and Warburg to be replaced by a long 
Dewar flask containing liquid air. Similarly, Koch 2 designed a 
high-pressure apparatus in which one tube was built strong enough 
to withstand high pressure. The method has also been employed 
by Sherratt and Griffiths 3 for finding y for carbon dioxide over 
the temperature range 0 to 1000°C. 

2*45. Results.—In the foregoing pages we have considered 
the important methods of finding specific heats. Table 4 gives 
values 4 5 which best represent the experimental data. We reserve 
our comments on these values for the next chapter. 

2*46. Special Calorimeters.—Various types of calorimeters 
have been devised for special purposes, s.g., for the measurement 
of the heat of combustion 6 or explosion, heat of chemical reac¬ 
tions, heat of solution, 6 heat of mixture, 7 heat of dilution 8 , heat 
of absorption 9 or heat evolved by radioactive bodies, etc. etc. 
Sometimes differential calorimeters are also employed for the 
measurement of very small quantities of heat. It is not possible 
to give here even a brief account of these. For a complete account 
the reader is referred to Handbuch der Expermental-physik , V ol. 8 , 
Part I, Chapters III, XIII, XIV and XV. We shall describe here 
only a few of them. 

1 Pbys. Rev., 23 , 212,1906. 

2 Ann. d. Physik 26, 551, 1907. 

* Proc. Roy. Sor., A., 156, 504, 1936. 

4 Taken from Handbuch der Experimental-physik , 8, 33. 

5 Richards, jour. Amor . Chew. Soc., 42 , 1599, 1922; v. Wartenberg 
and Husen, Z./. angeu . Chemie, 38, 183, 1925. 

6 Lange and Durr, Zeds. /. pbys. Chem., 118, 135, 1925; Iipsett, 
Johnson and Maass, Jour. Amer. Chem . Soc., 49, 925, 1927. 

7 Randall and Bisson, Jour. Amer. Cbem. Soc., 42 , 351, 1920; 
Lange and Durr, Zeds, f. phys. Chem., 121, 364,1926. 

8 Nernst and Orthmann, Zeits. /. phys. Chem., 135, 199, 1928. 

9 Von Magnus and Kalberer, Zeits. f. phys. Chem., 125, 352, 1926. 
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Table 4 ,—Molecular Heats in Calories at 20° C. and Atmos* 


pberic Pressure. 


Gas 

C P 

• 

c 

<j|J 

11 

N 

Remarks 

Argon 

4*97 

2*98 

1*666 


Monatomic 

Helium 

4*97 

2*98 

1*666 



Hydrogen 

6 *865 

4*88 

1*408 

1 


Oxygen 

7-03 

5*035 

1*396 



Nitrogen 

6*95 

4*955 

1*402 



Nitric oxide 

7-10 

5*10 

1*39 

| > Diatomic 

Hydrochloric acid 

7-04 

5*00 

1*41 


r 

Carbon monoxide 

6-97 

4*98 

1*40 



Chlorine 

8-29 

6*15 

1*35 


Air 

6*950 

4*955 

1*402 



Carbon dioxide 

8-83 

6*80 

1*299 



Sulphur dioxide 

9-65 

7*50 

1*29 

i 

* Triatomic 

Hydrogen sulphide 

8*3 

6*2 

1*34 

j 


Ammonia 

8*80 

6*555 

1*315 

1 

, 

Methane 

8-50 

6*50 

! 1*31 



Ethane 

12*355 

10*30 

| 1*20 


► Polyatomic 

Acetylene 

10*45 

8*40 

1*24 


- 

Ethylene 

10*25 

8*20 

1*25 

J 



Differential Calorimeters or Mkroedor'meters. —These have been devised 
by Steinwehr (1901). Wertenstein 1 2 , Douane, Randall and Bisson*, Nernst 
and Orthmann and others. Wertenstein found with its help the 
amount of heat evolved by a small quantity of radioactive substance. 
His apparatus is represented diagrammatically in Fig. 26, p. 106. 

The iron block A is kept at a constant temperature by a thermo¬ 
regulator. In it are embedded two Dewar flasks D which are identical 
in all respects, «£., size, heat capacity, etc. The portions shaded black 
represent mercury which is used for making good thermal contact. 
Inside the Dewar flask and separated from it with paraffin, ate two 
vessels G, R which are also absolutely identical. One contains the 
source giving the heat to be measured while the other contains a 
heating coil which can be heated to any desired amount by sending 
a suitable current Any temperature difference between G and R 

1 Jour, de pbys. et le Radium, 1,126,1920. 

2 Jour. Amer. Cltem . Sot., 42, 347, 1920. 

F. 14 
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could be accurately measured with a large number of Cu-constantan 
thermocouples E, E arranged differentially and connected to a galvano¬ 
meter. The heating 
current is varied and 
adjusted so that there 
is no deflection in 
the galvanometer. 

When it is so adj ust- 
ed, the quantity of Galvanometer 
heat evolved by the 
substance is equal to 
the electrical energy 
supplied to the wire. 

Calorimetric Bomb .— 

For chemical and 
industrial purposes it 
is very important to 




QSHA/ercur# 


Fig. 26.—-'Werteosteln’s Differential Calorimeter. 


determine the heat of combustion of va- 
° fious substances. This can be easily 
done with the calorimetric ‘bomb’ a 
modern form of which is indicated in 
Fig. 27. It consists of a stout steel- 
cylinder A fitted with a cover held down 
tightly by suitable means. The cover 
has a milled-head screw valve by means 
of which the size of the opening k\ can 
be varied and the admission of oxygen 
through the tubes B and C into the bomb 
can be regulated. Through the centre of 
the cover but insulated from it passes the 
wire» which is connected to the platinum 
Fig. 27.—The Bomb. wire W, the other end of the latter being 

connected to e. There is another simi¬ 
lar screw valve for varying the size of the opening through which 
gas can go out of the bomb. To enable the bomb to withstand the 
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corrosive action of the products of combustion it is plated inside with 
gold, though platinum would be better. The bomb is enclosed in an 
ordinary calorimeter such as is used for the method of mixtures. This 
calorimeter is provided with a stirrer and accurate thermometers. The 
whole is surrounded by a constant temperature jacket. 

To find the heat capacity of the tomb and its accessories a known 
amount of electrical energy may be spent in the system or a fuel of known 
calorific value burnt.. The former method is adopted in standardising 
laboratories and the latter in factories. Benzoic acid is most suitable for 
this calibration. The fuel, if solid, is formed into a small briquette; 
if liquid, it is soaked in pure cellulose and put in the platinum dish F 
and ignited- About three times the amount of oxygen just necessary for 
complete combustion is admitted through B, C. The oxygen is generally 
employed at a pressure of about 25 atmospheres and at this high-pressure 
the combustion is almost instantaneous. 

PROBLEMS 

1. Dry air enclosed at 25°G and atmospheric pressure is suddenly 
compressed to half its volume. Find (1) the resulting temperature, 
(2) the resulting pressure. Assume y —1 *40. 

2. In an experiment using the Callendar and Barnes* method, when 
the rate of flow of water was 11 gm. per minute, the heating 
current 2 amperes and the difference of potential between the ends of 
the heating wire 1 volt, the rise of temperature of the water was 2*5°C. 
On increasing the rate of flow to 25*4 gm. per minute, the heating 
current to 3 amperes and the potential difference between the ends of 
the heating wire to 1*51 volts, the rise of temperature of the water was 
still 2*5°C Calculate the value of the mechanical equivalent of heat. 

3. In a determination of the specific heat at constant pressure by 
Regnault’s method the gas is supplied from a reservoir whose volume 
is 30 litres at 10° C. The pressure of the gas in the beginning is 6 atmos., 
and in the end 2 atmos., the temperature remaining constant at 10° C. 
The gas was heated to 150°C. and led into a calorimeter at 10*0°C The 
final temperature of the calorimeter and contents was 31*5°C. and its 
water equivalent was 210 gm. If the density of the gas is 0*089 gm. 
per litre at N.T.P., calculate its specific heat at constant pressure. 

4. Determine the ratio of the specific heats of air from the follow¬ 
ing data:—Velocity r.t sound— 34215 cm. per sec. in air at 750 mth. 
and 17°C.; density of ait — 0*00129. gm. per c.c. at N.T.P.; coefficient 
of expansion of air— 1/273 per °C,; g— 981 cm./sec. a ; density of 
mercury= 13*6 gm. per c.c. 
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Books Recommended 

(1) Glazebrook, A Dictionary of Applied Physics, Vol. 1, article on 
•‘Calorimetry*. 

(2) Partington and Shilling, Specific Heats of Gases . 

(3) Handbuch der ’Experimental-physik, Vol. 8 , Part I. 

(4) Handbuch der Physik , Vol. 10, Chapter VI. 



CHAPTER III 

KINETIC THEORY OP MATTER 


THE NATURE OF HEAT 

3*1. Historical.—In the legends .of some ancient nations, 
it is said that fire was first made for man by some friendly spirit 
by rubbing together two pieces of stick, e.g. y the legend of Prome¬ 
theus in Greece and of Pururava and Urvasi in the Rig Veda. 
The legend probably refers to a prehistoric discovery of the art 
of making fire. But though this way of producing heat by fric¬ 
tion clearly indicates the real nature of heat, the early philoso¬ 
phers had no correct notion about it. They formed their ideas of 
the nature of heat from the observation that heat could pass spon¬ 
taneously from a hot body to a cold one. Heat was therefore 
supposed to be a kind of fluid—the caloric fluid filling the inter¬ 
spaces between the molecules of matter. It was' further supposed 
that the body became warmer when caloric was added to it while 
the removal of caloric produced a cooling. 

Various fictitious properties were assigned to this hypothetical 
fluid. It was supposed to possess no weight, since bodies did 
not increase in weight on mere heating. Further, it was supposed 
to be highly elastic, all pervading, indestructible and uncreatable 
by any process. Temperature was likened to potential or level 
in hydrostatics. When the body was heated the caloric fluid was 
supposed to stand at a higher level than when cold. Production 
of heat by friction was compared to the oozing. out of water 
from a sponge when squeezed. The caloric when thus squeezed 
out manifested itself as heat. 

Doubts on the caloric theory of heat began to be thrown to¬ 
wards the end of the eighteenth century. The earliest philoso¬ 
pher to form a correct idea of the physical nature of heat was 
Benjamin Thompson alias Count Rumford, an American by birth, 
who being loyal to Great Britain during the American War of 
Independence, had to flee from his country. He took service under 
the Elector of Bavaria as superintendent of the artillery. In those 
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days guns were made by casting solid cylindrical pieces and scoop¬ 
ing out the inside by means of a boring machine. Rumford 1 
observed that apparently an inexhaustible amount of heat could 
be produced by the friction of the borer with the body of the 
gun, though the amount of iron scraped was very small. He 
undertook protracted experiments and found that the amount 
of heat produced (measured by the raising of water to a high 
temperature) bore no relation to the amount of iron scraped, 
contrary to what one would expect on the caloric fluid theory, 
but was proportional to the amount of motion lost. He there¬ 
fore rejected the caloric theory and asserted that Heat is only a 
kind of Motion. Whenever Motion disappears it reappears as Heat and 
there is an exact proportionality between the two. He even made an 
estimate of the ratio between the energy dissipated and the quan¬ 
tity of heat evolved and his value is not much different from the 
value now adopted as standard. 

In 1799, Sir Humphry Davy in the Royal Institution of London 
showed that when two pieces of ice were rubbed together water 
is produced. It was admitted by all that water contained a larger 
amount of caloric fluid than ice. Now supporters of the caloric 
theory asserted that heat is generated in friction because the subs¬ 
tance produced by friction contains less heat than the original 
substance. But the substance produced in Davy’s experiment 
(water) contains more heat than ice, hence the caloric theory 
became untenable. Davy’s experiment proved the greatest stum¬ 
bling block for the caloric theory. 

But the valuable work of Rumford and Davy was soon for¬ 
gotten and it was only about forty years later that the first law of 
thermodynartiics gained general publicity through the researches 
of Joule in England, Mayer and Helmholtz in Germany, and 
Colding in Denmark. 

3*2. Early Experiments on Mechanical Equivalent of 
Heat.—In 1840 J. Joule of Manchester began his classical expe¬ 
riments for determining the exact value of the ratio between the 
work done and heat generated. Heat was produced by churn¬ 
ing water contained in a cylinder by means of brass paddles. 


1 Phil. Trans., 1798. 
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These could be kept revolving by means of a double thread wound 
over a solid cylinder and passing over pulleys, and carrying weights 
at either end. The amount of work done was calculated by 
observing the height through which the weights fell. The rise 
in temperature was measured by a mercury thermometer and 
hence the heat generated could be found. After applying various 
corrections Joule found that 772 ft.-lbs. of work at Manchester 
are necessary to raise the temperature of one pound of water 
through i°F. In 1878 Joule used a modified form of the appa¬ 
ratus in which the work done was measured by the application 
of an external couple as in Rowland’s experiments (§3*5). The 
conversion of work into heat was thus established by the experi¬ 
ments of Rurnford and Joule. 

3*3. The Inverse Phenomenon—Conversion of Heat to 
Work,—Between the times of Rurnford and Joule, the steam- 
engine had been widely applied for various industrial purposes. 
As we shall see later, this is one of the many contrivances for the 
conversion of heat into work. Thus it was fully established that 
heat and work are mutually convertible and a definite relation 
exists between the work dissipated and heat generated. These 
two facts, the possibility of converting work into heat and ' 
vice versa , and the existence of a definite relation between the two, 
are expressed by the First Law of Thermodynamics. Mathema¬ 
tically the law may be stated thus 1 :— 

If W is the work done in generating an amount of heat I~I, 
we have 

W— JH, .(1) 

where J is a constant, provided ail the work done is spent in 
producing heat and no portion is wasted by friction, radiation, 
etc. If H is expressed in calories and W in ergs,/ = 4T 85X 10 7 . 
The truth of the second statement embodied in the law is amply 
proved by the fact that the various methods for finding J (§3*4— 
3*7) yield almost identical values. 

3*4. Methods for Determining /.—Various methods 2 have 
been devised for finding the value of the mechanical equivalent 

I For a tr.ua: formal statement see Chap. V, Sec. 5*12- 
8 .An exhaustive list, of the older and the newer methods as well as 
the result:; deduced therefrom will be found in Handbuch der Experimeti- 
ta/pbysik, S, part 1. pp, 30-32, 1929. 



112 


KINETIC THEORY OF MATTER 


[ill 


of heat but the method of fluid friction and the electrical method 
are the only ones capable of yielding accurate values, and hence 
'only these will be considered in detail. There is, however, an 
ingenious method of calculating the value of / first given by 
J. R. Mayer. From the theoretical relation ]{C P - C v ) — R (p. 80), 
he calculated the value of J. Thus for hydrogen C p — C v = 1*985 
cal. per mol per °C. (p. 105) and R — 8*314xl0 7 ergs per mol 
per °C (p. 18). Hence 



8-314 xlO 7 
1-985 


4*18xl0 7 ergs per calorie. 


Certain other methods 1 that have been employed are enumera¬ 
ted below :— 

(1) Measurement of heat produced by compressing a gas 
-Joule. 

(2) Heat produced by percussion-Him. 

(3) Work done by a steam-engine-Him. 

(4) Heat developed in a cylinder kept stationary in a rotating 

magnetic field produced by means of polyphase alternating 
electric current-Bailie and Ferry. 

3*5. Rowland's Experiments. —The original experiment of 
Joule was perfected by Rowland 2 , whose apparatus is shown in 
Fig. 1. 


The calorimeter was firmly attached to a vertical shaft ait (Pig. 1) 
to which is fixed a wheel kl wound round with a string carrying weights 
o, p at either end, the whole being suspended by a torsion wire. 
The axis of the paddle passed through the bottom of the calorimeter 
and was attached to the shaft ef. The latter could be rotated uniform¬ 
ly by the wheel g driven by a steam-engine. The number of revo¬ 
lutions was automatically recorded on a chronograph worked by a 
screw on the shaft ef. The revolution of the paddle at an enormous 
rate tended to rotate the calorimeter in the same direction on ac¬ 
count of fluid friction. This ;was prevented by the external couple 
produced by the weights a, p and the torsion wire. For the pur¬ 
pose of accurately determining the radiation correction a water jacket 
tu surrounded the calorimeter. 


1 An account of these as well as other methods will also be found 
in Gla 2 ebrook, A Dictionary of Applied Physics, 1, p. 480. 

2 Proc. Amr. Acad. Arts and Sciences, 7, 1880. 



§3-5] 


ROWLAND’S EXPERIMENTS 


113 


A 


The paddle was of a special design. It consisted of a narrow 
perforated hollow cylinder running along the axis of the calorimeter. 
To this cylinder 
were attached four 
rings, each having 
eight vanes. A- 
round these were 
the fixed vanes, 
consisting of five 
rows of ten each, 
which were fixed to x 

the calorimeter. «' ■ " = £) 7 ) = 

'MMPT 

The blades were 
suitably designed 
so that the liquid 
could be vigorous¬ 
ly churned. 'The 
rise of tempera¬ 
ture was measured 
by a mercury ther¬ 
mometer suspend¬ 
ed within the 
central sieve-like 
axis of the paddle. 

If d denotes the 
diameter of the 
torsion wheel and 

mg, mg, the weights suspended, the work W done in n revolutions 
of the paddle is given by 

W — couple xangle of twist = mgd'X2im. . . (2) 

If M denotes the thermal capacity of the calorimeter and its contents, SO 
the rise in temperature (corrected jbr radiation), then the heat produced 
by friction is equal to MS 6 , hence 

2tnr.mgd 



Fig. 1.—Rowland’s Appatafus. 




NlSd 


(3) 


If d is in cm. and mg in dynes, J comes out in ergs. 

Corrections were applied for the torsional couple, for the weights 
in air which must be reduced to vacuum, for the expansion of the 
torsion wheel, etc. Rowland found the mechanical equivalent of the 
F. 15 
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20° calorie to be 4*179 xlO 7 ergs. Day 1 recalculated from Rowland’s 
observations by reducing his temperatures to the gas thermometer and 
found the value 4*181 XlO 7 ergs fut the 20° calorie. 

Reynolds and Moorby 2 obtained by a modified apparatus, 
the value of the mean calorie between 0° and 100°C. to be 4*183x 
10 7 ergs. More recently Laby and Hercus 3 have employed what 
is in principle an induction motor, to find /, and obtain the value 
J — 4*186x 10 7 . Their experiments were done with great care 
and hence we shall describe them in detail. 

3*6. Experiments of Laby and Hercus.—These investiga¬ 
tors carried out an accurate experimental determination of J by a 
purely mechanical method, and hence the values obtained by them 
do not depend upon the accuracy of the values adopted for the 
electrical units as is the case with the precision experiments of 
Callendar and Barnes and of Jaeger and Steinwehr. They aimed 
at an accuracy of 1 in 10,000 and obtained very reliable results. 
Their apparatus consists of an outer electromagnet, which was 
rotated at constant speed, and this rotating magnetic field exerted 
a constant couple on a stator (which was similar in construction 
to the rotor of an induction motor) supported inside it by a 
torsion wire carrying a torsion wheel. The stator also acted as 
a calorimeter of the constant-flow type (as employed by Callendar 
and Bames). When the stator was kept stationary by applying an 
external couple (as in Rowland’s experiments), the couple exerted 
by the rotor on the stator-calorimeter did some work which was 
measured by the work done against the external couple. All this 
work is converted into heat whose value was found from-the. rate 
of flow and the difference in temperature of inflowing and outflow¬ 
ing water. J could then be easily evaluated. 

Fig, 2 shows a section of their induction dynamometer and calori¬ 
meter, It was similar to an alternating current induction motor, the 
chief points of difference being that, the squirrel-cage totor of the 
motor here becomes the stator-calorimeter and the stator of the motor 
with its iield-winc ings excited by at; alternating current is here replaced 
by an electromagnet (excited by direct current) which was rotated 


1 Phil. Mag., 46, 1 , 1898. - 2 Phil. Trans., 381, 1897. 

* Phil. Trans., 227,63,1927; Proc.Pbjs. So(. t 48,282, 1936. 
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about a vertical axis and may therefore be called the rotor. The 
electromagnet NS (Fig. 2) which was 
similar to the field magnet of a direct- 
current dynamo, rotated about the 
vertical axis OZ, the magnet being 
excited by means of a storage battery 
of large capacity to which it was con¬ 
nected through slip rings R against 
which fine copper wire brushes were 
kept pressed. The rotor was carried 
on ball-bearings, mounted on a cast- 
iron framework consisting of a trian¬ 
gular base plate AB and three side 
members which supported the upper 
bearings. The base AB which was 
bolted to a heavy concrete block, was 
levelled until the axis of the rotor 
was accurately vertical. This is es¬ 
sential for the clearance space is so 
small that the rotor may otherwise 
collide with and wreck the stator. 

The rotor was belt-driven by a 

1 h.p. direct-current motor whose 

i Fit?. 2.—A section of the Induction 

speed was controlled by a centrifugal Dynamometer and Calorimeter. 

governor and further regulated by 

hand. With these devices and by properly selecting the brushes the 
speed of the motor could be kept fairly constant so that the variations 
in the couple exerted on the stator were less than 1 in 10,000. 

The stator-calorimeter is shown between N and S. It was enclosed 
in a specially constructed glass vacuum flask G in order to reduce thermal 
losses as much as possible. The stator was attached to a special type of 
ball-bearing Q which consisted of two hollow steel cylinders,separated 
by two rings of steel balls. The upper ring of balls was supported by 
the upper edge of the sleeve. The inner sleeve of the bearing was 
attached to the torsion wheel T and both were supported by the torsion 
wire Y whose top had several adjustments. The torsion wheel was 20 
cm. in diameter and was made of aluminium copper alloy. To it were 
attached two tungsten wires, each passing in opposite directions over 
side wheels (not shown), which were accurately balanced on agate 
knife-edges, and supporting weights at the other ends. The outer 
sleeve of the bearing was supported by a flange F, attached to the plate 
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P by levelling screws C. In addition there were slides V for giving 
horizontal motion to P. With the help of the slides V and screws C 
the stator could be levelled and centered, and by supporting in this way 
the stator is free to rotate except for the couple exerted by the torsion 
wire and the suspended weights. It is very essential that the axis about 
which the magnetic field (or rotor) rotates must be parallel to the axis 
of the stator and have no component of motion parallel to it. It is only 
when these conditions are fulfilled that the couple acting on the stator 
will fully correspond to the heat developed. If the magnetic field has 
a component parallel to the axis of the stator, heat would be generated 
but there would be no corresponding couple about that axis. 


The stator-calorimeter is shown in Fig. 3 and was very similar 
to the rotor of an induction motor except that copper tubes D 



were used in place of the usual rods. The inlet 
water flowed at a constant rate past the resis¬ 
tance thermometer H to the upper annular 
channel <*, down fourteen copper tubes D to the 
lower annular channel b and thence through t 
to the outlet thermometer at J. Besides there 
are thermo-couple junctions at X and K to 
determine the heat losses. A section of the calo¬ 
rimeter through LM is shown below in the same 
figure. In this the copper tubes are indicated 
by thick black circles. The portions of the 
armature, shown shaded in the figure, were 
made of stalloy stampings and consequently 
most of the heat produced by the rotating 
magnetic field was generated in the copper tubes. 
As the surface of the copper tubes in contact 
with the water was large, all the heat developed 
was taken up by the water. To minimise heat 
loss the thermometers H and J were enclosed 
in silvered vacuum jackets. These thermometers 
were platinum resistance thermometers of 
Callendar’s type, connected differentially so that 
a single bridge reading gave the difference in 


Fig. 3.—The stator- 
calorimeter. 


temperature between the inflowing and out¬ 
flowing water. The rate of flow of water was 


automatically recorded on a chronograph. 

Neglecting small corrections, the equation for J is 

Mrmgd = JM80, 
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where n is the number of revolutions of rotor, tn the total mass suspended 
corrected for torsion of suspension wire, buoyancy, etc., M the mass of 
water, d the diameter of torsion wheel plus the diameter of the wire, 
and 89 the rise in temperature produced. To get accurate values a 
number of corrections are necessary for the loss of heat through the 
vacuum flask, heat developed by fluid friction, buoyancy of weights, 
lack of centering of knife-edge wheels, lack of balance of knife-edge 
wheels, weight of wire supporting the weights, etc. By taking great 
precautions they obtained the value 

1 calorie at 16*7“C. ® (4-1841 ± 0-0001) XlO 7 ergs. 

Using Callendar’s value for the variation of specific heat, this gives 

15° calorie = 4-1860XlO 7 ergs. 

A modification of this method has been suggested by Chowdri 
and Kothari 1 in which the rotating magnetic field is replaced by a 
stationary field. 

3*7. Electrical Methods.—These methods have already 
been described in §2'16-2* 18 in connection with the determi¬ 
nation of specific heat of liquids. It is easily seen that if the 
specific heat of the liquid be known, the same set of equations 
deduced there will give the value of the mechanical equivalent of 
heat. If water at 15°C. be taken the specific heat is simply unity, 

‘ and these methods will give th© mechanical equivalent of the 15° 
calorie. There are two methods:-•( 1) Rise in temperature method; 
(2) Steady flow method. The former was employed by Griffiths, 
Jaeger and Steinwehr and others. Jaeger and Steinwehr, and 
Osborne, Stimson and Ginnings 2 in particular, obtained very 
reliable results. The steady-flow method was employed by 
Callendar and Barnes and others. Callendar and Barnes’ experi¬ 
ments were done with great care and skill and are capable of the 
highest accuracy, but the principal source of uncertainty lies in 
the value of the electrical units employed. 

Laby® assumes certain probable values for the electrical units 
employed by Callendar and Barnes and recalculates from their data 
the value of the mechanical equivalent of the 20° calorie to be 
4*1795.10 7 ergs. This yields 4*1845.10 7 ergs as the equivalent 
of the 15° calorie. 

1 Indian Journ. Phjs., 14 , 409, 1940. 

2 Bur. of Stand. J. of Research , 23 , 243, 1939. 

8 Pros. Pbys. Soc. Load., 38, 172, 1926. 
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3*8. Value of the Mechanical Equivalent of Heat.—-The de¬ 
termination of the mechanical equivalent of heat has been carried 
out by a variety of methods by a number of workers. The values 
obtained by them often vary widely and require to be corrected 
for certain factors which are subject to considerable uncertainties, 
WZ’> Ac system of therihometry used, the absolute value of elec¬ 
trical units employed, etc. A complete table giving the values 
obtained by older as well as newer experiments will be found in 
Handbuch der Experimentalphysik , 8, 30-31. Laby 1 has given a 
critical discussion of the various important determinations. In 
table 1 we give the results obtained by the more important and 
accurate experiments. 


Table 1 .—Determination of ]. 


Year. 

Observer. 

Method. 

Corrected 
value of J in 
10 7 ergs for 
15° calorie. 2 * * * * 

Reference. 

1880 

Rowland t- - 

Churning with 
paddle-wheel. 

4*1872 

Proc.Amer. Acad. 
(7), 15, 75, 1880. 

1902 

Callendar and 
Barnes. 

Electrical 

heating. 

4*1845 

Phil. Trans., 199, 
55, 149, 1902. 

1921 

Jaeger and 
Steinwehr. 

Electrical 

heating. 

4-1840 

Ann. d. Physik , 64, 
305, 1921. 

1927 

Laby and 
Hercus. 

• 

Work done by 
a rotating 
magnetic field. 

4*1852 

Phil. Trans. 227, 
60, 1927. 

1939 

Osborne, 
Stimson and 
Ginnings. 

Electrical 

heating. 

4*1858 

J. Bur. Stds., 23, 
243, 1939. 


Critical Comments. The mercury thermometers employed by 


Rowland were not previously reduced to the correct gas scale, and hence 


1 hoc. cit. 

2 These values are taken from the following sources:—Laby, loc. 

cit\ Birge, Rev. Mod. Phys., 1,1,1929; Reports on Progress in Physics, 8,109, 

1941. The values given by Laby are for 20° calorie, from which the 
equivalent for 15° calorie has been calculated by assuming Callendar’s 

results, «£., 15° calorie/20° cal. tie = 1 *0012. Some investigators have 

given the values in abs. joules while others in int. joules. One inter- 

nrtional joule = 1* 00020 abs. joule. 
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the temperatures given by him are liable to error. As regards the experi¬ 
ments of Callendar and Barnes it is not possible to say with certainty 
what the absolute value of the E.M.F. of the Clark cells used by them 
was. This leaves to us the experiments of Jaeger and Steinwehr, of 
Osborne, Stimson and Ginnings, and of Laby and Hercus which were all 
performed with extreme care. From a consideration of all the relevant 
data Birge 1 adopts the mean value J4’ 1855 xlO 7 ergs/cal. which 
is surely correct to 1 in 1,000 and in all probability to 3 or 4 in 10,000. 

3'9. Heat as Motion of Molecules.—These experiments 
clearly prove that heat is a kind of motion ; the next question is 
—motion of what ? The answer was given by Clausius and Kronig 
in 1857 for the case of gases. They said that heat consists in the 
motion of molecules or the smallest particles of matter. 

Nearly 2500 years ago, Indian savants like Kanad (which means 
literally Atom-eater, a nickname given to the savant by a rival school 
of philosophy, because he used to bring in too much of atoms in 
his speculations), the Ionian philosopher Heraclitus (about 500 
B.C.), and the Greeks, Leucippus and Democritus, (about 400 B.C.) 
had pictured matter in the world as made up of minute particles, 
called atoms, separated by distances. The word ‘atom’ means 
‘Indivisible’. They clearly realised that if we go on sub-dividing 
matter by mechanical or other methods, a stage would be reached 
when th£ particle would not be further divisible. The Roman 
poet, Lucretius, (55 A.D.) drawing his inspiration from earlier 
writers, wrote a didactic epic poem ‘De Rerum Natura’ (on the 
Nature of Things), in which matter was supposed to consist of 
atoms, which, by their motion, give rise to diverse natural pheno¬ 
mena. But the idea remained a barren speculation throughout the 
middle ages. In 1738, Daniel Betnouilli of the great Remouilli 
family of mathematicians, explaihed Boyle’s Law with the aid of 
atomic motions (vide §3T4). He may be said tp be the actual 
founder of the quantitative Kinetic Theory of Gases. 

About 1807, John Dalton,® from his studies of the physical 
properties of atmospheric and other gases, came to the idea that 

1 Rw. Mod. Phys. 13, 236, 1941; Reports on Progress in Physics , 8, 
112, 1941. 

* See A new view of the origin of Dalton's Atomic Theory by Roscoe 
and Harden, 1896. 
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the ultimate particles of different gases, must have definite weights 
and sizes. He verified his idea further by an analysis of the data 
on chemical combination. The history of Dalton’s Atomic and 
Molecular Theories is known to all our readers and no detailed 
account of it need be given here. Suffice it to say that according 
to it, all matter is shown to be composed of a large number of 
molecules, all molecules of the same substance being exactly 
identical as regards mass, size and chemical properties, but differ 
in their motion. In the solid and liquid states these molecules are 
closely packed while in gases they are far apart from one another 
and move about quite freely. 

Now according to the Kinetic Theory of Matter what we call 
heat is supposed to consist in the motion of these molecules. 
The identification of heat with motion of molecules is not a mere 
hypothesis. It is able to explain and predict natural phenomena 
and at present there is no doubt that it rests upon solid founda¬ 
tions of truth. 

3*10. Growth of the Kinetic Theory.—In the middle of 

1 

the nineteenth century the kinetic theory of matter, the founda¬ 
tions of which were now firmly established on Dalton’s atomic 
thepry, and on the conception that heat is merely molecular motion, 
received attention from a number of mathematical physicists of 
die highest ability—Clausius (1822 -88), Maxwell (1831 -80) and 
Boltzmann (1844-1906). They were followed by Meyer, van 
der Waals, Lorentz, Lord Rayleigh and others. The following 
sections largely reproduce their works. 

Up to the beginning of the present century, however, the 
theory had been developed entirely from a mathematical stand¬ 
point. The molecules are of course too minute to be seen and 
there was no direct experimental proof of their actual existence* 
or of their motions. Gradually however much evidence has 
accumulated in favour of these views, the most important being 
the Brownian Movement phenomena investigated by Perrin 
in 1908. 

3*11. Physical Evidence of the Existence of Molecules and 
of their Motion.—(1) The phenomena of diffusion and solution 
readily suggest the molecular agitation of matter. For example 
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when a cylinder of hydrogen is placed over a cylinder of C0 2 , 
hydrogen is found to diffuse into carbon-dioxide against gravity. 
Alcohol poured over water should normally remain 
there as it is lighter, but it gradually diffuses into the 
entire mass of water. Even gold is found to diffuse 
into lead when placed in contact. 

(2) A gas tends to expand. The moving mole¬ 
cules of the gas tend to fly away and produce this 
property of expansibility. The rectilinear motion 
of the molecules is observed in the experiment of 
Dunoyer. 1 His apparatus consisted of the tube ABC 
(Fig. 4) divided into three compartments A, B, C 
by means of the diaphragms D and E. The appara¬ 
tus is highly evacuated through the side-tube G. 

The end F containing sodium was heated to about 
500° and sodium vapour escaped through circular 
apertures in D and E and was deposited on H. It F ig 4 — 
was found that this deposit coincided with the geo- DunoyerV 
metrical projection of the second hole, formed by Appafatus ' 
joining points in the two holes by straight lines, which proves 
that the molecules travel in straight lines. This method has been 
used by a number of workers* to produce “molecular rays”. 

(3) Phenomena of evaporation and vapour pressure. 

(4) The gas laws can be deduced from the kinetic theory 
(Sec. 3'14). Other results obtained from the kinetic theory as 
specific heat, Avogadro number, molecular diameter, etc., agree 
with experimental results or deductions from other branches of 
Physics. 

(5) Brownian Movement .—This phenomenon was first discover¬ 
ed by the botanist Brown, in 1827, while observing aqueous sus¬ 
pensions of fine inanimate spores under high power microscope. 
He found the spores dancing about in the wildest fashion. 
The phenomenon can be readily observed if a colloidal solution 
be examined under a high power microscope, or better under an 
ultra-microscope. The suspended particles under the ultra-micros- 

1 Le Radium, 8, 142, 1911. 

* For more information see R. G. J. Fraser, Molecular Beams 
(Methuen and Co.). 

F- 16 
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cope, appear like stars of light, moving to and fro, rapidly and 
continuously, in an entirely haphazard fashion. Each particle 
spins, rises, sinks and rises again. The motion is perpetual and 
spontaneous. This irregular motion is called the Brownian move¬ 
ment of the particle. 

Experiments have shown that the motion of the suspended 
particles is not due to any chemical or electrical action. The 
motion becomes more vigorous when the temperature is increased 
or a less viscous liquid is chosen. It is just perceptible in glyce¬ 
rine and very active in gases. Smaller particles are found to be 
more agitated than the - bigger ones. No two particles are found 
to execute the same motion, hence the motion cannot be due to 
any convection or eddy currents. 

The discovery of such spontaneous motion, and the fact that 
the motion is maintained even in viscous liquids without the appli¬ 
cation of any force was a great puzzle to earlier observers. Gra¬ 
dually, however, it was recognised that the phenomenon can be 
easily explained if we imagine that the suspended particles are 
something like buoys in a sea of molecules, and their wild move¬ 
ments 1 are simply due to the impacts of molecules of the liquid 
from all sides, which give rise to a resultant unbalanced force 
acting on the particle in a certain direction. The movement 
becomes more lively at higher temperatures as the molecules then 
have more energy. It is evident that the forces due to impacts 
will almost completely balance if the size of the particle is very 
large but there can be no balance if the size is small. 

The theory of the Brownian movement is given in §3 • 43-3 * 48. 
This phenomenon provides a very useful picture of the gaseous 
state of matter. Though we cannot see the molecules, we can 
suppose that like the Brownian particles, the gas molecules are 
in incessant motion in all directions, frequently colliding against 
one another. Thus the motion of the gas molecules is of the sarpe 
nature as that of the Brownian particles, only it is much larger. 
In fact, as we shall see later, all the laws of the kinetic theory of 


. 1 It is evident that when a Brownian particle is thrown upwards 

as a result of these impacts, its potential energy increases at the expense 
of the kinetic energy of the adjacent liquid and a local cooling will 
take place. 
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gases are applicable to the Brownian particles, and can be thereby 
experimentally verified even though the molecules cannot be 
seen. 

During their motion the gas molecules will collide against 
the walls of the vessel in which they ate confined. This gives 
rise to the phenomenon of pressure which will be described in the 
next section. The motion is chaotic , i.e., the particles move in all 
possible directions with all velocities. The potential energy due 
to attraction between the molecules is extremely small, as is shown 
by Gay-Lussac-Joule experiment, and will be neglected in the first 
treatment. 

3*12. Pressure Exerted by a Perfect Gas.—When such a 
mass of gas is confined within a vessel, the molecules will frequently 
collide against the walls and be reflected from them, in this 
process each molecule delivers a momentum f.o the walls. From 
Newton’s second law of motion it follows that a pressure will be 
exerted on the walls which will be simply the aggregate effect 
produced by the impact of molecules. 

To calculate the pressure we shall first make several simplify¬ 
ing assumptions :— 

(1) Though the molecules are incessantly colliding against 
one another, yet in the steady state the collisions do not affect the 
molecular density in any element of volume of the gas. The 
molecules do not. collect at one place in larger numbers than at 
another. 

(2) Between two collisions a molecule moves in a straight 
line with uniform velocity. This is because the molecules arc 
material bodies and must obey the laws of motion. 

(3) The dimensions 1 of a molecule may be neglected in com¬ 
parison with the distance traversed by it between two collisions, 
called its free path. The perfect gas theory treats the molecules 
as being of infinitesimal size when collisions among them will 
be negligible. This is particularly so when the gas is highly 
rarefied. 

(4) The time during which a collision lasts is negligible com ¬ 
pared with the time required to traverse the free path. 

1 If we take into account the dimensions of the molecules and 
the forces of attraction we get van der Waal s’ equation (Chap. X). 
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(5) The molecules ate supposed to be perfectly elastic 1 hard 
spheres. Further no appreciable force of attraction or repulsion 
is supposed to be exerted by them on one another or on the walls, 
except during an actual collision, all energy is kinetic. This 
is approximately so, as shown by joule’s experiment (§2*27). 

According to this picture of a perfect gas we find that at any 
instant there will be molecules moving in all directions with any 
velocity between 0 and oo. The direction and the magnitude of 
the velocity are both distributed at random. 

We now proceed to calculate the pressure exerted by such a 
gas. There are in the main two methods. We may follow the 
method of general dynamics and write out the equations of motion 
(Chap. X). Or we may employ the method of collisions. We 
adopt here the latter method. 

Let .the velocity of a molecule be denoted by c having the com¬ 
ponents u, v, We have <r 2 = + v 2 -f »’*• V may vary from 

0 to oo, and u, v, w can each vary from— oo to + oo. Let us now 
consider a perfect gas enclosed in a vessel and take the x-axis to 
be perpendicular to one surface of the vessel. Then a molecule 
moving with the velocity component u towards the wall collides 
with the latter. From the principles of conservation of energy 
and momentum it follows that the molecule after collision has the 
velocity—#. Hence the change in momentum suffered by a single 
molecule 2 during collision is 2 mu* In the reflection the. other 

J Tbe assumption of perfectly elastic collisions, on the average, is 
warranted by the fact that we can convert into work all the heat sup¬ 
plied to a gas. For otherwise addition of heat would increase molecular 
velocities and hence also the force of collision, and if deformation of 
molecules results, all heat cannot be converted back to work. The 
picture here given is essentially that of a monatomic molecule; there 
will occur deformations of polyatomic molecules accompanied by an 
increase or decrease of rotational and vibrational energies but on the 
average there is no net loss or gain of translational energy during 
collision. Equation (9), however, can be deduced without the assump¬ 
tion of perfectly elastic envision (see Footnote 2 below). 

2 We nave assumed here that the molecule on striking the surface 
bounces off with the same velocity and at the same angle at which it 
collided. This has been done for the sake of simplicity and is probably 
not true as shown by Knud sen (§3 • 50), and is not at all essential to the 
proof, /ill that is necessary is that, cn the average, the molecules should 
leave the surface with the same energy with which they were incident 
—an assumption which may be taken to he proved ftom the experimental 
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components of the velocity suffer no change, hence they contribute 
nothing to the pressure and can be neglected. Now pressure 
is equal to the change of momentum suffered by molecules strik¬ 
ing unit area of the wall per second, hence it is equal to 2 mu multi~ 
plied by the number of impacts delivered on the surface in unit time. 
The number of impacts on an area 8 A in time ot must be equal 
to » H u8t8A where n u is the number of molecules 1 per unit volume 
having the velocity u. This is because 
for calculating the pressure, we should 
consider only those molecules which 
can reach the surface in time 8t and 
deliver their blows. These must be the . 
molecules which are contained within a 
cylinder (Fig. 5) whose base AB is of 
area BA and whose axis DA and vertical 
height DE are respectively equal to Calculation of pressure. 
c8t and u8t. Thus its volume is u8t8A 

and number of molecules having the velocity u contained in it is 
n u u8c8A. Hence p> the pressure on the wall averaged through 
the time 8t or some comparatively long interval of time, is given 
by the relation 

p8A8t — ^ 2muxn u tthihA, 

or p ~ 2m v n v // 2 .(4-) 

The sign of summation has been ]iut because the pressure is caused 
by all molecules having a positive x-component of velocity, and 

fact that the walls of a vessel enclosing a gas at a temperature equal 
to its own do not become heated or cooled. With this assumption a 
pressure equal to half of that given by (4) will be exerted on the wall 
in bringing the incident molecules to rest, and an equal pressure is fur¬ 
ther needed to create the new momentum for restoring the motion of 
the molecules which may be calculated in the same way as above and 
will be equal to half of that given by (4), the. summation extending over 
negative values of u. Thus the pressure is again given by (4). In this 
proof we do not assume the molecules to be hard or spherical and make 
no postulate regarding the direction or magnitude of the velocity of the 
molecule after reflection. 

1 It is easy to see that all the molecules cannot have the same speed 
for even if at any instant all the molecules possess the same speed, 
collisions at the next moment will augment the velocity of some and 
diminish that of others. 
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therefore we should sum for all such molecules. n u is in general 
a function of u which was first determined by Maxwell. We may 
however put 

^Liti u u* — i nu 2 .(5) 

#=0 

where u 2 = mean value of the quantity u 2 for all the molecules and 
is called the mean square velocity , and n the total number of molecules 
per c.c. We have added the factor 5 because we are summing 
only for positive values of #, and this number is only \n per c.c. 
Hence equation (4) yields 

px — mnu 2 .(6) 

Similarly, the pressures perpendicular to the other sides are 

p v — mnv 2 , p z = mmv 2 . 

Since observation shows that p x — p tf — p z we have 

a 2 = v 2 = w 2 . .(7) 

This is also consistent with the fact that there is no accumulation 
of the molecules in any part of the vessel. But 

u 2 u z -j- \v 2 = c 2 , .(8) 

where c 2 is the resultant mean square velocity} Hence from (7) and 
(8) we have 

+ & T l 

and finally (6) yields p = \nmc 2 . . ... (9) 

But mn — p, the density of the gas, since n is the number of 
molecules per c.c. Therefore 

p=*it&** lh P ~ 2 = 'iE, . • • (10) 

where £ is the kinetic energy per unit volume. Thus we see that 
the pressure of a perfect gas is numerically equal to two-thirds of 
the kinetic energy of translation per unit volume. 

In the above we have not considered the possibility that a particle, 
while approaching a wall, may suffer collision and be turned back. This 
possibility, however, does not vitiate the argument. It is easily disposed 
of when we remember the fact that while one particle may be turned 

1 c 2 is defined by the relation v n a c % — ne 2 where n e is the number 
of molecules having the velocity c and the summation extends over all 
molecules. Equation (8) can be readily deduced for 

nc 2 J= 2 »c^ 2 = 2 *t c (u 2 -f 2 #c# a + 2 2 »c» ,2 --a(a 2 -}-v 2 
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back by collision, there will be another corresponding molecule which 
will be turned in the opposite direction by collision. Without such 
compensatory processes there can be no balance. In these collisions 
the molecule gives its whole momentum 1 to the other which by assump¬ 
tion (3) has to traverse exactly the same distance as the first one if there 
had been no collision. By assumption (4) no time is lost in this collision 
and hence our calculation holds true for a perfect gas. 2 


3‘13. Root Mean Square Velocity. —Equation (10) enables 
us to calculate the mean square velocity c 2 of the molecules of 
any gas, for r 2 = 3 pfp. The pressure and density of a gas can bp 
found experimentally and hence c 1 calculated. To take an example 
the density of nitrogen at N.T.P. is 0-00125 gm. per c.c. Hence 
for nitrogen the root mean square velocity 3 


C = 



/3x76x 13*59x981 
'' 0-00125 ~ 


— 4 • 93 X10 4 cm./scc. 


(H) 


The formula also shows that the molecules of the lightest gas, 
wy., hydrogen, would move faster than the molecules of any other 
gas under the same conditions. 

3*14. Deduction of Gas Laws. —From the above result we 
proceed to deduce the laws of perfect gases. 

(1) Avogadro's haw .—If there are two gases at the same pres¬ 
sure p we have from (9) 

P ‘S' WyttyC-jp ~~ . . . (12) 

where the subscripts 1 and 2 refer to the firfct and the second gas 
respectively. Further, if the two gases are also at the same tem¬ 
perature we know there will be no transfer of heat (or energy since 
the two are equivalent by the First Law of Thermodynamics) from 
one to the other when they are mixed up. On mixing, the two 
types of molecules will collide against one another and there will 
be a mutual sharing of energy. Clausius and Maxwell showed 
purely from dynamical considerations that the condition for no 
resultant transfer of energy from one type of molecules to the other 


1 This result may be easily deduced from the laws of elasdc impact 
(assumption 5). 

2 For more rigorous treatment see §3 • 33, Problem 3. 

3 C is the square root of the mean square velocity and differs from 

the mean velocity <j. The relation between C and g is given later. 
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is that the mean translational - energy of molecules of the one type 
-is equal to that of the other. 1 Hence if the two gases are at the 
same temperature it follows that 

= i/// 2 Co 2 .(13) 

Combining (12) and (13), we get 

~ ^ 2 ». * ( 14 ) 

i.e., two gases at the same temperature and pressure contain the 
same number of molecules per cx. This L the famous law first 
discovered by Avogadto. 

(2) Boyle's —Equation (10) states that the pressure of a 

gas is directly proportional to its density or inversely proportional 
to its volume- This is Boyle’s Law. This holds provided C 2 
remains constant which, as shown above, implies that the tempera¬ 
ture remains constant. 

(3) Dalton's haw ,—If a number of gases of densities p v p 2 , 
pa . . . and mean square velocities C 1 2 , C 2 2 , C 3 2 .... 
be mixed in the same volume, the resultant pressure />, consider¬ 
ing each set of molecules, is given by 

P — &P 1 Q 2 + JpaCa* + hp&C* 2 + • • • • 

~ Pr + P 2 + • * , * • • • (15) 

the pressure exerted by the mixture is equal to the sum of the 
pressures exerted separately by its several components. This is 
Dalton’s law of partial pressures. 

3*15. Introduction of Temperature.—If we consider a 
gramme-molecule of the gas which occupies a volume - V> we get 
from (10), 

pV = {MC\ . . . . (16) 

M being the molecular weight. In order to introduce temperature 
in the foregoing kinetic considerations of a perfect gas we have to 
make use of the experimental law, vt%. % pV~RT. Hence 

K V - %MC\ C*« .. (17) 

1 This is a special case of the general theorem of equipartidon 
of energy and wifi, be proved in §3'26 from statistical mechanics. 
Maxwell proved this translatory equipartidon of energy in a less satis¬ 
factory but direct way in the manner given in Note 1. For a still simpler 
proof making use of collisions with the wall see Jeans, Kinetic Theory of 
Gases (1940), pp. 21—23. 
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Thus C* is proportional to the absolute temperature which 
may thus be considered proportional to the mean kinetic energy 
of translation of the molecules. This is the kinetic interpretation 
of temperature. Hence, according to the kinetic theory, the 
absolute zero of temperature is the one at which the molecules 
are devoid of all motion. This deduction is, however, not quite 
justified since the perfect gas state does not hold down to the abso¬ 
lute zero. The interpretation given by classical thermodynamics 
is somewhat different (Chap. VI) and more reasonable. That 
does not necessarily require that all motion should cease at the 
absolute zero. Further, according to the quantum theory the 
substance may have some energy at the absolute zero which is 
called the zero-point energy ( NuUpmktsemrgie ). 

We can put M—Nm where m is the mass of a single molecule 
and N the number of molecules in a gram-molecule, which is 
usually called the Avogadro number. Further let us put R(N~k 
where k is known as JSoltytftann'$ constant. Then we have 

p s (NjV)AT = ffjfeT, .... (18) 

where ft is the number of molecules per c.c. and is known as Losch- 
midt’s number. Further, from (17) 

— | NAT, . . • (19) 

j.e., the mean kinetic energy of translation of one molecule is fAT. 

3*16. Distribution of Velocities.—In the previous sections 
we deduced the gas laws from very general considerations. Wc 
assumed that though the particles are incessantly colliding and 
having their velocities changed constantly in direction as well as 
in magnitude, we can still talk of a steady state in which ti H , the 
number of molecules having the velocity component u, cannot 
have its value changed 1 by collisions. The law which expresses 
n u in terms of u and other known quantities is called the law of 
distribution of velocities and was first arrived at by Maxwell in 
1859. Before proceeding to deduce the law we shall explain more 
fully the nature ot this law. It will be noted that such an assem¬ 
bly of molecules is a statistical system and the problem of finding 
the distribution of velocities among the molecules is essentially 

1 This is proved in Note 2 from a detailed consideration of the 
collision between the molecules. 

F. 17 
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a statistical problem. We shall therefore illustrate the problem by 
a simple statistical analogy. 

Suppose in a country the assessing department is required 
to find out the average income per head of the population. They 
will proceed somewhat in the following way. They will find 
out the number of persons whose income lies within different 
small ranges. For example, they will find out the number of 
persons whose income lies between 10s. and 11s., between 11s. 
and 12s. and so on. Instead of a shilling, they may choose a 
smaller interval, say 6d. Then it can be easily seen that the num¬ 
ber of persons whose income lies between 10s. and 10/6s. will be 
approximately half the number found previously for the range 
10s. to 11s. W T e can generalize by saying that the number whose 
income lies between x and x-\-dx is n x dx. It should be noted 
that the number is proportional to the interval chosen {dx). To 
get. the average income they should choose the interval to be as 
small as possible, say a penny. When this is not possible they will 
. choose a bigger interval but their results will be proportionately 
inaccurate. 


To represent graphically 1 the income of the population they 
will plot a curve with n x as ordinate and x as abscissa. The curve 
11 will be similar to that given in Fig. 6. 

^ | / \ This will begin with a minimum at 

"idj / n. 0 , rise to a maximum at some point, 

< J and thereafter approach the axis of 

income x , meeting it at a great distance. 

Fig. 6.—Distribution of The curve will have this shape because 

income among persons. the number of absolute beggars is 

very small, and the number of millionaires is also small, while 
the majority of population have average income. 

Let us now return to the problem of a perfect gas enclosed 
in a vessel. Let it be devoid of all mass motion or convection 


1 It may be pointed out that tor most purposes it is enough to be 
able to state the number of persons having a certain income and we 
need not find which person has got what income. Similarly with the 
molecules. It is quite sufficient to say that so many molecules have 
so much velocity and so on; which molecule has got what velocity 
is of little importance and the more so because we do not see the 
molecules. 
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currents. Following Boltzmann we make the simplifying assump¬ 
tion that in the equilibrium state the gas is in the state of mole¬ 
cular chaos. This assumption states that all possible states of 
motion occur with equal frequency. This really comprises two 
assumptions 1 —(1) The number n of molecules per c.c. remains 
constant on the average in‘course of time in every element of 
volume throughout the gas ; ( 2 ) in every element the molecules 
have velocities in all directions and have magnitudes which are 
distributed according to a certain law which does not depend 
upon the position of the element selected and which will not be 
modified by collisions. 

We shall now deduce the law of distribution of velocities by 
the method of probabilities as given by Maxwell 2 . As some 
of the students are not familiar with the mathematical idea of 
probability we shall define it here and give some illustrations . 8 

Suppose we toss a coin a large number of times and count the 

number of times the ‘head’ or the ‘tail’ falls uppermost. Common 

knowledge tells us that if we make a large number of throws, the 

ratio of the ‘heads’ to the ‘tails’ will be one, i.e., the probability of 

each event is exactly 4. Thus we may define probability in the 

following terms : if an event can happen in a ways and fail to 

happen in b ways and each of these ways is equally likely, the 

, probability of its happening is aj(a-\-b) or, in other words, 

.. number of cases in which the event occurs 

Probability of an event =- total number of 555-^ 

Again suppose there are five boys A, B, C, . . .who are desirous 
of getting a particular red ball. The probability of A getting 
the red ball is If there is another white ball to be similarly 
distributed, the probability of A getting it is again }. The pro¬ 
bability that A may get both the balls simultaneously is £ X ! = 
for there are in all 25 equally likely ways in which the composite 


1 For an analysis of the assumptions underlying the hypothesis 
of molecular chaos see Jeans, Dynamical Pbeory of Gases, (1925) pp. 59-64. 
The assumption of molecular chaos seems plausible but is nevertheless 
open to criticism. However it can be shown from statistical mechanics- 
that in the state of equilibrium this assumption does hold during practi¬ 
cally the whole of the time. 

2 Maxwell’s original proof is not rigorous. It was subsequently 
improved by Maxwell himself and by Boltzmann, Jeans and others. 

3 Some more illustrations will be found in Chap. IX. 
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event take? place (the red ball may go to any one, say A, then the 
white ball to any one of the five ; again the red may go to B and 
then the white to any five; and so on) and the desired event takes 
place only once. Thus the probability of a composite event is 
equal to the product of the probabilities of the individual events, 
provided they are independent. 

3*17. Deduction of Maxwell-Boltfcmann law,—With this 
elementary idea of probabilities, we can proceed to deduce 
Maxwell’s law 1 . From the previous analogy it is easily seen that 
the number of molecules per c.c. having the velocities lying bet¬ 
ween u and u-\-du can be denoted as n u du . Obviously n u must be 
some function of u, say nf(u) where n is the number of molecules 
per c.c. and f(u) is a function of u to be determined. Then the 
probability 2 that any molecule selected at random will have velo¬ 
cities lying between u and u+du is fiu)du. Maxwell assumed 5 
that, as the velocity components u, v, n> of a molecule are perpendi¬ 
cular to each other, the distribution of one of these components 
among the molecules will not depend upon the values of the other 
components. With this assumption f(u) is independent of v and 
w. Similarly, the probability for molecules having velocities 
lying between v and v-\-dv is f(v')dv and that for velocities between 
w and w-\-dv> is f(n>)dn\ the function f being the same on account of 
isotrofy as regards molecular velocity. 

From the theorem of probabilities just established for a com¬ 
posite event, the probability that the velocity components of a 

1 An interesting method of deducing Maxwell’s law by disregard¬ 
ing molecular collisions is given by Jeans, Kinetic Theory of Gases (1940), 
pp. 36-38. ' 

8 n K H Y u denotes the] time average of the molecular density in a 
small element of volume within the specified velocity range. It may 
happen that at some instant the element of volume contains no molecule 
at all. 'Thus if we consider so small a volume that it contains only one 
molecule on the average, we may regard f{ti)du as the fraction of the time 
for which the elementary volume does contain a molecule. The best 
view, however, is to regard f as being of the nature of probability so 
th%tf(uyiu represents the fractional expectation of molecules of the specified 
range in the volume element. 

s The truth of this assumption is not quite obvious, for the com¬ 
ponents u, v, w have to satisfy certain conditions, w^., the laws of con¬ 
servation of energy and momenta for the molecules. Nevertheless 
the assumption is quite true because these conditions are automa ticall y 
satisfied for elastic impacts with which we have to deal. 
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molecule shall lie between u and u+du, v and v+dv, n> and w±dw 
is 


f(u)f{v) f(n>) du du dm, 

being equal to the product of the individual probabilities. Hence 
the number of such molecules per c.c. will be 


tt f(u) f(v) f(w) du dv dw. 

Now let us represent all the molecules in a velocity diagram,, 
with OX, OY, OZ as the coordinate axes (Fig. 7) along which 
the components u, v> w of the velo¬ 
city c are respectively measured. 

Thus a molecule having the velocity 
components u, v> w will be repre¬ 
sented by a point whose coordinates 
are u, v , w. Such a point is called 
velocity point. All the molecules 
whose velocity components lie in the 
range u t u-\-du, v, v-\-dv y w and 
v-\-dtv will be contained in the 
element of volume du du dw and the number of such mole- 
chiles is dududw. Now these molecules have 

the resultant velocity c where c % — hence their 

number must also be equal to nF(c) du dv dw, i.e., product of 
some function of c and the interval du dv dn\ it cannot de¬ 
pend upon the inclination of c to the axes for the directions of 
the axes are quite arbitrary, there being nothing to distinguish 
one direction from another in a gas at rest. Thus 

*/(*)/( y )/(*0 = = »<£(#*. . ( 20 ) 

where <j> denotes some function. 

To solve this equation we note that for a fixed value of c, 
is a constant and hence d[^(f % )] — 0, i.i. t 

W(#0] = o. 


z 



Y 

Fig. 7.—Velocity diagram. 


.-./'(«) *M(')+/W <*>/(»)/(»)+/'(»') - o. 

Dividing by /(»)/(»)/(»•)> we 


m,. + m dv+ m 

/<#) f(?) 7W 


dv>-- 0. 


• (21) 
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Now for fixed values of c> since u % A r v % -\-w‘ l — c 2 , the variables 
du y dv y ehv are connected by the relation 

udu-\-vdv -\-wdw — 0.(22) 

Combining 1 (21) and (22) by Laplace’s method of “undetermined 
multipliers,” we have 

ly|»j + P")‘ lu+ (/55 +P v )‘ lv + {jffi = 0, (23) 

where /? is a quantity hitherto undetermined. Equation (23) is 
obtained by multiplying equation ( 22 ) by /S and adding to ( 21 ). 
The coefficients of the three differentials in (23) must now vanish 
just as if the differentials du, dv, dw were completely arbitrary. 
Therefore 

m ~ * 

Integrating both sides with respect to u we obtain 

log /(") = + lo S*> 


where a is a constant; or 



/(») = «' 


hP * 1 


ae 




(24) 


(25) 


and f(u)f{v)f(tp) 

where a, b are constants. 

The distribution law expressed 
by equation (24) is represented gra¬ 
phically in Fig. 8 , where the curve 
<r*’ is plotted against x. Thus bit 2 
has been put equal to x 2 . The maximum ordinate corresponds 
to u — 0 and has the value a which has been put equal to 1 in 
the figure. 

3*18. Value of Constants.—To determine a we have, since 
the total number of molecules per c.c. is n, 

sfff /(#)/(«)/(»') du dv dir _= n. 


1 We might proceed by eliminating dtp between (21) and (22) and 
then utilising trie property that du and dv are independent, but the method 
given in the text is more elegant. 
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the integration extending from — oo to 4- oo for each variable. 
Substituting the value of the function, we have 


+ oo 



u div = 


— CO 



whence 1 <? 8 (^) i = 1, or a ■— fsj ~ • • • (26) 

To determine b let us calculate the pressure exerted by the gas, 
assuming once again that the molecules have no dimensions. 

As deduced in §3*12 the pressure p exerted on the wall is 
given by 


p = 2 « 2 , . . . . . (4) 

0 

where n u denotes the number of molecules having the velocity 
u. But we have shown above that 


= « sj~r rb “ 1 ' • • • • (27)2 

\ 

from (26). Hence on replacing the sign of summation in (4) by 
the sign of integration and substituting this value of n u we get 

from Note 3. But p = tikT> hence 


b = 


m 

2lT* 


• (28) 


Thus the number du of molecules having velocity components 
lying between u and u-\-du t v and u-j -dv, w and w-\-dw is 3 


1 See Note 3 for the value of such integrals. 

2 This expression is similar to the well-known Gaussian Law of 
trial and error. If a marksman fires shots at a target it can be shown 
that the chance that he strikes at a point having its x coordinate 
lying between at and x-\-dx with respect to the target as origin is 

yKfre-Z* 2 dx where K is a constant which measures the skill of 
the marksman. Thus we may imagine Maxwell’s law to be arrived 
at by molecules aiming at zero for each velocity component. 

3 Sometimes the relation is expressed in terms of h where h— 
lj(2kT), or in terms of a where a is the most probable speed (§ 3'20) 
and is equal to \/(2kTjm) — ljy/b. 
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A= *(5sr) , '~*' " >'“‘’•"to ■ • o»> 

This is Maxwell’s distribution law. 

From this expression we can deduce the number of molecules 
having velocities lying between c and c-\-dc. We have 

= f 3 . 

Further du dv dw represents an 
element of volume in the velo¬ 
city space and in its place we 
must substitute the total volume 
ip the velocity space lying bet¬ 
ween the magnitudes c and 
c-\-dc for the resultant velocity. 
In spherical polar coordi¬ 
nates (r, 6 , <f>) the element of 
volume is written as tk. cdd.c sin0 d*j> (see Fig. 9) and hence this 
expression must be substituted for du dv dw in (29) in order to 
find the number of molecules having velocities lying between c, 
c+dc y 9 , 9+dQ , and <f>, <f>-\-d<f>. To find the total number of mole¬ 
cules having the velocity lying between c and c+dc we have to 
integrate this expression for all possible values of 6 and <£. Thus 

da as n<^e~^ t*de d<f> sin6 d9 % 

= 4 -an c'dc .(30) 

A slight transformation (putting be 2 —-* 2 ) shows that the number 
dn — 4ttn"*x z * r “ x * dx which helps us to represent the law graphically. 
Let us plot the function^ — 4 rr~^ «~x 1 x % against x (Fig. 10). Then the 
number dn of molecules whose speed lies between x and x-\-dx is pro¬ 
portional to the shaded area. The ordinate y gives the number of mole¬ 
cules possessing a speed corresponding to x-, and from the curve it is 
obvious that the probability corresponding to x= 1 js greatest, while 
it is considerably less for x—2 or x— L Hence we can approximately 
treat the whole gas as endowed with the most probable velocity. 

Equation (30) clearly shows that there will be molecules of all 
velocities between 0 to oo. A simple consequence of this is that those 
molecules which have got a velocity greater than the velocity of escape 
c 0 from the planet, will leave the planet’s atmosphere. This velocity 
of escape is given by the relation 2 gr { , where g is the gravity at the 
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surface of the planet and r 0 the radius of the planet, and is found to 
be about 11 kilometres per second for the earth and 2‘4 kilometres for 
the moon. This accounts for the loss of planetary atmospheres and 



explains why the atmosphere of the moon Is so rarefied* Equation (0) 
shows that the loss will be much greater at higher temperatures and 
for lighter gases since b = mf2kT. 

Exercise .—Show that the fraction of the molecules whose kinetic 
energy lies in the range e and is 


/( c y* = - e~^ kT dt. 

VirikT)** 


3*19. Comments.—The above is Maxwell’s original 1 proof and 
is based on the assumption that the velocity coordinates are independent. 
It is on that account more or less open to objection. 2 

On account of this defect Maxwell attempted a second proof by 
the method of collisions which was carried to completion by Boltzmann. 
There are two distinct methods of deducing the law :— 

(0 The method of collisions developed by Maxwell and Boltzmann 
for certain simple cases. This method gives a lively idea 
of the processes at work in a gas and is therefore considered 
at length in Note 2, but is hardly better from the standpoint 
of strict logic as it assumes that there is no correlation between 
_ the velocity and position of a molecule. 

1 Maxwell, Collected Works, Vol. 1 p. 380; Phil. Mag. 19, 31, 1860. 

2 As Boltzmann has pointed out this deduction cannot be rigorous, 
for this would hold even if no impacts between the molecules took place. 
This is impossible. 

F. 18 
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(//) The method of statistical mechanics developed by Maxwell, 
Boltzmann, Gibbs, Jeans and others. This is quite free from 
objection and is applicable to all cases. It will be given in 
Chap. IX. 

3*20. Average Velocities.—We must distinguish between 
two velocities, the square root C of the mean square velocity, and 
the mean velocity c. The former is such that its square is the 
average of the squares of the velocities of the molecules. Thus 1 


C 2 = e* = 
The mean speed of molecules is 



3kT 

m 


• (31) 


J: 

C 




0*921. . 


• (32) 
. (33) 


The most probable velocity a is that value of c for which n f 
the number of molecules with velocity c is maximum. Hence for 
such value of c, dn c jdc = 0. This relation gives a. Substituting 
for //„ we get 


1 C - • • • • W 

Exercise .—Show that the root mean square value of the cartesian 

component // of the molecular velocity is equal to Vpfp, *.*•> Newton’s 
value for the velocity of sound in the gas. 

3*21. Experimental Verification of Maxwell’s Law.— 

In the foregoing we have proved Maxwell’s law for a gas but 
it can be shown from statistical mechanics that, at least to a 
first approximation, the law is equally applicable to the molecules 
of liquids and to the atoms of solids also. 2 Till 1920, however, 
there was no direct experimental evidence in support of Maxwell’s 
law of distribution, but a large amount of indirect evidence was 
available which almost conclusively established the truth of the 
law. As most of these do not fall directly within the scope of 
Heat, we shall give here only a brief idea of these experiments. 


1 dn denotes the number of molecules having velocities lying 
between c and c-\-dc and may be written n c dc. 

2 See however Born and Green, Proc. Roy. Soc. Lotid., 188, 10,1947. 
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(a) From the finite breadth of spectral lines.-— Theoretically every 
monochromatic beam of light should be represented by a line 
without breadth, but in actual practice every spectral line is 
found to possess some finite breadth extending over some range in 
frequency or wavelength. But why does the line emitted by 
the radiant atom not correspond to one single frequency and is 
spread about some mean value of the frequency ? Schonrock 
explained the phenomenon as follows:— 

If all the atoms were stationary, the light emitted would pos¬ 
sess a single frequency and in spectrum photographs it would be 
represented by a line without breadth (geometric line), but it is 
clear that no radiating atom in any source of light, be it an arc 
or a discharge tube, is absolutely at rest. It is on the other hand 
moving in all directions with all possible velocities. So if the 
frequency of light emitted by the stationary atom be v 0 , that emit¬ 
ted by an atom moving towards the observer is changed by Dopp¬ 
ler effect to v 0 (l+u,V) where v is the component of the velocity in 
the line of sight. The intensity of the spectral line at the distance 
Av = v 0 vjc from the centre of the line will be proportional to 
the number of particles having the velocity v and an examination 
of the variation of intensity along the breadth of the line therefore 
gives us a direct measure of the fraction of the number of mole¬ 
cules possessing the velocity v and thus leads to an experimental 
test of Maxwell’s Law. A more detailed account will be found in 
Note 4, 

(b) From emission of electrons by heated filaments (O. W. Kichard- 
son). —When a metallic wire is heated to a sufficiently high tempe¬ 
rature, it is found to emit electrons. According to Richardson, 
the electrons are present in the interspaces between atoms as 
a free gas, possessing all velocities between 0 and oo, and obey¬ 
ing some law of distribution. He planned a series of experiments 
to find out the nature of the law and concluded that for the 
emitted electrons the distribution law was Maxwellian. For 
details see O. W. Richardson, Emission of Electricity from Hot 
Bodies. 

3*22. Direct Experimental Proof of Maxwell’s law.-r— The 
first direct experimental proof of Maxwell’s law was attempted 
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by O. Stern 1 , and continued by a number of other workers . 2 
In these the molecular ray method first given by Dunoyer (§3*11) 
was employed. The principles employed in these experiments 
are essentially similar hence we shall describe only a few of them. 

Fig. 11 explains the principle of Stern’s experiment. A plati¬ 
num wire L coated with silver (represented perpendicular to the 
plane of the paper in the figure), is heated by an electric current 

when it emits atomic silver in all 
directions. 'Ihe slits Sj and S 3 , 
which are parallel to the wire, 

define a stream of silver which 
Fig. 11.—Illustration of the Principle , i i ^ r» 

of Stern’s experiment, condenses on the plate 1*. lne 

whole system is enclosed in a glass vessel which is highly evacua¬ 
ted so that silver atoms do not suffer any collision in the space. 
The slits S t and S 2 as well as P are rotated together as a rigid sys¬ 
tem about the wire as axis. With the plate at rest the stream tra¬ 
verses along LA and forms a deposit at A, but when this system is 
rotating at a high speed, say clockwise, the deposit will be form¬ 
ed at some point above A, say at B. Faster moving molecules 
will condense nearer to A than the slow ones, and thus a velo¬ 
city spectrum of silver will be obtained. If the relative inten¬ 
sity of the deposit be measured with a microphotometer, the ratio 
of the number of molecules with different velocities can be deduc¬ 
ed and the Maxwellian law verified. 

The results obtained by Stern were however not quite satisfac¬ 
tory on account of the difficulty in retaining the vacuum because 
the spindle of the rotating system had to project outside the vessel 
for the purpose of coupling it to the driving motor. The disper¬ 
sion was small and only the distance between the two maxima 
deposits, obtained by reversing the direction of rotation could 
be measured. This was 0*7 mm. at the speed of 150 r.p.m. and 
the Maxwellian law was thereby verified within about 15 per 
cent. 

. . —— . , 

1 Zeits.f. Physik, 2, 49,1920 ; 3,417, 1920; Phys. Zeits., 21, 582,1920. 

2 See the following papers :—Costa, Smyth and Compton, Phys. 
Rev., 30, 349, 1927 ; Eldridge, Phys. Rev., 30, 931, 1927; Zartman, Phys. 
Rev., 37, 383, 1931; Estermann, Frisch and Stern, Zeits.f. Physik, 73, 
348, 1931; Ko, Jour. Franklin Inst., 217, 173, 1934. 




§3-22] 


EXPERIMENTAL PROOF OF MAXWELL’S I.AW 


141 


This difficulty was overcome by Costa, Smyth and K. T. Comp¬ 
ton, and by Eldridge by using an induction motor which being 
actuated by induction currents can be placed entirely in vacuum; 
while Zartman actually placed his driving motor, which was an 
ordinary electric motor, also in vacuum. In 1927 Hall designed 
a new and more sensitive form of the apparatus which has been 
employed by Zartman. We describe below the experiment of 
Zartman. 


Fig. 12 shows his apparatus diagramtnatically. The experimental 
substance (bismuth) was contained in the steel crucible A which was 
heated by radiation from a 300 watt tungsten lamp filament F. The 
substance was thus heated and vaporised, and the vapour passed through 
the channel in the neck to the slit Sj, 0'05 mm. by 10 mm. in size, there 
escaping as a molecular beam. The temperature of the crucible was 
measured with the help of two thermocouples fastened at D and the 
crucible itself was fastened to the sliding base B which could be so adjust¬ 
ed that the defining slit S 2 ,0*6 mm. by 10 mm., was directly above S r 
A shutter M magnetically operated from outside, was used to interrupt 
the beam. Above S a was a knife-edge slit S s , 0*6 mm. wide, cut into the 


rim of the cylinder 
C, 10 cm. in diame¬ 
ter. The cylinder 
was mounted on the 
high speed spindle J 
of an internal grind¬ 
er whose speed was 
determined by the 
stroboscopic me¬ 
thod. The grinder 
consisted of a motor 
to which the spindle 
was connected by a 
driving belt The 
motor armature had 
a speed of 10,000 
t.p.m. and the spin¬ 
dle 30,000 r.p.m. 
All the bearings 
were lubricated by 



Fig. 12.—Zartman’s apparatus for verifying Maxwell's Law. 


* vacuum pump oil which was made sufficiently non-volatile so that a 
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"scsFure of less ihan 10“ 4 mm. of mercury could He obtained in the 
“ji.for compartment, by continual pumping. 

The entire assembly was enclosed in a phosphombtonze housing 
which was divided into three compartments, a motor, a cylinder and a 
.crucible compartment each of which was connected to a vacuum pump. 
vVitb, the help of the glass tube L which was filled with liquid ait. a pres¬ 
sure of less than 10" 5 mm. of mercury could be maintained in the cylin¬ 
der and crucible compartments. The deposits were received on a thin 
glass plate P which exactly fitted the inner surface of the cylinder. For 
the proper condensation of bismuth, molecules on the glass plate at room 
temperature, it was necessary to deposit a thin uniform layer of 
bismuth on it by placing it in a suitably designed 'initial depositing* 


apparatus. 

In carrying out an experiment the plate was first kept stationary 
i nd exposed to the molecular beam for 20 seconds. It was then removed 
and a microphotometer record obtained of the density of the initial 
deposit and location of the zero mark. The plate was again fixed to 
the cylinder and the latter rotated at a constant speed. The plate was 
exposed for periods ranging from eight to twenty-two hours and then 
removed and photometered. Then the two photometer curves were 
superimposed and the density ot deposit due to velocity distribution 
was measured. 

The theory of the experiment is as follows:—The molecules 
leaving the slit S 3 with the velocity c will be deposited at a distance s 
from P, the place of deposition when the cylinder is kept stationary. 


(35) 


such that 

■nndr _~1 

f T ’ 

where n is the number of re\ ■ tutions of the cylinder per second and 
i its diameter. Now the molecules in the emitted beam are not in 


equilibrium and do not follow Maxwell’s law, but those within the 
enclosure do so. The number passing through the slit per second 
depends on the size of the opening, the shape of the enclosure, the 
speed of the molecules and the number dn of molecules in the enclosure 
having the velocity lying between c and c-\-dc. Hence dn^ the number 
of molecules in the emitted beam having the velocity lying between c 
and'r-j-df can be denoted by 

dn l = K.c.dn — FT. 4»ira 3 e' 1 ** c 3 dc t . . (36) 

where K is some constant and is given by 


f dn, — K. \mea 3 t~* c c 3 dc> 

J*=0 Jo 
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n 1 being the total number of molecules in the emitted beam. Hencr 


dn y = 2b 2 ti 1 s~ hl1 ci dc. 


(37) 


These molecules will be spread over the length lying between s and 
s—ds where the relation between s and c is given by (.15). Hence the 
intensity I of the deposit for molecules of velocity c at a distance s is 
given by 

- d ii : _ 2 ^V v 


ds 


s a \ s 


{s a r 


(33) 


where s a represents the displacement for molecules having the most 
probable velocity a— 1 jy/b and is therefore a constant equal to irnd* </ b. 
Actually the central patch has a finite width, say 2a, and we must take 
this into account. Thus put «, --- I 0 dx where dx is a small width of 
deposit in the central patch of intensity f 0 , and then integrate (33) for 
values of x from s - a to s-\-a. This yields 


. 


- L’ 0 /( f 4")J x 




- U a !(j~ a)\ 2 




where the distance sa is measured from the middle point of the central 
patch. 

The results obtained by Zartman are shown in Fig. 13 where the 
ordinates represent the intensity of deposit and tne abscissa the dis¬ 
placement s in cm. from the zero mark or the velocity of the corres¬ 
ponding molecules. The circles and crosses denote the observed 
results while the full line curves denote the theoretical distribution 
on the basis of Maxwell’s law, assuming the composition of the vapour 
to be 40 per cent Bi and 60 
per cent Bi 2 . For curve I, 
n = 120*7 r. p. s. and for curve II, 
n = 24T4 r. p. s. while the 
temperature is 851 °C. The 
agreement is seen to be very 
close thus confirming Max¬ 
well’s law. 

If will be seen that the 
difficulty in verifying Maxwell’s 
law for bismuth vapour is really due to the uncertainty in the mole¬ 
cular composition of the vapour. Unfortunately bismuth evaporates 
partly as Bi and partly as Bi a and probably even slightly as Bi 3 . Ko’s 
main, object therefore was the determination of the molecular compo¬ 
sition of bismuth vapour and he found that the obser. ed deposit 



F ; ig. 33.—Curve- showing comparison of 
experimental results with theory. , 
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agreed with the Maxwellian distribution at the oven temperature on the 
assumption that the beam contained 44 per cent Bi, 54 per cent Bi 2 
and 2 per cent. Bi 3 . 

A somewhat different method of sorting out the atoms was 
proposed by Stern 1 which resembles the toothed wheel arrangement 
used by Fizeau for measuring the velocity of light. Costa, 
Smyth and Compton and later Eldridge tried to construct an 
apparatus on this principle but the constructional details were 
not satisfactory. Eldridge worked with cadmium vapour at 
400°C. and interposed between the oven and the receiving plate 
a system of radially slotted discs mounted on the rotor of an 
induction motor. These discs acted as a sort of velocity filter so 
that in any run molecules of different velocities were deposited 
on the glass plate at different distances from the unshifted line. 
The principle therefore is • really not that of Fizeau’s toothed 
whepl (velocity filter method) but is more analogous to that em¬ 
ployed by Zartman (velocity spectrum method), and the accu¬ 
racy of the experimental arrangement is low as he did not use 
two similar slits. An apparatus on the toothed-wheel model was 
successfully constructed by Lammert 2 . Its principle is explained 
in Fig. 14. 

The oven O contains mercury vapour which issues out of the slit 
S r The slit S a serves to limit the emerging mercury atoms to a parallel 
beam moving in the direction S X S 2 . The moving atoms encounter 
in succession two wheels W x , W 2 so mounted that they rotate together, 
and each wheel contains a slit of the same width as the slits S x , S„ but 

the slit in W 2 is not parallel to that 
in Wj but is set at an angle of about 
2° behind that in W r When the 
wheels W x and W 2 are rapidly rota¬ 
ting together, once in each rotation 
the. entire beam of molecules passes 
^ t through the slit in W x arid strikes W 2 
F ‘ g ’ but onl y such molecules as have the 

requisite speed to traverse the distance 
W x W a in the time that the wheel W* turns through an angle of 2° are 
able to pass through the slit in \V 2 and get deposited on the plate P. 



» Zests, f. Pbyssk, 39, 751, 1926. 3 'Zeits. f. Pbysik , 56, 244, 1929. 
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This enables us to separate molecules of a particular speed in the beam 
and find their number by measuring the intensity of deposit on the plate. 
By changing the speed of rotation molecules of a different speed can be 
registered on the screen and their number determined. In the actual 
experiment the wheel had 50 teeth and thus formed 50 slits. On account 
of the appreciable width of the slit molecules of a fairly broad range of 
velocities, rather than of a single velocity, reached the plate. Lammert 
determined experimentally the fractional number of molecules lying in 
these different velocity ranges and found that Maxwell’s law was obeyed 
accurately. 

In the case of electrically charged atoms a magnetic field has been 
employed for sorting out atoms of different velocities. These charged 
atoms traverse a magnetic field and have their paths curved, the radius 
of curvature being proportional to the speed of the atom. The method 
has been utilised by Cohen and Ellett 1 for various alkali metals and by 
Meissner and Scheffers 2 for lithium and potassium. 

3*23. Particles having Degrees of Freedom other than 
Translational. —In the foregoing we supposed that the mole¬ 
cules have only motions of translation. This is true only when 
the particles composing a gas are monatomic. But in general 
only few gases consist of monatomic molecules ; most mole¬ 
cules are diatomic or polyatomic. In such cases the motion 
of the molecule cannot be wholly translational but may consist of 
other kinds. For example if we take the H 2 molecule* we may 
suppose that it is formed by two atoms at a 
certain distance from each other (Fig. 15), the 
atoms being held together by forces of attraction. 

Dynamics shows that such a system cannot be 
stable unless the particles execute a rotatory 
motion about the common centre of gravity, 
the centrifugal force due to rotation being 
equal to the force of attraction. So we conclude that every 
polyatomic molecule not only moves as ,a whole, but also 
rotates about an axis passing through the centre of gravity of the 
molecule. In the case of H 2 the energy of rotation is given by 

. . . . (39) 

where / is the moment of inertia of the molecule and o>j, oj 2 are 

1 P/jjs. Rev., 52, 502, 1937. 

F. 19 


e> 


<«) 


Fig. 15- 
The H 2 molecule. 


2 P/jvs. Zcits., 34, 173, 1933. 
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the velocities of rotation about the two axes perpendicular to the 
line joining the two atoms. In general, the rotational energy 
of a rigid molecule can be written in the form 

= i(/ a o> 1 2 -h/ 2 a>2 2 -f ^3 a )» • • • (40) 

where w lt a> 2 , a> 3 are the components of the angular velocity in 
the directions of the three principal axes and l lt / 2 , I 3 are the 
moments of inertia about those axes. For diatomic molecules the 
rotation about the line joining the two atoms produces no new 
orientation and carries no energy as the moment of inertia about 
this axis vanishes since the two atoms are supposed to be points 
situated on the axis. 

Besides the energy of rotation, the atoms in the molecule can 
vibrate or .oscillate along the line joining them. This gives rise 
to extra terms in the total energy. For small oscillations, assum¬ 
ing simply harmonic mode of vibration, this extra energy is given 
by B 0 = % /ax'* in the case of a diatomic molecule where 

m is the reduced mass and is equal to mm x and m % 
being the masses of the two atoms, and x is the increase in the 
distance between the two atoms over their equilibrium distance. 

32*4. Degrees of Freedom.—The idea of degrees of 
freedom may now be introduced. Supposing we watch an ant 
constrained to move along a straight line, it has then only one 
degree of freedom and its energy is given by \tux 7 \ If it is allow¬ 
ed to move in a plane the energy is given by 2 . An ant 

cannot have more than two degrees of freedom, but a bee which 
is capable of flying has three degrees of freedom, all of transla¬ 
tion, 1 hus a material particle, supposed to be a point, can have 
at most three degrees of freedom. A rigid body can, however, 
not only move but also rotate about any axis passing through 
itself. The most, general kind of rotatory motion can be resolved 
analytically into rotation^ of the body about any three mutually 
perpendicular axes through any point fixed in itself. Hence the 
position of the body can be completely fixed if we know the 
three coordinates of the centre of gravity and the three angles to 
determine the orientation of the body. Thus the degrees of 
freedom contributed by rotation are three. Tf an axis is fixed as 
in the case of a wheel, then it has got only one degree of freedom 



DEGREES OF FREEDOM 


147 


§ 3 * 24 ] 

of rotation'because it can rotate about one axis only. We may 
now define the term ‘degrees of freedom \ The total number of 
independent quantities which are necessary to specify the con¬ 
figuration of any dynamical system is called the number of degrees 
of freedom'' of the system. This number depends upon the 
capacities for motion of the system and not on the motions; 
it is determined soleiv by the geometrical and not the mechani¬ 
cal properties of the system. Thus an atom considered as a 
point, which is the usual practice, has three degrees of freedom; 
considered as a rig'd sphere it has six degrees of freedom.- As 
explained in the previous section, a diatomic molecule will have 
five degrees of freedom,- three of translation and two of rotation 
if the distance between the two atoms is fixed, A triatomic mole¬ 
cule will have six degrees of freedom, three of translation and 
three of rotation 1 2 , A pair of compasses has got seven degrees 
of freedom while two rigid arms connected by a universal joint 
has nine. 

The number of degrees of freedom of a system is additive in 
the sense that the number of degrees of freedom of a complex 
system consisting of several individual constituents is equal to the 
sum of the number of degrees of freedom of these constituents 
because a knowledge' of the configuration of the entire system 
is just equivalent to a knowledge of the configurations of the cons¬ 
tituents. Thus a gas consisting of N monatomic molecules is a 
dynamical system having 3 N degrees of freedom; if the mole¬ 
cules be diatomic the degrees of freedom are 5 N, provided the 
atoms are assumed not to oscillate along their joining line. 

When we take elastic bodies, we have further to consider the 
vibrations due to the elastic displacement of its component par 
tides. X-ray investigations show that thp atoms in the solid can 
be regarded as independent entities and may thus be regarded as 

1 This may also be defined as the number of independent squared 
terms occurring in the expression for the energy of the system. 

2 In general if a molecule consists of n atoms, quite free to move, 
it will have 3 n degrees of freedom. Thus if n— 2, F=6. The sixth 
degree of freedom which was neglected above is the vibration of the 
atoms along the line of centres. Alternatively we may regard these 
degrees of freedom to be due to three for each of the atoms. Thus 
the total number may be counted in different ways. 
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its component particles. The simplest kind of vibration is given 
by a simple harmonic motion and the energy in this case is repre¬ 
sented by two squared terms, where x is the 

displacement. The first term represents the kinetic energy and 
the second represents £he potential energy. Now we know in 
the case of a S. H. M. that the mean kinetic energy is equal to the 
mean potential energy. Hence the average energy corresponding 
to one vibration is equal to twice the kinetic energy corresponding 
to one degree of freedom. We may say that the vibration of an 
atom in an elastic solid along one coordinate is equivalent to two 
degrees of freedom. 1 Thus if the elastic solid consists of N atoms, 
the total number Af degrees of freedom will be NX 3x2, for each 
atom is free to vibrate along the three coordinate axes. 

3^25. Boltzmann’s Extension of Maxwell’s Law. —Let 
us now apply these considerations to a vessel containing a poly¬ 
atomic gas in thermal equilibrium. The total energy £ of a molecule 
is given by E = Er\~E r -\-E 0 where E t , E,, E 0 respectively denote 
the energy of translation, of rotation and of vibration. The 
molecules of the gas will be colliding with one another and the 
energy corresponding to any degree of freedom for a molecule 
at any instant will vary within wide limits, as a matter of fact, 
between 0 and oo. We have therefore to extend the scope of the 
distribution law to include the other possible motions. This 
was done by Boltzmann. In fact the law is very general and is 
applicable to liquids and solids as well. The law' in this general 
form can be proved from statistical mechanics. For doing so we 
must consider the motion of a general dynamical system. Any 
dynamical system 2 having tt degrees of freedom needs n coordinates 
of position to specify its configuration at any instant. These are 
generally denoted by q . . . . q ny and are called the * genera¬ 
lised coordinates ’ of the system. The generalised components 

of velocity are q v q 2 . q, x . Classical mechanics tell us 

that if we know these '2n coordinates of position and velocity 

1 This follows directly from the second way of defining ‘degrees of 
freedom’. 

2 For a rigid body rotating about an axis fixed in itself the degree 
of freedom is one and the generalised coordinate is simply the angle B 
which a fixed direction in the body makes with a fixed direction in a 
plane perpendicular to the axis of rotation. 
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at any instant, the motion of the system for any future time can be 
determined. It is found mote convenient to replace these velocity 
coordinates by the corresponding generalised mnmntap x , p^. . ,. p n 
defined by the relation p n — 3 Ejdq n where E denotes the total energy 
of the system, and p n is called the generalised momentum conjugate 
to q n . Thus if the system is a moving particle of mass the 
positional coordinates usually chosen are % and the correspond¬ 
ing momenta are P» p y and p z being equal to mx, mj, respec¬ 
tively. Similarly if the system is capable of small vibrations, the 
vibrational motion can also be defined in terms of p’s and ^’s. 

The potential energy V of a dynamical system will be a func¬ 
tion of the q’s only. The kinetic energy L in all ordinary cases 
will be a homogeneous quadratic function of the velocities q v 
and may therefore be written in the form L — Sa re q r q t . 
The p’s defined by the relation p T ~dLjdq r are thus linear functions 
of q’s and therefore the expression for energy can also be expressed 
by linear transformation as a homogeneous quadratic expression 
in the p’s. We can thus express JL as 

E— 2br»pr p» • * • «. (41) 

and the total energy J5 = JL-j- V. .... (42) 

With the aid of generalised dynamical treatment Boltzmann 
showed that the law of distribution of particles having their 
motion defined by any set of p and q and contained within the 
range y, q-\-dq> p, p+dp is given by 

f(p,q)dpdq=.Ce~ E U > 'M* :r dpdq, . . (43) 

where E(p, q) is the energy corresponding to the state of the particle 
denoted by p and q . The proof of this general theorem 1 is given 
in Chap. IX. 

3*26. Law of Equipartition of Kinetic Energy.—We shall 
now deduce the law of equipartition of energy* which states 
that in a dynamical system in thermal equilibrium the energy is 
equally distributed between the various degrees of freedom and 

1 As experimental verification.of this extended form of Maxwell's 
law we may mention, in addition to what Is given in §3*21 — 3*22 the 
application of this formula to explain the band spectra and specific heat 
of diatomic molecules (Chap. XVI) and-also the deduction of the vapour 
pressure formula with its help. For the last see Bradford, Piril. Mag,* 
48, 936, 1924, and connected papers. 
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for each of them it is equal to IkT. The law was first arrived at 
by Maxwell in 1859 and was later shown by Boltzmann to hold 
for the energies of rotation and vibration also. More rigorous 
proofs were given later from statistical mechanics by Lorentz, 
Gibbs and others. The elements of this deduction will be found 
in Chap. IX where equation (43) is deduced. 

The quadratic expression in the p *s givenin equation (41) can 
be transformed into a sum of square of the form 

L — i(a ifx 2 +a 2 f 2 2 4 -).(44) 

where £ lt £ 2 . . . are. the new variables called “ momen- 

toids,” and a lt a 2 . . . are coefficients w r hich may depend upon 

the coordinates of position q x , q 2 .This follows from the 

well-known property of quadratic forms of being resolved into a 
sum of squares. The £’s are some linear functions of the p’s and 
the distribution law (43), can be expressed in terms of the momen- 
toids in the form 

/(£, g) df dq = A'-' 1311 M kT Jq, . . . (45) 

where A is a new constant. 

From (42) and (44) the total energy E(f, q) can be expressed 
in the form 


fi= 

where JE' represents the energy corresponding to the other momen- 
toids and coordinates, and A 2 denotes the part of the energy 
corresponding to the momentoid f v a A is independent of 
but in general it may be a function of the q’ s. Hence from (43) 

dn ^ JWl .4. • • • (46) 

where the constant A is given by the relation 



(-i'hSi* b E')IAT 


2 ‘ * ' * — 1> • 


. (47) 


or 


A = 


r.-wAWrffj. 


(48) 


for the variables £ 2 , . . . q x , q», . . • • are all indepen¬ 
dent, and hence the integral may be regarded as a product of two 


integrals. 
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The mean energy corresponding to the momentoid is 
za^^e ~ 4 a i£xW i/^f. * * ( di ; 2 .. .dq 

jVw^r^f . . 

by substituting the value of yl front (48). The limits of integra¬ 
tion are — go and -|-oo for all the variables. Since the second 
integral in both the numerator and the denominator are identical, 
they cancel out and the expression for the mean energy be¬ 
comes 1 


}.- E ''* r ^, ...dq 


J -—-=. ur. . . (49) 

fyvKi 

Thus the mean kinetic energy for the momentoid is 
Similarly for the other momentoids also. Thus we see that there 
is equipartition of energy between the different momentoids. It 
will be seen that this result is essentially due to the assumption 
that the kinetic energy can be expressed as a sum of squared terms. 
It is always possible to identify three momentoids with the transla¬ 
tional motion of the centre of gravity of a molecule and hence the 
energy of translational motion for each degree of freedom is %kl. 
The momentoid £ may refer to vibration also. By suitable trans¬ 
formations 2 it can be shown that this result is also applicable to 
rotational kinetic energy. 

3*27. Molecular and Atomic Energy.—The above theo¬ 
rem is very useful in calculating the total molecular energy of 
substances. We shall now use it to calculate the specific heat of 
gases. In monatomic gases the molecules are identical with atoms 
and if, as a first approximation, we assume the atom to be a struc¬ 
tureless point., then from the previous considerations each mole- 

1 Since a, cancels out in the integration'with respect to as seen 
in equation (49) it does not affect the remaining integrals though it 
may be a function of the q* s. 

2 For details see Kennard, Kinetic Theory of Gases (1938), pp. 
365-366. 
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cule has got three degrees of freedom, and a system containing a 
gram-molecule of the gas will have altogether 3N degrees of free¬ 
dom, N being the number of molecules in a gram-molecule of the 
gas. In the state of a perfect gas the molecules will have no 
potential energy. Therefore the energy of a gram-molecule of a 
monatomic gas is 

E = 3 NxkJkT - iNkT. 

The molar specific heat at constant volume is therefore 
C v = dEjdT — (3/2)R — 2'98 cal./degree. 

For all perfect gases C p —C v — Ii, hence 

Cf, = 5R/2 = 4-96 caL/degree, 
and the ratio of the two specific heats 

y = 5/3 = 1-66.(50) 

These theoretical conclusions agree with experimental results 
(See Table 4, p. 105) for monatomic gases like argon, heiium, 
etc. 

The atoms, however, are not structureless points but have finite 
size and cannot be regarded as solid elastic spheres. It is now established 
beyond doubt that the atoms are complex systems composed of a posi¬ 
tively charged nucleus and shells of electrons. Such a system possesses 
rotational motion as well as internal vibrations. As a matter of fact, the 
component .electrons by virtue of their vibrations, give rise to spectral 
lines. But these motions can be excited only at very high temperatures 
(Vide Chap. XVI) and can be entirely neglected for our present purpose. 
The rotational motion can also be neglected as the electrons have ncgli- 
giblemass, and the whole mass of the atom is concentrated in the nucleus 
which has an extremely small radius. The moment of inertia is therefore 
extremely small, of the order of 10” 4 ® gm.Xcm. 2 and hence from the 
foregoing classical principles the energy of rotation will be extremely 
small. It can be shown from the quantum theory that the energy 
required to set up an atom in rotation is rather large, hence we are justi¬ 
fied in assuming that at ordinary temperatures such motions do not exist. 

In diatomic gases the molecules can be pictured as made up 
of two atoms joined rigidly to one another like a dumb-bell. 
Treating the atoms as points the molecule will have three degrees 
of freedom of translation and two of rotation about the two axes 
perpendicular to the line joining the atoms. Thus the total energy 
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H of a gram-molecule of a perfect diatomic gas is given by 
E = |RT. Hence 

C v -- *R; C p = £R; y 1 *4. . . . (51) 

This is approximately the case for H.j, N 2> etc. (p, 105). If how¬ 
ever we take into account the structure of the atom, it is obvious 
that there will be three degrees of translation, three of rotation 
and a number of vibrational ones. The third degree of rotation 
about the joining line will be ineffective so far as C v is concerned, 

much in the same way as for monatomic gases. The vibrational 

0 0 

motion consists of oscillations of the atomic masses along the line 
of centres and is treated in Chap. XVI, but the vibrational energy 
is generally small for the gases at ordinary temperatures. It appears 
however to be appreciable in the case of chlorine and other halo¬ 
gens even at room temperatures where C v is found to be greater 
than £R. Eucken discovered that in the case of H 2 at low 
temperatures C v falls to §R. This indicates that the rotations 
disappear in the case of hydrogen at low temperatures. The fall is 
however very gradual and not in multiples of |R; hence it cannot 
be fully explained by simply saying that the rotations disappear. 
For a full explanation of these difficulties see Chap. XVI. 

In a iriutomic gas a molecule possesses three translational and 
three rotational degrees of freedom, and hence 

CTy — 6x|R — 3R; Cp = 4Rj y 1 *33. . . (52) 

It is not possible to calculate in a simple way the energy of internal 
vibrations of polyatomic molecules since the vibrations are not 
freely and fully developed but are considerably restricted and 
restrained. It is however £asy to see that with greater com¬ 
plexity of the molecule, y will diminish but will always be greater 
than 1. i 

An expression for the specific heat of solids may also be 
obtained from the kinetic theory. Consider a gram-atom of solid 
containing N atoms. As shown already this system has 6N 
degrees of freedom and therefore its energy is 6 N x l kT. Hence 
the specific heat of a gram-atom at constant volume is 3R -= 5*96. 
This yields Dulong and Petit’s law. 

But the kinetic theory of specific heat is unable to explain 
the variation of specific heat with temperature (§2*25) particularly 
F. 20 



154 


KINETIC THEORY OF MATTER 


[ill 

the marked decrease at extremely low temperatures both in solids 
and in gases. Further the decrease is gradual and cannot be 
explained by the disappearance of any degree of freedom which 
would involve discontinuous changes by multiples of £R. We 
cannot assume fractional degrees of freedom. Here then there is 
4 complete failure of classical dynamics and equipartition law*. 
The quantum theory of specific heat (Chap. XVI) has been deve¬ 
loped which explains the existing facts satisfactorily. 


MEAN FREE PATH PHENOMENA 


3*28. Need for the Assumption that Molecules have got 
a Finite Diameter. —We have seen in the previous sections that 
the molecules of a gas are moving at ordinary temperatures 
with very large velocities ; in the case of air it amounts to about 
400 metres per second. There is no force to restrain the motion 
of the molecules. Hence during the early days of the kinetic 
theory, the objection was raised that the assumption of such large 
rectilinear velocities was incompatible with many facts of observa¬ 
tion. If the particles are moving with such enormous velocities, 
the gaseous mass contained in a vessel would disappear in no time. 
But we are all aware that the top of a cloud of smoke holds together 
for hours ; hence there must be some factor which prevents the 
free escape of particles. 

A very simple explanation was offered by Clausius. He 
showed that the difficulty disappears if we ascribe to the molecules 
a finite though very small volume. Then as a molecule moves 
forward, it is sure to collide with another molecule aft?r a short 
interval, and its velocity and direction of motion will be completely 
changed. In the further development of the kinetic theory there¬ 
fore we shall assume that the molecules are small in comparison 
with the average inter-molecular distance but not vanishingly 



small. As a first approximation 
we assume that the molecules are 
small elastic solid bodies free 
from mutual force-action. The 


Fig. i 6 .— Illustration of free path. results will also be applicable to 

small-field molecules, where the 
mutual force-action is negligible except when the molecules are 
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very close together, as this is more or less equivalent to the mole¬ 
cules having a slightly bigger size and behaving as an elastic body. 
Hence for elastic or small-field molecules the free path traversed 
between two successive collisions will be a straight line described 
-with a constant velocity, since the molecules exert no force over 
one another except during collision. Thus the path of a single 
particle will consist of a series of short zig- 2 ag paths as illustrated 
.in Fig.- lfi. 

Some of these free paths will be long, others will be short. 
We can define a mean free path A. Add up the lengths of a large 
number of free paths and divide it by the total number; this will 
give us the mean free path A. This quantity is of great importance 
in studying a class of phenomena, called transport phenomena, 
which we shall discuss presently. 

3*29. Mean Free Path and Collision Probability.—A 
molecule traversing through the gas suffers collisions quite 
irregularly in course of time. Considered over a long time,' How¬ 
ever, there is a certain average rate of collisions per second called 
the collision rate P. The relation between the mean free path and 
the collision rate can be readily obtained. If the average velocity 
of a molecule is c , the distance traversed by it in time t is ct. The 
number of collisions suffered by the molecule in time / is 
Pt. Hence the average distance traversed between successive 
collisions, i.e., A is given by 


A = 


ct _ ( 
P/ = P* 


( 53 ) 


Similarly if we confine our attention to those free paths only where 
the molecule has the velocity c we get 

A e = c/P r .(54) 

where A c and P c denote the mean free path and the collision rate 
for molecules of the velocity c only. 

The quantity P e may also be treated as collision probability 
per unit time for a molecule since the number of collisions suffered 
by a group of n molecules in the time t is nP e t from the previous 
definition of P c and the probability or chance that a molecule 
suffers collision in the time tis P c t or P c per unit time. Of course 
we are here assuming that the probability of collision in the time 
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dt is proportional to the time dt which is a consequence of the 
assumed molecular chaos. 

The number of molecular collisions occurring per second 
in a gas consisting of n molecules is not nP .but only ->tiP since 
in the former expression we have reckoned each collision bet¬ 
ween two molecules as two collisions for the two colliding mole¬ 
cules. 

3*30. To calculate the Probability of a free Path x.— 
As mentioned above a molecule describes a free path sometimes 
longer than the mean free path and sometimes shorter.' We 
shall now calculate the probability that a molecule moving with 
the velocity c can traverse a path x without suffering collision. 
This will clearly be a function of x, say /(y). The probability 
that it will suffer a collision in traversing a further distance dx in 
time dt is P c dt =±= P c dxjc=dx/A c from (54). Therefore the probabi¬ 
lity that the molecule traverses the further distance dx without 
suffering collision is 1 - dxj\. Hence the probability that it will 
suffer no collision as it describes the distance x-f dx'k the product 
of these two factors since the second probability is independent 
of the first one. It is therefore equal to 

/(*•). (1 - dxjXf) .(55) 

Now this must equal f(x+dx), for f(x+dx) is the probability 
that the path x-\-dx will be traversed without collision. There¬ 
fore 

f{x+dx) = /(*•).(! - dxjW 
which from Taylor’s theorem yields 

f\x)dx = -/(*) dx /JU 

Integrating we get 

log f(x) - — ■£+ const., 

A t 

or f(x) =.- At xfXc 

where A is a constant. To determine A we note that for x—O, 
f{x) must be equal to unity. Hence A= 1 and 



(56) 
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This is the Jaw of distribution of free path. From this it is clear 
that the probability of describing very long paths is extremely 
small. We thus see that if N 0 molecules of velocity c are inci¬ 
dent on the gas, then only the number N^r*!** will have travel¬ 
led the distance x without suffering collision. 1 If however the 
molecules have velocities distributed according to Maxwell’s law 
we must integrate 2 the above expression for all values of c from 
0 to oo. 

3*31, Expressions for Mean Free Path.—With the aid 
of the above expression we can find the value of the mean free 
path. First we make the simplifying assumption that all mole¬ 
cules except the one under consideration are at rest. Let this 
particular molecule B be projected into the 
gas and let us suppose that the gaseous mass 
is divided into parallel layers of infinitesimal 
thickness the thickness being so smaifthat 
it does not contain more than one molecule 
(Fig. 17). During its path the moving mole¬ 
cule will collide with such other molecules 
in the layer whose centres lie within a 
distance, a from the path traced out by the centre of this mole¬ 
cule, a being the diameter of the molecule®, or, in other words, 
it will collide with those whose centres are contained in a circle 
of radius a and area -no 2 described about the centre of the moving 
particle, va* is called the mutual collision cross-section of the 
incident and the stationary molecule. It follows that the pro¬ 
bability of the projected molecule not suffering collision with the 

other molecules in a layer 

total collision cross-section of stat ionary molecules 
~ ^ area of the layer 

= 1 — vcPndy 

where n is the number of molecules per unit volume. 

1 It is seen that this law is similar to Biot’s law in optics giving 
the intensity of an incident beam after it has traversed the distance x. 
The number of incident molecules is decreased, so to say, by reflection 
and scattering by the other molecules. 

2 For details see Jeans, Kinetic Theory of Gases (1940), p. 144. 

* The sphere of radius a described about the centre of this mole¬ 
cule is called its sphere of influence fot the other molecules. 


J 

i 









i 

,B 


Fig. 17.—A molecule 
projected into the gat. 
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Hence as the molecule traverses a thickness x, the number of 
layers passed is x\d and the probability that it does not suffer a 

collision is 

(X—iTcPdn)*^. 

In the limit d— 0, hence the probability becomes equal to 


u M [<1 - | ,m ' x = 

But from the last section this is equal to e~ x ^> hence we have 


Thus the mean free path is inversely proportional to n or mn t 

density of the gas, and hence also to the pressure, if the tem¬ 
perature is kept constant. 

A very easy way of deducing the same result is as follows:— 
Consider a molecule traversing the gas with velocity v and suppose 
other molecules to be at rest. The moving molecule will collide 
with all-such molecules whose centres lie in the region traversed 
by its collision cross-section or by its sphere of influence.. The 
space thus traversed in a second is a cylinder of base rf<r a and height 
v y and hence of volume iraHr. This will enclose mi^vn centres 
of molecules and hence the number v of collisions per second is 
iro*vfi. The length of the mean free path 

= —L .... ( 58 ) 

v vravvn nncr 

The above deductions are however not correct, because we 
assumed the other molecules to be at rest. 

A first approximation towards reality was made by Clausius 
when he improved the above result by assuming that all the mole¬ 
cules move with the same velocity v. He obtained 

»-»•••• • • ; (59) 

Maxwell further corrected the expression by introducing the 

law of distribution of molecular velocities which must hold in the 
steady state and obtained the result 1 

-. . , . . ( 60 ) 

1 This is called Maxwell’s mean free path to distinguish it from an* 
other definition of mean free path introduced by Tait and called Tait’s 
mean free path At ; this is the mean of all distances described by the 
molecules from a given instant to the next collision. Tait’S mean free 
path is found to be about 4 per cent less than Maxwell’s mean free path. 
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The deduction of these tesults is given in Note 5. 

Maxwell’s method can be readily utilised to deduce the mean free 
path in-a mixture of gases. Let us suppose that we have molecules of 
type a> b, c . . s, with masses m a , my, m cy . . . concentrations 
n at n bt n c ■ • •> t®dii r a , ri, r c . . . and mean free paths A a , A*, A c • ♦ • 
Then it can be shown by a generalization of Maxwell’s method that . 
the mean free path of the molecules a is given by the relation 

1 • 

V 1 +**«/»*• • • (61) 

We can easily see from simple considerations that the expression 
will be of this general form. The mean free path of the particle is 
given by 

« A« — v a I number of collisions by a. . . (62) 

Now a suffers collisions with a,b,c... etc. Let Va«> v a h, vucy 
. . . denote the number of collisions which a suffers with a, b, c .. . 
respectively. Then it can be shown that 1 

vab — Vavira-fn)* «b 

Hence by substitution in (62) we get equation (61). 

If there are only two gases a and b equation (61) yields 

•-= ««(2r a )V2 -f (r a +n) 2 y/l+mjm . . (63) 

which yields equation (60) when there is only one kind of gas, i.e., n\> s= 0. 

3*32. Experimental Determination of the Mean Free 
Path.—In Note 6, various methods for finding n the molecular 
density and a the molecular diameter are given. Since the mean 
free path A = 1 fV %mt<s\ it can be easily calculated, if n and a are 
known. But this is an indirect method. Till 1920, however, there 
was no direct experimental method for determining this quantity. 

In 1920 Born 2 employed the arrangement shown in Fig. 18 to 
achieve this end. Q is a quartz tube in which silver is heated at S. 
The silver evaporates and escapes through the narrow slit R. It 
then passes through a circular hole in each of the lour brass discs 

1 From this simple consideration we do not get the term yl 
A more detailed analysis will yield this term. For details see Kennard, 
Kinetic Theory of Gases (1938), §64, or Jeans, Kinetic Theory of Gases (1940), 
§109-11L 

2 Pbys. Zeits,, 21, 578, 1920. 
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Pp Pg» P 3 * P4> the distance between successive discs being 1 cth. 

Each of these discs carries a glass quadrant G such that the apex 

To MacLeod 
Gauge 


To Pump 


To Knudsen 
Manometer 


of the quadrant lies 
at the centre of the 
hole (shown separate* 
ly at P) and each 
quadrant is displaced 
through a right angle 
relative to the next. 
Thus each would re¬ 
ceive one-fourth of 
the incident beaip. 
The whole apparatus 
can be evacuated to 
any desired pressure 
by means of a vacuum 
pump and the resulting 
pressure can be deter- 
Fig. 18. —Dorn’s apparatus. mined with the help of 

a MacLeod gauge or a Knudsen manometer (Sec. 3*61). 

The discs are cooled by the cooling mixture K and conse¬ 
quently the silver atoms get deposited on the quadrants. The 
relative amounts of silver deposited were obtained by a photo¬ 
metric comparison of the density of the deposit. Now if d, d 0 
represent the densities of the deposit on the upper and the next 
lower quadrant respectively, x the distance between them and A 
the mean free path, it follows from the law of distribution of free 
paths that 1 

d = .(64) 



In practice however the beam spreads on the quadrants and the 
best procedure is to find the density d 10 on a quadrant when all the gas 
in the vessel had been pumped out and the free path was equal to the 
length of the chamber. Next the gas was introduced producing the 
free path A and the density d x on the same quadrant was found out. 


1 As shown in §3 - 30 this result holds accurately for abeam of 
molecules having identical velocity but here the incident molecules 
have all possible velocities. Hence equation (64) *ill hold only approxi¬ 
mately in this case. 



MEAN FREE PATH IN A REAL GAS 


161 


§ 3 * 33 ] 

Then d l = d 1 0 *-*A 

jfj being the distance of the quadrant from R. Similarly for another 
quadrant 

d% = d^ e *tfX, 

Therefore A = (x 8 — Xj) log, . 

• « 1“20 

Now x a — Xj was equal to 1 cm. As a result of the experiment 
it was found that for p = 5*8 XlO -3 mm., A = 1*7 cm. and for p = 
4*5 x lO - " 3 mm.. A — 2 • 4 cm. Hence the product pX is constant as 
predicted by theory. Thus the mean free path can be experimentally 
determined and the law of distribution of free paths verified.. A little 
later Biela 1 repeated the experiment and made considerable improve¬ 
ments in the apparatus. Results similar to the above were obtained. 

In these experiments the mean free path X Ag of silver atoms in a 
gas was determined. The silver atoms stream from a furnace having 
the temperature T Ag into a space filled with a gas at T. The concen¬ 
tration of silver atoms in the gaseous space is so small that it can be 
neglected. It can then be shown that 

±_ r <rji+r) , , . . . (65) 

where m and r are the mass and radius of the molecules comprising the 
gas. Tits temperature; m Agy r Aa md T Ag the corresponding quantities for 
silver. The formula is slightly different from (63) because the silver 
atoms come from a furnace whose temperature is different. For deduc¬ 
tion of this modified formula see Born, loc. cit. Equation (65) enables 
us to calculate r Agt i.e.> the radius of the silver atom from experimental 
data on X Ag . It was found that r Ag — 1 *03 X 10~® cm. For details of 
calculation the original paper may be consulted. 

3*33. Mean Free Path in a Real Gas.—Uptil now we have 
assumed that the molecules are rigid elastic spheres free from mutual 
force-field. In reality, however, they exert forces on one another 
even at considerable 'distances and there may be no free paths at all. 
Encounters at large distances will, however, be so feeble as to produce 
very small and insignificant deflection. The.proccdure adopted is there¬ 
fore to calculate the total deflection produced by assuming a suitable 
force law for the molecular interaction and assume this deflection to be 
produced by the same gas but with molecules behaving as rigid elastic 
spheres of suitable diameter. This diameter is called the equivalent rigid 

1 Zeits. f. Pbysik, 32, 81, 1925. 

F. 21 
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sphere, diameter and its value depends upon the particular transport pro¬ 
perty of the gas utilised to give a measure of the collision cross-section or 
the average deflection from the experimental data. Thus the rigid sphere 
diameter or the effective mean free path is different when calculated from 
diffusion and from viscosity and thermal conduction if the molecule 
does not behave as a rigid sphere as is actually the case. 

For very light molecules at low temperatures wave mechanics 
(Note 15) should be utilised in place of classical mechanics to calculate 
the deflection produced in a molecular encounter and yields slightly 
different results. These have been confirmed by the experiments of 
Knauer 1 on the scattering of hydrogen and helium molecules by mercury 
vapour. In the case of electrons, when the velocity is not too high to 
produce ionization or excitation of the molecule, the mean free path 
K can be calculated from eqn. (63). In several experiments a beam 
of electrons is allowed to pass through a gas. The concentration of 
electrons rs always very small and its radius and mass can be neglected. 
Eqn. (63) then yields 

1/tt^ — » a r a 2 , 

or 4V2 ^ =5'6 A„ .... (66) 

The experiments of Lenard, Mayer, 2 Ramsauer 8 , Brode 4 and others 
confirmed this result when the velocity of the electrons is not too low. 
For electrons of abnormally low velocity Ramsauer found that the 
collision cross-section becomes abnormally large. This is known 
as Rdmsauer effect and has been successfully explained from wave 
mechanics. 

Problems. —1. A sbo wer of 1000 molecules, each originally moving 
with the same velocity, traverses a gas. Calculate the numbers which 
will be travelling undeflected even after traversing distances equal to 
0:2, 0*5, 1, and 2 times the mean free path. 

2 . Prove that in a gas at ordinary pressures the number of mole¬ 
cules striking unit area of the wall per second is \nl. 

The number of molecules per c.c. having the velocity lying bet¬ 
ween c and c-\-dt is say n c dc. The number of collisions suffered by these 
in 1 sec. is dc where P c is the collision probability. Thus the 

number of molecules per c.c. coming straight from collision in 1 sec. is 
P ( n t dc~ (?IK) #c dc. Consider the molecules striking the area dA of the 


1 Zeits.f. Physik, 80, 80, 1933; 90, 559, 1934. 

2 Ann. d. Pbysik, 64, 451, 1921. 8 Ibid, 64, 513, 192J. 

4 Pbys. Rev., 25, 636, 1925. 
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surface in a direction making an angle 6 with the norma! to the surface 
and contained within the solid angle dto. Those coming from a distance 
lying between / and l-\-dl in the above specified direction were contained 
in an element of volume / 2 dw dl. Thus the total number of molecules 
in that volume element is (cj Ac) n c dc / 2 dto dl and of these the fraction 
{dA cos0)/4tt/ 2 move in the desired direction. Of this group of mole¬ 
cules only the fraction W/* e can reach the surface dA. Hence the num¬ 
ber of molecules striking the area dA in 1 sec. is, since sin d d9, 

CO 7t/2 OO 

dA | » c dc x c j |^*27r sin 9 cos 8 d& f e ^ dl = \n£ dA. 

0 0 0 

3. Use the idea of free path to calculate the pressure exerted by 
a perfect gas. v 

From the last expression the normal momentum imparted by 
molecules striking the area dA in 1 sec. is 


TT*2 


dA 


j f&j £ 


sin 6 cos 6 d0x me cos 6 


0 


0 


OG 



0 


oo 

=m dA J n ( c 2 dc. | = J nmc 2 dA. 

0 

Taking into account thecqual contribution of reflected molecules also, 
the pressure p = £ mnc 2 . 


TRANSPORT PHENOMENA 

3*34. Non-Equilibrium Gases and their Properties.—We 
have so far considered gases in equilibrium and have shown in 
§3*18 that for a gas in equilibrium Maxwell’s law of distribution 
of velocities is satisfied, vi%.> 

f * + d 1 •f-*’*) 

*“'( 2 ^?/ ' 3 " dxdvia ’- 

f 

The expression will be modified if the gas is endowed with 
mass motion, i.e., the entire gas or a portion of it is moving as a 
whole. Let the components of the mass velocity at any place 
be %, v 0 , w Q . Then the actual velocity of a molecule represented 
by*, v , in space is made up of two parts :—(1) The mass velo¬ 
city represented by u 0 , w 0 ; (2) the random thermal velocity 
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represented by u —# 0 > — v 0 , w — w 0 . It is easy to see that corres¬ 

ponding to the thermal motion //, v, w in the former case without 
mass motion, the analogous quantities now are u—u a — U, v—v 0 — 
y t v>—w 0 = W. Hence the distribution law becomes 1 

,^ T f dV dViW. . . (67) 

This holds rigorously when u e , v 0 , T, n are constant throughout 
the gas. We would expect that this law might hold even if 
these quantities vary from point to point. Unfortunately rigorous 
analysis shows that this is not quite so and that (67) is only a 
first approximation. For the present however we shall assume 
the truth of (67). 

If the gas is not in an equilibrium state (it may perhaps be in 
a steady state) any three of the following cases, singly or jointly, 
may occur. (1) u Q , v 0> w 0 may not have the same value in all parts 
of the gas so that there will be a relative motion of the layers of the 
gas with respect to one another. It is shown below that in such 
a case the layers moving faster lose momentum to the slower 
moving layers. This gives rise to the phenomenon of viscosity. 
(2) T may not be the same throughout, then we have the pheno¬ 
menon of conduction, *>/£., thermal energy will pass from regions 
of higher T to regions of lower T. (3) If n is not the same every¬ 
where we have the case of diffusion, i.e., molecules from regions of 
higher concentration pass to regions of lower concentration. It is 
thus obvious that viscosity, conduction and diffusion represent respectively 
the transport of momentum , energy and mass . These are therefore 
called transport phenomena and are irreversible in the thermodynamic 
sense. We shall not treat these phenomena with mathematical 
rigour, but shall adopt a treatment which, though only approxi¬ 
mate, gives a vivid physical picture of their mechanism. More, 
rigorous treatment has been given by Maxwell, Boltzmann, Meyer, 
Jeans, Chapman, Ensfcog, and othets*. 

1 Since ;/ g , v 0 , u > 6 are very small in comparison to n, v, » (u 0 
being a few ems./sec. while u is about ! 0 4 cm./sec.), the streaming velo¬ 
city is of little influence in modifying Maxwell’s distribution law. 

* For full details of the rigorous calculation The Mathematical Theory 
of Non-Uniform Cases by Chapman and Cowling (C. U. Press, 1952) 
may he consulted. For simpler exposition see Jeans, Kinetic Theory of 
Gases (1940), Chap. IX. 
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These phenomena are brought about by the thermal agitation 
of the molecules. The molecules carry with them certain associa¬ 
ted magnitudes corresponding to the layer from which they come 
and thereby tend to neutralise the differences in # 0 , v# T and ft. 
But the molecules move with very large velocities, while these 
processes are comparatively very slow. The cause of this ano¬ 
maly lies in the frequent molecular collisions. Hence the study 
of these phenomena is most conveniently done through the 
mechanism of free path. A molecule describing a free path A 
is in effect transporting its momentum, energy and mass through 
a distance A. In case of gases in equilibrium this is balanced by an 
equal transfer in the opposite direction ; in other cases there is a 
continuous transfer of these magnitudes giving rise to the 
transport phenomena. 

3*35. Viscosity.—Maxwell in 1860 was the first to explain 
this on the kinetic theory. Since then rigorous proofs have been 
developed but we shall give here an elementary treatment based on 
consideration of mean free path. Consider a gas, uniform in tem¬ 
perature and density, moving parallel to the horizontal xy plane. 
Thus there is a mass motion of the gas parallel to the xy plane but 
no mass motion along the 3 ;-axis. Assume that the mass velocity 
u 0 in the direction of the x-axis increases upwards as £ increases. 

The molecules above the plane possess, on the average, 

greater x-momentum than those below it, and hence when mole¬ 
cules from either side cross the diyiding plane there is greater 
transport of momentum downwards, since the number of mole¬ 
cules moving each way is the same, there being no mass motion 
parallel to the j^-axis. Thus any particular layer gains in x-mo- 
mentum and thereby experiences an accelerating viscous force 
parallel to its direction of motion. We shall first give a rough 
calculation of this viscous force. 

In order to simplify the calculation we may suppose that every 
molecule traverses a distance A equal to the mean free path and 
then suffers a collision. The molecules however will be coming 
from all directions with all possible inclination to the 3 ;-axis. 
We may therefore roughly take the average projection of A on the 
j^-axis as 1 |A. Thus the molecules crossing the plane may 
1 More accurately this will be §A. 
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be assumed to have suffered their last collision at a distance JA 
above or below the plane and will therefore be bringing the 
momentum appropriate to that plane. It is easily seen that for 
any layer * — where « denotes the component velocity averaged 
over all molecules in the layer. If the velocity gradient is dujdx 
the difference in the mean molecular velocity across two planes 
separated by a distance i A is ]A dujd^, since A is small compared 
with the scale of variation in u 0 . The mass of a molecule being 
the excess of momentum transferred by it downwards is given by 
$m\du 0 ld%. Again due to random motion, the number of mole¬ 
cules crossing unit area of a layer per second downwards will be of 
the order of nn or more precisely (see §3*33, problem 2) where n 
is the molecular density and c the mean molecular velocity of the 
gas. Hence the positive momentum transferred across the plane 
downwards is \mric\ dujd% and an equal amount of negative mo¬ 
mentum is transferred upwards. Thus the net transfer of positive 
momentum downwards is \mn£Xdn^fd^. This will exert an acce¬ 
lerating force on the lower layer, or the lower layer will retard 
this faster layer by a force equal to this. From the definition of 
viscosity this force must f equal r) du 0 jd%. Hence 1 

Tj = \mn i A = \l pK .... (68) 

where p is the density of the gas. 

This result has been obtained from various crude assump¬ 
tions. We shall now examine the phenomena in greater detail. 

3*36. Detailed Analysis.—In the foregoing it was assumed 
that all the gas molecules traversed the mean free path A and 
brought the same average momentum. Now we shall consider 
the molecules moving at random in all directions and find from 
considerations of probability the number moving in any direction 
with a certain free path. Further a law of distribution of velocities 
will be assumed which may not be Maxwellian as the gas is not in 
equilibrium state. 

Let the velocity gradient exist along the ^-axis as before. 
Suppose a molecule after suffering collision at P (Fig. 19) travels 
with velocity components u, v, w and crosses the plane x — at Q. 

1 Had we substituted the correct value §A instead of |A we would 
have got as the correct value ?/ = $cp\. 
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The gaseous layer as a whole moves on account of its mass velo¬ 
city say from R to Q, in the time that the molecule moves 
from P to Q. The molecular velocity 
c of the molecule thus has the compo¬ 
nents u - u 0y v , w relative to the layer. 

Let fx = mu denote the momentum of 
a molecule and fx the average value of 
the momentum for any layer. Thus fx 
increases with % and is a function of % 
only. Denote fi for the % plane by jx (^). 

Let us denote PR, the path traversed 
by the molecule relative to the gaseous layer, by A r and denote 
the angle it makes with the ^-axis by 6. Hence the value of p 
for the plane of P is 



Fig. 9 


Kt* “ X r COS ff) p,( Zo ) - A, COS 0 ~y 

since £ = % 0 -K cos Q for this plane. We can assume 1 that the 
molecules after suffering collision in a small element of volume 
at P will, on the average, have a velocity equal to the mass velocity 
of the layer at P and that all the past history of the molecule is 
immaterial. These molecules, therefore, on the average, carry the 
momentum pertaining to the layer at P, v/^ t , 

AH 

— K cos 0 -j~ .(69) 

The number of molecules coming from unit volume near P in the 
direction lying between 0 and 6-\-d6 is 


it 

4ir 


H 


2tt sin 6 A8 = ^ sin $ dd t 


where ft represents the molecular density, 2ir sin 0 dB the solid 
angle corresponding to the direction lying between 0 and 6~\-dd. 

Of these only a fraction flc) dc have velocities lying between 
t and r-f & whete 



1 According to Jeans this assumption is not valid on account of 
the persistence of velocities discovered by him. 
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Now the molecules of the abov e description which cross unit area 
of the plane Z ~ Zq near R per second are only those which are 
contained in a cylinder of base unity in the plane and of height 
rcosR Hence the total number of molecules having velocity bet¬ 
ween c and c-\-ck and crossing the plane per unit area per second is 

in sin d dd. f(c) dc. c cos 8. 

The momentum carried by these molecules is 

*■ 7 ^ f(c) dc. sin $ cos 8 dO ^ f 7 '(^ 0 )—A c cos 8 ^ * . • (70) 

Instead of A, we have put Ac —- A, because these molecules may have 
suffered their last collision in any layer^nd hence we must use the 
mean value of A r for molecules of the velocity c moving towards 
the fixed plane ^ 0 . This is equal to A*, the mean free path for 
molecules moving with velocity c and not iA<. as one might think, 
because when the molecule has left Q its probability of collision is 
just the same 1 whether the molecules suffered the last collision at 
Q or at P. Hence the mean distance traversed beyond the plane 
before subsequent collision is A* and similarly the mean distance 
to the. plane is also A*. Therefore the total momentum carried by 
the molecules per second is 

-Tffc sin 0 cos cos 8 j dd 

[-5^] = %■ 

where’ EcX c denotes the summation of the product of the molecu¬ 
lar velocity and the mean free path for all molecules. If we put 
Sc\ — tit\ where A denotes the mean free path defined in another 
way and 2 the mean molecular velocity, the above expression 
becomes 




• (71) 


Hence there is a downward transport of momentum equal to 


since p, — 


i mne\ ~ . 


1 For detailed discussion of this point see Kennard, Kinetic Theory 
of Gases (1938), p. 141. 
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As mentioned above this is equal to the viscous drag 77 du^fd^ 
exerted by the faster moving upper layer. -Equating these two 
expressions we have 


du n 


.4 mnc\ 

dz 


’3F 

or Tj 4 mnc\ — ipcX, . . . (68 a) 

where p is the density of the gas. 

Expression ( 680 ) requires correction for the various approxima¬ 
tions we have introduced into the calculations. Firstly we have not 
. defined what this new mean free path means. Detailed calculations, by 
using the value of A f and assuming the distribution f(c) to be Maxwellian, 
show that this mean free path is 1 051 times Maxwell’s mean free path 
for elastic spheres. Further we have disregarded the velocity distri¬ 
bution in writing (69) and the free path distribution in writing expression 

(70) . A more serious error however lies in the assumption that the 
velocity distribution /(r) is Maxwellian. Calculations show that mole¬ 
cules which come from regions of higher mass velocity retain after colli¬ 
sion some of this excess velocity and therefore there is a greater transport 
of momentum than that given by (71). Jeans calculates the effect of 
this persistence of velocities and finds in consequence that expression 

(71) should be multiplied by 1*38 approximately. No final equation 
has been given by this method embodying all necessary Corrections. 

The exact numerical coefficient has been found by Chapman 1 and by 
Enskog 3 from rigorous mathematical methods. It is easily realised that 
the viscous force is really due to the departure of the gas from Maxwell’s 
distribution law caused by the laminar motion of the gas. The momen¬ 
tum transferred across any ^-plane will be given by 2 mu. n>, where w 
is the component velocity perpendicular to the plane. The problem 
is thus to discover the distribution law in a shearing gas. The solution 
was obtained by Chapman and by Enskog on two different lines. They 
obtained the value O '499 in place of £ in equation ( 68 d) for rigid elastic 
spheres. For details vide Jeans, Dynamical Theory of Gasts y Chapters VIII 
and IX. 

3*37. Discussion of the Result.— We have established 
that 7] =s JpfA, but A = \fV2rma 2 from (60). Hence 

’“575 • • • ■ CHO. 


1 Phil. Trans., 211, 433, 1912; 216, 279, 1915; 217, 115, 1916; 
Proc. Roy. Soc., 93, 19, 1916. 

2 “Kinetische Theorie der VorgSnge in massig verdiinnten 
Gasen”, Dissertation, Upsala, 1917. 

F. 22 
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Now i is proportional to the square root of the absolute tem¬ 
perature, hence the coefficient of viscosity is independent of the 
pressure or the density of the gas and depends only upon the tem¬ 
perature. This result was first predicted by Maxwell from theore¬ 
tical considerations. Though it appeared somewhat improbable, it 
was subsequently confirmed 1 experimentally by Meyer , 2 Maxwell 3 
and others who showed that this holds true for pressures from a 
few mm. of mercury upto several atmospheres. This confirma¬ 
tion constitutes one of the most striking triumphs of the kinetic 
theory. Maxwell took a system of three coaxial discs fixed to a 
common axis and suspended it by a torsion thread inside a vessel 
containing air. These discs were placed between four fixed discs 
placed very close to them and were made to execute torsional 
oscillations. Maxwell found that the oscillations die at • the 
same rate whether the air was dense or rare showing that the 
viscosity is independent of density. 

At very low pressures however this law fails. This is because as 
we lower the pressure, the mean free path A gradually increases till it 
becomes comparable with the dimensions of the vessel, and after that it 
can increase no further on account of the arrangement of the apparatus 
and becomes constant. Any further decrease of pressure reduces p 
and hence i? from ( 68 ), because A remains constant. We may also look 
at the phenomena in a different way. Under these conditions molecular 
collisions become rare and the basis of our previous calculation fails. 
Now the effects of the individual molecules must be simply additive and 
therefore viscosity will be proportional to the density. Thus at very 
low pressures the coefficient of viscosity should rapidly decrease with 
decrease of pressure. This conclusion was verified by Crookes 4 who 
observed the oscillations of a vertically suspended leaf of mica in gases 
upto a pressure of a few thousandth mm. 

At very high pressures also. Maxwell’s law is found to fail as reveal¬ 
ed by the experiments of Warburg and von Babo 8 who. determined the 
viscosity of CO a from 60 atmospheres to 107 atmospheres and found 
that the viscosity of CO 2 increases much faster as the density is increased. 

1 For a discussion of this experimental evidence see Meyer, Kinetic 
Theory of Gases, pp. 181-188. 

2 Pogg. Arm., 125, 40, 564, 1865; 143, 14, 1871. 

8 Phil. Trans., 156, 249, 1866. 

4 Phil. Trans., 172, 387, 1881. 8 Wied. Am., 17, 390, 1882. 
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*This departure from Maxwell’s law at high pressures is due to the fact: 
that at these high pressures the mean free path is becoming comparable 
with molecular diameters and the transport is not through A but through 
A + a cos 0, Enskog has shown that the effect of this is to cause iy/p to 
vary according to the relation - 

<rkd(T +0*8 +0*7614—1 (-2.) . 

p 2'545|^ - ^ v\\ p 

where b is the van der Waals’ constant and v the volume of the gas. 
Thus 77 /p passes through a minimum for v = 0 8726^. This relation 
has been fairly well verified by Michels and Gibson 1 for nitrogen in the 
range 15 to 965 atmospheres. 

Again since l varies as 1 f\/m, rj for different gases should vary as 
\f m. Actually however a also varies from gas to gas to some extent, 
and if we take this variation of tr into account, this result is found to hold 
pretty well. 

3*38. Variation of Viscosity with Temperature.—Since d 
varies as the coefficient of viscosity should vary as */T but actually 
it is found to vary much more rapidly. The reason for this discrepancy is 
the assumption made in the foregoing theoretical treatment that the 
molecules are rigid elastic spheres devoid of mutually interacting forces. 
In reality however the molecules are surrounded by fields of force whose 
magnitude is difficult to determine. Assuming these forces to be repul¬ 
sive, it is evident that with the increase in temperature and the conse¬ 
quent increase in molecular velocities, the molecules will penetrate 
into each other’s field of force at collision to a greater degree. This 
means that the effective size of the molecules decreases at higher 
temperatures producing an increase in viscosity from eqn. (72). 
Assuming the repulsive force between two molecules separated by 
the distance r to be pr~* it can be shown that tj oc T* where* 

s— co for elastic spheres when n — £ in agreement with (72); molecules 
with large s are called ‘hard* and those with small s ‘soft*. Thus with 
this assumption of the inverse power law the viscosity can be written 
in the form 

ij * AT* , i (73 a) 

where A is a constant for the substance. This formula is fairly well 

1 Proc. R^y. Soc., 134, 307,1931. 

2 This relation between ft and s was inferred by Rayleigh from 
dimensional considerations. 
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obeyed by helium, hydrogen and a number of other gases, but fails 
in several cases, 

Sutherland proceeded on the assumption that the molecules are 
rigid spheres with a weak attractive force between them which falls off 
rapidly with distance. The effect of the attractive forces is to increase 
the number of collisions. This is equivalent to a decrease in A or increase 
in or, the effective diameter of the molecule. Detailed calculation shows 
that the result! can be correctly expressed if for a z we substitute 


2 

o 

oo 



where is the value of a at T = oo, a is the molecular diameter at T°, 

and b some constant. Hence the variation of tj with temperature will 
be given by 


v = dVl> 

v 1 +b}T 


. (73b) 


where A is a constant. This law was found by Schmidt 1 to hold for 
air, hydrogen, helium, argon, etc., between —195 and 135°C, but Onnes 2 
and others found it inadequate for hydrogen and helium at very low 
temperatures. 

Attempts were made by Lennard-Jones 3 , Hasse and Cook 4 , Buckin¬ 
gham 5 , Buckingham and Corner 5 to improve upon the law of force. 
Lennard-Jones assumed the law 


/( r ) = • • • • (74*) 

with n>m. Usually from considerations of dispersion energy (§10* 14) 
the attractive force exponent m is put equal to 7 . The Lennard-Jones 
( 12 , 6 ) potential 

^(r).-=4 e [(a/r) 1 *-( < 7/r)«], . . . ( 74 *) 

where e is the maximum energy of attraction and a is the collision dia- 
meter for low-velocity head-on collisions, has been found very successful 
in explaining the transport properties of gases and the necessary numc- 
rical computations ha ve been done by Hitschfclder, Bird and Spotz 7 , 

1 Ann. d. Physik , 30, 393, 1909. 

8 Prof. Amst. Akad., 15, 1386, 1913. 

3 Prof. Roy. Soc., 106, 463, 19,24; Proc. Phys. Soc. London, 43, 461, 
1931 ; Physica , 4, 941, 1937. 

4 Proc. Roy. Soc., 125, 196, 1.929. 

5 Proc. Roy. Soc., 168, 264, 1938. 

9 Ibid, 189, 118, 1947. 

7 7. Cbem. Phys., 16, 968, 1948. 
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and by Kihara and Kotani 1 . A quantum-mechanical treatment of the 
problem has been given by Uehling and Uhlenbeck 2 , Massey and Mohr 8 
and others. For detailed discussion see Kennard, he. cit. pp. 150—160, 
or Chapman and Cowling, he. cit. Chap. XII, or Hirschfelder, Curtiss 
and Bird, loc. cit. 

3-39. Conduction.—Let us now . investigate the similar 
problem of the conductivity of a gas. In this case the temperature 
and hence the energy varies from layer to layer and it is the snergy 
E which is transferred from one layer to another. Proceeding 
exactly as in §3*36 and replacing fi by £', the total transfer of energy 
per unit area is given by 


.... (75) 

If K be the conductivity of the gas, dT}d% the temperature 
gradient, the flow of energy across unit area will be — JK dTjek, 
where / is the mechanical equivalent of heat. Therefore 


ljr dT ... dEdT 


JJO 1 • 

or K = $ M\~j = A. tnc v = yc v> . . (76) 

when e v the specific heat is expressed in heat units, for 
dE — Jmc v dT. 


The above relation is however found to be at variance with experi¬ 
mental results. The derivation given above is not rigorous for reasons 
explained in §3‘36. Many attempts have been made to make improve¬ 
ments in this approximate method, for example those by C). Meyer 
and Jeans 4 , but these, have not met with much success. Chapman 6 
and Enskog, following Maxwell’s method, discussed rigorously the 
transport of energy by spherically symmetrical (monatomic) molecules 
and showed that energy Is transported at 5/2 times 4 the rate given by 

* Proc. Pbys. Math. Soc. Japan, 25, 602, 1043. 

8 Pbjs. Rev., 43, 552, 1933. 

8 Proc. Roy . Soc., 14'i, 434. 1933; S44, 188, 1934, 

4 Jeans* Dynamical Theory of Gases, 4th edition, pp. 293-299. 

5 Phil. Trans. A, 211, 433, 1912 and other papers. 

• This holds when we assume the molecules to repel each other 
with a fotce varying as r~‘ where r is the distance between the centres 
of the molecules and .r .is put equal to 5. For values of s between 5 and 
oo, Kfocij lies between T 5C and 2*522, 
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the expression (75). This result is found to be in accordance with 
experiments. 

For the general case of any molecule we may put 

« Kjyc v -- c. ..... (77) 

It is difficult to determine « for polyatomic molecules since their 
energy is partly due to translational motion and partly, to internal 
motions. The investigations of Enskog or Chapman give only the 
transport of translational energy. It might well be that the transla¬ 
tional energy is transported faster than the internal energy because 
• we know that the fastest moving molecules carry the largest amount 
of translational energy. The ratio of internal energy to translational 
energy in the transported molecule has not yet been calculated by 
rigorous methods. Eucken 1 has suggested that in the case of poly¬ 
atomic gases the transport of other forms of energy maybe given by (76) 
while that of the translational energy is given by Chapman's results. 
With this assumption he found an expression for e. Let the totai 
number of degrees of freedom of the molecule be 3+j3 where 
denotes the number due to causes other than translation. Then the 
expression for the transport of energy becomes 


as, 

4,2 dr + <rr\di . 

where Bt is the translational energy and E' the energy of other types. As 

dT 

before this is equal to JK-j—. Equating these two expressions we have 


£ U 
* " 7*1 


5 dE t dE r 
2 dT + dT 


From the law of. equipaitition we have 

dE t 3 dB p 
dT ~~ 2 ’ dT ~ 2 


Hence we get 


K . [5 3 fi] k m 

j>. 

We can express this result in terms of c v and y. From the law of 


equtpartition 


whence 


3-Wi . 
' 2 JM * 


c p — 


y ~ 1 t 




Hi JL 

"2 ’ JM* 

k 


1 Phs. Zeils., 14, m, 1913. 


. ( 80 ) 
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Equation (79) after substitution for /} and fc[]r v from (80) yields 

~ = * = i<?r-5). . • . . (8i) 

Hence for monatomic gases, € = 2*5, for diatomic gases, € ----- 1 * 9, etc. 

The agreement of experimentally determined values with theoretical 
results is shown in table 1 2 and is surprisingly good in view of the crude 
ness .of our assumptions. 2 * 


Table 2.—Values of K and Kjr)C. v . 


Gas 

K (obs.) 

X 10®in 

rol run 

r) x 10® in 
gm. cm.*" 1 

c v in cal. 
per gm. 

K/*v 

K9J--5). 

I 

Udii vUl • 

scc.-^C- 1 

sec.^ 1 

per °C. 

(obs.) 


Helium 

352 

188*7 

0-745 

2*51 

2*50 

Argon 

39-7 

210-4 

0 0747 

2*53 

2-50 

Neon 


298*1 

0-1477 

2*47 

2-50 

Hydrogen 

416 

85*0 

2-42 


. 1*92 

Nitrogen 

58 

167*4 

0*176 

1*97 

1*91 

Oxvgen 

58*5 

192*6 

0*1575 

1-91 

1-89 

CO 

55*9 

* 166*5 

0-176 

1*91 

1*91 

NO 

55*5 

179*4 

0-167 

1 *86 

1*90 

CQ t 

35*2 

138*0 

0-153 ' 

1 -67 

1-68 

N s O 

36*8 

136*2 

0*155 

1*74 

1-68 

Ethylene 

40*7 

96* 1 

0*293 

1 * 44r 

1 -56 

i. 


Since K = e> jc v and the variation of c v is small, the variation of 
conductivity with pressure and temperature follows in gcnetal the same 
course as the variation of viscosity. Thus conductivity like viscosity is 
independent of pressure. This was verified experimentally by Stefan? 
and others. This law however fails at very high and at very low 
pressures as in the case of viscosity. At extremely low pressures, the 
conductivity decreases. The mechanism of transport then becomes 
quite different for which Knudsen 4 has given a theory. As in the 
case of viscosity, the conductivity of all gases increases more rapidly 
than the square root of the absolute temperature. 

1 Compiled from Chapman and Cowling, Mathematical Theory 
of Non-Uniform Gases (1939), p. 241 where full references arc given. 

* This derivation is open to criticism as it assumes that the trans ¬ 
port of translational energy is not affected by the presence of interna 1 , 
energy. For a full criticism of this derivation see Chapman and Cowling, 
lot. cit. pp. 238-240. 

a Sityb. Akad. Wiss. Wien, 65, 2, 45, 1872. 

4 Am. d. Vhysik, 32, 809, 1910 and other papers. 
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The most reliable experimental data on the thermal conductivity 
of inert gases obtained by Kannuluik and Carman 1 give a temperature 
variation which can be satisfactorily accounted for by the Lennard-Jones 
(12, 6) potential. 

3 * 40 . Diffusion.—We may begin by defining the coefficient 
of diffusion. Take any gas and imagine a horizontal plane drawn 
in it, and suppose the molecular concentration varies in the vertical 
direction but is constant along the horizontal plane. Call this 
vertical direction the £-axis. If we denote the molecular concen¬ 
tration by n, experiments show that for any substance, liquid or 
gas, the number of molecules v crossing unit area of the horizontal 
plane in unit time in the positive direction of the sj;-axis is 

- - D ^’ ..... ( 82 ) 

where D is a constant, called the coefficient of diffusion.* D 
obviously depends upon the molecular velocity and hence upon the 
temperature. 

We shall now explain the phenomenon of diffusion also by the 
mechanism of free path and give a simple theory of diffusion. 
Assume for the sake of definiteness that two gases, hydrogen and 
carbon dioxide, are placed one above the other, hydrogen being above. 
On account of their molecular motion the two gases will mix with each 
other even against gravity. This diffusion process continues as long as 
there are inequalities of composition and tends to diminish it continu¬ 
ously. After infinite time the composition will be the same everywhere. 
Let us denote the concentrations of the two gases in a horizontal plane 
at any instant by n Y and n v These concentrations will vary in a direc¬ 
tion perpendicular to the horizontal plane which we call the ^-axis. 
Thus n x and a 2 are functions of % only in this case of one-dimensional 
diffusion. 

Since the pressure and temperature are constant throughout the gas 


1 Proc, Pbys. Soc . ^London, 65B, 701, 1952. 

2 Similarly the number crossing unit area at a distance is 

- D (! 

in the element of volume rf^Xl. Hence the rate of increase in the 
number of molecules per unit volume dvjdt = D d^njd^. This is the 
well-known equation of one-dimensional diffusion and is analogous 
to the equation for thermal conductivity. 


-j- d% j. Hence the excess, vi%-, D remains lodged 
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in the usual experiments on diffusion, it follows from Avogadro’s law 
for perfect gases that for all layers 

»i +#2 = » = constant. 


Therefore 

Hence 


dtti dtt« 

H = A l— a Z> n £ — ^2+ a 3> 


where A lt A 2 and a refer to the plane across which the molecular 
transfers are considered. 

I 

Let and Aj denote respectively the mean molecular velocity 
. and the mean free path for molecules of the first type in the gas while 
A 2 denote the corresponding quantities for the second type. The 
number of molecules crossing the plane ^ may be calculated in the same 
way as for viscosity. The molecules will have suffered their last collision 
in the plane £ — % 0 —Aj cos 8 and must be having the concentration 
appropriate to the plane, vi%., 

A t ~a cos £)• 

Hence the number v x of molecules of the first type crossing unit 
area in unit time, as in the case of viscosity, is given by 


co 7T 

Vi = J J 1 — a| Zq— A< cosd )] £ sin 6 cos 8 dd. cf(i) dc 

0 0 

— |aA 1 r 1 in the upward direction..... (83) 
Similarly for the second gas 

v a = — JoA 2 ^ 2 i n the upward direction. 


Since in general v 1 4-Va o there would be a tendency for a net 
transfer of molecules vi+v a in number in die upward direction. This 
would tend to set up differences of pressure in the gas which however 
cannot exist as the pressure must remain constant throughout. There¬ 
fore the gas continuously adjusts itself against this tendency by a 
slow mass motion with a mass-velocity w parallel to the £-axis. 
Evidently this velocity w will be such that there is no net transfer of 
volume 1 in either direction and will be a function of Thus the 
number of molecules of type (l) actually 2 transferred in the upward 


1 For perfect gases this would imply from Avogadro’s law 
the equality of transfer of molecules. 

2 More rigorously, we should assume this mass-velocity in the 
very beginning and use the correspondingly modified Maxwellian 
distribution law, and in the end use the condition that the transfer is 
equal in both directions. This is done in the Maxwell-Chapman- 
Enskog theory. 

F. 23 
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direction becomes Ti = Vj + mn i, and of molecules of type (2), in 
upward direction Ts =*= Va + wn v The condition Ti + Ta = 8 gives 
»• = — ( Vl 4 v 2 )/(«i+«i) and hence the true transfer for the case of pure 1 
diffusion is 


Vi ~t~Va _ Vi^a ~ Vjj^i _ _ dn-^ 

~ »i+«a ~~ ' 3 (Wj+Aa) ' 


But from definition the diffusion current density Tj = — 


D 




1 A 1^1#2 + A 2^2** 1 

3 («i + »a) 


(84) 


This is* generally known as Meyer’s formula for the coefficient of 
diffusion of one gas into another and is symmetrical for the two gases, 
r.e., D l2 = D 21 . This is due to the peculiar way of defining pure 
diffusion. 

If the molecules of the two gases are approximately of equal size 
and mass, we may take A and i to be the same for both. Equation (84) 
then reduces to 2 

Dn=j*i«i=—• .... (85) 

P 

D n may be called the coefficient of self-diffusion of a single gas and 
is found to be equal to the viscosity divided by the density of the gas. 
In the above simplified deduction, we have neglected several factors, 
vi%.> the dependence of free path upon velocity, the persistence of 
velocities* etc., correction for which was applied by Jeans and others. 
Further we assumed the molecules to behave like perfectly elastic 
spheres. The general theory was given by Chapman* and by Enskog ' 
who assumed the molecules to repel each other with a force oc r~ s . 
The different analyses only give in place of 1/3 a different constant in 
equation (85). The analyses of Chapman and Enskog yield for the 
coefficient of self-diffusion D rqjp where e= 1 '200 for elastic spheres 
and € = 1 *543 for s = 5 (Maxwellian molecules). For detailed discus¬ 
sion see Jeans, Dynamical Theory of Gases , Chap. XIII (4th Edition). 


2 P ure diffusion is arbitrarily defined to be one in which the exces¬ 
sive transfer of one constituent is balanced out by a mass-velocity of 
the gas as explained above. 

2 This can be obtained much more easily. In this case Vi = — v 2 
and u> — 0. The net transfer is Vi = ic t ~ — dnfd^ which 
must equal — D dnfd^. Therefore D = ^A^r 

» Phil. Trans., 217, 166, 1917. 



COMPARISON WITH EXPERIMENTS 


179 


§3-41] 

3 *41.—Comparison with Experiments.—We shall now see how 
far the above investigations are supported by experimental evidence. 
From equations (84) and (85) we can easily deduce the dependence of D 
on the temperature and pressure. For A oc l/« oc Tjp and l oc T, hence 
Dec p~ x T 3 / 2 . The experimental measurements on diffusion are not sc 
accurate as in the case of viscosity and thermal conduction but the 
observed results lead to the conclusion that D varies inversely as p but 
the power of T lies between 1 • 75 and 2. The more rapid increase with 
temperature is obviously due to the attractive forces between the mole¬ 
cules as already mentioned. 

We may try to seek an experimental test of the value of e. It is 
however not possible to measure self-diffusion directly as molecules 
of the same gas cannot be distinguished from one another but Lord 
Kelvin has given a method of calculating it from the observed coefficients 
of diffusion for various pairs of gases. It is however possible to investi¬ 
gate the diffusion of one radioactive isotope into a stable isotope, 
of para into ortho-hydrogen or of one gas into another of equal mole¬ 
cular mass and similar molecular structure such as the pairs N a — CO, 
N 2 0—CO a . Boardman and Wild 1 worked in this way with different pairs 
but their results were not fully consistent. It is however found from 
the various experiments that e lies between the above-mentioned limits. 

It is however more interesting to investigate the variation of D ia 
with the composition of the mixture, upon n 1 fn 2 . Formula (84) 
predicts a large variation of the diffusion coefficient with relative con¬ 
centrations of the two gases but experiments show that it is almost 
independent of the composition. Thus the simple free-path theory 
fails badly in this case. The discrepancy is considerably minimised 
when the above expression is corrected for the persistence of velocities 
as pointed out by Jeans. Stefan first showed that each kind of gas is 
hindered only by the other gas in its diffusing motion. The exact for¬ 
mulae have been calculated by the methods of Chapman and Enskog. 
For rigid elastic spheres Enskog gives the approximate relation 

P lg> « 0 I ± / (IS^a 8 + jjjglga + 3QV) /gg'j 

D la ,# fl = 0 1 + ^x a /(13^i a + \§m x m 2 + 30w a 2 ) 

while Meyer’s formula gives the value for this ratio. A series of 

experiments by Dorn and his students were performed at Halle in 
Germany to test this dependence of D ia upon n l jn 2 and the results are 
given in Table 2 3 (p. 180). 

r Pro7. Roy. ~Soc., 162, 511, 1937. 

2 Ann. d. Physik, 29, 664, 1929; see also Chapman, Phil. Trans., 
211,478,1912, 
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The variation of the diffusion coefficient with composition given 
by Chapman’s formula (last column) is of the same order as the experi- 


Table 3,— Dependence of D 1Z on composition. 


Pair of gases, gas 1 
being written first 

» 2 

D 12 (observ¬ 
ed) in cm.®/sec. 

D 18 ^calculat¬ 
ed) (Cnapman) 
in cm. 2 /see. 

h 2 -co 2 

3 

0*594 

0*589 


1 

0*605 

0*617 


I 

0*633 

0*628 

1 

He—A 

2*65 

0*678 

0*689 

* 

2 26 

0*693 

0*694 


1*66 

0*696 

0*697 


1 

0*706 

0*706 


0*477 

0*712 

0*714 


0*311 

0*731 

0*719 


mental value. The results calculated from Chapman’s formula are seen 
to agree fairly well with the observed values. 

i 3*42. Thermal and Pressure Diffusion.—We have so far con¬ 
sidered the concentration gradient alone to be the cause of diffusion. 
Diffusion may however be caused by a pressure gradient dpfd% or by 
a temperature gradient dTJd%. The former is called ‘pressure-diffusion’ 
hut is difficult to investigate experimentally. The latter is called ‘thermal 
diffusion’ and is of great physical importance* since this phenomenon 
depends for its bare existence upon the law of force between the mole¬ 
cules, and therefore a study of this phenomenon throws considerable 
light on the nature of molecular force-fields. The existence of thermal 
diffusion was first discovered in liquids experimentally by Ludwig and 
fully investigated by Soret in 1879-81; hence for liquids it is called the 
‘Soret effect’. Thermal diffusion in gases was, however, first predicted 
theoretically by Enskog* and by Chapman 2 and was experimentally con¬ 
firmed lafer by Chapman and Dootson®. A comprehensive account 
of the experimental work on the subject will be found in the excellent 
monograph ‘Thermal diffusion in gases’ by K. E. Grew and T. L. Ibbs 
(Cambridge Univ. Press, 1952). 


1 Phys. Zeits.y 12, 533, 1911. * Phi/. Trans., 217, 115, 1918. 
3 Phil. Mag., 33, 268, 1917, 
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In the usual experiments two bulbs connected by a tube containing 
a stop-cock were filled with a uniform mixture of the two gases and 
were then maintained at different constant temperatures for several 
hours. Then the stop-cock was closed and the gas m each bulb was 
analysed. Chapman and Dootson worked with a mixture of H a and CO z 
in approximately equal proportions, the bulbs being maintained at 230° 
and 10°C respectively. The ultimate composition of the hot bulb was 
found to be 44*9 per cent H a , 55T per cent CO a and of the cold bulb 
41*3 per cent H s , 58*7 per cent CO a . Later experiments by Ibbs and 
his coworkers, Grew, Nier, Waldman and others have confirmed the 
existence of the effect in other gaseous mixtures as well. 

Briefly, the experimental results show that when a temperature 
gradient is established in a uniform mixture of two gases, the larger 
and heavier molecules move towards the voider side and the smaller and 
lighter ones in the reverse direction, producing thereby inequality of 
composition in the mixture. This inequality sets up ordinary (concen¬ 
tration) diffusion which acts in the opposite direction tending to annul 
this inequality of composition. Ultimately a steady state is reached 
when the opposing influences of thermal and ordinary diffusion balance 
and in this final state a steady gradient of concentration is set up by the 
temperature gradient. These considerations further show that the 
reverse effect may also be expected, viz., when a -concentration gradient 
is established there will he a net transfer of energy producing a tem¬ 
perature gradient. This is called diffusion tbermo-effect or Dufour effect. 

The rigorous theory of thermal diffusion was given by Chapman 
and Enskog in the years 1911-1917 and is very complicated because in 
the steady state both concentration gradient and temperature gradient 
exist. Several attempts have been made to give a simple theory of ther¬ 
mal diffusion, that by Fiirth 1 2 * being fairly satisfactory for elementary 
treatment. In view of the-great importance of thermal diffusion Furth’s 
treatment is given in Note 18 together with a more detailed account of 
. thermal diffusion and its application to the separation of isotopes by 
the thermal diffusion column. 


BROWNIAN MOVEMENT 

3*43. Reality of Molecular Motions 8 .—We have so far 
developed the kinetic theory upon the assumption of molecular 

1 Proc. Roy. Soc. London , 179, 461, 1942. 

2 *A good account of the Brownian movement will be found in 

J. Perrin, Atoms (Constable 8c Co., London, 1923). 
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structure of matter and of the existence of molecular motions, 
assumptions which cannot be directly verified since the molecules 
cannot be seen by the naked eye. As already pointed out in §3* 11 
we get some evidence of the incessant motion of molecules when 
we observe under a high power microscope or under an ultra¬ 
microscope particles suspended in a colloidal solution (Brownian 
Movement). The characteristics of the phenomena have been 
fully described in §3'11. We shall now develop a physical theory 
of its mechanism. 

Our studies in physical chemistry show that dilute solutions 
containing small quantities of dissolved matter exert upon a surface 
immersed in the solution a pressure, called the osmotic pressure, 
which can be measured experimentally. This pressure is attributed 
to the minute invisible molecules of the solute which are dispersed 
throughout the solvent. Van’t Hoff showed that the osmotic 
pressure is numerically equal to the pressure which the dissolved 
substance would exert if it were assumed to behave like a gas 
having the volume and temperature of the solution. From the 
view-point of the kinetic theory such a concept appears to be 
quite justified since the suspended particles would be acted on by 
forces from all sides due to the surrounding molecules of the liquid 
which will approximately balance, and hence the suspended particle 
will be sufficiently free to execute its motion like the molecules 
of a gas. In fact we can treat the dissolved particles as a gas and 
apply all the gas laws to them. The laws hold for light as well 
as heavy particles. It appears reasonable to assume that even 
visible particles, such as the Brownian particles, will obey these 
laws. As a matter of fact we shall see in the following sections, 
that almost all the gas laws are applicable to the Brownian par¬ 
ticles. 

3*44. Vertical Distribution of Particles in an Emulsion 
under the Action of Gravity. —The Brownian particles form a gas 
which is in equilibrium under the action of the external force-field 
due to earth’s gravitation. The distribution of pressure will there¬ 
fore be similar to those prevailing in the case of gases of the earth’s 
atmosphere. We can easily calculate the law of distribution in 
an isothermal vertical column of the gas composed of Brownian 
particles. 
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Consider a layer of the gas bounded by the surfaces at heights 
X and on which the pressures are p and p-\-dp respectively, 

and suppose ^ increases upwards. Consider the equilibrium of 
unit area of the layer. If the density of the gas at ^ is p y the force 
due to gravity acting on the layer is gp ds^ The net force on the 
layer is p+dp—p-\-gpd% which should be zero for equilibrium. 
Hence 

“ iP 


For a perfect gas p = nkT, p = mn. Hence 


dn 

n 



Nm . 
RT g 


• ( 8 ?) 


where N is the Avagadro number. Integrating we obtain 1 




~ RT .(88) 

where ti and tt 0 denote the number of particles per c.c. at the heights 
K and ^; 0 respectively. The effective mass m of the suspended 
particle, since it is buoyed up by the liquid, is equal to %Ttr\d~d’) 
where r = radius of the granules, assuming them to be spherical, 
d = density of the granules, d r = density of the inter-granular 
liquid. Hence 


N = 


3 RT 


4jrr» (d — d') g(% — ° g ~JT’ 


(89) 


This formula furnishes a convenient method of determining the 
Avogadro number. 

Perrin carried out an extensive series of researches in this line. 
He selected emulsions of gamboge and mastic which were ob¬ 
tained by adding alcoholic solutions of these substances to excess 
of water. To get particles of uniform size the emulsion was sub¬ 
jected to energetic centrifuging, when the granules deposited as 
a sediment. The sediment was brought into suspension again and 
fractional centrifuging was employed to separate grains approxi¬ 
mately the same size. Emulsions containing such homogeneous 
grains are called uniform emulsions. For them Perrin first verified 
the relation (88), the exponential variation of n with height. 


1 This equation can be written straight from equation (43) express¬ 
ing Maxwell’s equation in the general form, since the potential energy 
of the particle at the two places is mg% and mgfa respectively. Inciden¬ 
tally it shows that a Maxwellian gas will be in hydrostatic equilibrium. 
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which proves that the theoretical considerations underlying its 
deduction are fundamentally correct. 


To determine the Avogadro number by means of equation (89) 
we must determine the density d and the radius r of the granules. Perrin 
determined the density in three different ways. The simplest way to do 
this is to find the masses m, m* of water and emulsion respectively, 
required to fill a specific gravity bottle; then by desiccation in an oven 
the mass m” of resin contained in the emulsion is found. If d 0 be the 
density of water, the volume of the bottle is mjd 0 , that of the water 
contained in the emulsion is (m '—/»*)/*/„ and hence that of the granules 

is The mass of the granules being tn* their density is 

d 0 d 0 

readily calculated. 

To find the radius of the granules Perrin again employed three 
methods. The most convenient however is that involving the use of 
Stokes’ law 1 . Stokes showed that the force required to maintain the 
motion of a sphere of radius r in a fluid of viscosity ij is 6 tt yr v where v 
is the velocity of the sphere. If the sphere falls under its own weight 
the effective force due to gravity is — d*)g. Hence it will move 

with a final steady velocity v such that 


67 rrnv — ^u-r 3 ^— d')g. 


or 


.•2 — 


9 r/v 

T {d-d^ 

Thus if we observe the steady velocity of fall of the particles under 
gravity we can determine the radius r. For this purpose the emulsion 
is contained in a capillary tube and the rate of fall of the cloud of 
granules observed. 

To measure n of formula (89) a drop of the emulsion is put in a cell 
formed from a hollow slide about 0 * 1 mm. 
Microscope in height (Fig. 20). The cell is kept at a 



Fig. 20 .—Observing 
Brownian movement. 


constant temperature by surrounding it with 
a water bath, and a vertical microscope with 
a high power objective is focussed upon the 
emulsion. The objective has a small depth 
of field so that only those grains contained in 
a thin layer a few microns in thickness can be 
distinctly seen at a time. Raising or lowering 


1 For the conditions under which Stokes’ law holds true, see 
Millikan, The Electron, and for the deduction of Stokes* law from hydro- 
dynamical principles, see Lamb, Hydrodynamics, Chap. XI, sec. 338. 
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the microscope focusses it upon different layers. As the number of 
particles in any layer is generally too large to be counted, the field 
of view is limited by an opaque diaphragm pierced with a central 
hole. The granules must be suitably illuminated with a strong 
source of light. As the moving molecules are difficult to count, 
it is found convenient to take instantaneous photographs and then 
count the nuinber at leisure. When the distribution in the different 
layers becomes steady the observations in a certain layer are taken. 

The number of particles in a layer is calculated as the mean of 
several observations at regular intervals. Thus Perrin found for a parti¬ 
cular layer n « 2, 2, 0, 3, 2, 2, 5, 3, 3, 2, ... .giving a mean of 22/10 
for the layer. In this way the ratio is determined. The vertical 
displacement of the microscope is read giving Formula (80) 

then gives N. From a series of experiments Perrin deduced the value of 
N to be 68*2 x 10 88 which is somewhat higher than the value at present 
accepted. 

3*45. Theory of the Translational Brownian Move¬ 
ment.—Starting from the hypothesis that the Brownian movement 
at right angles to gravity is entirely irregular, Einstein 1 and Smoiu- 
chowski 8 independently gave a complete analysis of the pheno¬ 
menon. We shall first give the simplified treatment due to Lange- 
vin. 8 Every particle of the suspension is bombarded from all 
sides by the molecules of the liquid. The number of these colli¬ 
sions is so large—there will be about 10 81 collisions per second 
suffered by a Brownian particle in a liquid under normal condi¬ 
tions and each collision is expected to produce a kink in the path 
of the particle—that we cannot really speak of separate collisions 
and cannot hope to follow with our sense of perception the path 
Of a particle in such fina detail. We may therefore assume 4 that 
the effect of these collisions is to produce an average systematic 
force representing the dynamical friction or viscous force experi¬ 
enced by the particle and a fluctuating part X of the force which is 
responsible for the Brownian motion. The viscous force is assumed 

1 Atm. 7. Pby si 17, 549, 1905; 19, 371, 1906. 

* Bull, intern, acad. See. Craeovic, p. 577, 1906. 

8 Comp. Rend., 146, 530, 1908. 

4 This ad-hoc assumption enables us to pass from the phenomena 
of discontinuous events to the case of hydrodynaroical viscous force 
in continuous physics and is justified a posteriori by its successful predic¬ 
tion of the resrnts. 

F. 24 
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to be given by Stokes’ law. Assuming the particles to be sphe¬ 
rical, the viscous forced along any arbitrarily chosen axis x is thus 
given by 

f — —6irr}rv — c 


where v is the velocity of the particle, r its radius and c — 
The equation of motion for the particle is thus given by 


nt 


d 2 x 

IF 


'£ + *• 


(90) 


X being the instantaneous x-component of the force exerted upon 
it by the molecules of the liquid over and above the viscous force, 
the latter representing the average of the actual instantaneous 
forces. The particle suffers collision every instant with the 
molecules of the liquid (say one collision in about 10 -21 seconds) 
and its motion is thereby changed in direction. Thus X will be 
' quite irregular in value and as often positive as negative. 1 The 
phenomenon & really of the nature of a * random walk 2 ’and there¬ 
fore in a sufficiently long time / (long compared with the time 
between successive collisions, i.e. y 10 _sa seconds) the particle 
will have suffered an average displacement 3 x. For other particles 
this displacement will have different values and the sum of these 
displacements taken for all particles will be aero since the displace- 


1 In writing the equation in this manner we assume that X is in¬ 
dependent of the velocity dxjdt and further the rate of variation of X 
is -extremely rapid as compared to the rate of variation of dxjdt. For a 
critical discussion of this method see Chandrasekhar, Rm Mod. Phys. % 
15, pp. 20-27 (1943). 

* The problem of ‘random walk’ is this Suppose a man takes 
a walk of N steps, each one foot long, either forward or backward at 
random. Where will he probably be at the end of his walk ? Calcula¬ 
tion shows that the probability of his being at a distance of s feet from 
the starting point is 




___« /JL 

{)! 2 N v 


-sV2 N 

8 


when N is very large. The most probable displacement is therefore 
zero and the average displacement is */2Njit t i.e. y proportional to the 
square root of time since N is proportional to time. The average dis¬ 
placement per step is inversely proportional to */N and is negligible 
when N is very large.. 

3 x will be proportional to V/. 
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ments can have positive and negative signs with equal probability. 
Hence the displacement in a sufficiently long time averaged over 
all particles is nearly zero. 1 Let us therefore work' with the quan¬ 
tity x 2 since x 2 does not change in sign with change in sign of x. 
.Multiplying the above equation by x and remembering that 



= 4 -£(**>. 


we get (af) = x*+Xx. 

Let us now integrate this expression with respect to time. 
We obtain 



The first term is negligible in comparison to the second term 
since x varies as y/t for random motion and x varies quite irre¬ 
gularly with time due to collisions with the molecules of the liquid; 
the second term on the other hand increases as t because y 2 will 
have some average value in course of time. The last term con¬ 
taining X will not be negligible as due to the randomness of X and 
the steady increase of x it will vary faster than y/t. 

Now let us average over a large number of particles. This 
averaging process tends further to suppress the first term since 
it will have positive values for some particles and negative for 
others. The last .term containing X now almost disappears since 
it will be positive for some particles and negative for others. 
Further since the particles are in thermal equilibrium their mean 
kinetic energy must be given by the equipartition law. Hence the 
mean kinetic energy for one degree of freedom, = 

\kT. Therefore 


m f x 2 df = ( mx % dt — kT. t, 

JO Jo - 

the bar denoting the average over particles. Hence equation (91) 
yields 

kTt^hc^), 

1 Actually it will vary as */t/N where N is the number of particles. 
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where AO**) denotes the change in x* in the time t. Assuming 
the particles to start from the origin we have AC**) — *■*• 


Therefore 



AT 

3t 


where x is an interval of time sufficiently large to allow a large 
number of collisions to have taken place. 

If we denote the component of the displacement of the par¬ 
ticles along the x-axis by /\x instead of x, we have 



RT 1 
N * 3wnr X ' 


(92) 


We shall now see how (A * 1 ) 8 is measured. Instead of observ¬ 
ing different particles Perrin 
watched the motion of a single 
particle for a long time with the 
help of a microscope using the 
camera lucida. The micros¬ 
cope had in its field of view 
_ a series of mutually perpendi- 

Brownian motion of a particle. culat lines, as on a graph paper, 

giving a coordinate system where 16 divisions represented 5*0 X10 -3 
cm. and the position of the particle at intervals of 30 seconds was 
noted on this coordinate system. From these successive positions 
the component A* °f the displacement in 30 seconds could be 
computed as illustrated in Fig. 21 and the mean value of (A-*) 3 
for that interval (t>i%. 30 seconds) calculated. 

With the help of such measurements Perrin verified equation 

(92), specially the dependence of (A*)* tlpon the time t, the tem¬ 
perature T, the viscosity q, and the radius r. Substituting these 
values he got the value for N to be 68*8 X10**. 

3*46. Einstein’s Theory of the Translational Brownian 
Movement.—The foregoing treatment of translational Brownian 
movement does not throw much light on the physical nature of the 
phenomenon which however is supplied by Einstein’s analysis. It is 
evident that the Brownian particles, on account of their random 
motions, tend to diffuse into the medium in course of time; conse¬ 
quently the diffusion coefficient must be related to the Brownian 
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motion 1 . We shall adopt here a very simplified treatment* given by 
Einstein. 

Einstein calculates the coefficient of diffusion in two ways :— 
(1) from the irregular motion of the suspended particles, (2) from the 
difference in osmotic pressure between different parts due to differences 
in concentration of the suspended particles which cause the phenomenon 
of diffusion. Then he equates these two expressions for the diffusion 
coefficient D. 

Let us first calculate D from the random molecular motion. We 


have seen above that (A*)“ 13 not zero. Let its value for the time 
t be A*» Let us assume that the molecular concentration is not uniform 
but has a gradient along the x-axis causing diffusion of the particles. 
For simplicity we shall suppose that every particle suffers the displace¬ 
ment A in the time x* Imagine a cylinder with its axis parallel to the 
x-axis and its end faces Sj and S 9 separated by a distance A- Let the 
molecular concentrations at these ends be a l and » 2 respectively and A 
denote the cross-sectional area of the cylinder. The number of particles 
crossing the surface S 1 to the right in time x is in^A, f° r half of the 
particles contained in the cylinder of volume situated to the left of 
S x will cross it in time x- Similarly the number crossing S 8 in the 
opposite direction is \n % /\A and hence the excess crossing a middle 
layer to the right is — n^&A. From the definition of diffusion 


coefficient this number will be equal to 


D — xA where 
dx 


-dnjdx is the 


gradient of concentration. 

K*i - 

But 


Hence equating we get 
~ — D^xA. 

a & 


Hence* D ** .(93) 

We shall now calculate the coefficient of diffusion in the other 
way. The osmotic pressure acting on the surfaces S 1 , S 2 will be px>pt 
where, from the gas laws, p y = n t kT, p t = n^tT. Hence the cylinder 


1 One method of investigating the Brownian motion is therefore 
to solve the differential equation of diffusion (footnote p. 176). 

8 See Investigations on tbe theory of the Brownian Movement by Einstein, 
edited by Fiitth and Cowper (Methuen & Co.), pp. 68—81. 

* For a rigorous derivation of (93) see Kennard, Kinetic Theory of 
Gases (1938) p. 286, or Investigations on the theory of Brownian movement by 
Einstein, pp. 12-15. 
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experiences a force equal to (p l -p»)A—(n 1 -n^)kTA pushing it in the 
positive direction of the x-axis. This force is thus exerted on the 
particles contained in the cylinder which are nA/\ in number, n being 
the mean concentration. The force acting on a single particle is 

% — n 2 AT _ 1 dn 

j - n dx > 


Hence the particle, being suspended in a viscous medium, will move 
with a steady velocity v given by 


f — 6irr)rv= — AT. 


1 dn 
n dx* 


provided it is assumed to be spherical. Hence 

AT dn 


nv 


67nyr" dx 

This is equal to the number of particles moving to the right per second 
per unit area. Since —ditjdx is the gradient of concentration, the 
diffusion coefficient D will, from definition, be given by 



RT _1_ 
N * 6 mjr* 


(94) 


Equating the two values of diffusion coefficient given by (93) and (94) 
we get 


A 2 = 


RT 1 
N ’ 3 trqr ^* 


which is the required equation. Brillo.uin measured the coefficient of 
diffusion D and with the help of equation (94) calculated the Avogadro 
number N. It may be mentioned that equations (93) and (94) have 
been verified experimentally. 

3 * 47. Translational Brownian Movement in Gases. —The tran s- 
lational Brownian movement in gases can be readily observed if we 
examine smoke or dust particles with an ultramicroscope. The theory 
of the phenomenon is exactly the same as given above, only the mean 

squared displacement (A*) 2 will be much larger in this case since rj for 
gases is much smaller than for liquids, hence the accuracy of measure¬ 
ments will be much greater. Further we assumed the particles to be 
spherical and supposed Stokes* law to hold true; the validity of these 
assumptions is open to question. The experiments with gases were 
carried out by Millikan and Fletcher 1 in 1911 with oil-drops and these 
assumptions were dispensed with by working in a way analogous to 


1 See R. A. Millikan, The Electron (University of Chicago Press). 
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that used by Millikan in his determination of the electronic charge. 
The oil-drop carried an electrical charge and was suspended between 
two suitably charged plates and its Brownian movement in a plane at 
right angles to gravity was observed. Next the drop was allowed to 
fall und er the field of gravity {mg) and its velocity of fall v t noted. Then 
some charge was given to the plates slightly opposing this motion and 
the velocity of fall v 2 observed. Hence from Stokes’ law 

mg = Kv lt mg—Xen — Kv 2 , 

where X is the electrical field between the plates in the second case, en 
the charge carried by the drop and K a constant. Hence 

Xen Uj— 

hag 


T , mg Xen 

or =-. 

t>j U 1- V 2 

As the charge ne on the drop is not known they worked with the 
same drop carrying different charges and found the highest common 
divisor for the right-hand side which will correspond to Ac/(u 1 —v 2 ) 1 . 
This is the value of K . Substituting this in the equation for Brownian 
movement we have 


2RT 


or 


2RT t( Vi — vj t 


Ne = 


X 


( A *) 2 

Millikan and Fletcher found Ne = 2'88xlO u e.s.u. while the 


Faraday number from electrolysis is 2'89xl0 14 e.s.u. This testifies 
to the accuracy of the theoretical discussions given above and to the 
accuracy of these experimental investigations. Substituting the value 
of e this gives N = 6‘06xl0 23 . 

3*48. * Rotational Brownian Movement.—The Brownian par¬ 
ticles also exhibit rotational movement. 1 We can observe the orientation 
of a particle by finding the angle which a certain plane fixed in the body 
makes with a plane fixed in space. For the mean square change a? in 
orientation in time % averaged over all particles, Einstein deduced the 


formula 


RT x 
N 47 rqr v 


(95) 


1 Even the highly sensitive galvanometers have been found to 
execute rotational Brownian movement of the order of 10~° radians 
(see Ising, Atm. d. PAysik, 14, 755,' 1932). Kappler {Ann. d. Physik , 
31, 377, 1938) observed the Brownian movement with the help of a 
highly sensitive torsion-balance. 
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where y is the viscosity of the medium in which the particles are sus¬ 
pended and r the radius of the particle. Perrin verified this expression 
and used it to deduce the value of N from an actual measurement of a 3 . 
Einstein’s deduction is based upon the assumption that the mean kinetic 
energy of rotation is equal to the mean kinetic energy of a linear vibra¬ 
tion and hence these investigations are a direct experimental verifica¬ 
tion of the equipartition law. 

We give below the several independent values for Avogadro 
number furnished by the phenomena of Brownian movement. 
Better values have, of course, been obtained by later workers. 
Vertical distribution of grains . . . 68*3x10** 

Translational motion . . . . 68*8 XlO a * 

Rotational motion < . . . 65 „ 

Diffusion . . . . . 69 „ 

Brownian movement in gases . . . 606 „ 

LOW PRESSURE PHENOMENA IN GASES 

3*49. Effusion.—-The phenomenon of effusion or leakage 
of a gas through fine orifices was first studied by Graham 1 and 
Bunsen before the rise of the kinetic theory. Graham employed 
a porous plug having numerous fine interstices. He concluded 
from his experiments thatthe velocity of efflux, i.e., the volume of 
different gases escaping into vacuum per second through such 
orifices was inversely proportional to the square roots of their 
specific gravities provided the temperature and pressure of the 
gases were initially the same. This is known as Graham's law . 
Thus for the same temperature and pressure the rate of leakage 
of oxygen was found to be approximately one-fourth that of hydro¬ 
gen and that of chlorine was nearly one-sixth. Graham and Bunsen 
however worked at mean and high pressures when the mean free 
path of the gas is small compared to the dimensions of the opening. 
The effusion under these conditions is governed by hydrodyna- 
mical laws, the case being analogous to that of a fluid jet forced 
out under pressure*. At pressures so low that the mean free path 
is much greater than the dimensions of the opening the pheno¬ 
menon was studied by Knudsen. He calls this phenomenon 
___ _ * 

1 Phil. Trans., 133,573,1846, Meyer, Kinetic Theory of Gasesy p. 84. 

2 For fuller discussion see Joos, Theoretical Physics, (1946) p. 712. 
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* molecular effusion * as under these conditions the - molecules 
move quite independently of one another, molecular collisions 
being very rare. An explanation of molecular efiusion can be 
easily given from the kinetic theory. 

Let n be the molecular density of the gas and / the area of the 
hole. Now the number of molecules having velocity lying bet¬ 
ween c and c-\~dc and striking the hole in a direction lying within 
a solid angle dm and making angle 9 with the normal to the hole in 
time dt is, as in $3*36, 

s. Anwfi srbt 1 6 l dc. c cos $ dt, . . (96) 


since the incident molecules have Maxwellian distribution. For 
the entire beam lying between 9 and 8+dd, dto = 2 ir sin 9 dO . Thus 
the total number erf molecules escaping out of the opening in 
time dt is 

x. 4 n-n d* erbt 1 de sin 9 cos Odd. dt — sdt. fas . (97) 

where c is the mean molecular velocity (p. 138). Hence the mass 
of gas escaping out through the opening per second is 


S S 

~emt = —-px, . . - . . . (98) 

This gives, the mass effusing into vacuum per second. The 
volume of the gas effusing per second is 



i.e oc \j\/M or 1 jy/p, where M is the molecular weight and p 
the specific gravity of the gas. 

In case the gas escapes not into vacuum but into a vessel contain* 
ihg the same gas at die same temperature but at lower pressure and 
density (pj), there wJl be gaseous flow in the opposite direction equal 
to J ptity and the.net outflow of the gaseous mass per second would be 


IHpi-pJ* .( 100 ) 


Now 



. ( 101 ) 


where p 0 is the density at a pressure of 1 dyne. Also from Boyle’s 
law pj = fiip a , Therefore expression (100) becomes 



F. 25 
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The volume V 0 of gas escaping out measured at a pressure of 1 dyne 
is given by 


K 



iPl~Pz)> 


In Graham’s experiments different gases were allowed to escape 
through fine holes in a perforated brass plate. In more recent times 
the effusion of gases through small openings was investigated with 
great care by Knudsen. 

Knudsen 1 investigated the flow of gas through a small hole. One 
of his holes was made in a platinum sheet of thickness O'0025 mm. 
and had a diameter of 0 • 025 mm. He worked with hydrogen, oxygen 
and carbon dioxide at pressures ranging from 10 cm. to 0*01 mm. of 
mercury and found that the above results were verified as long as the 
mean free path was at least ten times the diameter of the hole. For 
smaller mean free path the rate of flow was found to be greater than the 
above value and at sufficiently high pressures such that the mean free 
path was less than one-tenth of the diameter of the hole, the flow was 
given by the ordinary hydrodynamical formula. Thus the predictions 
of the kinetic theory were fully confirmed. 

Problems. —1. Show that the mean translational energy of mole¬ 
cules that cross a surface in a given time is 2kT ergs per molecule. 

2. Show that the number.of molecules crossing unit area of sur¬ 
face per second in the direction making an angle 6 with the normal and 
contained in the solid angle dm is 

nc. *—■. cos d .(102) 

•rTT 


3*50. Flow of Gases through Tubes.—The great useful¬ 
ness of the methods of the kinetic theory is illustrated in their 
application to the flow of gases through line tubes. Let us give 
a general idea of these phenomena. Imagine a closed vessel con¬ 
taining some gas at a certain pressure and communicating with 
another vessel through a pipe. The second vessel contains the 
same gas at the same temperature but at a lower pressure. We 
have now to distinguish l>e tween different cases of flow depending 
on the dimensions of the pipe. 

If the pipe be long and narrow and the pressure of the gas 
be not too low so that the mean free path is small compared to the 
dimensions of the orifice, the flow of the gas is governed by its 

1 Ann. d. Pbjsik , 28, 75, 1909. 
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viscosity. At these pressures the number of collisions among the 
molecules is very large and thus viscous forces are brought into 
play. The mass M* of gas flowing out per second is given by the 
well-known hydrodynamical law due to Poisseuille 

M* = O, ■ • , • (103) 

where R, / respectively denote the radius and length of the tube, 
p is the mean density of the gas, its viscosity and p lt p 2 the pres¬ 
sures at the two ends of the tube. This law can be deduced from 
classical hydrodynamics and is found to be amply verified by 
experiments. The coefficient of viscosity rj calculated from this 
formula is found to be independent of pressure over a wide 
range in accordance with the results of §3’36. 

In deducing this law we assume that the velocity of flow 
varies from a maximum in the centre of the pipe, to zero at the 
walls, i.e.t the mass velocity of the gas in contact with the wall is 
zero. When however we take a capillary tube and reduce the 
pressure, the law no longer holds. Kundt and Warburg found 
that the flow under these conditions is much larger than that given 
by Poisseuille’s law, and they pointed out that this phenomenon 
occurs, when the mean free path of the gas is comparable to the 
diameter of the capillary tube. 

The deviation from Poissemlle’s law may be explained if we 
suppose that the gas in contact with the walls is not at rest but 
slips past them with a velocity v 0i i.e., f=(:0 but equal to at the 
walls. It is obvious that if the velocity of the gaseotis layer at 
the wall is v 0> a tangential stress F of the nature of a frictional 
drag will be exerted by the wall on the gas; F is evidently given by 
the relation 

F = 2wR/. v tf e, . . . • (104) 

where e is a constant called the coefficient of external friction of 
the gas with the wall. Obviously e must depend upon the nature 
of the walls and of the gas and upon the nature of the molecular 
impacts on the walls. Iii the state of steady motion let us consider 
the equilibrium of a very thin layer at the wall. The force due to 
the pressure gradient is negligible since the layer is extremely thin, 
while the viscous fotce acting at the lower surface and tending 
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to accelerate the layer is ~2TrRlTjdvjdr. Equating this to (104) 
we obtain . 


v 0 «= 


7] dl} ^^ 

T'dr l ~dr' 


. (105) 


where £ is a constant, called the coefficient of slip. £ is of the dimen¬ 
sions of length and represents the distance by which the wall 
should be displaced backwards if the velocity at the wall is to be 
assumed zero. Again considering the equilibrium of a cylinder 
of the gas of radius r we have 

itr*(p x -pd « - 2vr/ij £ . 


Integrating this equation with the boundary condition that at 
r — R, v« v 0 given by (105) and proceeding as usual we get 1 
instead of Poisseuille’s law the expression 

(^i~f 1 

In deducing this expression we have neglected the variation of 
p and £. with pressure and assumed a constant mean value for 
them. This expression was fully confirmed by the experiments 
of Kundt and Warburg. They determined experimentally the 
value of £ for different pressures and found that £ varies inversely 
as the pressure and is of the order of the molecular mean, free path 
for the gas. 

We may interpret the above results also by saying that the 
b eh aviour of the gas at low pressures is such as would be obtained 
under the assumption that the velocity of the upper layers goes 
on decreasing and reaches zero not at the walls of the tube but at 
a fictitious wall having a greater radius, w., the effective diameter 
of the tube is increased. Another way of looking at the matter 
is that the viscosity rj of the gas does not remain constant but 
decreases at these low pressures and hence the flow increases. It 
may be pointed out that at these low pressures there are very few 
molecular collisions and it is rather meaningless to talk of the 
viscosity of the gas. 

The deviation from Poisseuille’s law was explained by Maxwell 
in 1879 from the kinetic theory. He developed a theory of this 

1 For details see Kennatd, Kinetic Theory of Gases (1938)* pp. 293-294. 
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viscous slip which is not quite perfect, but Knudsen has shown 
from extensive experiments that the ideas of Maxwell are essentially 
correct. The physical ideas underlying Maxwell’s explanation are 
as follows:— 

When a molecule strikes the wall we have to find out the 
nature of exchanges of velocity in such collisions and the direction 
in which the molecule will be turned back. Two types of colli¬ 
sions are possible. (/) The molecules on colliding with the wall 
may be specularly reflected, the velocity component perpendi¬ 
cular to the wall is just changed in sign, while the component 
parallel to the wall is unaltered. In this case the wall behaves 
as a perfectly smooth surface and the only pressure exerted on it 
is normal. The walls would exert no drag and 1 £ — oo, /.<?., visco¬ 
sity is not able to have a grip on the wall, (it) In the second type 
the molecules are reflected diffusely in all directions regardless of 
their initial direction of incidence. Maxwell assumes that the 
molecules approaching the surface have a Maxwellian velocity 
distribution, and those leaving the surface obey the cosine lav ex¬ 
pressed by (102), analogous to the emission of radiation from a 
surface (Chapter XV), as if they came from a Maxwellian gas at 
rest near the surface. As suggested by Maxwell the diffuse reflec¬ 
tion might be due to the large interspaces between the stationary 
molecules of the surface of the wall. The gas molecules striking 
the surface will suffer a number of collisions in these interspaces 
and will consequently lose their entire momentum and will there¬ 
after suffer diffuse reflection, reflection will be equally probable 
in forward as well as backward direction. Another possible 
mechanism is that the molecules might condense on the surface 
remaining in contact with it for some time, and thereafter leave the 
surface in random directions as if they forgot all about their past 
life and start out on a new existence. The molecules are thus 
absorbed and re-evaporated from the surface in all directions. If the 
gas is at rest there will be no tangential force exerted on the wall, 
for the velocity component parallel to the wall both initially and 
finally is zero. If however the gas be in motion as in the case of 
flow through tubes, the average velocity component of the layer 


1 This follows from equation (105) or (108). 
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in contact with the wall before incidence is say v, that after reflec¬ 
tion is 2 ,ero, because the reflection is diffuse. Due to this difference 
in the tangential velocity of the incident and reflected molecules 
they will impart a tangential momentum to the walls which will 
consequently exert a force on the gas. This gives rise to the slip 
coefficient. 

The above are the two extreme cases ; in actual practice both 
types or some intermediate type may occur. For the general case 
Maxwell assumed that the incident molecules striking the wall 
impart to it on the average, a fraction/ of their tangential momen¬ 
tum ; / may bz interpreted as the fractional area of the surface 
reflecting diffusely, the remainder reflecting specularly ; it may also 
be treated as the fraction of the incident molecules which is absorb¬ 
ed and re-evaporated, the remainder 1—/ being specularly 
reflected. Maxwell showed 1 that in this case the gas slips past 
the wall with a velocity v 0 given by 



. (107) 


and (, the coefficient of slip in the Kundt 
is given by 8 





and Warburg expression 


2 -/ 

/ ’ ‘ 


. (108) 


where rj = \pc\, p = pRT/M, t = VQRTJMtt. t, is thus of the 
order of mean free path A. Thus we see from (106) that the term 
which expresses the excess of delivery over that given by Poisse- 
uille’s law contains pR in the denominator and can be neglected 
as long as pR is large. Thus the slip term becomes appreciable 
only at low pressures, and vanishes at higher pressures. 

These ideas were further developed by Knudsen and con¬ 
firmed by means of ingenious experiments carried out over a 
wide range of pressures. 

3*51. Knudsen’s Investigation and Theory of Molecular 
Streaming.—Knudsen carried out experiments up to very low 

1 Maxwell, Scientific Papers , Vol. 2, p. 708. For a much simpler 
proof see Kennard, Kinetic Theory of Gases (1938), p. 296. 

2 For specular reflection / = 0, and for diffuse reflection / = 1. 
From the experimental values of £, Millikan (Phjs. Rev., 21, 217, 1923) 
has calculated values of / for different gases in contact with various 
surfaces. For air on glass/ =0*89. 
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pressures and found that as the pressure is decreased the flow 
also decreases, but after a certain stage it begins to increase 
(see Fig. 24) and finally attains a constant value independent 
of the pressure. The usual concept of slip is applicable 
only when the gaseous layer has a thickness many times the 
mean free path so that at some distance from the boundary the 
ordinary viscous force comes into existence. Thus Maxwell’s 
theory of slip is unable to explain the bend and the subsequent 
portion of the curve obtained by Knudsen. The theory is there¬ 
fore insufficient and was extended by the work of Knudsen. At 
extremely low pressures the flow becomes constant. It cannot 
thus depend upon the viscosity of the gas. In fact at this stage 
intermolecular collisions do not take place and only collisions with 
the wall are of any importance. The velocity of the gas parallel 
to the wall is the same all along the cross-section of the tube and 
the layer in which the slip was formerly observed now extends 
over the entite cross-section of the tube. In fact the mechanism 
of flow has become quite different; the process has changed from 
one of viscous flow to molecular flow or molecular streamings as 
Knudsen calls it. The transition is however not abrupt but 
gradual as indicated by the bend of the curve in Fig. 24, 

Knudsen 1 gave a partial theory of the whole range of pheno¬ 
mena which was subsequently improved by Smoluchowski 2 . The 
theory explains satisfactorily the constant flow observed at ex¬ 
tremely low pressures. The essential idea underlying Knudsen’s 
theory is the assumption that all the molecules striking the wall 
ate absorbed 3 and re-evaporated 4 from the surface. Knudsen assumes 
that the direction of the molecule after collision is independent 
of its direction before collision and further the emitted molecules 
have a wholly random distribution over all directions. Thus the 
effect of collision is simply to make the stream of molecules diffuse, 

1 Ann. d. Pbysik, 28, 75, 1909. 

2 Atm. d. Physiks 33, 1559, 1910. This derivation is also given 
in Kennard, Kinetic Theory of Gases , pp. 302-305. 

3 Clausing {Ann. d. Pbysik , 7, 569, 1930) has been able to calculate 
the time for which the atoms remain in contact with the wall. 

4 This will happen only at high temperatures. If the temperature 
of the surface be low the molecules of the vapour are permanently 
condensed. 
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and the number of molecules sent by the wall in a direction making 
an angle 8 with its normal is proportional to cos 8 [equation (102)]. 
This is the well-known cosine law which Knudsen assumed to hold 
for this case and his experimental results justify the truth of this 
assumption at least in the case of glass surfaces with which he 
dealt. Probably the cosine law holds for all such surfaces whose 
structure is irregular on account of the presence of adsorbed films 
but does not hold for such surfaces in which the atoms are 


DraS] 

i&m I 


regularly arranged as in a crystal lattice. 

Knudsen planned a suitable experiment to obtain a direct 
proof of the validity of the cosine law. The principle of his 
arrangement is shown in Fig. 22. . The glass sphere A has a 
hole B which lets in a parallel beam of mercury atoms coming 
out of a certain, aperture O so placed that the line joining the 

aperture to. B strikes the sphere in dS v 
1 The entire sphere is cooled by liquid air 

with the exception of the portion dS x 
which is at room temperature, so that 
molecules on striking the surface dS x 
leave it but get condensed quickly when 
they subsequently strike other portions 
of the sphere. It can be shown that if 
the cosine law is obeyed the number of 
Fig- 22.—Proof of cosine law. molecules striking unit area of the sphere 

has the same value all over the sphere. 
Knudsen found from his experiments that the mercury layer which 
was formed on the inner surface of the sphere had the same thick¬ 
ness at all places thereby proving the cosine law. 

We now proceed to deduce an expression for the mole¬ 
cular flow through a long tube. In the following we adopt 
Knudsen’s method of derivation because it is very simple, though 
not sufficiently rigorous. A more satisfactory method has been 
given by Smoluchowski but that is too complicated to be quoted 
here. Knudsen’s method was to equate the momentum imparted 
to the walls by molecular impacts• in a second to the total force 
acting across the ends of the tube. 

Let us calculate the momentum imparted to the walls by the im¬ 
pinging molecules. We will assume that these molecules have a velocity 
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distribution given by Maxwell's law though this will hold only approxi¬ 
mately since the gas is in motion and not at rest and is further limited 
in a space much smaller fhan the mean free path. Hence the number 
of no'ecuies of ve'ocuy c striking unit area of the wall per second is, 
'.n j|3 IP 

4r na z c : di | * cos 0. | sin 0 dd = dc> . (109) 

J 0 


These molecules after striking the wall leave it in random directions 
acco rding to the cosine law and therefore carry no momentum parallel 
to the wall. Hence the total tangential momentum imparted to the wall 
is that carried by the incident molecules. Now these molecules are 
incident on the wall in all directions. Let us denote by w the value 
of the horizontal component of the velocity c of the molecule averaged 
over all directions. Evidently m=kf, where k 0 is simply an averaging 
factor and is independent of r. It may be emphasised that in the case 
of a gas at rest w would be equal to zero but here, on account of the 
decreasing concentration as we move down the tube, the number of 
molecules' crossing any cross-section towards the region of lower 
pressure is greater than that crossing in the opposite direction. The 
result is that on account of this random motion of the molecules a net 
flow of the gas towards regions of low pressure is produced by the 
concentration gradient. Evidently then 2 tv—ttv where the summation 
extends over all the molecules and v denotes the velocity of flow or 
streaming, v is assumed to be constant across the cross-section of the 
tube. Hence 


V 


ft ft 


( 110 ) 


The total momentum imparted to- the wall in a direction parallel 
to it is • 


►OP 

/?7ra* tr^cHc.k 0 cm 

0 



3tt 

32 


mttk^c)* = 



(no 


where m is the mass of the molecule and p the density of the gas. All 
this momentum is transferred to 1 cm. 8 of the wall. Suppose the tube 
is cylindrical with length /and radius of cross-section r. Then the mo¬ 
mentum absorbed by a length dl of the tube by molecular collisions is 


F. 26 


2 itrdl pvc. 
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Equating this to the force across the length dl of the tube which 
produces it, we have 


dp 

If 


* 


■nr l dl —- 2 t 77 * dl. 


37r 

32 


pvh 


Therefore 


pv= — 



1J Sr 

w 


The mass flowing per second 

16 r 3 dt) 

M* = rrr z pv — - ~ ~ % from (112) 
5 c at 


( 112 ) 


_ 8r 3 ln P() Pj~p2 
3 V 2 / * 


(113) 


from (101) where p 2 are the pressures at the two ends and p 0 is the 
density of the gas at a pressure of 1 dyne at the same temperature. The 
volume flowing out measured at a pressure of I dyne is 


v -M*- hth 

° Po WrVpf 

3 / 

where W r ~ -——. —- and may be called the ‘resistance’ of the . 
' _ 4V2 jt r 8 

tube, in analogy with the electrical resistance. 

The volume flowing per unit difference of pressure is 


T - V o _ 4 /2tt /* 

° Pi-Pt 3 V P f r 


(114) 


This equation holds provided the diameter of the tube is small in 
comparison with the mean free path, and also in comparison with the 
distance in which an appreciable change in molecular concentration 
occurs since in deducing (111) we assumed n to remain constant. In 
case only a fraction / of the molecules are scattered diffusely we must 
multiply (114) by (2 —/)//*. We would then obtain 1 


t _^ /2»r r 3 

°“W--T- 


2 -/ 

T‘ 


(115) 


3'52. Knudsen’s Apparatus.—The original apparatus used by 
Knudsen 2 is shown in Fig. 23. It consists of two MacLeod gauges 


1 From the observed flow at low pressures we can calculate/ with 
the help of (115) and then use this value of/ to calculate £ from (108) 
provided A is known. We can also compare the values of / obtained 
in this way from low pressure data with that obtained from high pres¬ 
sure data of the observed slip 

2 Ann. d. Pbysik , 28, 75,1909. 
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G t , G 2 , which have two bulbs V 4 , V 2) sealed to them, for the puroose 
of holding the gas. U x is a 
graduated U-tube. The capil¬ 
lary through which the flow 
is to be studied is connected 
between a v and a v g lt g^ g 8> 
gt are connected by rubber tub¬ 
ings to mercury reservoirs. 

By raising or lowering these 
reservoirs the mercury levels in 
each of these tubes could be ad¬ 
justed to any desired position 
independently of the others. U 2 
is connected to the pump while 
the tube at H is connected to 
a reservoir of the experimental 
gas. 

Procedure .—The tap H is 
opened and the experimental gas 
allowed to fill the reservoirs Vj 
and V„. Next the mercury in 
the tubes g 3 , g 4 is allowed to 
fall below the bends of the 
U-tubes U x and U 2 and the 
pump set in action till the whole apparatus is evacuated to the desired 
pressure^. Then mercury is allowed to rise in g 9 nearly up to a x> a 2 and 
the reservoir V x cut off from the rest of the apparatus. The pressure 
Pi i n Vi is read by G x in the usual way. Then V 2 is further .evacuated to 
the pressure p a and mercury is allowed to rise ing 4 above the bend in U 2 
thereby cutting off the pump. The pressure p 2 of the gas in V 4 is read 
by Gj. Then mercury is allowed to fall in U x to some point above the 
bend in U x so that the two vessels V x , V a can communicate through the 
capillary tube between a x , a 2 . After the gas has passed for some time 
mercury is allowed to rise in g 6 nearly up to a l% a 2 thus stopping commu¬ 
nication between Vj and V 2 and the final pressures in \\ and V s are again 
read on G x and G 2 . Knowing these pressures initially and finally and 
the volumes of the reservoirs V x and V a and their connecting tubes, the 
amount of gas flowing from V x to V 2 cah be easily calculated. 

3-53. Discussion of the Results.— We discuss below the data 
of a particular experiment of Knudsen on the flow of carborwhoxifie 
through a bundle of 24 capillary tubes. The values of the constants 



£| S 3 &2 £4 

Fig. 23.— Knudsen’s apparatus. 
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of the apparatus were as follows :—r 1} the radius of the capillary — 
0*00333 cm., l x , the length of the tube — about 2 cm., temperature 
25®C (average). A, the mean free path — 6*6xl0“ 6 cm. at 760 mm. 
vj, the viscosity for CO 2 =I538xl0~ 7 . The value of A (r in this experi¬ 
ment varied from 1/160 to about 10 4 . Knudsen’s experimental 
results are shown in Fig. 24. The ordinates represent logT 0 where 
T 0 p 0 being the density of the gas measured at a pressure 

of 1 dyne. Thus T 0 represents the volume of gas flowing out per unit 
difference of pressure, measured at a pressure of 1 dyne. The abscissa 
represents log A/r; 

A is inversely proportional to pressure and hence the portion of 
the curve on the right corresponds to extremely low pressures. It Will 
be seen from the curve that the quantity of gas flowing out at ordinary 
pressures decreases with decrease of pressure (AB) in accordance with 
Poisseuille’s law, but after a time the decrease is less rapid (BC) in 
agreement with the result of Kundt and Warburg. With further de¬ 
crease of pressure the flow increases (CD) and finally at very low pres¬ 
sures it becomes constant (DE). The portion DE represents the 
molecular streaming which is explained by the theory developed by 
Knudsen. 

Knudsen found that his entire curve was best represented by a 
formula of the type 

+ i .... (116) 

where a, b, c x , r 2 arc constants. The values of these constants which 
fit the curve given in Fig. 24 can be easily found by the method of 

least squares. These will be 
termed the observed values. 

To find the significance of 
these constants we note that 
for large values of p, equation 
(116) yields T 0 = ap. Fur¬ 
ther Poisseufile's law must 
hold in this region. Hence 
* a ’ of the empirical equation 
must equal vr 4 /^/. Knudsen 
thus calculated V for the 
tube under discussion to be 
log A/r 3*69 xlG -6 , while ‘a* ob- 

■ Fig, 24.- - Curve showing the variation of rate served IS 3 *658 X10”*. 
of flow with mein free path. 





PRACTICAL APPLICATIONS OF EFFUSION 


205 


§3-54} 


Again for very small values of p, the first term can be neglected 
and T 0 •= b (constant). This is shown by the horizontal portion DE, 
of the curve and is the region of molecular streaming investigated by 
Knudsfcn. He found that the value of b as calculated from the 

relation b = — * /— C was 0 0350, while the observed value of b 
3 V p 0 * 

was 0* 0349. This confirms Knudsen’s theory. 

When the mean free path is small compared to the radius of the 
tube but not negligibly small, the formula reduces to 


7*o — op -f" b~^ ..... (117) 


This corresponds to the bend of the curve and represents the region 
investigated by Kundt and Warburg. To deduce c v c t we substitute 
the values of b in (117) and get the value of c x jc r Further c 2 — c x 
can also be obtained, though in a complicated way, and hence c % 
can be found separately. Knudsen, partly from theoretical and partly 
from empirical considerations, gave the value 


2-00'^ftLr,' 


,,«2*47^r. 

V 


The agreement between the observed and the calculated values for 
various gases and tubes is very close, thereby confirming Knudsen’s 
theory. The full expression is ^ 

vr* . . 4 /2ft r 3 (1+2-00^^) 


8i ]l 


p + 


4 J2ir r 3 

Ws T 


(1 +2-47 a / Po rpjrj) 


(118) 


3.54. Practical Applications of the Principles of Effu¬ 
sion.—The fact that the velocity of effusion depends on the 
molecular weight is utilized in mines for detecting the presence 
of the dangerous methane gas. A vessel fitted with a manometer 
an4 an arrangement for giving alarm is filled with air and 
closed by means of a porous plate of gypsum. If CH 4 (molecular 
weight 16) is present, it passes into the vessel by effusion thereby 
increasing the pressure and setting the alarm arrangement in 
action. Usually the vessel is a rubber globe with a metal band 
round its equator. It can, therefore, expand along the pole 
thereby acting on the alarm. 


The phenomenon, of effusion has been utilized by Knud¬ 
sen and others for determining the saturated vapour pressure 
of substances which can be” volatilized with difficulty * such as 
mercury, lead, etc. The vapour of the substance is allowed to 
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effuse through a small opening into a vessel which is highly eva¬ 
cuated and is in addition surrounded by a cooling arrangement. 
Thus the vapour of the substance is at once condensed and the 
pressure p' in the outer vessel is almost zero. Knowing the 
amount of vapour escaping out, the vapour pressure can be 
calculated. For details see Chapter XI. 

There is another very important application of the phenomenon of 
effusion to the interesting problem of the separation of isotopes. 
The reader is probably aware that at the present time, it has been 
definitely proved that the atomic weight is not a distinctive property 
of elements. Most elements have been found to consist of atoms 
which possess identical chemical and physical properties, but differ 
in their atomic weight by small integral numbers. Thus ordinary 
neon has been found to consist of about 90 per cent of atoms having 
the atomic weight 20 and 10 per cent of atoms having the atomic weight 
22. The isotopes of Cl have the weights 35 (75 per cent), 37 (25 per 
cent), and 39 (very small percentage). For a full list, see Aston’s Isotopes. 

As the isotopes have the same chemical properties, they cannot be 
separated by the usual methods of group separation used in chemistry. 
So various physical methods have been suggested for separating an 
element into its isotopic constituents. It is easily seen that if the gas 
is confined in a chamber and allowed to leak out through clay pipes 
possessing fine pores into an outer chamber, the gas in the second 
chamber will be richer in the lighter constituent, for the rate of leakage 

of molecules is «/times faster for it, where denotes the mass 
of the heavy isotope and m x that of the light isotope. If the mole 
fractions of the two isotopes in one chamber be N and 1—N, and in 
the other chamber n and 1 —the separation factor a is defined by the 

relation « = / r— , where R and r are the ratios of mole- 

cular abundance. We further define the equilibrium separation factor a® 
as the instantaneous value of the separation factor when a differential 
quantity "of material is allowed to diffuse from one chamber to another 
so that the composition of the first chamber is not altered. For the 
gaseous diffusion process a 0 = since e/(1—») does not alter 

and N oc nl*/m x , \—N oc 

Thus for a mixture of U a38 F s and U 888 F 4 molecules of molecular 

weight 352 and 349 respectively, = */ 352/349=1*0043. In an actual 
process the conditions are far from equilibrium due to flow of the gas 
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and in consequence, the effective separation factor a is still smaller. 
Therefore for utilising the process a large number of such stages has to 
be used in a cascade, when the abundance ratio for the xth. stage is 
fi. 0 , R 0 being the initial abundance ratio. 

Though the idea, is quite straightforward its practical realisation 
has been extremely difficult but G. Hertz 1 succeeded in devising a 
mechanical contrivance based on the above principle by which he was 
able to separate the isotopes of neon very effectively. He used a battery 
of 24 diffusion pumps, and passed the gas through 48 clay pipes of 
special design on the principle of regenerative separation as shown 



Fig. 25.—Schematic diagram of Hertz’s apparatus for separation of Isotopes. 


schematically in Fig. 25. The clay pipes S 1} S 2 (shown shaded in the 
figure) are enclosed within outer glass tubes B 1} B 2 ...having side 
openings. The clay pipes are connected among themselves by glass 
tubes. The pumps P v P 2 .. are connected as shown in the diagram. 
V* and V/ are two vessels in which ultimately the heavy and light 
constituents are separated. To start with, the gas is contained in V* 
and the pumps are set in action. Consider the portion of the gas enter¬ 
ing at A. Due to the action of the pumps it will be driven towards 
Sg from where a portion richer in the lighter constituent will effuse 
out and will be sucked in by the pump P 3 and delivered into S 7 . Here 
again a part, still richer in the lighter component, will effuse out and be 
delivered into V ( . Thus the portion travelling towards the right 
becomes richer and richer in the lighter component. The gas passing 
from S 7 to S fl will be richer in the heavier component. Effusion will 
take place in S 6 and thus the gas passing to S 5 will be still richer in the 
heavier component. Thus the gas as it travels to the left becomes 
richer and richer in the heavier component. Hence the gas collecting 
in Va will be richer in the heavier component and that in V* richer 
in the lighter component. The process is, however, cyclic and repeats 
itself. The gas from Vj will travel to the left, the parts effusing from 
S 8 and S 7 will be still richer in the lighter component. Similarly from 
Va the lighter component will escape faster through S x and the portion 
left in will be still richer in the heavier component. Hence as time 


1 Zcits. /. P/jysik, 79, 108, 1932. 
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elapses the separation of the two components becomes mote and mote 
complete. The flow of the gas in different parts of the apparatus i6 
indicated by the arrows. 

A slightly modified apparatus based on the same principle was 
employed by Hertz and his pupils who succeeded 1 In twenty hours in 
getting a mixture in which the proportion of Ne aa : Ne*° was 2*5 : 1 as 
compared to 1 : 9 in the ordinary mixture. Wooldridge and Smythc* 
separated in this way the gaseous isotopes of nitrogen and methane. 
The method was used on a very large scale by the U. S. A. physicists 
during the Second World Was for separating U 286 from U 238 , U 2 * 6 being 
the active isotope which undergoes fission on exposure to slow neutrons. 
Uranium hexafluoride, which is a gas, was used, with an initial abun¬ 
dance of 0*71% U^Ffl. If it is desired to produce 99% U 288 , the 
number of stages required will be 

log (W/log « = log 5^5 /log 1 M3 = 2436. 

Actually since o is smaller, a still larger number of stages will be 
necessary. This is a colossal engineering problem but was successfully 
solved by the Americans who erected nearly 4000 diffusion stages at 
Oak Ridge in 1944 at a cost of 500 million dollars. For further details 
see Theory of Isotope Separation by K. Cohen, National Nuclear Energy 
Series, Division III, Vol. I B; or Smythe, Atomic Energy. 

3*55. Applications of the Principles of Molecular 
Flow. —The flow through tubes at very low pressures investi¬ 
gated in §3*51 is of great practical importance. We have seen 
that the mass of gas escaping per second through a tube of circular 
cross-section is 


But p 0 =M/RT. Hence the number of mols of gas escaping per 
second is 


*JL _ _ 4 r* / _?*_/* pj. . . (119) 

dt ~ M ~ 3 * l N MRT 


Numerical calculation using (119) shows that the amount of 
flow through fine tubes at pressures of the order of 0*1 mm. into 
another chamber which is highly evacuated (p 2 = 0) is so small that it 
can be easily pumped by a good pump. This fact is of great importance 


1 Zeits. f. Pbysik, 82, 589, 1933. 
a Phys. Rev., 50, 233, 1936. 
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in the investigation of positivr rays which must be generated in gas- 
filled space, but investigated in complete vacuum. An experimental 
result may be quoted from Knudsen. Two vessels, each of 2f litres 
capacity, are connected by a tube of length 30 cm. and radius 0 1 mm. 
The one contains hydrogen under O'01 mm. pressure, while the other 
is very highly evacuated. It is after 15 hours that one-third of the total 
quantity passes over to the evacuated vessel. 

From equation (119) we see that the ‘resistance’ of a tube to the 
flow of gas varies as //r 3 . This fact must be always borne in mind 
when connecting a vessel to a good vacuum pump for the purpose of 
evacuation. The tube connecting the vessel to the pump must have 
small resistance so that the high speed or pumping capacity afforded 
by modern pumps may be fully utilised. In other words, the limiting 
flow through the tube per second must be at least equal to the amount 
of gas pumped out per. second. If it be less than the latter, the pump 
is unable to work to its full capacity. It is obvious from the formula 
that changes in r are much more effective than changes in /. To give 
a concrete idea, the following figures may be mentioned. With a 
Gaede molecular pump a connecting tube of 1 metre length must have 
an internal diameter of 20 mm. at least. 

3-56. Theory of Gaede Molecular Pump.—The fore¬ 
going properties of highly rarefied gases have been utilized by 
Gaede 1 in designing a very efficient pump, called the molecular 
pump. This consists, as shown in Fig. 

26, of a drum rotating within an outer 
cylinder with very small clearing space 
between the two except for a short 
length between m and n where the 
clearance space is larger. At m and n let 
us connect tubes leading to a manome¬ 
ter M. At low pressures the mean free 
path is large compared with the width 
of the clearance space, and hence mole¬ 
cular collisions are negligible and 
reflection from the surface is the domi¬ 
nating factor. As we have seen in §3*51 
th e impact and rebound of the mole¬ 
cules is equivalent to their conden- 





Fig. 26.—Gaede’s molecular 
pump. 


i Ann. d. Phjsiky 41 , 337, 1913. 
F. 27 
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sation and subsequent evaporation from the wall in random 
directions. Thus when the inner cylinder rotates as indicated 
at a very high speed so that the velocity of the surface is com¬ 
parable with the velocity of the molecules, the molecules 
coming from m are directed towards n by their impact and 
rebound from the drum as they remain in contact with the 
drum for a small time and are carried forward by it. The mole¬ 
cules coming from n are almost completely prevented from moving 
towards m. Further, the quantity of gas escaping from n to m 
through the narrow canal is quite negligible as shown in §3’55. 
Hence in this way a pressure difference is set up and maintained 
‘ between m and n as indicated. The case is slightly different from 
the case of flow through tubes. In case of tubes the pressure 
difference causes a flow of gas through the tube; here the movement 
of the walls produces the pressure drop. 

We can easily calculate an expression for the pressure difference 
set up between m and n. The molecules striking the rotating cylinder 
acquire by impact a velocity component parallel to the surface of 
the cylinder in the direction mn as explained above. Assume that the 
drift velocity of the gas due to this cause is u. Evidently u will 
depend upon the speed of rotation of the inner cylinder and will increase 
with the increase of this speed. Then from the discussion given in 
§3*51, we have for the volume of gas flowing out, using the same 
notation as before, T 0 = b, where b is a constant depending upon the 
dimensions of the space mn and will be given by an expression analo¬ 
gous to (114). Let us calculate the dependence of this T 0 on the drift 
velocity u; we have 


Af* _ Apu _ Apu 

Po{Pl~Pi) Po{Pl~Pi) Pl~p2 


. ( 120 ) 


where A is the cross-sectional area of the opening and p the mean 
pressure of the gas. Therefore 


hence (120) yields 
or 


P = \ (A+M 

Pi^rPi _ 

Pi" Pi Au ' 

p j 1 -\~Auj2b 

Pi ~~ \—Au\2b' 


( 121 ) 


Thus the ratio px\Pi is independent of the gaseous pressure and increases 
with the increase of u and hence also of w 0 , where w 0 is the linear 
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velocity at the extremity of the inner cylinder. For a fixed #, pifpz 
must be constant. In practice a number of such arrangements in 
series are used. Table 4, obtained from a typical experiment, shows 
that pxlpz does not even approximately remain constant and appears 
to pass through a maximum. The cause of this departure lies in the 
emission at low pressures of the gases adsorbed by the walls of the 
system to be evacuated which tends to counteract the diminution in /> 2 . 


Table 4 


n 

revolutions per min. 

Pi . 

in mm. 

in mm. 

PllPi 

12000 

0-05 

2*10" 7 

250-10 3 

12000 

I *00 

5-10-° 

200-10 3 

12000 

1000 

3-10-0 

333*10 3 

12000 

20-00 

3*10—* 

66*10 3 

6000 

0*05 

2-10- 5 


2500 

: 

0 05 

2 * 10—* 



When the pressure is so high (above about 20 mm.) that the mean 
free path is negligibly small compared with the width of the space, the 
mechanism is quite different. In this case molecules coming from m 
and n suffer collision with other molecules and viscous forces are brought 
into play. It can be shown from the kinetic theory that for this case 


. ( _ 6171V 

Pl~Pi — p » 


. ( 122 ) 


where rj is' the viscosity of the gas, / the length of the space m t and h 
the width of the space. Thus the pressure difference is very small 
and is independent of the mean pressure of the gas. 

It is for these reasons that this pump can only be used in conjunc¬ 
tion with an auxiliary pump which will produce pressures of the order 
of 01 mm. The fore-pump is connected at n and the vessel to be 
evacuated is connected at m. Of course the speed of the pump depends 
upon the pressure developed by the fore-pump. 

In recent years the mechanical design has been considerably im¬ 
proved by Holweck and Siegbahn. In Holweck’s design the cylinder 
Contains two spiral grooves cut on it, symmetrically starting from 
the high vacuum nozzle m which is in the middle. The grooves are 
at first deep, but gradually become shallower and finally disappear 
when the edges of the cylinder are reached. The drum is rotated in 
the vacuum by an induction motor worked by diphase current. 
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3*57. Dushman Manometer.—This consists of a horizontal 
disc suspended by a quartz fibre carrying a mirror for the purpose of 
measuring the rotation of the system. Parallel to this disc there is 
a second disc placed a few millimetres below the first on* and is 
capable of rotating at high speed about the quartz fibre as axis. If the 
whole system is suspended in a gas at very low pressure and the 
lower disc rotated from outside by means of a magnet, the fixed 
disc will be rotated through an angle which will depend upon the 
velocity of rotation of the lower disc and the pressure of the gas. 
Thus a knowledge of the deflection gives the pressure of the contained 
gas. 

i 

To deduce the formula we make use of equation (111) which 
gives the force exerted by the rotating’ disc on the fixed disc per unit 
area of the former taken at a place where the linear velocity is v. But 
v = ra where r is the distance of the element from the axis and co is 
the velocity of rotation. Hence the moment of the forces exerted on 
the fixed disc is 


[* 3ir 

Jo 32 


pi. 


r<o. r. 2 nr dr = 


3w a 

16 



8 RT a* 
Mn 4 W 


— ed t 


where t is the couple per unit twist. Thus 0 is proportional to pto. 
The value of the numerical coefficient is, however, uncertain. In 
practice therefore the instrument is calibrated by actual comparison 
with another manometer. 


3*58. Thermal Transpiration.—So far we considered 
such phenomena in which the temperature was uniform through¬ 
out the gas. We shall now study such low pressure phenomena 
in which the temperature is different in different parts. The 
simplest case is that of thermal transpiration. 

Let there be two chambers A and 
B (Fig. 27) containing a certain gas 
at different temperatures. Denote these 
temperatures by T A and Tb and assume 
that Ta > Tb- The two chambers com¬ 
municate with each other through a 
porous plug (shown dotted in the figure) 
or, better, through a narrow opening of negligible thickness . If 
initially the pressures in the two chambers are equal, and n Ai #b 
denote the initial molecular densities in A and B respectively, we 
have from the gas law p — nkT, that n A jn s — Tb/T a . The efflux 


1 

A 

1 B 




Fig. 27.—Thermal 
transpiration. 
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of the gas from A will be, as proved in §3*49, \mn A V A and that 
from B, Now 

»a?a_Tb ITk^ 

^"rWr B Vt a 

and T b < T a , hence n A ? A < «b?b* Therefore there is a net 
transfer of some gas from B to A, from the colder to the hotter 
chamber. Now the pressures in the two chambers were initially 
equal, thus the pressure in the hotter vessel tends to increase over 
that in the colder one. This case differs from the ordinary case 
of effusion where the temperature is equal And the transfer is caused 
by the difference in pressure. Here difference in temperature is 
the cause of transfer. This phenomenon 1 is called thermal 
effusion or thermal transpiration and was first investigated by 
Osborne Reynolds. 2 

This net transfer will continue and the molecular density 
and pressure in the hotter vessel will go on increasing till finally 
a steady state is attained when the efflux from both sides becomes 
equal. If we denote the final pressures and molecular densities 
for the two chambers by p A , P& and n Af #b respectively, then for 
equilibrium the condition of equality of flux gives 

»A CK = *B?B- 

Now n A “ PaI&T a and V A oc \/T A , and similarly for » B and ? B - 
Hence on substitution we obtain 



the final thermo-molecular pressures are in the ratio of the 
square roots of the absolute temperatures. 

The phenomenon of thermal transpiration was experimentally 
investigated by Reynolds.* His apparatus consists essentially of two 

1 A fine illustration of the phenomenon of thermal transpiration 
is furnished by the following experiment:—Take a porous clay vessel 
(having pores of the order of 10~* cm.) provided with an arrangement 
for heating the enc®>sed air and immerse it completely in water. When 
the enclosed gas is heated the cold atmospheric air can be_seen bubbling 
through the water after which it enters the clay vessel. For a vessel 
of capacity 100 c.c. and with strong heating arrangements 100 c.c. 
of gas can be made to enter the vessel per minute. 

2 Osborne Reynolds, Scientific Papers , Vol. 1, p. 257; or Phil. 
Trans. Part II (1879). 

* Osborne Reynolds, Scientific Papers , Vol. 1, p. 2f>5. 
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chambers separated by a plate of porous material. Arrangements 
were made for keeping the chambers at constant but different tempera¬ 
tures for hours, also for measuring the pressure of the gas and for ex¬ 
hausting the chambers. In most of his experiments he maintained the 
gas in the two chambers at 8°C. and I00°C. The porous plug was 
made of biscuit-ware, meerschaum or stucco. The theoretical relation 
was found to hold approximately, but departures were observed at high 
pressures. In fact the foregoing considerations are applicable only 
when the gas is at very low pressure, A is large compared with the 
length and the radius of the numerous capillaries to which the porous 
plug is equivalent. Using 10 tubes each having constrictions and 
heated to 500°C., Knudsen obtained a pressure in one vessel equal to 
10 times that in the other. In the case of such tubes, as distinguished 
from the case of holes of negligible thickness, the phenomenon is diffe¬ 
rent from the one theoretically discussed above. It is the case of flow 
through a tube produced by a temperature gradient alone without any 
imposed pressure gradient. At very low pressures, i.e ., in the case of 
molecular flow, the phenomenon can be studied in a manner somewhat 
similar to that of §3 *51. Theoretical investigations show that for the 
condition of zero flow through tubes of circular cross-section pj*/T 
is constant along the tube. If the dimensions of the connecting tubes 
or capillaries are not negligibly small compared with A, we must, while 
considering the flow along these tubes, take into account the viscosity, 
radius of the tube, its length, etc. Knudsen 1 worked out a theorv for 
this case and found the experimental results to agree with the theory. 
For details the original paper should be consulted. 

3*59, Thermal Conduction in Rarefied Gases.— Like 
viscosity, thermal conduction in a gas - can also be treated at 
ordinary, intermediate and very low pressures. The case of ordi¬ 
nary pressure was treated in § 3* 39. At intermediate pressures 
we have, analogous to the viscous slip, a temperature jump or dis¬ 
continuity at the wall, the temperature jump distance g being 
directly proportional to the mean free path. A theory of the tempe¬ 
rature jump can be developed in terms of the interaction of mole¬ 
cules with the surface just as the value of £ in terms off was found 
in § 3* 50. We shall, however, concern ourselves only with the 
phenomena at very low pressures when the mean free path is large 
compared with the linear dimensions of the contained gas. 

1 Am. d. Yhysik , 31, 205, 1910; 33, 1435, 1910, or see Loeb, 
Kinetic Theory of Gases, (1934), pp. 355—364. 
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The transfer of heat through a gas at low pressure was 
investigated experimentally by Knudsen 1 , and Soddy and Berry 2 
and a theory of the phenomenon was given by Knudsen 8 and 
Smoluchowsky. The experiment consists in studying the transfer 
of heat from a hot plate to a cold plate or from a thin cylindrical 
wire to a concentric hollow cylinder, the space between the two 
being filled with the experimental gas. As a result of these ex¬ 
periments the conductivity of a gas was found to decrease with 
decrease of pressure at extremely low pressures. As in the case 
of free-molecule viscosity, this is due to the mean free path becom¬ 
ing very large when molecular collisions become rare and the phe¬ 
nomenon is therefore called free-molecule or molecular heat con¬ 
duction. Knudsen’s theory of the phenomena is very similar to 
his theory of the transfer of momentum given in § 3*51 and is 
given below. 

Let the two surfaces A, B be maintained at temperatures T v T a 
and further, let us make the simple assumption that the* molecules 
leaving a surface have acquired its temperature, so that the molecules 
reaching and leaving A carry the mean energy of a Maxwellian gas 
corresponding to temperatures T 2 and T x respectively. The number 
of molecules of the velocity c a striking unit area of A per second is, 
from equation (109), equal to 2 n a 7ra 3 e~^ cl dc 2 where n 2 is the number 
density of molecules moving towards A. We have put here 2 instead 
of 1 in (109) since n x represents the density, of molecules moving 
towards one side only or just half the density in the equivalent Max¬ 
wellian gas. The translational energy carried by every one of them is 
\mc£. Hence the total energy imparted to unit area of A per second is 

E 2 — \mc%. 2 n t mP <rbc\ rf dc % = 2 kT %y . . (124) 

a result which could be directly written from problem 1 of §3.49. 
Similarly the energy leaving the surface of A per unit area will be 
E l =n l i v kT x . Hence the rate of loss of translational energy by A is 

1^1^ Tj — Tj. 

Now the number of molecules moving in one direction between 
, the plates must equal those moving in the other direction since there 

1 Ann. d. Phj/sik , 34, 593, 1911; 6, 129, 1930. 

8 Proc. Roy. Soc ., 553, 254, 1910; 84, 576, 1911. 

3 Ann. d. Pbysik, 35, 983, 1911. 
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is no accumulation between the plates. Hence \n x t x — \n<$& Rfld 
this must also equal %ttc where n denotes the total molecular .density 
and i the mean speed of the gas molecules between the plates, n being 
equal to -f n v Hence the expression for loss of translational energy 
becomes 

If the molecule possesses energies of rotation and vibration also, 
the loss of energy due to this cause will be given by 


£ ftc(E r , E r ), 

where E ri and E ri denote the energy of the molecule, other than trans¬ 
lational, at temperatures T t and T 2 . Hence the total loss ol energy 
becomes 


Since 


\n'c. k(T x —T^ -f \ttc(E r 

cp __ 


Eft)* 

E, - | AT, 


(125) 


we have 
Further, 


Er= 5 —^ X {AT. 

r - 1 

i ss mTpfcr ; p = nkT, 


where T denotes the temperature 1 corresponding to l for a Maxwellian 
gas and p its pressure. Hence the total loss of heat energy Q from unit 
area of A is given by 



2K y± 1 
Mir'y— 1 * yf 


ergs. 


. ( 126 ) 


We thus see that conduction of heat under these conditions follows 
laws quite different from those at ordinary pressures. It is seen to be 
independent of the distance between the plates and is proportional 
to the pressure of the gas. 

Experimentally it was found that the loss of heat was proportional 
to the temperature difference T\—T a and to the pressure but was less 
than that given by (126). To explain this Knudsen, following Smoul- 
chowski, assumes that the molecules leaving the plate have not acquired 
its temperature; they adjust themselves only through a fraction a of the 
difference of temperature between the plate and their own before 
collision. Knudsen calls this quantity a, the accommodation coefficient, 


1 T can be obtained from the relations in- L c 1 = 4 ni , and 

n■— n x +n 2 . Since c cc V'f> this yields l/v'l\= JO/V'A + l/V^’a)* 
or if we take the accommodation coefficient into account, we get 
l/y'f = K1/VT/+1/VT # 7. If the gas outside the plates has a tem¬ 
perature V different from that of the gas between the plates we 

evidently have p'jp — (T'jT)^ 
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which denotes the fractional extent to which the molecules, on suffer¬ 
ing encounter with the wall, get their mean energy adjusted or ac¬ 
commodated towards the mean energy which would be possessed by 
molecules of a gas at the temperature of the wall. Thus if JS,-, JEr 
denote the mean energy of the incident and reflected molecule and JB W 
that corresponding to the wall temperature we have 

E r — Ei~ a (. E w —Ei ), . . . . (127) 

or since E is proportional to T, 

T r -Ti=a(T w -T'), .* . . . (128) 

Assuming a to be the same for both the plates and denoting the 
temperatures of the molecules leaving the plates T v r 2 by 'iy, tv 
we have 

TV - TV = * (T t - Tf) ; 7V — Tf — a (T a - T/), . (129) 

whence iy — T 2 '= 2^a^ l ~ T’a), * • * 0^0) 


It is evident that in the foregoing transfer equation (125) we must 
have Ty —Tf in place of T x —T 2 . Knudsen devised some ingenious 
experiments from which he concludes that the accommodation coefficient 
is, within limits of experimental error, the same for translational energy 
as for other forms of energy. Hence (126) becomes modified into 




2R y+1 
Mir y—1 


IlzI? 

Vt 


(131) 


From equations (126) and (131) it is evident that the transfer of heat 
is proportional to the pressure. This is the principle upon which the 
action of the Pirani vacuum gauge depends. In this a constant current 
flows through a lamp filament. The filament attains a steady temperature 
and hence a constant resistance which depends upon the loss of heat 
through the gas by conduction and hence from equation (126) or (131) 
upon the pressure of the enclosed gas. Thus from a knowledge of the 
resistance the pressure can be found. 

3 * 60 . Nature of the • Accommodation Coefficient.—The 
accommodation coefficient can be experimentally determined 1 by mea¬ 
suring the heat loss from a plate and then utilising eqn. (131).. It is 
found to depend very largely on the temperature, the cleanness of the 
solid surface, etc. and decreases steadily as the temperature is lowered. 
All values of a from 0 to 1 seem to be possible. Attempts have also 
been made to calculate a from theoretical considerations. Assuming 


1 For full details see Loeb, Kinetic Theory of Gases\ (1934), §80-81. 
F. 28 
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perfectly elastic collisions between spherical molecules of the gas and 
of the wail, of masses m and m' respectively, it can be shown from the 
laws of impact that 


— ( 


m—m 

m+m' 


(132) 


The problem is really one of wave-mechanics and has been tackled on 
these lines by Jackson and Howarth 1 . 

3*61* Knudsen’s Absolute Manometer.—From his study 
of the laws of heat transfer in gases at low pressure, Knudsen 2 
was able to devise an absolute manometer for the measurement of 
extremely low pressures. The manometer is absolute because it 
gives the pressure directly in dynes and requires no preliminary 
calibration by comparison with a standard gauge. Its indications 
do not depend upon the nature of the contained gas. 

The principle of the manometer will be best understood 
by reference to Fig. 28. B u B 2 are two movable plates suspended 

by a quartz fibre D carrying a 
mirror M. Opposite these 
plates are two fixed plates A 1} 
A 2 , which are heated electrically 
and kept at a temperature above 
that of the cold plates B*, B 2 . 
^ When such a system is suspended 

in a rarefied gas, the gas mole¬ 
cules impinging on B from the 
side A possess greater momentum 
than the molecules impinging 


( .stationary on the other side of B, and hence 
f jplotc the vanes B 1# B 2 experience a 

/B, ^ -~A/ 1 force repelling them away from 

I A ls A a , and are deflected. The 

• deflection is measured by the 

Fig. 28.—Knudsen’s absolute manometer, lamp and scale method and de¬ 
pends upon the pressure of the contained gas. Thus knowing 
the deflection, the pressure of the contained gas is deter¬ 
mined. 



1 Proc. Roj. Soc., 142 , 447, 1933. 2 Ann. d. Physik, 32 , 809,1910. 
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A theory of the apparatus has been given by Knudsen 1 which is 
however only applicable when the distance between the fixed and the 
movable plates is small compared to the mean free path of the gas, 
so that the molecules strike the one plate exactly in the same state 
in which they left the other. Also the dimensions of the plates are 
supposed to be large compared with the distance between them so that 
the edge effects can be neglected. 

Let the temperature of the plates A and B be respectively T t and 
T a and let the average velocities and the mean square velocities of the 
gas molecules corresponding to these temperatures be ? lv ? 2 and C x 2 , 
C 8 2 respectively. Suppose the molecular density between the plates of 
such molecules as move towards B is n x and of those moving towards 
A is n v If we assume that the molecules on striking the plate acquire 
its temperature, then they leave the plate as a Maxwellian gas having 
a velocity distribution corresponding to the temperature of the plate. 
The part of B facing A thus receives a momentum \n x mC x 2 per unit 
area due to impact of molecules coming from A since in this case the 
momentum will be only half of that given by equations (4) or (9) as 
proved in the footnote on p. 124, and n x corresponds to \n here. Simi¬ 
larly B experiences a momentum due to molecules leaving B. 

Hence due to the gas between the plates the total pressure repelling B is 

\m // 2 C a 2 ). 

Again if the molecular density outside the plates be « and the average 
velocity and mean square velocity be c and C 2 respectively, the plate 
B is forced towards A with a pressure p where p = \mnC 2 . Hence 
the resultant force per unit area repelling the plates is 

F = $m(it t C x *+n£t)-p. . . . (133) 

Again as proved in §3*59, we have 

Wi = =» Uc, 

since there is no accumulation of gas between the plates or outside. 
Now, since C and i are proportional we have 

Hence (133) yields 

F = :W ICCC.+Q -p = ip ^7^*) - P- (* 3+ ) 

1 Ann. d. Phystk , 32, 809, 1910. See also Smoluchowski, Ann. d, 
Pbjsik, 35, 1000,^1911. 
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If further the whole gas is kept at the temperature T a of the cold 
plate, C = C. v Hence 






2 F 


If the difference between T x and T t A s not large, 1 


(135) 


p == 4F v dynes/cm*. . . . (136) 

I j— I a 

F can be evaluated from the deflection and the elastic constants 
of the apparatus and hence p the pressure of the gas can be calculated. 
It must be mentioned, however, that p includes the pressure of 
all vapours present in the system, including mercury vapour if any. 
The MacLeod gauge, on the other hand, does not measure the vapour 
pressure of mercury*. 

We have assumed above that the molecules acquire the tempera¬ 
ture of the plate which they strike. As shown in §3*59 this is not 
so in general. Assuming the accommodation coefficient a to be the 
same for both the plates, the temperatures T x , Tf of molecules leaving, 
the plates of temperatures T x , T a respectively will be given by (129). 
Equation (129) on addition yields 


T/ + T,' = T t + T* . . . . (137) 

or since T is proportional to C * where C is the root mean square 
velocity, we have 

Ci % +C%* - C s *. . . . (138) 

If the difference between C x and C 2 is small, equation (138) yields 
correct to small quantities of the first order, 

C x '+C 2 = C 2 .(139) 

Now in this case we should have C x '-\-C 2 ln place C x +C 2 in equation 
(134). Thus by virtue of equation’(137) the expression obtained is the 
same as before, if we neglect small quantities of higher order, provided 
the temperature difference T 1 — T 2 is small. 


1 This formula can be deduced in a very simple way by consider¬ 
ing it as a thermal transpiration effect between the mean temperature 
|(i 1 4-T 2 ) inside the plates and T 2 outside. The pressure pi between 

the plates is given by p-,jp -■= VW r i+ T t>l^t = V l + (T 1 -T 2 )/2T 2 
— I + l(T x —T^)/T 2 approx, and F — 

* For further details see Dushman: Production and measurement of 
high vacua. 
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A gauge based on the above principles can be employed 
to measure the lowest pressures yet attained. Woodrow 1 cons¬ 
tructed a gauge on the same principle which, with a temperature 
difference of 100°C. between the plates, could be used to measure 
down to 3x 10~ 8 mm. of mercury, while another modification by 
Shrader and Sherwood 2 could read to 5x 10~* mm. The gauge 
however cannot be employed above 10 -8 mm. since the mean free 
path then becomes comparable with the distance between the 
plates. 

3 62. Thermal Creep and the Radiometer.—Crookes 
(1870) devised an instrument called the radiometer which is 
used to measure the intensity of radiation 
falling on it. It consists of a number of 
thin vertical vanep of mica suspended at the 
ends of a light aluminium rod r inside a partially 
evacuated glass vessel (Fig. 29). Two such 
rods fixed at right angles are shown in the 
figure, and are capable of rotating about the 
vertical axis a. The outer face of the vanes 
is coated with lampblack while the inner faces 
are left clear. When radiation (thermal or 
light) falls'on the blackened face the vanes 
begin to revolve in such a direction that the 
blackened face continually recedes from the 
source of radiation. This is called the radio - 
meter effect. 

The following simple explanation of the 
radiometer effect is often given but is hardly CtookS^wSomcter. 
convincing. The blackened face absorbs the inci¬ 
dent radiation and thereby its temperature is raised while the clear face 
remains at a lower temperature. The molecules striking the blackened 
face therefore become more heated than the molecules striking the other 
side of the vane and hence carry, on the average, greater energy and 
momentum. The consequence is that there is a net effective force 
repelling the vanes away from the incident radiation. 


1 Pbys. Rev., 4 , 491, 1914. 
* Pbys. Rev., 12, 70, 1918. 
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A quantitative theory of the radiometer effect has been given by 
Hettner and Oerny, Einstein, Epstein 1 and others, following the ideas 
developed by Maxwell, and seems to be fairly well confirmed by experi¬ 
ments. According to this the radiation falling on the vane acts by 
heating the vane unequally so that a temperature gradient is established 
along die vane whose magnitude will depend upon the conductivity of 
the gas, conductivity of the vane, intensity of the radiation, the peri¬ 
meter of the vane and also upon any convection currents that may be 
produced. The temperature gradient causes a thermal creep of the gas 
as pointed out by Maxwell, the gas moving towards regions of higher 
temperature. The existence of this creep motion can be easily explained. 
Molecules striking the surface obliquely and coming from hotter regions 
bring with them greater tangential momentum than those coming from 
the colder regions. Thus the surface delivers a tangential momentum 
to the gas directed towards the hotter regions, producing thereby a 
thermal creep from the colder to the hotter region. As a result of this 
thermal creep viscous forces are exerted and we have to solve the hydro- 
dynamical problem of §3*51 with this boundary condition of the creep 
velocity which, when partially obstructed, will produce a pressure 
gradient. Thus the pressure on the hotter side of the vane increases 
on account of this thermal creep and deflects the vane away from the 
incident radiation. The quantitative calculations 2 are too complicated to 
be given here. Wc shall content ourselves by simply quoting the results 
for a thin flat circular disc. The difference of temperature f\T bet¬ 
ween the centres of the two sides of the disc is found to be given by 


A T = -- 

7 7 


al 


, 2 * 


K 


(140) 


where a , d and respectively denote the radius, the thickness and the 
conductivity of the disc; K g the conductivity of the gas and I the inten¬ 
sity of radiation for the case of a uniform beam of light. The radio- 
metric force on the disc is found to be given by 

Ey 


F = — 3i 


Mp 




where p is the pressure of the gas and tj its visdosity, and A 7* is given 
by (140). For a non-conducting disc (K d = 6), this reduces to 

F = — .(141) 

Mp Kg 


1 Zeits. /. Physik, 54, 537, 1929. 

2 For detailed discussion see Loeb, Kinetic Theory of Gases , pp. 
364-386 (1934). 
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F is seen to be proportional to the intensity of radiation I thereby ex¬ 
plaining its use as a radiometer. 

3*63. Value of Constants. —In Table 1 5 a number of 
constants are given which serve to give an idea of the several 
magnitudes involved in the kinetic theory of gases. The gases 
are at 0°C. and atmospheric pressure. 


Table 5 


Gas 

Mass of 
molecule 

mxlO u 

gm. 

Root mean 
square 
velocity in 
metres 
per sec. 

Viscosity 
ijXlO 6 in 
gm.cm. -1 
sec. -1 . 

Thermal 
conduc¬ 
tivity K X 
10° in cal. 
cm. -1 sec. -1 
°C -1 . 

i 

Mean 
free path 
Ax 10® 
cm. 

Molecular. 

diameter 

<7 X10 3 

cm. 

h 2 

31 

1839 

86 

318 

18*3 

2*47 

n 2 

43 T 

493 

166 

52 

9*44 

3*5 

o 2 

49-2 

461 

187 

56 

9*95 

! 3*39 

He 

6T 

i3ir 

189 

339 

28*5 l 

| 2-18 

A 

61*3 

413 

210 

38-9 

- 10*0 1 

i 3*36 

Cl.! 

58*5 

307 

129 

4 • 

I 

4*57 ! 

i 4*96 
« 

1 

i 


"Problems —1. Calculate the number of molecules crossing unk 
area upwards with the vertical component velocity greater titan u G . 

2. In an absolute manometer the temperatures of the two plates 
are 23*4°C and 31*7°C, the surrounding gas being maintained at the 
temperature of the cold plate. If the cold plate is repelled with & 
force of 1 *6 X i 0 -2 dynes/cm. 2 , calculate the pressure of the gas. 

BOOKS RECOMMENDED 

A good elementary account of the subject-matter of this chapter 
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CHAPTER IV 
HEAT ENGINES 


4 * 1 . Introduction.—We have seen in the last cnapter that 
Heat is a kind of motion. Whenever motion disappears it 
reappears as heat, and experiments show that 1 calorie of heat 
is equivalent to 4*18 x 10 7 ergs of work. The question naturally 
arises: “Can we not reverse die process ? Can we not, by 
some contrivance, convert heat which is in so much excess 
about us, to useful work ?” This *is in fact the function of heat 
engines which we are going to discuss. They are contrivances 
for converting heat into work. 

But the early investigators were profoundly ignorant of 
the ^Nature of Heat*’, hence the problem did not present itself 
to them in this form. They however observed that whenever 
bodies get heated, they develop a capacity for doing mechanical 
work. We may take three examples familiar to everybody:— 

1. When water is boiled in a dosed kettle, the lid is blown off 
by steam generated inside. This shows that high pressure steam can 
be made to do work. 

2. When gunpowder or any explosive is' exploded a sudden 
impulse is created which may be utilised for thro wins: stones, cannon¬ 
balls and for breaking rock* 

3. High velodty wind can be made to do work, e.g., from early 
times sails have been used for the propulsion of ships, for driving mills 
(windmills). We know that such winds are due to intensive heating 
of parts of the earth's surface by the sun. 

The three illustrations chosen above have served as the 
starting point for three different classes of engines which convert 
heat to work, i(1) the steam engine widely used for locomo¬ 
tion and industry, (2) the internal combustion engines used in motor 
cars, aeroplanes, and for numerous other purposes, (3) the wind¬ 
mills and steam turbines. 

Many of the principles utilised in these engines are 
common to all classes; we shall therefore begin the subject 
by a study of the Stead Engine 1 . The mechanical details 

1 For an account of the evolution of the steam engine see the 
Authors’ A Test Book of Heat for Junior Students (1954), or Ewing, 
Steam Engine and other Heat Engines » 

225 


F. 29 



226 


HEAT ENGINES 


[IV 


are outside the scope of this book and will be given in. the 
barest outline. 

4*2. Modern Steam Engines. —Since the time of its first 
inventor James Watt, many important innovations have been 
introduced into the steam engine though the main features remain 
the same. The essential parts of a piston or reciprocating steam 
engine are shown diagrammatically in Fig. 1. 

Steam from the boiler enters the steam chest, also called the slide 

casing, in which usually a D-slide 
valve reciprocates. The valve slides 
upon a plane surface attached to the 
main cylinder. There are three holes 
bored in this surface, the upper 
and the lower holes leading to the 
upper and lower parts of the cylinder, 
while the middle hole communicates 
with the exhaust pipe leading to the 
condenser. 

The slide valve is so mounted 
that with the slide in die position 
shown in Fig. 1, steam enters the 
cylinder at the top through the upper 
hole and pushes down the piston, 
the steam on the other side of the 
piston being thrown out through the 
lower hole, the cavity in the D-slide, 
and the middle hole to the exhaust pipe. When the piston has reached 
the end of its downward stroke, the D-slide takes up such a position that 
steam is allowed to enter through the lower hole and pushes the piston 
upwards, the steam above the piston being thrown out of the upper 
hole to the exhaust. This backward and forward motion of the piston 
is communicated to the piston rod which is constrained to move in a 
straight line by the gudgeon pin travelling between two guides. To 
the gudgeon pin is connected the connecting rod whose other end is 
jointed to the crank mounted on the crank shaft. Thus the to-and-fro 
motion of die piston is transformed into the rotational motion of the 
crank shaft and the flywheel. Upon the crank shaft is mounted the 
eccentric which is simply a circular disc so mounted that its axis of rota¬ 
tion does not pass through its centre. The eccentric rotates within a 
ring bearing, called the eccentric strap, which is attached to the eccentric 


Steam Chest 


Slide 

Valve 


Crank 
Shaft A 
Eccentric 



Piston 
Piston Rod 


Gudgeon Pin 
fly Wheel 

fin 


Fig. 1.—Main parts of a 
Steam Engine. 
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red, the rod being jointed at the other end to the valve spindle. The 
rotation of the Crank shaft thus produces backward and forward motion 
of the eccentric rod and the D-slide valve. The proper timing action 
of the slide valve is accomplished by so mounting the eccentric on the 
shaft that it is turned through 90° relative to the crank. 

Watt used engines with low steam pressure but such engines are 
comparatively inefficient, as we shall presently see, and in modern 
i times high pressure engines are largely employed necessitating the 
construction of special types of boilers, Now-a-days pressures of the 
order 15 to 30 atmospheres are generally employed, but in steam turbines 
pressures as high as 200 atmosphers have been used. The steam is 
generated in a boiler which is so designed that the hot gaseous products 
of combustion may remain as long as possible in contact with the surface 
of the boiler and thus deliver maximum heat to it. In the furnace-tube 
boilers generally employed in locomotives, the furnace gases pass through 
many separate tubes running throughout the boiler. In water-tube 
boilers the boiler itself consists of a system of tubes carrying water which 
are surrounded by the furnace flames. The steam leaving the boiler is 
often heated further (super-heated) without increase of pressure by 
allowing it to traverse again through tubes surrounded by furnace gases. 
This dry superheated steam then enters the cylinder. 

If the exhaust steam from the cylinder is allowed to escape freely 
into the outer air as in the high-pressure or exhaust steam engine, it 
will have to overcome the atmospheric pressure and thus some work 
will be lost. To avoid this a condenser is used in the low pressure or 
condensing steam engine whose function is to produce a vacuum so 
that no work may be lost. Condensers in modem engines generally 
consist of a number of tubes carrying cold water which is kept in 
circulation by means of a pump, so that steam from the exhaust 
condenses on the surface of these tubes (surface condenser). The water 
and air produced by the condensing steam is removed by another 
pump. 

If the steam were allowed to enter the cylinder all the time during 
a stroke, its pressure will always remain approximately equal to that 
in the boiler; thus in the backward stroke this high-pressure steam 
will be thrown to the exhaust and wasted. To prevent this, the steam 
inlet is closed before the piston has completed the stroke, the steam 
in the cylinder thereby expands and some extra work is obtained in 
this expansion. In order to obtain the maximum possible work from 
the steam, this expansion must be carried down to the pressure in the 
condenser. This would however require an impracticably long 
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cylinder and consequently in compound engines this expansion is carried 
out in two or more cylinders. In the first cylinder the steam pressure 
falls to an intermediate value, and this exhaust steam from the first 
cylinder enters the second cylinder and so on, it being arranged that 
the pistons of all the cylinders assist one another in their motion either 
by being mounted on the same piston rod or through connection to a 
common shaft. 

4*3. Efficiency of Engines.—The efficiency of any heat- 
engine is obtained from the first law of thermodynamics. A 
heat engine is merely an apparatus for the conversion of heat to 
work. The heat supplied is obtained by finding out the calorific 
value of the fuel consumed by burning a sample of the fuel in a 
bomb calorimeter (p. 106). If j 2 be the calorific value of the 
fuel consumed per unit of time, and W the power developed, we 
can define the economic efficiency of the engine as the ratio WfJQ. 
In the best steam engines about $ kg. of coal is required per horse¬ 
power hour. This yields for the economic efficiency a value of 
16 per cent. 1 The economic efficiency of smaller engines is much 
lower and may be as low as 3 per cent. This low value is partly 
due to heat losses caused by friction, radiation, etc. But it is 
dear that even if these could be eliminated completely the efficiency 
could not reach 100 per cent, an ideal which should be aimed at 
in perfect heat engines. 

The question arises whether this lack of perfectness in 
heat engines is to be ascribed to their bad designing or whether 
there is something in the very nature of things which prevents 
us from converting the whole amount of heat to work. 

This question was pondered over by Sadi Carnot over a 
hundred years ago. He showed that even with an ideal engine, 
it is never possible to convert more than a certain percentage of 
heat to work. 

4*4. Hie Indicator Diagram.—It is very convenient to 
represent the behaviour of an engine by an indicator diagram 
and hence in discussing the theory and performance of heat engines 
this is always done. Suppose a certain amount of gas or liquid 

1 The calorific value of fkg. of carbon when it is fully burnt is 
(See $5*16, eqn. 23) about 96x500/12 K cal. while one horse-power 
hour—652 K caL Therefore efficiency = 652/4000 = 16*3%. 
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is contained in a vessel at a certain temperature and pressure and 
occupies a certain volume. The state of the substance is uniquely 
represented from the assignment of its pressure and volume. Thus 
we can represent the state of the gas by a point A (Fig. 2) on a 
graph such that the abscissa and the ordinate of A are the volume 
and the pressure of the gas respectively. 

Let the pressure and volume of the gas be changed to 
that corresponding to the point B and suppose that the pressure 
and the volume throughout this 
change are represented by points on 
the line AB. Then this operation is 
represented by the line AB on the 
diagram. Such a trace is obtained 
in actual engines by means of a 
device called indicator, whose mode of 
action is as follows :—The backward 
and forward motion of the piston is 

. . , . , Fig. 2.—The indicator diagram. 

communicated by the piston rod 

to the holder of a sheet of paper or a rotating drum and thus the 
movement of the paper (say in a horizontal direction) is a measure 
of the volume change. The pressure changes in the gas are record¬ 
ed on the same paper by a pencil which is carried by another piston 
moving in another cylinder, this cylinder being attached to the main 
cylinder on one side and communicates with the latter. The pencil 
thus simultaneously records the pressure in the vertical direction 
and the piston displacement, the volume in the horizontal 
direction. The resulting curve is called an indicator diagram or 
p-V diagram. 

As proved in. Chap. II, the work done by a gas in expan¬ 
ding against a pressure p is pdv. For the finite process AB 
the work is lpdv = area A«£B. It is thus clear that the 
indicator diagram directly indicates the work done by the 
engine during each cycle of operations, the work being 
equal to the area enclosed by the indicator diagram. The 
work done is positive if the indicator diagram is traced 
in the clockwise direction and negative if the direction is 
anticlockwise. Indicator diagrams are therefore of great use 
in engineering practice. 
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The indicator diagram gives the work performed by the 
piston per stroke. Multiplying it by the number of strokes per 
second, i.ff., by twice the number of revolutions of the shaft we get 
the power indicated by the indicator which is generally expressed 
in horse-power —indicated hrse-pmer . The power actually deli¬ 
vered by the engine is measured by a braise dynamometer and is 
called the brake horse-power* the ratio of this to the indicated horse¬ 
power being called the mechanical efficiency of the engine. 

4*5. The Carnot Engine.—As we have seen, the func¬ 
tion of the steam-engine is to convert the chemical energy 
stored in coal to energy of motion by utilising the expansive 


power of steam. 

The machinery necessary for this purpose is however so 
complicated that one is apt to lose sight of the essential physical 
principles in the details of mechanical construction. Let us 
therefore discuss the physical principles involved in the running 
of a heat engine. Three factors are apparently necessary,- vi%., 
a source of heat, a working substance, and suitable machinery. 
In the steam engine, the source of heat is the furnace where heat 
is supplied by the burning of coal. But we may get heat by a 
variety of other means, e.g. 3 by burning oil, wood, naphtha, or 
even directly from the sun (solar engines) or from the inside of 
volcanoes (as is sometimes done in Italy). We can therefore 
replace furnace by the general term u reservoir of heat . Fo^ 
Steam, we can use the general term u working substance for any 
substance which expands on heating can oe used for driving heat 
engines. As a matter cf fee':, we have got hot air engines in 
which air is iieated by a gas burner or a kerosene lamp, and pushes 
the piston up and down as steam would do and is .thus employe o 
to do work. Mercury has also been used recently for this purpose. 

In addition to the three requisites mentioned above, ve 
require a .fourth one, *>«£., the possibility of having a temperature ziffc- 
ymes. This is at first not so apparent, but can easily be demons¬ 
trated. In a hot air engine the heated air can push the piston 
outward since the air outside is at a lower temperature. If there 
were no difference of temperature between the inside and the out¬ 
side no difference of pressure could be created,, hence tne macnine. 
would not work. We therefore require not only a source of nec.t. 
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but also a Heat Sink, i.e., heat resevoir at a lower temperature. 
In steam engines, the surrounding air acts as the sink of heat or 
cold reservoir. 

Carnot observed that the function of the heat-engine is to 
extract a certain quantity of heat Q from the heat reservoir F, 
convert a part of it to work and transfer the rest to the heat sink 
G. He also showed how these operations should be carded out 
so that the efficiency may be maximum. 

Since whenever there is a difference of temperature, there 
is a possibility of converting heat to work, the converse is also 
trite, i.e., if we allow heat to pass from F to G by conduction, 
we miss our opportunity of getting work. Hence we must ex¬ 
tract heat from F in such a way that loss of heat by conduction is 
reduced to a minimum. These considerations lead us to the 
following ideal arrangement. 

F is a heat reservoir 5 at temperature T (Fig. 3), G a heat¬ 
sink at T\ S is the cylinder 
of the engine containing a 
perfect gas instead of steam 
as the working substance and 
fitted with a non-conducting 
piston. The walls of the cy¬ 
linder are impervious to heat 
but the bottom is perfectly 
conducting. The behaviour of 
the working gas is shown by 
the indicator diagram showing 
the pressure and the volume 
of the gas at any instant. Let the following steps be per¬ 
formed :— 

(1) Let the initial temperature of the gas within S be T 
and let it be placed in contact with F, and the piston moved 
forward slowly. As the piston moves, the temperature tends 
to fail, and heat will pass from F to S. The operation -is per- 

1 Pot the purpose of argument both the hot and the cold 
reserved ts ere assumed to be capable of absorbing or rejecting an 
unlimited sc Dpiy of heat without suffering any appreciable change of 
temperature. 



indicator diagram. 


Fig. 3.— The ideal Carnot engine with 
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formed very slowly, 1 so that the temperature of the air is always 
T. The representative point on the indicator diagram moves 
from A to B, along an isothermal curve. The heat j 2 extracted 
ip this process is equal to the work done by the gas in this 
expansion, and is given by 

W x = jj p dv = RT log, ^ s area AabB. . ' (1) 

(2) F is then removed and H, which is simply a non-con¬ 
ducting cap, is applied to the cylinder, and the piston allowed to 
move forward by inertia. Then the gas will describe the adia¬ 
batic BC and will fall in temperature. We stop at C when the 
temperature has fallen to T\ The work done by the gas is given 
by 



where jm y — K — p c v c y — p^p. y • 

Since the pressure is now very much diminished, the gas 
has lost its expansive power, hence in order to enable it to 
recover its capacity for doing work it must be brought back 
to its original condition. To effect this we compress the 
gas in two stages: first isothermally along the path CD, 
and then adiabatically along DA. The point D is obtained 
by drawing the isothermal T' through C, and the adiabatic 
through A. 

(3) During the isothermal compression, the cylinder is 
placed in contact with the sink G at T. The heat which 
is developed owing to compression will now pass to the 
sink, This is equal to the work done on the gas and is equal 
to 

lT a = j2 , = |^/>rfo=Rr log, area Cv/D. . (3) 

1 This is really a quasi-static process. In such a process the pres¬ 
sure and temperature of the enclosed gas are at all times infinitesimally 
near the corresponding quantities for the surroundings. 



§4*5] 


THE CARNOT ENGINE 


233 


(4) The cylinder S is now placed in contact with H and 
the gas is compressed adiabatically. The work done on the gas 
by adiabatic compression is 

f D R 

dv - (T-V) = area DclaA. . . (4) 

It is thus seen that W % = W x . 

The net work done by the engine 

W = W x +W t -W, a-r 4 = area ABCD . . . (5) 

» w x ~w & = J2 - & .(t>) 

The last result can be written down directly from the first law of 
thermodynamics. 

Since B and C lie on the same adiabatic, we have by 
equation (29) p. (83) 


Tvff* - T'v e y~\ 


or 

v c rT\ l/(y-l) 

n~[r) . 

(?) 

Similarly — = 

T \ l Ky l) 

y = p, the adiabatic expansion ratio. 


Hence 

<?|S 

II 

fi.HF 


Or 

~ = — = r, the isothermal expansion ratio. 
v a Vi 


We have. 

> therefore. 



J2 = RT log* r, j2' = log, r. 


and 

l V = J2-J2' = R(T-T') log, r. . 

• (8) 

Hence 

11 

11 

OJjts 

. (9) 

or 

r - . 

(10) 


Thus the efficiency of the Carnot engine is 
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Having analysed the mode of operation of the Carnot cycle, 
we now proceed to show that (i) it is reversible at each stage, 

(2) that no engine can be more efficient than the Carnot engine, 

(3) that the nature of the working substance, is immaterial. 

We may remark here that though in the foregoing we have 
considered a Carnot cycle with perfect gas as the working subs¬ 
tance, "yet the Carnot cycle can be performed equally well with a 
mixture of liquid and vapour as the working substance, only the 
calculation of efficiency will not be so simple and equation (12) 
will not be applicable. In fact Cari*ot cycle is merely a set of 
operations consisting of two isothermal and two adiabatic pro¬ 
cesses as explained above and can be performed by any thermody¬ 
namic system whatever, whether electrical, chemical, physical 
or magnetic. * 

4 * 6 . Reversible and Irreversible Processes. —During any 
process performed on or with a system, its physical as well as 
chemical condition may change and this is generally associated 
with a change in the form of some of its energy content. If the 
system does not interact with the surroundings it is classed as a 
dosed system, and its energy remains constant throughout. If 
the system returns to its initial state after undergoing through 
a series of operations it is said to perform a cyclic process. 

All processes the effects of which can be completely annulled 
everywhere are called reversible. Hence even a cyclic process will 
not be reversible if it produces such changes in the surroundings 
which c ann ot be annulled by suitable methods. Thus for the pro¬ 
cess to be reversible, it must be performed in such a way that, at 
the end of the process, both the system and the surroundings may 
be fully restored to their initial states without producing any net- 
change anywhere in the universe. It may be pointed out that 
these initial states are to be fully restored in any wanner and by 
any means whatever. For reversibility it is not necessary that 
the annulling process should he identical with the direct process, 
differing from it only in being traced in the opposite direction. It 
is, however, evident that if the process can be traced in the opposite 
direction with all the thermal and mechanical effects remaining of 
the same magnitude but of opposite sign to that in the direct pro¬ 
cess, it will be reversible, as it can be completely annulled in this 
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manner. If the whole system (including the surroundings) cannot 
be completely restored to its initial condition everywhere even 
with the use of all possible physical means, the process is said to 
be irreversible . It is not possible to specify forthwith some general 
experimental criterion to determine whether any suggested pro¬ 
cess will be reversible or not. A reference to the second law of 
thermodynamics (Chap. VI) is often necessary to determine 
whether a process is reversible or not. In fact it will be seen- 
that it is a necessary consequence of the second law that all 
natural processes are irreversible. We shall now examine some 
typical processes and find out the conditions under which they 
will be reversible. 

Consider first a purely mechanical process in which a perfect¬ 
ly elastic baH falls from some height upon a steel plate (supposed 
to be perfectly-elastic). It is clear that no energy is-dissipated" 
in the process, the ball rises again to its initial height, and the- 
process is reversible. Next suppose the plate is made of inelastic 
lead. The potential energy of the ball is transformed into its 
kinetic energy which causes deformation of lead producing heat 
through friction and this is irreversible since this heat cannot be 
reconverted by any means into the kinetic energy of the ball 
making it rise again to its initial height. Thus it will be seen that 
all purely mechanical processes in which friction and inelasticity 
are absent are reversible in every detail. Examples of these are 
the motion of perfectly rigid bodies and of incompressible fluids, 
the oscillation of a simple pendulum, the orbital motion of the 
planets, etc. provided of course friction is absent. 

Another interesting case is the extension of a spring balance. 
When the springis very slowly stretched work equal to ji(F-\-/\F)dl 
is done upon it,. F being the stress corresponding to the parti¬ 
cular strain developed in the spring and AF the infinitesimal 
extra force necessary to bring about the process. If on the other 
hand the springis allowed to contract slowly by the same amount, 
the spring does work equal to j(F- &F)dl on the outside agency, 
and these two quantities of work differ from each other by an 
infinitesimal amount. Thus the stretching process can be com¬ 
pletely annulled by the reverse process, the spring and the outside 
agency both being reduced infinitesimally near to their initial 
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states and the process is reversible. It is however essential that 
the stretching must be produced or reduced gradually by the 
application of an external force which should differ infinitesimally 
at every instant from the stress developed in the spring, otherwise 
a part of the work will be spent in setting up vibrations of the spring 
and this will produce irreversibility. Such a process is called a 
quasi-static process and consists essentially of a succession of equi¬ 
librium states. 

'The case of elastic fluids is analogous to that of the spring. 
To every volume of the fluid in the equilibrium state there corres¬ 
ponds a definite stress or pressure, so that the amount of work 
done during the quasi-static processes of balanced expansion and 
balanced compression are almost exactly equal. It is important 
to note that the expansion should be balanced otherwise whirls 
and eddies (turbulent motion) will be set up in the fluid. This 
will produce irreversibility for two reasons :—(1) The work done 
by the gas cannot be determined from the expression \pdv as the 
parameter p is indeterminate, since on account of the finite velocity 
of the process and the consequent turbulence the fluid is not in 
a state of equilibrium. Due to this indeterminacy in the amount 
of work done the process is evidently irreversible. (2) The turbu¬ 
lent motion gradually subsides on account of dissipative forces 
like viscosity and friction with the production of heat. Thus in 
this process some work has been transformed through the mecha¬ 
nism of viscosity and friction into heat. In order to restore the 
system and the surroundings to their initial states this heat must 
be completely reconverted into work which is impossible from the 
second law (See §6*2, Kelvin-Planck statement). Such quasi¬ 
static or balanced expansions and compressions can be brought 
about easily by applying pressures on the piston enclosing the 
fluid and adjusting the pressure to differ from the fluid pressure 
by an infinitesimal amount. 

It will be seen from the foregoing considerations that for 
reversibility a further condition is necessary, namely, that the 
substance should pass through equilibrium states only, through 
states of mechanical and thermal equilibrium with the surround¬ 
ings as well as internally. In other words, throughout the process 
the pressure and temperature throughout the working substance 
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should be uniform (internal equilibrium) and differ only by an 
infinitesimal amount from the external pressure on the piston and 
the temperature of the reservoir respectively (external equilibrium). 
Such a process is called mechanically reversible or quasi-static and 
must, of necessity, be performed infinitely slowly 1 and can be 
performed just as well in one direction as in the .other. For the 
process to be thermodynamically reversible it must in addition be not 
accompanied by any dissipative effects anywhere such as may arise 
from inelasticity, viscosity, friction, electrical resistance, magnetic 
hysterisis, etc. Thus a process is reversible 2 if it is (1) quasi¬ 
static and (2) non-dissipative. 

It will be observed that it is impossible to satisfy perfectly the 
stringent conditions of reversibility. In fact a reversible process is 
purely an ideal abstraction, useful for theoretical calculations but we 
do not come across such processes in Nature just like the notions of 
point masses and weightless strings employed in mechanics. 

For greater clarity we may add some more examples of reversible 
and irreversible processes. The transfer of heat from one body to 
another by conduction or radiation can be reversible only when the two 
bodies are at the same temperature or differ by an infinitesimal amount. 
If the two bodies have a finite difference of temperature the process of 
heat transfer is irreversible, since in order to annul the process we should 
be able to transfer the heat from the colder to the hotter body without 
producing changes anywhere in the universe which is impossible from 
the second law (see Clausius’ statement §6*2). 

Other examples of irreversible processes are Joule expansion 
(which is an example of unbalanced expansion or equalisation of pres¬ 
sure), Joule-Thomson expansion (Chap. XII), the condensation of a 
supersaturated vapour, the freezing of an undercooled liquid, all types of 
explosions, and all such processes in which friction, viscosity, electrical 
resistance in a conductor, magnetic hysterisis, inelastic deformations of 
a solid, mixing of two different substances, $tc. play a part. In fact 


1 This artifice of infinitely slow velocity is very useful as it enables 
us to replace ordinary real processes in thermodynamical Systems by 
conceptual reversible processes since several dissipative effects such 
as friction and viscosity tend Lo vanish at zero velocity. 

2 This yields a simpler definition of reversibility in case of mecha¬ 
nical processes as follows:—A mechanical process is reversible if the 
successive state of the process differ by infinitesimals from equilibrium 
States provided no dissipative effects are present anywhere. 
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ali spontaneous processes in Nature proceed at a finite speed and are 
therefore irreversible. Processes which are the result of a mere release 
such as rhe opening of a tap, the sapping of a wire when cut, bringing 
of two bodies in contact, etc. are also irreversible. 

Only reversible processes can be mathematically described in 
thermodynamics or represented by means of curves in diagrams since 
no unique values of temperature and pressure can be assigned to systems 
not in equilibrium. 

The question might be pertinently asked : why are all naturally 
occurring processes in thermodynamics irreversible, particularly when 
in dynamical processes reversibility can be at least progressively 
attained as a limit by eliminating friction, inelasticity, etc. The 
answer was .given by Boltzmann whose viewpoint, we shall take 
up in Chap. IX. He showed that irreversibility* is confined to the 
behaviour of a complex structure like a gas treated as a whole and is 
not to be expected in the behaviour of the individual molecules, 
and arises from our inability to deal with the individual molecules. 
Further in the so-called irreversible process, reversibility is not 
impossible but is almost infinitely improbable. 

4*7. Reversibility of the Carnot Cycle.—It is important 
to notice that the Carnot Cycle is reversible at each stage, ins¬ 
tead of abstracting an amount of heat Q from a source at T° and 
transferring a part Q' to a sink at T' and converting the balance 
Qr~Q! to work we can proceed in such a way that the machine 
abstracts the heat j 2' from the sink at T', then we perform the work 
W on the machine, and the heat Q is transferred to the source at 
T°. This is done by proceeding along the reverse route ADCBA, 
i.e., first allowing the gas to expand adiabatically from A to D, 
then allowing it to expand isothermally from D to C in contact 
with the sink at T', the heat ££ being extracted in the process. 
Then we compress the gas adiabatically till we reach the point B 
(temperature T). Then S is placed in contact with the source, 
the gas is further compressed isothermally till we reach A, and the 
heat j 2 is transferred to the body at the higher temperature T. 
The machine, therefore, acts as a "Refrigerator ., i.e., by performing 
the work W on it, we are depriving a colder body at T' of the 
heatj2'. 

An engine in which the working substance performs a rever¬ 
sible cycle is called a reversible engine. Engines in which the cycle 
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is irreversible are called irreversible engines. For the cycle to be 
reversible it is essential that the working substance should not 
differ sensibly in temperature from that of the hoi: body or the 
condenser when it is exchanging heat with them. There should 
be no transfer of heat by conduction in the usual sense, for it would 
be irreversible. This requires that the isothermal processes AB, 
CD should be described indefinitely slowly and the source and the 
condenser must have an indefinitely large capacity for heat so that 
their temperature, pressure and volume do not change appreciably 
during the process, and whatever change does take place, it takes 
place so very slowly that the reservoir always continues to be 
in a state of equilibrium and dissipative forces do not develop, 
i.e. f the changes in the reservoirs are quasi-static and non- 
dissipative. 

Again the piston should move very slowly without fric¬ 
tion. The changes in volume should be brought about quasi- 
statically by very small changes in the load on the piston in both 
the isothermal and adiabatic processes, so that the difference 
between the external pressure and the pressure of the gas should 
always be infinitesimal. Thus the Carnot cycle postulates a succes¬ 
sion of stationary states of equilibrium while in an actual process 
the physical state is always changing. Further there should 
be no loss of heat by conduction from the gas to the piston 
and cylinder. It will thus be seen that the Carnot cycle with 
its perfect reversibility is only ideal and cannot be realised in 
practice. 

Nevertheless it should be noted that for theoretical pur¬ 
poses the deviations from the ideal state may be tightly neg¬ 
lected if they are not an essential feature of the process and if they 
can be diminished as much as may be desired by suitable devices 
and then corrected for. 

4‘8. Carnot’s Theorem. —The idea of reversibility is 
of the greatest importance in thermodynamics for the reason, 
that, working between the same initial and final temperatures 
no engine can be more efficient than a reversible engine , We now pro¬ 
ceed to prove this important theorem with the help of the second 
law of thermodynamics. 
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Suppose 1 2 we have two engines R and S, of which R is a 
reversible engine andS an irreversible engine, and if possible, let 
S be more efficient than R. Suppose S absorbs the heat j Q from 
A, converts a part W' to work and returns the rest, vb^, Q— W 

to the condenser. Let S be 
coupled to R (Fig. 4) and 
be used to drive R back¬ 
wards. We are using R as 
a Carnot refrigerator.. By 
adjusting the quantity of 
. the working substance it 
can be arranged that the 
engine R abstracts a certain 
amount of heat from B, 
has the work W performed 
on it, and returns the same heat <2 to the source A. 
The amount of heat that R abstracts from B must equal 
<2— W. Now since S is assumed to be more efficient than 
R } W'l<2> or W' > IF and hence Q — W>Q — W' % vkf. R 
abstracts more heat from B than S restores to it. Thus the net 
result is that the compound engine RS abstracts heat (O If?) 
(J2—W) = (W— I V) per cycle from B and converts the whole of 
it to work, while the source is unaffected. We are thus enabled, 
by a set of machines, to deprive a body continuously of its heat- 
content and convert the whole of it to work without producing 
any change in other bodies. The machine would thus work 
simultaneously as a motor and a refrigerator and would be the 
most advantageous in the world. It does not violate the first 
law for we are getting energy (work) out of the heat of the 

bodyB. 


1 If the two engines were to do the same work W while S absorbs 
the heat Q' from the source A and R returned the heat Q, to A, the 
device of Fig. 4 would give us a self-acting machine which would 
continually transfer heat j 2~J2 > f forn die condenser to the source 
without producing any changes elsewhere. This is impossible from 
Clausius’ statement of the second law. 

2 Reproduced from Ewing’s Steam Engine by the kind permis¬ 
sion of Messrs Macmillan & Co. 
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Impossibility of Perpetual Motion of the Second Kind. —But 
still the process is quite as good as perpetual motion 1 of the first 
kind, for heat is available to us in unlimited amount in the atmos¬ 
phere, in the soil or the ocean, and if the process were feasible wc 
could run a power plant by using the heat of the atmosphere x>r 
.drive a steamship by using the heat of the ocean. It would thus 
give all the essential advantages of a perpetual motion machine, 
vi^.y that of getting work without any expense, though not without 
energy as a perpetual motion machine of the first kind was expected 
to do. Human experience 8 forbids us to accept such a conclusion. 
Hence the assumption which leads us to this wrong result must 
be incorrect. In other words the irreversible engine cannot be more 
efficient than the reversible engine. 

Now consider’ two reversible engines Rj and R 2 kt 
Rj drive R 2 backwards in the manner shown in Fig. 4. If Rj is 
assumed to be more efficient than R 2 we arrive, as before, at a result 
contrary to the second law. Hence R^ cannot be more efficient 
than R 2 . Similarly by making R a drive R x backwards we can 
show that R 2 cannot be more efficient than R r Therefore the 
efficiencies of R x and R 2 must be equal. Hence the efficiency of all 
reversible engines is the same and this is the highest limit for the efficiency 
of any engine that can be constructed or imagined. This is Carnots 
theorem. Thus reversibility is the criterion of perfection in a 

1 This was a term in use amongst the medieval philosophers who 
thought that a machine might be invented some day which will create 
work out of nothing. For some mechanical contrivances which were 
intended to produce perpetual motion, see Andrade, Engine. f, page 14. 
The gradual evolution of the Law of Conservation of Energy leading 
to the first law of thermodynamics showed that the idea is purely 
chimerical, since energy can never be created out of nothing, but can 
only be transformed from one form to another. The continual working 
of a machine that would create its own energy in violation of the first 
law of thermodynamics is called ‘perpetual motion of the first kind*. 
The continual operation of a machine which would work by utilising 
the energy of only one reservoir in violation of the second law is called 
‘j perpetual motion of the second kind P. 

8 This result of human experience constitutes the second law of 
thermodynamics which has been stated in various equivalent forms. 
Kelvin stated the second law in the form *.—It is impossible by means 
of inanimate material agency to derive mechanical effect from any 
portion of matter by cooling it below the temperature of the coldest 
of the surrounding objects. Kelvin’s statement is directly applicable 
to the present case. For fuller discussion, see Chap. VI. 

F. 31 
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heat-engine. Hence we see that the efficiency of a reversible engine 
is maximum and is independent of the nature of the working 
substances, being always equal to 1 —T 2 /T lt T 2 being the tempe¬ 
rature of the ‘sink’ of heat and T l that of the source. We chose 
perfect gas as our working substance in §4- 5, since its equation of 
state being known, we can easily evaluate tj. 

Note It may be mentioned that Carnot was ignorant of the 
true nature of heat at the time (1824) when he published his theorem * 
of efficiency. He followed the old caloric theory in his speculations 
which we know is wrong. Later it was shown by Clapeyron that 
Carnot’s results remained intact when the Kinetic Theory of heat 
was introduced. 

Exercise. 1. Discuss the irreversibility of the following pheno¬ 
mena :—Stirring of a viscous liquid, flow of electricity through a 
resistor, a compressed spring dissolving in acid, a waterfall, lightning, 
spontaneous combustion of phosphorus, tearing of paper. 

2. What is the efficiency of a Carnot engine working between 
the temperature 300°C and 15°C? If 1000 calories of heat arc 
absorbed by the engine at the higher temperature calculate the work 
done by the engine. 

4*9. Theory of the Steam Engine. Carnot’s Cycle with 
Steam. —Fluids are commonly used as the working substance in 
heat engines. In the steam engine, as we saw in the foregoing 
pages, the working substance is a mixture of water and water 
vapour. To calculate the performance of such an engine theoreti¬ 
cally we shall first imagine an ideal steam engine performing 
Carnot’s cycle. The various operations can be performed with the 
particular cylinder of §4-5 in the following manner :— 

Starting from the point A (Fig. 5) let the piston be moved 

outwards and the substance expand 
isothermally at pressure p x and tem¬ 
perature T t taking in heat from the 
source. p x is the pressure which 
saturated steam would exert at the 
temperature T v This part corres¬ 
ponds to the conversion of water in¬ 
to steam and is represented by AB 
in Fig. 5. Next let the steam expand 
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adiabatically doing work on the piston till its temperature falls 
to T 2 , the temperature of the condenser. This is represented by 
BC. In the third stage compress the substance isothermally at 
the saturated vapour pressure p 2 of steam till the point D is reached 
such that an adiabatic compression completes the cycle and takes 
us to the point A. 

The cycle is completely reversible and hence the efficiency 
of the engine is, from Carnot’s theorem, (T 1 —T 2 )/T 1 . This 
cycle, however, has been performed with the working sub¬ 
stance always in the same cylinder. But we know that with a view 
to prevent the wastage of heat consequent on alternate heating 
and cooling of the cylinder, modern steam engines are provided 
with separate boiler, cylinder and condenser. Still, however, 
if the working substance were to perform the same cycle the 
efficiency would be the same even if parts of the cycle are performed 
in different vessels. But with the organs so separated the adiabatic 
compression of the working substance from T 2 to T 1 in the last 
stage of the cycle becomes impracticable. We have consequently 
to heat it externally from f 2 to T v Hence the standard with which 
the performance of an actual steam engine may be compared 
is not the Carnot’s cycle, but Rankine’s cycle which is described 
in the next section. 

4-10. Rankine’s Cycle.—In Rankine’s cycle the processes 
(/) and (if) are the same as above but operation (in) is continued 
till all the steam is condensed at the pressure p 2 and temperature T a . 
Then by means of a separate feed-pump the condensed water is 
transferred to the boiler and the pressure is thereby increased 
from to p±> In the boiler the water is heated to Tj and then it 
reaches the initial state to begin the cycle afresh. It must be 
emphasized that all processes in the Rankine cycle are assumed to 
be performed reversibly so that no complications arise due to 
possible irreversible heat transfers, friction and acceleration and 
turbulence produced by the rushing of steam from one part to 
another. 

The cycle is represented in Fig. 6, p. 244 on a p- f' diagram. 
AB corresponds to the conversion of watet *nto steam in 
the boiler and its admission into the cylinder, BC the rever¬ 
sible adiabatic expansion in the cylinder, CD the transfer of 
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wet steam from the cylinder to the condenser and its reversible 

isobaric isothermal condensation into 
saturated water and DA the transfer by 
the feed-pump to the boiler which is 
assumed to be a reversible adiabatic 
compression of water from p a to p v 
In this process there is practically ho 
change of temperature. At A the 
water is first heated from the tem¬ 
perature T 2 to Tj in the boiler and 
subsequently converted into steam. The process AB in the ideal 
case includes (1) the reversible isobaric heating of water to the 
boiling point, (2) the reversible isobaric isothermal vaporization 
of water into saturated steam, (3) any possible superheating 
brought about in a reversible isothermal and isobaric manner. 
The indicator diagram for an ideal engine performing Rankine's 
cycle is represented by ABCD. The work done by a steam 
engine following the ideal Rankine c^cle will be thus equal 
to the area of the indicator diagram. This area can be calculated 
in much the same way as in §4'5 if we know the equation of 
state of steam. This process is_ very cumbrous and in 
engineering practice a very simple procedure is adopted. 

Let us introduce the total heat function H=XJ-\-pV. Then 

dH= dU+piV+Vdp. .... (13) 

From the first law of thermodynamics we have for any adiabatic 
process dU-\-pdV— 0. Hence equation (13) yields for an adiabatic 
process 

dll = Vdp .(14) 

Integrating between the limits B, C (Fig. 6) we get 



The right-hand side represents the area FBCE. On subtracting 
from it the atea FADE we shall get the area ABCD which is the work 
done by the engine. The figure FADE approximates to a rectangle 
since the volumes represented by ED and FA may be taken to be equal 
(because the compressibility of water is small). Let this be equal to' 
V w per gram-molecule of water at p 2 or p i and T r Hence the area 
FADE is equal to (/ ) j~-/ , 2 ) this expression being generally known 
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as the feed-pump term. Therefore the work 1 2 done in Rankine’s cycle 
per gram-molecule of steam is 

Hb - Hr. - (J> x - Pz)Vw = Hb — He. approx., . . (16) 

since the so called feed-pump term is small and negligible. Thus 
the work done per gram-molecule of steam is measured by the heat- 
drop Hb - He . This will hold whether the steam is superheated, 
saturated or wet. The value of Hb — He under adiabatic conditions 
can be easily found with the help of MolLier’s diagrams as explained 
in §4'13. 

The engine takes heat Q x during the process AB and rejects heat 
j 2 2 during the process CD. Since the process AB is isobaric, the heat 
Q x taken by the engine is, from (13) and the first law, given by 

S2i=f (dU+pdV) — //H = Hb — Ha . . . (17) 


Since Ha is not listed in the steam tables we have to express it in terms 
of Hd. Since the process DA is adiabatic we have from (14) 

Ha - H d = V dp = (ft -piV m ■ . (18) 

since V can be treated as constant and equal to V w . Hence the 
efficiency of the Rankine cycle is 


H b - He - (pi - p£V w _ Hb~H c 
7 >~ H B -H„-(ft-ft 1 )K. Hb-H d 


approx.. 


(19) 


It will be seen that the efficiency in Rankine’s cycle is less than 
in Carnot cycle for in the former some heat («£., that required to heat 
the feed-water in the boiler from T 2 to Tj) is taken at a lower tempera¬ 
ture. This will be obvious from Fig. 8. 


4*11. Entropy-Temperature Diagrams.*—We have so far 
represented the Carnot and Rankine cycles on the usual indicator 
diagram in which the volume denotes the abscissa and the pressure 
denotes the ordinate. Another way to represent the cycle, which 
is often found very useful, is by plotting the temperature of the 
working substance as ordinate and the entropy as abscissa. Its 


1 This can be calculated in another way also. From the first law 
of thermodynamics the work done = Q x — Q % and Q x = Hb — Ha. 
from (17), <2* — He — Hd. Hence using (18) we get (16). 

2 §4*11—4*13 should be read after the reader becomes familiar 
with the quantity ‘entropy’ which is formally introduced in Chap. VI. 
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importance is readily perceived for during any reversible expansion 
the increase dS in entropy is given by 

ds = d £. jns = pjg, 

where the integration is performed between the limits of the 
expansion. Thus the area of the curve on the entropy-temperature 
diagram represents the amount of heat taken up by the substance. 

We can now easily represent the Carnot and Rankine cycles 
on the entropy-temperature diagram. The Carnot cycle is repre¬ 
sented in Fig. 7. AB represents the isothermal expansion at 
T l ° > BC the reversible adiabatic expansion, CD the isothermal 
compression at T a , the temperature of the sink, and DA the final 
adiabatic compression. It is evident that lines AB and CD will 
be parallel to the entropy-axis and BC, AD will be parallel to the 

temperature-axis. The amount of 
heat taken in is represented by the 

A) . h _-B area Aftba, heat rejected by the 

1 area DO*, the difference ABCD 

£ being converted into work. It 

| D T 2 C is readily seen that these areas are 

; j respectively equal to T L (S'S), 

Si is 1 T a (S'-S) and (T.-T*) (S'-S), 

Entropy b and the efficiency is 1—T 2 /T v 

Fig. 7.—Entropy-temperature The Rankine cycle is represented 

diagram of Carnot Cycle, 

in Fig. 8. DA represents the heat¬ 
ing of water at the temperature of the condenser, to T x the 
temperature of the boiler, AB the eva- »S 

poration of the water at T 1 into steam j\ 

at T x , BC the adiabatic expansion of steam —A_ b! | 

down to the temperature of the conden- /j j 

ser, CD the isothermal compression in the ^ / j _,j C ' 

condenser when it becomes liquefied. j j j 

The total heat taken in by the work- j | i i 

ing substance is represented by the area 0 [j_j_ ! 

DAB^D, the heat rejected by the area ^ s—J* ^ 

C bdD and hence the work done is represent- • 8.—Entropy-tcmpc- 

* . rature diagram of Rankine 

ed by the area ABCD. The efficiency (.it Cycle. 

the engine will be equal to area ABCD — area ABWDA, and it is 


Fig. 7.—Entropy-temperature 
diagram of Carnot Cycle, 
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evident from the diagram that it will be less than that for a Carnot 
engine working between the same temperatures which is equal 
to area ABC f ~ area A$>ba, though of course the amount of work 
obtained is greater than the work in a Carnot cycle. Clearly the 
decrease in efficiency is due to the fact that the heat represented 
by the area DA ad is taken not at the highest temperature T x but 
at somewhat lower temperature. 

In actual practice superheated steam is employed. The 
superheating is represented by the line BS in which the substance 
takes in an additional quantity of heat represented by the area 
BSC 'b'b. The cycle with superheated steam is represented by the 
curve DABSC'D. It is readily seen that the efficiency is increased 
by superheating, because some heat is taken at a higher temperature 
though the advantage gained is not very great. 


4*12. Entropy of Steam.—For plotting the above entropy-tem¬ 
perature diagram we must know the entropy of steam under different 
conditions. Assuming the entropy of water at 0°C. (1^ = 273*2) 
and under its own saturation pressure to be s 0 , the entropy of steam 
(assumed to be wet) per gram at any temperature T t will be given by 



•*i 



qLy 

T x 


+ 4 , 


To 

where a is the specific heat of water at constant pressure, T% the boiling 
point of water, L x the latent heat at Tj° and q denotes the dryness of 
steam, Le. y q is the proportion of dry steam in the mixture expressed 
as a fraction of the whole 1 . Assuming <r to be constant 


= a log, Tj — a log« T 0 + 




If the steam is superheated to an extra factor 




should 


be added on the right-hand side, c denoting the specific heat of steam 
during superheating. the entropy of water at T 0 o (0°C) and under 
its own saturation pressure is usually taken to be zero. In this way the 
entropy of steam in any given state can be calculated and the ideal per- 


1 In writing out the above expression for entropy we have omitted 
the term arising from the increase of saturation pressure. This is 
so small that for practical purposes it can be neglected. 
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formance expected of an engine can be found from Fig. 8. Such values 
have been calculated and are given in Steam Tables 1 and thus the work 
obtainable from an engine can be easily-calculated. In engineering 
practice however it is found more convenient to calculate it graphically 
with the help of Moilier's diagrams. 

4*13. Mollicr’s Diagrams. —We have seen in §4*10 that the 
work obtainable per gram of steam ingoing through the Rankine cycle 
is given by the heat drop Ab - Ac during reversible adiabatic expansion 
and the efficiency by (Ab - Ac)/ (A fl - Ad). To be able to calculate these 
quantities we must know the value of the total heat A of steam under 
different conditions of temperature and pressure. For engineering 
work this has been calculated for different states of steam and is given 
in steam tables. It is however found more convenient to represent 
these graphically. Such diagrams were first introduced by R. Mollicr 
in 1904 and can now be had in the market. 



A portion of the Mollier diagram of total heat and entropy is re¬ 
presented in Fig. 9 on a small scale and in skeleton form, 2 The boun- 

1 For the details of calculation of entropy and total heat of steam 
in different states see Callendar, Properties of Steam (Arnold); or Ewing, 
The Steam Engine and other Heat Engines, Chap. III. 

8 Actually big charts are available from which the total heat 
corresponding to any state of steam can be accurately read. 
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dary curve separates the heterogeneous mixture of water and saturated 
steam (wet region) from dry superheated steam (region of superheat) 
on the top and from water on the extreme left bottom (not shown). 
Above the critical isothermal there is vapour or gas only. Further the 
critical point K lies on the boundary curve which thus touches the 
critical isothermal at K. To the left of K between the boundary curve 
and the critical isothermal there is the liquid state (water) only. The 
vertical lines, being lines of constant entropy, represent the adiabatics 
(isentropics).' lima of constant pressure are drawn throughout the 
chart extending from the wet region, where they are straight and coincide 
with the isothermals, across the boundary to tire region of superheat 
where they become curved. The slope of the constant pressure lines 
is given by (£A/9j)„ — T since dk — Tds -f vdp . This is why in the wet 
region the slope of the isobaric lines is constant and equal to the absolute 
temperature. The pressure p is expressed in kilograms per sq. cm. In 
the wet region there are also lines of constant dryness for different 
values of q. In the region of superheat there is a system of lines of 
constant temperature which on crossing the boundary curve coincide 
with the lines of constant pressure in the wet region. Similarly there 
are isothermal and isobaric lines in the regions of liquid and vapour 
also. 

The method of using the diagram is very simple. Suppose the 
steam enters the cylinder at a pressure of 10 kg. per sq. cm. and tem¬ 
perature 300°C. This state is represented by B in the Mollier diagram, 
and Ab corresponding to this can be easily read. The adiabatic expan¬ 
sion will be represented by a vertical line in the diagram. Thus if 
the condenser pressure is 0 5 kg./sq. cm. this expansion will be 
represented by the dotted line BC where C lies on the line p = 0*5. 
The value of A c corresponding to the state C can be read. Thus the 
heat-drop Ab-Ac is known. The state of dryness of steam can also 
be read if desired. Similarly the other quantities occurring in equa¬ 
tion (19) can be found. 

' 4*14. Performance of Actual Steam Engines. —Various 
causes combine to make the efficiency of an actual engine fall 
below the Rankine ideal. In the piston and cylinder type of 
engine, the main causes of this are the incomplete adiabatic 
expansion before release and conduction of heat from the 
steam through the cylinder and piston. Complete expansion 
would requite a large cylinder with its accompanying disadvan¬ 
tages. ‘ 

F. 32 
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An actual indicator diagram for. a steam-engine is shown by con¬ 
tinuous lines in Fig. 10. The corresponding Rankine cycle i& repre¬ 
sented by ABCD. It will be seen that the toe of the ideal cycle is cut 
off. For a complete explanation see Ewing, The Steam Engine and Other 
Heat Engines , Chap. III. The efficiency in ordinary engines is only 
60 per cent of the Rankine ideal and in rare cases reaches 70 per cent. 
This ratio is called the efficiency ratio. This of course refers only to 
the fraction of heat energy of steam converted into work. To £nd 

the rate of fuel consumption we 
must know the heat loss in furnace 
boiler, etc. 

Problems I. Find the increase 
in entropy when 10 grams of ice 
at 0°C. melt and produce water 
at the same temperature, given 
that the latent heat of fusion of 
ice = 80 calories/gm. 

2. Find the entropy of satu¬ 
rated steam at a pressure of 74 lbs. 

per sq., in. 

[From the tables the boiling point at this pressure is'152 *6°C, and 
the latent heat at this temperature is 503*6 cal./gm. The entropy of 
1 gm. of water at 152*6°C or 425*6°K is 1 xlog* (425*6/273) = 0*44 
cal./deg. The increase in entropy due to evaporation at 425*6°K is 
503*6/425*6=1*18 cal./deg. Therefore the entropy of one gram 
of steam at 425*6° K is *44 -f 1*18 = 1 *62 cal./deg., assuming the 
standard zero state of water to be at 0°C. under its own vapour pres¬ 
sure.] 

3. Calculate the efficiency of an engine performing a 
Rankine cycle with a boiler pressure of 10 kg./cm. 2 and a boiler 
temperature of 300°C., the temperature of the condenser being 
36°C. 

[From tables the vapour pressure at 36°C. is about 0*06 kg./cm. 2 
and the total heat of water under saturation pressure at this temperature 
is 35*9 cal./gm. From Fig. 9 the adiabatic expansion takes place from 
B along BC upto the point of intersection with curve p — * 06. Hence 
Ab s=s 733 and he for the intersection point with p — * 06 is 525. Hence 

efficiency = =? 0*30 = 30 per cent. In actual engines 

the efficiency is much lower on account of irreversible pro¬ 
cesses.] 



V 

Fig. 10.—Actual indicator diagram 
for a steam engine. 
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INTERNAL COMBUSTION ENGINES 

By the' term ‘internal combustion engine' is meant a type 
in which mo separate furnace is used but heat is generated 
inside the cylinder itself. 1 

4*15. Historical Introduction.—Like other types of heat 
engines, the idea of this type also dates from medieval times. 
Ch. Huygens, the great Dutch physicist, proposed in 1680 the 
construction of an engine consisting of a vertical cylinder and 
piston, in which the piston would be thrown upwards by the ex¬ 
plosion of a charge of gunpowder. This would fill the cylinder 
with hot gases which would eventually cool, and the piston 
would be forced down by gravity. Each stroke would require 
a fresh charge of gunpowder. 

This engine was never realised, probably owing to the 
difficulty of introducing fuel after every explosion but the idea 
persisted. The discovery of combustible gases (coal gas, producer 
gas....) and of mineral oils brought the idea within the range of 
practical possibility, as the difficulty of supplying fuel promised 
solution. But many long years of practical and theoretical 
study were necessary before such engines became commercially 
possible. 

It is not possible to go into the details of these early attempts, 
and it will suffice to describe and explain the action of the two 
types 2 which have ultimately survived, vi%., (1) the Otto engine 
in which heat is absorbed at constant volume , (2) the Diesel engine 
in which heat is absorbed at constant pressure. Nearly 80 per cent 
of internal combustion engines today are of the Otto type. We 
shall compare the action of these engines with that of the ideal 
Carnot engine in which heat is absorbed at constant temperature. 
But we may mention, in passing, the historical Lenoir engine(1860) 

1 These may be contrasted with the steam engine which may be 
called external combustion engine because heat is produced in the boiler. 
The internal combustion engine is much more efficient than the steam 
engine because the working substance can be heated to a much higher 
temperature (2000 C Q. 

2 Sometimes internal combustion engines are divided into (1) 
gas engines, (2) oil and petrol engines. It is however more scientific 
to divide them with regard to the cycles they follow and not with 
regard to fuel. • Hence the engines have been divided into the constant 
volume, constant pressure and constant temperature type. 
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which is a direct ancestor of the Otto engine. In this, a 
mixture of gas and air was sucked into the cylinder by the forward 
motion of the piston, an.d while the piston was half-way along the 
cylinder, the mixture was ignited by an electric spark and the 
piston was driven out and completed the stroke. Then by the 
backward stroke of the piston the gaseous mixture was forced 
out and a fresh charge was again sucked in for the next 
cycle. 

The Lenoir engine was not a success owing to the large 
amount of fuel which it required, but it has been the forerunner 
of more modern types of engines. 


WATER JACKET, 


4*16. The Otto Cycle.—The Otto cycle which we are 
now going to describe was originally proposed by Beau de 
Rochas (1862), but the practical difficulties were first overcome 
by Otto in 1876. The working of the engine will be clear from 

Fig. 11. The engine con¬ 
sists of the cylinder and 
the piston, the cylinder being 
provided with inlet valves 
for air and gas (if gas is used 
for combustion), and 
exhaust valves. The open¬ 
ing and closing of these 
valves are controlled by 
the motion of the piston. 
There are four strokes in a 
complete cycle:— 

(/) The Charging Stroke .— 
In this the inlet valves are 
open and a suitable mixture 
Of air and gas is sucked 
into the cylinder by the for¬ 
ward motion of the piston. 
(it) The Compression Stroke .—During this stroke all the 
valves are closed, and the combustible mixture is compressed 
adiabatically to about l/5th of its original volume by the back¬ 
ward motion of the piston. The temperature of the mixture is 
thereby raised to about 600°C. 



Fig. xi.—The four strokes of the Otto 
engine. 
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-At the end of the compression stroke, the mixture is fired 
by a series of sparks. 

(jit) The Working Stroke .—The piston is now thrown 
forward with great force, since owing to combustion a large 
amount of heat is developed which raises the temperature of 
the gas to about 2000°C. and a correspondingly high pressure 
is developed. 

(tv) The Scavenging or the Exhaust Stroke .—At the end of 
the third stroke, the cylinder is filled with a mixture of gases which 
is useless for further work. The exhaust 
valves are then opened, and the piston 
moves backward and forces the mixture 
out. After scavenging is complete, a fresh 
charge of gas and air is sucked in and 
a fresh cycle begins. 

For purposes of theoretical discus¬ 
sion we assume the cycle to be pot-formed 
under certain ideal, conditions, Z7^.,(l) all 
processes are quasistatic, so that there 
is no acceleration, (2) there is no friction 
and no loss of heat by conduction through the walls of the 
cylinder. The thermodynamical behaviour is illustrated in the 
indicator diagram of Fig. 12. 

It should be remembered that air is the working substance 
in the Otto engine, the function of gas or petrol being merely 
to heat the air by its combustion. EC represents the isobaric 
suction stroke (gas and air being sucked in at atmospheric pressure). 
CD represents the adiabatic compression stroke. At D (pressure 
about 5 atmospheres, temperature about 600°C.) the mixture 
is fired by a spark. A large amount of heat is liberated, and the 
representative point shifts to A (temperature 2000°C. pressure 
about 15 atmospheres), volume remaining constant. We assume 
the process to take place in a quasistatic isochoric manner. AB 
represents the working stroke which indicates a quasistatic adia¬ 
batic expansion of the gas. At B the exhaust valve is opened, 
and the pressure falls to the atmospheric pressure CV r We 
assume this process also to take place ih a quasistatic isochoric 
manner. CE is the isobaric scavenging or exhaust stroke. 



Fig. 12.—Four-stroke 
Otto cycle. 
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The efficiency of the engine can be very easily worked out. 
The processes EC and CE cancel each other and need not be 
considered any further. The exchange of heat takes place only 
during the processes DA and BC. The amount ot heat taken 
during the process DA is equal to C v (T a —Td), where C v is the 
specific heat at constant volume. (We suppose that this quantity 
retains the same value between 600°C. and 2000°C., which is only 
approximately true). Similarly heat rejected during BC is 
C v (Ti — T c ). Hence efficiency 



T- b T e 
T a -T fl ' 


y —l 

From the relation TV — 


constant for an adiabatic (see 


p. 83 equation 29), we obtain 

r.__r 4 _ 

%-\vJ ~ T c - 

where p is the adiaibatic expansion ratio. 


v-i 

P 

Hence 


tt-T. - / M*- 1 
Tr-T* \ P / 


• (21) 


iv - 1 


Therefore the efficiency 

Taking p — 5, y = 1*4 we get 

t) = 1 — j 04 = 0-52 = 52 per cent. 


( 22 ) 


The efficiency is generally much less due to turbulence, acceleration, 
thermal conduction, etc. which are usually present. 

It will be seen that the expression obtained here for the efficiency 
in terms of the adiabatic expansion ratio is similar to that for a Carnot 
cycle (see equation 12 p. 233). The question arises : why not try to 
make the Carnot cycle a practical possibility ? 

We shall now treat this question in more detail. In designing a 
machine, other factors have to be taken into consideration besides the 
mere question of theoretical efficiency. The engine must be, in the 
first place, quick-acting, /.<?., a cycle ought to be completed as quickly 
as possible. This practically rules out the Carnot engine as it takes 
heat at constant temperature, the process is therefore very slow and the 
engine becomes very bulky and heavy in relation to the power output. 
In the Otto engine the absorption of heat is almost instantaneous. 
But even where quickness is not the deciding factor, there are other 
weighty arguments against the adoption of the Carnot cycle. Pressure 
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inside the cylinder varies during a cycle, and the machine must be so 
designed that it can withstand the maximum pressure. At the same 
time, we must obtain a reasonable amount of work per cycle. 

4' 17. To bring out the point clearly, we introduce a new quantity 
—“Mean effective pressure”. As the name indicates, it is a measure 
of the mean pressure to which the cylinder is subjected during the cycle, 
and is therefore equal to the total work obtained during a cycle divided 
by the maximum amplitude of volume change. For the Carnot cycle 
(see Fig. 3, p. 23.1) 

^ _ Area ABCD 
pm = ’ 

and the maximum pressure is p a . 

We have now to calculate p m for the different engines and find out 
the ratio p a jp m . 

Carnot Cycle .—In the Carnot cycle, as well as in the Otto, p e and 
T e are fixed (atmospheric pressure and temperature). The com¬ 
parison should be carried out for equal maximum temperature T a . Let 
us assume T a — 2040°K, and T e — 340°K. We have therefore C fixed 
in the indicator diagram (Fig. 3). We draw the isothermal CD and 
the adiabatic CB through C. B is fixed by the final temperature chosen, 
vi^., 2040°K. We then draw an isothermal through B. A may be 
taken anywhere on this curve. We have therefore to take the isother¬ 
mal expansion ratio r = VbjV a — V c jV d as our independent variable. 

The adiabatic expansion ratio 


_ Ve _(Ta\ 

p ~ v. ~ v. ~ IrJ 


1 _ 

-y - I 


= * V 1 (say). 


(23) 


where x — T a jT e and is therefore fixed. We have to express every 
quantity in terms of the unknown r and the known p, T& p Cy T a . 

It can now be proved that 

Pn (maximum pressure) — p c r pt = p c r x y ^ y ~ ^ . . . (24) 

V a (minimum volume) — V e jrp. 

Work available = R (' T a —T t ) log* r. 

. . . Work _[(T,/T c )-l]log,r. . 

" V a -V e 1 — (1/rp) 

We have * x = T a IT e = 6. 


Hence 


P = 



1/(V-D 



98-2, 


if we put y = 1 * 39 for air. 

The adiabatic expansion ratio thus reaches the enormous value 
of 98 *2. If r is chosen to be 2 we get V c fV a — 196 *4. 
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The maximum pressure from (24) is given by p 0 = 2x98'2x6 = 
1178 atmos., p m = (6—1) log, 2 = 3 47 atmos. 

pa _H78 

” Pm 


3*47 


=339. 


—(ir—s- 


83 per cent. 


(25) 


These figures show that the Carnot engine must be designed to 
withstand a pressure of 1178 atmospheres, and should have an expan¬ 
sion ratio of 196. It has to be very bulky and very stout. The power 
output is too small compared to its bulkiness and stoutness. 

The Otto Cycle .—Let us now calculate the same quantities for an 
Otto engine. 

In this case, we take the same values for p c > T c and T a . C is 
therefore fixed on the indicator diagram (Fig. 12). We draw the adia¬ 
batic CD and the isochore CB. D can be taken arbitrarily on CD, but 
the temperature should not exceed a certain value, which is determined 
by the ignition point of the mixture, otherwise the mixture will fire 
before the spark is-allowed to passt T d should be about 600°K; we 
choose 612° K for convenience of calculation. The adiabatic expansion 
ratio p is therefore fixed. We have from (23) 

P = ( 340 ) = 4 '5 (nearly). 

The adiabatic expansion ratio p is now enormously diminished. 

/l\ Y ~ l 

Efficiency 17 —1 — y- j — 44 % 


The ratio 


^ ~ rr» 


Tt 

T e 


10 

T a 3 

It can now be easily shown that 

p 0 » xp y p e = about 27 atmospheres. 

Work obtainable from each cycle 

(T„- Ta) - CUT*- Tc) = C„ (*-1) (Tg- T c ) 

- C. T, (*-l) (}?- 1 )= | p.v. (x-1) -l) 

and J'a — K!p- 

Amplitude of stroke = j • 

A. = f-A (*-•>(£- l )/[ l "j) = * 

P* _ A.R 


atmos. 
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The Otto cycle, therefore, fulfils all the conditions of practical 
possibility though the efficiency is rather low. 

4*18. The Diesel Cycle.—Diesel was dissatisfied with the 
low efficiency of the Otto engine and began investigations with 
the idea that the efficiency of the Carnot cycle may be reached 
by certain other contrivances. He did not succeed in his attempt, 
but was led to the invention of another engine which, for cer¬ 
tain purposes, presents some advantages over the Otto engine. 

The great superiority of the Otto engine over the earlier 
Lenoir engine was in the use of the compression stroke before 

ignition. Since ^ — 1 — (1 lp) y ~ x , it is easily seen that if the com¬ 
pression ratio p can be still further pushed up 17 would substantially 
increase. But in the Otto engine, p cannot be increased beyond 
a certain value (about 5) otherwise the mixture would be fired 
during compression before the spark passes. 

In the Diesel engine no gas or petrol is introduced during 
compression. The indicator diagram for the idealized Diesel 
cycle is shown in Fig. 13, all the processes being assumed to 
be quasistatic. In the first stage pure air is sucked in isobari- 
cally (EC in Fig. 13) and compressed adiabatically to about one- 
seventeenth of its volume (CD in Fig. 13). A valve is then 
opened, and oil or vapour is forced under pressure. The oil burns 
spontaneously as the temperature 
in the cylinder is about 1000°C. 
and above the ignition point of 
the fuel. The supply of oil is so 
regulated that during combus¬ 
tion, as the piston moves for¬ 
ward, the pressure remains 
constant. This isobaric burn¬ 
ing of oil is represented approxi¬ 
mately by the quasistatic iso¬ 
baric process DA (as if the heat is absorbed from a series of external 
reservoirs ranging in temperature from to T a ). At a certain 
stage, when the temperature has reached the maximum value, 
about 2000°K, the supply of oil is cut off. The piston is allowed 
to move forward, describing the adiabatic AB. At B a valve is 
opened, and the pressure drops to C. CE is the scavenging stroke, 

F. 33 



Fig. 13.—The Diesel Cycle. 
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in which the useless gas mixture is forced out, and the apparatus 
becomes ready for a fresh cycle. 

The Diesel cycle can be performed in a cylinder of the 
type shown in Fig; 14. The cylinder is provided with the air 
inlet, the oil supply and the exhaust valves. The action of the 
cycle will be very clearly followed from the figure. 

Instead of opening the valve at B we may allow the gas 
to expand as far as F when the inside pressure has fallen to at¬ 
mospheric pressure, and the air mixed with the burnt gas to be 
forced out by a back stroke FC. As this would involve a rather 
large volume for the cylinder,'this procedure is not adopted in 
actual practice. 

We shall now calculate the efficiency of the Diesel engine, 
the maxi mum pressure, and the mean pressure. We shall first 
calculate the efficiency for the imaginary cycle AFCD. 

Heat taken during DA = C p (T a —T d ). 

Heat rejected during FC = C p (Tf—T e ). 


Oil valve 
I exhaust 



Fig. 14.—Strokes in a Diesel Engine. 

Beginning of suctioo strpke; air valve open. 

Beginning of compression stroke; all valves closed. 

Beginning of working stroke; oil valve open. , 

Working stroke in progress. End of fuel injection; all valves closed. 
Beginning of scavenging stroke; exhaust valve open. 

From the relation p — cT^^ y ^ (equation 30, p. 83) we have 


/><A(y-1)/y Td __ Tg __ 


(a 


-gif.—a) 

■ -l«r-' - (;) 


Tg-Td 

Tf-Te' 

x(y-l).h 


( 27 ) 
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Thus the efficiency of the Diesel cycle is given, by the same 
formula as for the Carnot or the Otto cycle. Butin the Diesel 
engine the cylinder is designed for a maximum pressure of about 
34 atmospheres. This determines the compression ratio because 
palpc = p y = 34. This gives p — 12’6 and — 63 per cent, which 
is a substantial improvement on the Otto engine. But as stated 
above, we have to take the cycle DABC. Hence heat is rejected 
at constant volume. We have heat rejected = C v (T b —T e ). 

“ V C p (T a -T d ) . (28) 

4T9. Calculation of Efficiency and Mean Effective Pres¬ 
sure. —We have now to express 77 and other quantities in terms of p c , 
T cy (atmospheric pressure and temperature), p x the final pressure and 
TalT d — x, because work done depends upon the final tempera¬ 
ture (2040°K). It can be shown from the gas laws that 

T d =■. TcpV- 1 = (340) (12*6)‘39 = 915°K. 
x *= TajTj ~ 2*23. 

Th = T e x y afc (340) (2*23) 139 = 1037°K. 

Now work done during each cycle 

= C p (T a ~ T d ) - C v (T t ~ T,) 

£z r ‘-T. _ . _ (* v 

C J 1 J * *nrt rrt' 1 " 

p * a" 


and 


V 


=* 1 


■r d 

= ■-(!) 


y-l 


_ 1 )Jc 

y(x—l) T d 

x y -\ 


y(x-l) 


We thus see that for x-->-0 ,17 = 1 — (1 jp) y ~ 1 , otherwise it is slightly 
less. For the present case p = 12*6, x = 2*23. 

• /. v = 1- (*37) (1*2) = *556. 

Thus the efficiency is reduced from 63 to 55 per cent, but this figure 
is still larger than the efficiency factor for the Otto engine. 

Amplitude of volume change = V c — V d — V t ^ 1 —j . 

Output of work = 3 s Cp (T a — T d ) ij. 

.y-l xv. 




96 atmos. 


and 


9 

A *- 

Pm 


34 

6*96 


Y 
4*9. 


The ratio has almost the same value as for the Otto cycle. 

The Diesel engine therefore consumes less fuel than the Otto 
engine, but as it has to withstand a higher pressure it must be more 
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robust. Also the mechanical difficulties are much greater* but they 
have been successfully overcome. 

4*20. Semi-Diesel Engines. —We have seen that in Diesel 
engines a large compression ratio (12 to 1) is employed and the maxi¬ 
mum pressure developed is enormous (35 atmos.); further a costly high- 
pressure air blast is necessary to force the liquid fuel into the cylinder. 
To avoid these the semi-Diesel engine, also called the hot bulb engine , 
was invented. In this the air is compressed to about 15 to 20 atmos. 
instead of 35 atmospheres. This air does not yet become hot enough to 
ignite the oil and is consequently passed through a hot bulb where it 
is heated by contact with the bulb to the required temperature. The 
hot bulb is simply a portion of the cylinder which is not cooled by the 
water jacket. It consequently becomes much heated and serves to 
heat the compressed air. Next the oil (fuel) is injected into this hot 
bulb where, by the combined action of the compressed air and the hot 
bulb, it ignites. For starting the machine the hot bulb must be heated 
by a separate flame. After a few cycles the bulb becomes hot and 
begins to function properly. Then the external flame is removed. The 
semi-Diesel engines now-a-days are generally two-stroke oil engines 
without the automatic control valves. The action of the two-stroke 
cycle is given in the next section. 

4*21. Two-Stroke Engines.— It will be seen that in the Otto 
engine one stroke out of four is a working stroke; the engine there¬ 
fore develops less power compared to its weight. To obviate this, 
Sir Dugald Clerk invented in 1880, the two-stroke engine, in which 
one stroke out of two is a working stroke and hence the power per 

stroke is doubled. This cycle re¬ 
quires a separate displacer or pump 
cylinder 1 in addition to the work- 
ing cylinder. The working cylinder 
W has an inlet valve A (Fig. 15) and 
an exhaust valve B near its outward 
stroke. When the piston is at the 
end of its outward stroke the exhaust 
value is opened, and compressed gas 
from the. compressing cylinder P enters the working cylinder, driving 
the products of combustion in front of it to the exhaust. In the back¬ 
ward stroke the exhaust valve is closed and the charge compressed. 

1 In small two-stroke engines the separate cylinder is dispensed 
with and the charge is compressed in the crank case from where it 
enters the working cylinder later. 



Fig 15.—Cylinder of a two-stroke 
engine. 
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When the piston has almost teached the end of its journey the charge is 
fired. The piston is thrown forward giving us the working stroke. 
When the piston reaches the end of its outward stroke, a fresh charge is 
taken and the cycle begins afresh. The pump cylinder draws in. a 
charge of gas and air and compresses it. The piston in the pump 
cylinder P is worked by the working piston by means of an eccentric. 

The engine is of the constant volume type and the indicator 
diagram is similar to that of the Otto engine. Clerk engines are now 
extensively employed for high power stationary sources of energy as 
prime movers. 

4*22. The “National” Gas Engine. —Wc shall now des¬ 
cribe a typical Otto engine. Fig. 16 shows a 100 horse power 



The engine is a stationary horizontal one having a single cylinder 
AA. The piston PP is attached to the crank-shaft by the connecting 
rod CC and fits gas-tight into the cylinder AA. H is the combustion 
chamber having the inlet valve I, the gas valve G and the exhaust valve 
E. The cylinder, the combustion chamber and the valve casings are 
cooled by the water jacket WW. L is the lubricator, V, V are plugs 
which may be removed to examine the valves. M is the ignition plug 
where a spark is produced by the “Magneto” and serves to ignite the 
charge. The various valves and the magneto are worked by suitable 
cams mounted on a shaft driven by the crank shaft. 

The working of the machine is identical with that indicated in Fig. 
11. The machine is started by rotating the fly-wheel so that the piston 
commences its outward stroke. An explosive mixture is introduced 
and ignited, and the piston is thrown forward. Then the working fol¬ 
lows as indicated on p. 252. 
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4*23. Diesel Four-Stroke Engines.—These engines employ 
a cylinder and valves of the type shown in Fig. 14. In constructional 
design they are not much different from the Otto engine. They are 
further provided with a high pressure air blast for injecting the liquid 
fuel. 

4'24. The Fuel.—Some engines employ gaseous fuels the chief 
of which are coal gas, producer gas, coke-oven gas, blast-furnace gas, 
water gas and natural gas (chiefly methane). The common liquid 
fuels are petrol, kerosene oil, crude oil, benzol and alcohol. In the 
Otto engine, if liquid fuel is used, if. must be first vaporised and then 
admitted. Diesel engines generally employ crude oils and hence their 
fuel is very cheap. 

During the brief period of fifty years the internal combustion 
.engines have been much developed and employed for a variety of 
purposes. The steam engine, we have seen, is very wasteful of fuel, 
but the internal combustion engine is much more economical and has 
consequendy been much employed. 

The Otto four-stroke engine is employed in automobiles and 
aeroplanes. Petrol vapour is used as fuel in both cases. In aircraft 
engines the incoming air is usually compressed by a supercharger (which 
is essentially an air pump of some sort for increasing air density and 
pressure) and then fed into the engine. Four-stroke Diesel engines are 
largely employed in driving ships. Where very large power is necessary, 
the two-stroke Diesels are in common use. Diesel engine is more effi¬ 
cient and more economical of fuel. Still has combined a steam engine 
with a Diesel engine and has obtained much greater efficiency in 
steam locomotives (Still-Kitson locomotives). 

Problem. Calculate the efficiency of a Diesel engine for which 
the adiabatic compression ratio r e — 17, the adiabatic expansion 
ratio r e = 5, andy= 1*4. 

[From Fig. 13 we have the relations . 
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4*25. The Steam Tutbine. —We shall now give a brief 
description of the engines belonging to the windmill type. 
Windmills are set in motion by the impact of wind on the vanes 
of the mill, and at first sight it may appear strange why they should 
be classed as heat engines. But a little reflection will show that 
the wind itself is due to the unequal heating of different parts of 
the earth’s surface, hence the designation is justified. But wind- 
power is rather unreliable, hence steam turbines were invented in 
which the motive power is supplied by the artificial wind caused 
by high pressure steam. There are two types of turbines 
(1) the Impulse Turbine in which steam issuing with great velocity 
from properly designed nozzles strikes against the blades set on a 
turbine wheel and in passing through them has its* velocity altered 
in direction. This gives an impulse to the wheel which is thereby 
set in rotation. (2) The Reaction Turbine is somewhat similar in 
principle to the Barker’s Mill which, as a laboratory toy, has 
been known to generations of students. In this the wheel is 
set in rotation in the opposite direction by the reaction produced 
by a jet of steam issuing out of the blades set in the wheel. 

Though the steam turbines are simple in theory, in practice 
great mechanical and constructional difficulties had to be en¬ 
countered, but thanks largely to the efforts of De Laval, Curtis and 
most of all to Sir C. Parsons who may be described as the James 
Watt of the steam turbine, that the difficulties were successfully 
overcome. To-day the turbine is a prime mover of great impor¬ 
tance and is almost exclusively used as the source of power for all 
large-power land stations for the generation of electricity and for 
propulsion of big ships. Their great advantage lies in the fact that 
instead of the reciprocating motion of the ordinary steam engine 
a uniform rotary motion is produced by a constant torque applied 
directly to the shaft. They are more efficient than other engines 
because in them there is no periodic change of temperature in 
any part and so no heat is wasted. The full expansive power of 
steam can be utilised under suitable conditions. In America a 
turbine engine has been constructed which employs mercury 
vapour in place of steam and it is claimed that about 65 per cent, 
of heat energy is converted to work. 
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4-26. The Theory of Steam Jets.—The essential feature 
of the t u rbines is that in them the total heat (enthalpy) of steam 
is first employed to set the steam itseii. in motion inside the fixed 
nozzles or bladings (in reaction turbines) and this kinetic energy 
is utilised in doing work on the blades. The fixed nozzles are so 
designed as to convert most efficiently the internal energy of steam 
into its kinetic energy and produce a constant steam jet. We 

shall therefore first study the formation 
of jet under these conditions. We shall 
derive an expression for the kinetic energy 
imparted to the steam in traversing the 
fixed nozzle from the region of high pres¬ 
sure B (Fig. 17) to the region of low pres- 

ng> X J »-rut uaw 

nozzle ptoducing jet-. sure C. 

It will be observed that this is a flow process involving a 
moving system where a transformation of internal energy into 
external energy (kinetic and potential) and external work (or 
vice versa) takes place. In all our previous discussions with sta¬ 
tionary or nearly stationary systems we considered only the internal 
energy, heat and work but in flow processes we must, in addition, 
take into account the kinetic and potential energies of the system. 
We shall therefore develop here a thermodynamic theory„ of all 
flow processes. 

Let the pressure, volume, internal energy and velocity of 
steam in B per gram be denoted by p v v x , u x and w x and the corres¬ 
ponding quantities in Cbjp t yVp » 2 and w 2 . Then the gain in 
kinetic energy of steam per gram on traversing the nozzle is 
(»' 2 2 -a' 1 2 )/2 ] calories. The work done on steam in forcing it in 
B is p x v x (since the pressure remains constant), while work done 
by steam against the external pressure in C is p 2 v r The gain in 
internal energy of steam during passage is u 2 —u v If in addition 
we assume that the heat jg is absorbed by the steam and shaft 
work W done by it, then application of the first law of thermo¬ 
dynamics to this flow process yields (neglecting any possible 
change in potential energy), 

£}~ —pi v r\~ ^ + ~ 2 j ♦ • ** (29) 

In the case of the steam jet the process is adiabatic and 
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no shaft work is done, therefore — 0, W — 0 and equation 
(29) yields, 

~~ (a^ 2 —Vj 2 ) = piPx-p&i+H— "a 3=5 * • (30) 

U.y the gain in kinetic energy is equal to the heat drop. Generally 
the initial velocity is sensibly zero and hence the kinetic energy of 
the issuing jet is given by the heat drop h 1 ~~h i . 

In the case of turbines the change in kinetic energy is 
negligible and the process is nearly adiabatic, hence equation 
(29) yields, 1 

= IF. .... (30a) 

We shall now calculate the heat drop hi — h 2 . If we assume 
that there is no loss of heat energy through friction or eddy currents 
in the nozzle, the heat drop h x — h 2 is equal to the heat drop from 
the pressure p^ to p 2 under isentropic conditions. This can be 
readily obtained from Mollier’s diagram or from steam tables. 
It can also be calculated from the equation of state of steam. 

We saw in §4* 10 that under isentropic conditions the heat drop 

J (hi-K) = f* vdp .(31) 

h% 

Callendar has shown that iu a steam turbine the changes take place 
so rapidly tha t there is no time for condensation to take place at any 
stage so that the steam remains superheated or supersaturated. Under 
these conditions we can assume that pv y — constant, where y is a con~ 
stant and lias the value 1*3. For the adiabatic expansion through the 


nozzle we have 



We have then from (30), (31) and (32) 



where p* denotes the pressure ratio p%lpx- The volume of steam 
per gram at any stage is from the adiabatic relation given by 

„ = v l lp* h . CM) 

1 A third case is that of the throttling process (Chap. XII) where 
W =ss 0 and h t = h r 
F. 34 
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The volume of steam passing per second across any cross-section 
of area A is wA and the mass m passing per second is rcAjv. From 
the condition of continuity this is the same at all sections of the nozzle. 
Hence the cross-section of the nozzle at any place should be given by 

A = mv\w .(35) 

With the help of the foregoing relation we can calculate the 
velocity //>, the volume v of steam and the cross-section A of the nozzle 
at any point for given values of the pressure ratio p*. y for dry super¬ 
heated steam may be taken as 1 *3 while for saturated steam y — 1'135. 
For wet steam y = 1 *035-1-0’1# where q is the dryness. Callendar 
showed that actually the steam in a turbine remains in a metastable 
supersaturated state and y may be taken to be 1*3. 

q and w can be easily found out from Mollier s diagram. The 
values so obtained are given in table 1 in which initially dry saturated 
steam at 15 kg./cm . 2 is taken. 

Table 1.— Velocity of steam jet and cross-section of noqyje for different 

exhaust pressures. 




Volume in 

Velocity in 

Area of jet 

p 2 kg./'cm 2 . 

Dryness q 

cubic metres 

metres 

per kg. 


for 1 kg. 

per sec. 

in sq. cm. 

15 

1 

0 1360 

0 


10 

0-970 

0*1933 

400 

4-83 

9 

0*963 

0*2119 

4 . 44 . 

4*77 

8 

0*955 

0*2347 

492 

4*77 

7 

0*946 

0-2636 

541 ! 

4*87 

5 

0-927 . 


644 

5-49 

1 *033 ! 

1 0*856 


957 

14-94 

0*12 

0*784 


1214 

81-2 


From table 1 it will be seen that both the velocity and the volume 
go on increasing as the pressure drop is increased. In the beginning 
the increase in volume is smaller than the increase in velocity while 
in the later stages it is much greater Hence as the pressure drop 
increases the area A. first decreases, then passes through a minimum 
and finally inc/.cases. The proper form of the nozzle for fully convert¬ 
ing the heat drop into the kinetic energy of the steam is a convergent- 
divergent one, i.e., the area of the section should at first contract to a 
narrow neck or "throat” and thereafter expand. This is the 
principle of the De Laval’s convergent divergent nozzle (Fig. 38). 
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The throat is approached by a rounded entrance which allows the 
stream lines to converge. From the throat - x 

i 

to the discharge end, the nozzle expands 
very gradually, usually in the form of a 
cone until it attains a sectional area suit¬ 
able for discharging the steam at exhaust 
pressure. This area can be obtained from 
(35) after substituting the proper value 
of p* in the expressions for u and n>. The 
tapering is made sufficiently gradual to prevent the formation of 
eddies in the stream. 

Let us calculate the dimensions of the throat. For maximum 
utility the nozzle should be so designed that the discharge per unit 
area per second, m\A at the throat is maximum. Now 


Fig. 18.—De Laval’s 
convergent-divergent nozzle. 


m 

A 




0 h j 


(36) 


The condition of maximum is obtained by differentiating this 
expression with respect to p* and putting it equal to zero. This gives 

2 >v/(y-l) 




y-H 


(37) 


which gives the pressure ratio at the throat. For y ~ 1*3 (dry steam), 
p t — 0545. The maximum discharge from the nozzle is 


m, 


-*(A) 


y+l tq ‘ 


(38) 


From these considerations it follows that if the exhaust pressure p 2 
is less than 0*545 p x , the amount of discharge depends only upon the 
area of the throat and the initial pressure and not upon the back 
pressure. The divergent portion does not help to increase the 
discharge but merely gives additional velocity to the escaping steam 
by the further drop in pressure. 

If the pressure ratio p* is more than 0*545, i.ep z is more than 
0*545 pi the full velocity of the jet is obtained without the use of a 
divergent nozzle. In a Parsons.’ turbine the entire pressure drop is 
divided into many successive stages so that the pressure ratio in each 
stage is very large and hence the fixed channel producing the steam 
jet in Parsons’ turbine is throughout convergent and has no divergent 
part (Fig- 24). Having considered the mechanism of the jet in detail 
we shall now study how the enormous velocity of the steam jet has been 
utilised in imparting rotation to the wheel. 
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4*27. The De Laval Turbine. —The velocity which is 
theoretically attainable in a steam jet is therefore enormous, 
and this causes extraordinary mechanical difficulties. For if we 
want to utilise the whole of this energy, by allowing the jet 
of steam to impinge on the blades or buckets of a turbine wheel, 
simple mathematical considerations to be given presently show that 

the velocity of the blades should not 
be short of one-half the velocity of 
the jet. Thus for maximum efficiency 
we should require to have a speed 
of the order of 1000 metres/sec. 
at the periphery of the wheel 

which carries the blades. The number 
of revolutions per minute necessary 
to produce such peripheral speeds 
for a wheel of moderate dimensions 
reaches the value of about 30,000 and 
such speeds are impracticable for 
„. .» xr ^ c-v. two reasons. First, there are no 

Fig. 19.—Vertical section of the 

wheel of De Laval turbine, constructional materials which can 
withstand such enormous peripheral speeds. The rotating parts 
would fly to pieces on account of the large centrifugal forces 
developed and there would be mechanical vibration of the rotating 
shaft. Secondly if the shaft is to be coupled to another machine 
which should usually rotate at a much lower speed, say 2000 
r.p.m., the difficulties of gearing become almost insuperable. 
These were first successfully overcome by De Laval for low 
power turbines. For the gearing down, he used double-helical 
gear wheels with teeth of specially fine pitch. To enable the 
requisite peripheral speeds to be obtained with safety, the turbine 
wheel was made very thick in the neighbourhood of the axis 
(see Fig. 19) so that it can withstand the stresses set up by rotation, 
and further the shaft was made thin. 

A De Laval turbine is illustrated in Fig. 20. The steam jet 
issuing from the fixed nozzles impinges on the blades, has its 
direction changed by them and thereafter escapes to the exhaust. 
Due to this action of the steam the blades are set in rotation. 
These are known as *impulse turbines* because the steam in 




§ 4 - 27 ) 


THE DE LAVAL TURBINE 


269 


passing through them is not accelerated but has only its direction 
changed. The interaction of steam with the blades is clearly 
indicated in Fig. 21 and the corresponding velocity diagram is 
shown in Fig. 22. In 


these turbines the blades 
are ‘parallel,’ /.e., a passage 
between two blades has 
nearly the same cross-sec¬ 
tion everywhere so that the 
blades offer very little obs¬ 
truction to the steam jet and 
hence the pressure of the 
steam remains practically 
the same on both sides of 
the wheel. 

Suppose the jet enters 
the blades with the absolute 
velocity v t as indicated at 
an angle a. Due to the 



Fig. 20.—A De Laval turbine. 


impulse the blade moves 


with the velocity u and hence the issuing jet has a velocity v z relative 
to the blade. Hence the inner surface of the blade at the extremity 



Fig. 21.—Action of steam on the blades of a 
De Laval turbine. 



Fig. 22.— The velocity diagram 
of a De Laval turbine. 


must be inclined at an angle fi to the plane of motion of the wheel 
so that the steam may enter without shock. During the passage of 
the steam through the blade its relative velocity does not change 
in magnitude except for some friction which tends to reduce v r We 
may thus assume the relative velocity v t of steam at the exit to be equal 
to v s . The corresponding absolute velocity will be u 4 . Usually 
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in order that the resultant impulse on the wheel acts in the plane of the 
wheel. 

The most favourable speed of running will be that for which the 
velocity v 4 is perpendicular to the plane of the wheel and is very small, 
for would then be of no value in rotating the blade. It is easily seen 
that for this to be true u should be equal to lujCos a. For, from the 
law of compounding of velocities we have 

v 4 = u 3 sin /3' = u 2 sin fi =- v x sin a. 

Also from the figure AB = BC = u. 

u = |vjCos a. .... (39) 

The efficiency of the machine is 

1 ~. s in a g, .... (40) 

w i* 

when shock and friction are assumed to be absent. In practice a is 
. about 20° and hence efficiency = *883. 

. In the ideal case a — 0, u = v x j2, and efficiency = 1. Thus all 
the available heat drop is utilised in rotating the wheel and the 
efficiency corresponds to that of the Rankine cycle. 

4*28. Division of the Pressure Drop into Stages. Rateau 
and Zolly Turbines. —As a prime mover, the De Laval turbine is 
quite efficient for producing low power. For generating high power, 
superheated steam must be used so that the pressure drop in the jet 
would be enormous, and hence for maximum efficiency the blades 
must move with very high velocity. Such large velocities are incom¬ 
patible with safety. For this reason, the entire pressure drop is divided 
into a number of stages. Each stage consists of one set of fixed nozzles 
and one ring of moving blades mounted on a wheel fixed to the shaft. 
Across each stage, the pressure drop is small so that the blade velocity 
necessary for maximum efficiency is considerably reduced and can be 
easily attained in practice. This principle of pressure compounding was 
first given by Parsons and later adapted by Curtis, Rateau, and Zolly 
to the De Laval type. Rateau turbine has 20 to 30 stages, Zolly has 
about 10. 

Principle of Velocity Compounding 

4*29. The Curtis Turbine. —This is an impulse turbine but 
the kinetic energy of the jet is extracted not by a single ring of moving 
blades as in the De Laval type but by a series of two or more such 
rings. Between the first and the second moving rings there is a fixed 
ring of guide blades (Fig. 23). The action of the fixed guide blades 
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1 1 1 
Fig. 23.—The Curtis turbine (velocity wheel). 


is simply to alter the direction of the steam jet in such a manner 
that it may suitably give impulse to the next ring of moving blades, 
There is no drop of pres- Steam Chest 

sure either in the guide 
blades or in the moving 
blades. Now if the mov¬ 
ing blades move with 
moderate velocity, the 
steam jet striking the first 
ring of moving 
loses only a part of its 
kinetic energy and posses¬ 
ses a large though re¬ 
duced absolute velocity 

even when it leaves them. This velocity remains unaltered 
during its passage through the guide blades. The steam with its 
reduced velocity strikes the next ring of moving blades and gives 
them impulse. Thus the kinetic energy of the jet is extracted in steps 
and so the blades need have only a moderate velocity. 7 his principle 
of velocity compounding was first introduced by Curtis and is the character¬ 
istic feature of Curtis turbines which are essentially multi-impulse tur¬ 
bines. In addition to this the principle of pressure compounding is also 
generally utilised in the design of Curtis turbines. There may be two 
or three stages of pressure drop, the kinetic energy in each stage being 
extracted in three or four steps. Thus the steam issuing out at the 
bottom in Fig. 23 passes through another set of fixed nozzles, acquires 
velocity and this kinetic energy is again extracted in steps. 

4*30. Reaction Turbines— Parsons’ work.— Parsons began 


his researches on steam turbine about the same time as De Laval 
(1884), but he did not accept the latter’s solution of the problem, 
and went on with his own investigations which were completed 
by about 1897. His researches resulted in the evolution of 
a completely new type—the so-called faction Turbines . The 
mechanism of this type is shown in Fig. 24. 

The essential feature of the Parsons' Turbine is its blading 
system. This consists of alternate rings of a set of fixed blades 
mounted on the inside of the cylindrical case or the stator, with a 
set of moving blades mounted on the shaft or the rotor, arranged 
between each pair of rings of fixed blades as shown in Fig. 24. 
There are no separate nozzles for producing a jet but the fixed 
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blades act as nozzles. It will be noticed that the blades have 
convergent passages, the cross-section of the passage goes 

on decreasing towards the exit 
side. 

As the steam passes 
through the moving blades, 
there is a drop of pressure in 
consequence of which the 
steam jet increases in velocity 
as it traverses the blade- 
passage, and as it issues out, a 
backward reaction is produced 
on the blades which conse¬ 
quently begin to revolve. 
The steam then again passses 
to the next set of fixed blades where it again acquires velocity 
and enters the next set of moving blades nearly perpendicularly. 

The moving blades are secured in grooves on the rotor 
shaft with their lengths radially outwards and parallel to each 
other. The fixed blades are secured in grooves in the enclosing 
cylinder and project inwards almost touching the surface of the 
spindle. The steam is admitted parallel to the axis of the shaft 
(axial flow type). One pair of rings of moving and fixed blades 
is said to form a stage> and generally a turbine has a large number 
of stages. 

Pressure Compounding .—On account of the peculiar form 
of the blade-passage, the pressure goes on falling rather slowly, 
so that the whole pressure drop is spread over a large number 
of stages which may amount to 45 or even 100. In conse¬ 
quence of this arrangement, the velocity of the jet is very small 
compared to that of the De Laval type, and the requisite blade 
speed is 100 to 300 ft. per sec. This reduction of velocity brought 
about by the distribution of available pressure over a large 
number of stages constituted the master-invention of Parsons 
which was also applied to other turbines with great advantage 
as already mentioned. 

As we proceed from one stage to another the pressure goes on 
diminishing, consequently the specific volume of steam goes on 


Steam 

(Mil 

Blades 

VS JJJJJJ 

Blades 

“Sf JJJJJJ 

Fig. 24.—The blading system of a 
reaction turbine. 
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increasing. This requires a larger passage-way for the discharge of 
steam which is secured in practice by using longer blades on the 
exhaust side. 

- The design brings in many mechanical and constructional diffifcul- 
ties such as design'of the shaft, problem of leakage of steam over the 
tips of blades due to a fall of pressure in them, the balancing of longi¬ 
tudinal stresses, etc. For a full discussion of these problems, and the 
methods by which they have been overcome special treatises should 
be consulted. 

The velocity diagram for the ‘reaction’ blading is shown in Fig. 25. 
t/ A is the absolute velocity of 
steam when it leaves the fixed 
nozzles, u the velocity of the blades 
and v 2 the relative velocity of steam 
with respect to the blades. For 
the moving blades to be actuated 
by pure reaction and not by impulse 
it is clear that v 2 should be normal 
to the plane of the revolving 
wheel and should be very small so that the steam is relatively at test 
with respect to the moving blades, t.ev x — u. Actually it is found 
that for maximum efficiency the velocity ratio «/«! -- ’75 to -95. The 
steam in passing through the moving blades becomes accelerated and 
has the final relative velocity v 8 with respect to the blades, its absolute 
velocity being t> 4 which should again be very small and perpendicular 
to the plane of the wheel. Thus it would enter the next ring of fixed 
blades with negligible velocity, become accelerated finally attaining the 
velocity v x and then enter the next ring of moving blades with the 
relative velocity t/ 2 . Thus the velocity diagram would repeat itself. 
This would be the pure reaction turbine. In actual practice however 
the steam enters the moving blades with some relative velocity giving 
it an impulse as in De Laval’s turbine and so the turbine works partly 
by impulse and partly by reaction. 

From the above it will be seen that the distinction between ‘im¬ 
pulse’ and ‘reaction.’ turbines is more popular than scientific and should 
not be taken too literally. All turbines are driven by ‘reaction’, due 
to the alteration of velocity of the steam jet in magnitude and direction. 
The real distinction between the two types is that in the ‘impulse’ turbine 
the reaction is due to the. steam jet being slowed down while in the 
‘reaction’ turbine working at unit velocity ratio the reaction is produced 
by the acceleration imparted to the steam in the moving blades them* 1 
F. 35 
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selves on account of the pressure drop. When the turbine works at 
a velocity ratio less than unity as is usual in practice the turbine utilises 
both these principles. Still however by simply looking at the blades 
one can say whether the turbine is of the ‘impulse’ or ‘reaction’ type, 
the impulse blading being characterised by parallel passages and the 
reaction blading by the convergent passages. ' 

Most economical results are obtained when the ratio of the jet 
velocity to the blade velocity is 2*5. Generally the blades are so 
inclined that the steam issuing from the fixed blades makes an angle 
of.20° or 22° with the plane of the wheel. 

4*31. Efficiency of Steam Turbines.—In the turbine we 
have^een that the kinetic energy of the jet developed by the 
pressure drop is equal io-the drop in total heat h l —h i (equation 30). 
This is true as long as the expansion is adiabatic and reversible. 
Under this ideal condition the efficiency of the turbine (eqn. 30 a) 
will be the same as that of an engine following the Rankine cycle. 
Actually however the process is not reversible. In the jet there is 
some friction between the fluid and the sides of the nozzle, and 
further eddies are formed which dissipate some kinetic energy of 
the jet into heat. This has a two-fold effect. The jet velocity is 
reduced by friction and is less than that given by the heat drop. 
Secondly the heat developed by the subsidence of the eddies goes 
to heat the fluid (or even re-evaporate a portion of the fluid if it 

has become wet) and thereby 
increases its volume and is 
available for reconversion 
into work but the reconver¬ 
sion is only partial. Thus 
the efficiency falls below the 
Rankine ideal. 

The effects can be well 
diagram of a turbine. represented by the entropy- 

temperature diagram (Fig. 2b i or the Moilier diagram (Fig. 27). 
On the entropy-temperature diagram the work obtainable from an 
ideal turbine with frictioniess nozzle and using saturated steam 
is, from the first law, given by the area DABC minus the small 
amount of the work done by the feed pump, which may be neglected. 
Due to the presence of friction in the real case the expansion BC 
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is not isentropic but is represented by some line BC, and the heat 
developed by friction is equal to the area MBC'M'. Thus the net 
work obtained is area DABC' — area MBC'M' = area DABC — 
area MCC'M' and is less than the work DABC obtainable from 
frictionless adiabatic expansion. The area CBC' represents the 
work obtained from the heat developed by friction. 


The behaviour on Mollier diagram is represented in Fig. 27. The 
steam entering the nozzle is in the 
state a x . If the drop of pressure is 
from p x to p 2 the work obtainable by 
.reversible adiabatic expansion is re¬ 
presented by a x b x and is equal to the 
heat drop Zq — feg. Actually however 
a portion of the heat drop is dissi¬ 
pated by friction. If this be known 
experimentally, say c x b x the useful 
heat drop is ‘ a x c x and the substance 
actually traverses the path a x a 2 which 
may be supposed to be made up of 
the isentropic expansion a x c x and the throttling process (Chap. XII). 
c x a 2 in which the total heat remains constant. 

In a compound turbine the pressure falls in several stages, i.e., from 
p x to p 2i from pn to p 2 and so on. The efficiency of the first stage* is 
given by a x c x la x b ti that of the second stage by a 2 c 2 ja i b 2 and so on. 
i) t — aejab is known as the stage efficiency. The total work done on 
the .rotor is 

= £i?, X aJr = i?, X 

if be assumed constant. In a compound turbine 2 ^Jb r is greater 
than the total heat drop h x —h n . The ratio 



Fig. 27. —Mollier diagram for 
a turbine. ' 


R* 


(41) 


h-h n 

i$ called the reheat factor. The efficiency of the turbine as a whole is 


' * ,| ' xR * • • • * ( 4 *> 

ifvf t be assumed constant, rjt is thus greater than the stage efficiency 17 ,. 
■ - Further in order to utilise the kinetic energy of the jet to the fullest 
extant, the moving blades must have suitable velocity. If the velocity 
is .less- the efficiency will be less. Thus the efficiency of the. turbine 
fallsif the blade velocity is decreased. When the pressure of the steam 
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is great there is always some leakage and friction in the moving blades. 
This corresponds to a throttling process in which the pressure drops 
but the total heat remains constant and no useful work is obtained. 
This is why the turbine is less efficient than the reciprocating engine 
while using high pressure steam but it more than compensates for this 
in the low pressure region. In fact the efficiency of the turbine can 
be much increased by improving the exhaust vacuum as can be easily 
seen from Fig. 26.' In this case the line CD is displaced downwards 
as shown at T. The corresponding case with the piston and cylinder 
engine is shown by the dotted line P in the same diagram, ft is for 
this reason that in steam turbines there are arrangements for producing 
good vacuum in the condenser. On the same principles exhaust 
turbines are often employed to utilise the waste low pressure steam 
from a piston and cylinder type of engine* 

Besides the ability to utilise low pressure steam there is another 
cause of the greater efficiency of the turbine. In the reciprocating engine 
the steam entering from the boiler into the cylinder has to heat the 
cylinder itself. Thus some heat is lost owing to the periodic changes 
in the temperature of the cylinder. This is avoided in the turbine. 
Further the turbine is preferred on account of its directly producing 
a uniform torque and due to its greater compactness. The efficiency 
of well designed turbines under favourable conditions is about 70 to 
80 % of the Rankine ideal while in the reciprocating engine it |s about 
60%. Recently however still greater efficiency has been obtained with 
the turbine but due to its high speed of running it is often less conve¬ 
nient for low power work, because then its speed must be kept low when 
the efficiency falls down. In fact upto capacities of 10,000 k.w. the 
reciprocating engine is preferable but for capacities ten times greater, 
the turbine is the only choice as the size of the requited reciprocating 

engine will be too large to be practical. Recently atomic energy ob- 

* 

tained by the fission of fissile materials has been utilised to generate 
steam for running steam turbines for generating large power. 

4*32, Alternative types of engines. —There are some other 
types of engines which have been tried with varying degrees of success. 
Among these, mention may be made of the ‘internal combustion turbine’ 
and the ‘combustion propulsion’ engines (the jet and rocket-propulsion 
systems). 

In the internal combustion gas turbine high-pressure gases are used, 
instead of steam, to drive the blades of the turbine. During the past 
thirty years several designs of gas turbines have been invented and 
some have been, placed on the market both as stationary engines and as 
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locomotives on railways. In these the combustion of the oil used as fuel 
serves to heat the enclosed compressed air to a high temperature and 
high pressure, and this high pressure gas drives the turbine wheel. 
These engines possess several distinct advantages but the chief difficulty 
lies in finding sufficiently resisting substances to withstand these high 
temperatures. 

The jet propulsion system has been developed in Germany and Italy 
mainly with the idea of devising a powerful means of propulsion for 
high-speed aircraft. Such a device utilising a turbojet is diagrammatically 
shown in Fig. 28. It consists of a compressor C and gas turbine T 
contained within a tube and connected to a common shaft S. A mixture 
of air and fuel is sucked in and compressed by the compressor and then 
ignited in the combustion space H so as to generate high pressure. This 
high pressure traverses the turbine where it gets accelerated and the 



Fig. 28.—Principal elements of a tuibo-jet. 
pressure falls. The gas suffers further expansion in E and escapes at 
the rear of the machine with a high jet velocity Vy The machine, on 
account of the reaction thus furnished, moves forward (towards the left 
in Fig. 28) with tremendous velocity which is, however, slightly 
decreased by the ram drag. The ram on the intake of gas, however, 
assists in the compression of the combustible mixture which is mainly 
done by the power obtained from the turbine. 

If m is the mass of air flowing per second, Vj and Vi the relative 
jet velocity and the relative intake velocity respectively, the forward 
thrust F is, since pressure is equal to change in momentum per second, 

F — tn (Vj-Vi), 

ignoring the small effect of fuel flow. The jet velocity Vj depends 
upon the temperature T t and pressure p t attained after combustion in 
the combustion chamber, and these depend upon the nature and com¬ 
position of the combustion mixture. The burnt gas flows down the 
nozzle and expands to the exit pressure p 3 , finally emerging with the 
absolute jet velocity w given by equation (33). The air flow, fuel flow 
and thrust can all be predicted theoretically as functions of speed of 
turbine, air speed and altitude and the agreement with experimental 
evidence is fairly satisfactory. 
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Mention may be made of the Rocket and the guided missile whose 
use by the Germans in World W ar II as V—2 rocket caught-world ima¬ 
gination and whose potentialities for space travel are bound to make 
it an important tool of the future for scientific research. The essential 
difference between a rocket and a jet aircraft is that the former carries 
its own oxygen supply and thus can operate in vacuum while the latter 
obtains oxygen from the air. Unfortunately due to the military 
importance of the rocket its details are a closely guarded secret but 
the general principles are well understood. The fuel-propellant, 
solid or liquid, ignites producing a jet and the rocket takes off. The 
final rocket velocity V T = w log,M* where w is the jet velocity and M* 
denotes the ratio of the initial mass of the rocket to the final mass 
after combustion. In the two-stage rocket a smaller second rocket is 
placed in the nose which ignites a few minutes after take-off and the 
second rocket detaches itself and forges ahead under its own power 
with tremendous velocity. The two-stage rocket has attained velo¬ 
cities greater than 5000 ijiiles per hour and heights exceeding 250 miles. 
A three-stage rocket has been planned to launch an artificial satellite 
of the earth. 


PROBLEMS 

1. Draw a tension-length diagram of a Carnot cycle for a wire 
when stretched. 

2. Construct steam tables for total heat and entropy by utilising 
the values of p, v etc., given in the tables. 
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3. Glazebrook— A Dictionary of Applied Physics, vol. 1, Articles 
on Steam Engine; Engines, Thermodynamics of Internal Combustion, 
Turbines, Development -of; Turbines, Physics of; etc. 

4. Handbnch der Experimental-pbysik , vol. IX, part 2, pp 
135—234. 

5. Zemansky— Heat and Thermodynamics (1951), McGraw-Hill 
Book Co. 

6. Judge—Handbook of Aircraft Engines (1945), Chapman & Hall 

Ltd. 

7. Clarkei— biterplanetary Flight (1952), Temple Press Ltd., 
London. 



CHAPTER V 


FIRST LAW OF THERMODYNAMICS 

5*1. Introduction.—We have already introduced the 
subject of thermodynamics in a rather informal manner in the 
last chapter and have even stated the fundamental laws 
pertaining thereto. Since, however, thermodynamics like classical 
mechanics is an exact science, a more formal and rigorous 
presentation is called for. We shall therefore start with the 
subject de novo. 

Thermodynamics is predominantly an empirical science 
based upon axioms whose validity has been established experi¬ 
mentally. The treatment of problems in pure or pheno¬ 
menological thermodynamics is done wholly on the basis of such 
axioms or postulates. Just as in classical mechanics we start 
with a small number of premises or laws, like the Galileo-Newton 
laws of motion which are based on experience, and deduce other 
results therefrom; so in thermodynamics we infer the existence of 
certain fundamental laws from experimental evidence and then 
draw our conclusions from these fundamental laws. Pure 
thermodynamics is not concerned with attempts at seeking 
justification of these fundamental laws; this is generally done 
from the dynamic or kinetic point of view under a different 
branch of the subject called *Statistical Thermodynamics'. 

Thermodynamical results are generally highly accurate and 
therefore the science of thermodynamics occupies an important 
place in the frame-work of modern physics. The laws of thermo¬ 
dynamics however require certain definite measurable quantities 
in terms of which they can be expressed, just as the laws of 
mechanics are expressed in terms of mass, distance, time etc. We 
shall now see how such quantities can be selected, properly 
defined and measured. 

5*2. Scope of Thermodynamics.—Thermodynamics is 
mainly cbncerned with the transformation of heat into mechanical 
work or vice versa. At times we may have to take into account 
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work done by electrical or magnetic agencies in the system or even 
the potential and the kinetic energy of the system as a whole, but 
in all cases the thermal energy (heat) or something depending on 
it has to be specifically involved. It is important to remember 
that in thermodynamics attention is focussed on the interior of the 
complex system in contrast to mechanics where attention is con¬ 
fined to the external aspects of the system. Consider for example, 
a rigid body. In mechanics, we describe the state of the body, by 
means of a few measurable quantities such as the position of the 
centre of mass, its velocity, acceleration, components of angular 
velocity etc. and express with their aid the kinetic and potential 
energies of the body as a whole. This may be said to constitute 
the mechanical energy of the body. In thermodynamics we dis¬ 
regard this external mechanical energy and the mechanical co¬ 
ordinates upon which it depends; instead we consider the interior 
of the system and find out by means of experiments some measur¬ 
able quantities upon which the internal state of the system 
depends. Experiments show that the internal state of a chemically 
defined homogeneous body c^n be completely specified for all. 
purposes with which thermodynamics is concerned, with the 
aid of two quantities, the volume V and the pressure 1 p, provided 
however, that the substance is in a state of equilibrium. The 
quantities p and V are called variables of state or thermodynamic 
variables. 

The foregoing condition that the system must be in equili¬ 
brium, for making possible its complete description in terms of 
the variables of state, restricts the applicability of the science of 
thermodynamics to conditions of equilibrium of systems and to 
such processes which take place in states little different from the 
state of equilibrium. Thus thermodynamics is not applicable to 
any problem in which the rate of a process is under investigation, 
such as problems in dynamics, hydro-dynamics and chemical 
kinetics. It is applicable to all such equilibrium phenomena 
where heat plays a part such as change of phase, specific heat, 
radiation, chemical equilibria, electro-chemistry etc. etc. 


1 In case of solids the assumption is generally made that the solid 
is subjected to isotropic pressure. 
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5*3. Thermodynamical Equilibrium.—A system suffers 
interactions with the surroundings and its internal state as deter¬ 
mined by p, V changes. This is called change of state. In thermo¬ 
dynamics, the only possible interaction of a system with the 
surroundings that is permitted, is partly thermal and partly mecha¬ 
nical (dynamic); in other words all conceivable interactions consist 
only in a flow of heat from one to the other and the performance 
of work by the one on the other. 

When there is no unbalanced force between the system 
and its surroundings and none exists between the different parts 
of the system itself, the system is said to be in a state of mechanical 
equilibrium. If the forces between the different parts of the system 
do not balance i.e. pressure is not uniform throughout the system, 
then turbulent motion, eddies etc. will be produced and the state 
of the system cannot be described without bringing in time. 
Similarly, if the force between the system and the surroundings 
is unbalanced, the system would have mass velocity and accelera¬ 
tion and time would again be involved in a specification of the 
state. Thus to describe a non-equilibrium state, time is a necessary 
factor. 

If the temperature in all parts of a system is uniform and the 
same as that of the surroundings, the system is said to be in thermal 
equilibrium. If in addition the chemical composition is also the 
same throughout, it is said to be in chemical equilibrium. A system 
which is in thermal, mechanical and chemical equilibrium is said 
to be in thermodynamic equilibrium. It follows that the state of a 
system in thermodynamic equilibrium can be represented by 
specifying its p x V and the temperature T, quantities which are 
independent of the time. These are called thermodynamic co¬ 
ordinates or variables of state. A thermodynamic system is one 
which can be described in terms of thermodynamic co-ordinates 
and thus, of necessity, will be in thermodynamic equilibrium. 
A thermodynamic system may be chemical, magnetic, electrical 
etc. A chemical system is one having a fixed mass and exerting a 
uniform hydrostatic pressure on the surroundings provided that 
gravitational, electric, magnetic and surface effects can be neglected. 
A chemical system may be homogeneous or heterogeneous. A 
homogeneous system is uniform in every portion of it, with respect 
F. 36 
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to its chemical composition as well as its physical condition. 
A heterogeneous system is composed of a number of homogeneous 
ones separated from one another by surfaces of discontinuity, 
each separate portion be ; ng called a phase , e.g. water contained 
in a closed vessel with vapour above the liquid, or a solution 
containing an excess of the solute. A simple homogeneous system 
is one whose internal state can be completely defined by the two 
parameters p and V. Examples of these are gases and. liquids 
under equilibrium conditions, and solids in a state of isotropic 
stress, provided of course that gravitational, electromagnetic and 
surface effects are absent. We shall now undertake a detailed 
study of such simple systems in the following chapters, while mix¬ 
tures of homogeneous systems as well as heterogeneous systems 
will be considered much later. 

5*4. Zeroth Law of Thermodynamics.—In §1 • 1 we enun¬ 
ciated the law of thermal equilibrium with the help of which we 
introduced the concept of temperature. In the foregoing section 
we have already assumed that temperature is one of the quantities 
necessary to define the state of a thermodynamic system, in other 
words every thermodynamic system must possess a temperature. 
This postulate of the existence of temperature is sometimes called 
the Zeroth haw of Thermodynamics. The precise experimental basis 
for this assumption is the law of thermal equilibrium from which 
it can be shown that in a thermodynamical system for every parti¬ 
cipant in equilibrium, there exists a certain single-valued function 
/ of the state variables p and which has the same numerical value 
for all the participants. This is mathematically expressed in 
the form 

fiiPv ^t) ~ V 2 ) == /a(/ > 3» ^a) = . (1) 

where the subscripts 1,2 ... refer to the different participants. 
The identical numerical value has been put down as, / which 
may be called the temperature, any one of the bodies being used 
as a thermometer reading the temperature / on a suitable scale. 
Thus equation (1) defines an empirical temperature. It is true that 
it has not been found possible to express eqn. (1) in finite or 
closed form for most substances. Its existence for most sub¬ 
stances will however be taken for granted. 



§5*5] 


THERMAL STATE OF A BODY 


283 


The methods of measuring this empirical temperature 
have already been fully explained in Chap. I. For the present, 
we are merely concerned with the concept of temperature and 
the fact of experience that an empirical temperature does exist, 
for all thermodynamic systems which can be measured in some 
agreed arbitrary manner. We shall take up in Chap. VI the 
question of measurement of temperature on a new and more 
fundamental basis (the Absolute Temperature). 

5*5. The Thermal State of a Body and the Equation 
of State.—As mentioned above, the thermal state of a simple 
homogeneous body like a fluid or a solid in thermodynamic 
equilibrium is defined by its pressure p and the volume V. Equa¬ 
tion (1) shows that t or the absolute temperature T is another 
thermodynamic variable or co-ordinate in terms of which the 
state of a system may be expressed. Equation (1) shows that out 
of the three thermodynamic variables p t V, T only two ate in¬ 
dependent and thus any two of these three are quite sufficient to 
specify the system completely. This also follows from the simple 
observational fact that the volume or temperature of any subs¬ 
tance is perfectly definite when the other two quantities are 
known. Equation (1) is called the “equation of state” of the 
substance which may also be written in the more general form 

f(P,V,T)~ 0.(2) 

An equation of state expresses the peculiar behaviour of one 
individual system in contradistinction to others and has always to be 
determined experimentally by actually measuring these quantities. The 
general thermodynamical theory, based on the universal laws of nature, 
is obviously incapable of yielding knowledge about one system as 
opposed to other, and hence cannot help us in theoretically deducing 
an equation of state. An equation of state must therefore be an experi¬ 
mental addition to thermodynamics, in no way deducible from the 
latter. As for as thermodynamics is concerned, this fact, that an 
equation of state does exist for all systems in equilibrium, is very 
important; it is immaterial whether or not we have enough knowledge 
to write it down mathematically. We may make here the otherwise 
obvious remark that the equation of state is not applicable to systems 
not in equilibrium; the pressure of a gas suffering unbalanced expan¬ 
sion cannot be calculated from the equation of state even if the volume 
and temperature are known, 
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5*6. Nature of Thermodynamical Variables.—We have 
assumed above that die state of a system is completely determined by 
specifying its thermodynamical variables V and T, These quanti¬ 
ties refer to the gross characteristics or large-scale properties of the 
system—properties which can be more or less directly perceived by cur 
senses. (The reader is already familiar with the methods of measuring 
p t V and T). These quantities may therefore be called macroscopic 
(or large scale) coordinates and serve to give a macroscopic description of the 
system. Thus a macroscopic description requires the specification of 
a few fundamental measurable properties of the system and requires 
no knowledge of the structure of matter composing the system. The 
macroscopic point of view has always to be reckoned with as it is very 
general requiring no assumption of any kind. This kind of approach 
is always employed in pure or classical thermodynamics where we do 
not care to enter into a detailed knowledge of the structure of the 
system, this knowledge being' considered unnecessary and superfluous. 

On the other hand, sometimes we want to be able to sei in detail 
how things really work, and therefore like to supplement die macros¬ 
copic description by what is called the microscopic (or small scale) des¬ 
cription. In this latter case, we postulate the existence of the molecules, 
their motions, collisions etc., the consequences of which we have consi¬ 
dered in some detail in Chap. III. Supposing the matter consists of n 
particles, then we have to specify 6« quantities (3» being coordinates 
of position and 3 n being their velocities which however cannot be 
directly perceived by our senses and measured). But these assumptions 
may or may not be correct; their justification lies only in so far as the 
results obtained on that basis agree with the results deduced from the 
macroscopic view-point. 

In the science of heat, we generally content ourselves with a 
macroscopic description of the system in terms of p, V, T since we 
have to consider matter in bulk consisting, even in the simplest case, 
of billions of particles and it is most inconvenient, if not impossible, 
to specify the position and velocity of every one of these molecules. 
The thermodynamic variables thus represent, in some way the average 
properties contributed by all the molecules of the system and have no 
meaning when applied to a group of very few particles. It is quite 
meaningless to talk of the pressure exerted by a single molecule or of 
the temperature of a single molecule. We can speak of the volume 
possessed by a single molecule, but this quantity bears absolutely no 
relation to the thermodynamic volume which denotes the whole space 
traversed by the molecules. \ 
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The question arises: how do the thermodynamical variables 
depend upon the behaviour of individual molecules? Attempt is 
sometimes made to offer an explanation in terms of the dynamical 
variables of the constituent particles. This was done in the Kinetic 
Theory of Matter (Chap. III). There we saw (p. 123) that the pressure 
exerted by a gas may be interpreted as the total impulse exerted per unit 
time by the impact of particles of the gas on unit area of the enclosing 
walls (eqn. 4). Temperature was shown to be a measure of the average 
kinetic energy of the molecules (eqn. 17) but really it is entirely a new 
concept and can be defined in an absolute manner only when we take up 
the second law of thermodynamics. For liquids and solids the kinetic 
theory is much less developed and the concepts of temperature and 
pressure cannot be easily explained in this way. In thermodynamics, 
however, we are only concerned with the energy changes and the initial 
and final states and not with the nature of molecular mechanism by 
means of which the change is brought about. Hence the methods of 
thermodynamics are very general and the results attained therefrom, 
remain true, whatever the mechanism of the change. 

A necessary consequence of the incomplete macroscopic description 
employed in thermodynamics is that the future behaviour of the system 
becomes somewhat indeterministic giving rise to fluctuations, in strik¬ 
ing contrast to the behaviour of dynamical systems which is perfectly 
definite and determinate. In classical mechanics the fundamental physi¬ 
cal variables arc time, space and mass, and the dynamical variables 
(position co-ordinates and momenta of the constituent particles) as 
well as the forces can be very accurately defined in terms of these, and 
once these are known, the subsequent career of the system can be 
uniquely and unequivocally worked out from dynamical principles. 
In thermodynamics, however, we are given only two macroscopic 
quantities (instead of the 6# dynamical variables), these being the sta¬ 
tistical average effect produced by the 6# quantities and capable of 
being realised by various possible combinations of those 6 n terms. 
Thus due to the indefiniteness of specification of the initial dynamical 
state (though the macroscopic state is definite) a complete indeter¬ 
minacy of the resulting dyAamical state is produced which does 
produce some, though not considerable, indeterminacy of the resulting 
macroscopic state giving rise to the so-called fluctuations. For further 
discussion of this point see Chap. IX. 

5*7. Mathematical deductions from the Equation of 
State.—The form of equation (2) is known accurately for a 
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perfect gas only (Chapter I). But though (2) is generally 
unknown, we can proceed a good deal towards studying the 
behaviour of a substance under different conditions by using 
differential expressions. We may imagine equation (2) to be 
solved out and written in the form < 

p = f(v, T).(2 a) 

From this we have on differentiation 1 2 

• • (3)! 

where (0 pftv) T denotes the rate of increase of pressure with in¬ 
crease of volume when the temperature is maintained constant, 
and (dpfiT)u denotes the rate of increase of pressure with increase 
of temperature when the volume is kept constant. In equation 
(3) the system is assumed to perform an infinitesimal process 
from one state of equilibrium to another. The differentials dp, 
dv and dT are therefore differentials of actual quantities or func¬ 
tions and are called exact differentials or perfect differentials. Further 
it should be emphasised in view, of what has been said in the last 
section regarding the nature of thermodynamical variables that 
the differentials dp , dv and dT -—and in fact all infinitesimals in 
thermodynamics, should be very large in comparison to molecular 
fluctuations, so that they may include enough molecules to warrant 
the use of the macroscopic point of view but at the same time 
very smalt in comparison to p % v and T respectively. 

It will be readily seen that —v(dpjdv) T — bulk modulus of 
elasticity in an isothermal, process, or inverse of the coefficient of 

compressibility, and 1^2.) - coefficient of pressure increase 

in an isochoric or isovolumic process. Now for an isobaric or 
isopiestic (constant pressure) process dp = 0. Hence equation (3) 
yields 



1 This is a theorem in partial differentiation. 

2 If the further condition is imposed that dT— 0, (3) yields 1 — 

/ dP'\ l^ v ) or ($£-\ = 1 l(-) which implies that the reciprocal 

\dvl T \\ZP)- 

of the partial differential coefficient is equal to the inverted coefficient. 
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1 0 \ 

Now —(—~) = coefficient of volume expansion in . an isobaric 
v \ cT' p 

process. Hence equation (4) shows that the isothermal bulk 
modulus, the volume coefficient of expansion and the pressure co¬ 
efficient of expansion are not independent but are inter-related. 

As. an illustration, let us consider mercury at 0°G and 
under atmospheric pressure. The coefficient of volume expansion 
a=l*81xl0~ 4 per°C. and the coefficient of compressibility /?per 
atmosphere is 3*9 x 10 -4 . Hence from (4) 


dP\ _ W8»\ /[ 1 _ 1*81 XIQ" 4 

tf) v v\dTjpj[ v VgpJjJ 3*9x 10 -4 


= 46*5 atmos. 


and the pressure coefficient 


1 

P 



48 * 5 . 


Assuming that the bulk modulus and the coefficient of volume expansion 
remain constant in the small temperature range, an increase of pressure 
by 46*5 atmos. will be necessary to keep the volume of mercury cons¬ 
tant when its temperature is raised from 0°G to 1°G 

The external conditions may be varied in quite other ways than 
those described above; for example, a gas may expand adiabatically. 
Then we get different relations which will be considered later. 

Problems 1. (a) A block of copper at a pressure of 1 atmos. and 
temperature of 0°C is kept at constant volume. What will be the fin al 
pressure if the temperature is raised to 10°C. 

(b) In the above problem if the volume also changes from 
an initial value of 1000 c.c. to 1000*1 c.c., what will be the final 
pressure. Assume that for copper the coefficient of volume expansion^ 
48X 10~ 6 °C _1 and isothermal bulk modulus = l*3xl0 13 dynes/cm. 8 
[Hint .—From Eqns. (3) and (4) we have 



2. An iron wire of cross-sectional area 0*01 sq. cm. and at a 
temperature of 20°C is stretched between two rigid supports on a 
sonometer board by means of a spring balance indicating a tension of 
10 e dynes. If the temperature falls to 0°C, calculate (i) the final tension, 
(ii) the frequency of vibration of the wire if its density is 7*8 gm./c.c. 
and the distance between the fixed supports is 1 metre. Assume that 
the coefficient of linear expansion = 12x1 O' 6 per °C. and Young’s 
modulus =f 20X10 11 dynes/cm. 2 
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[Hint. The pressure on the wire and its volume may be assumed 
to be constant. The state of the wire thus depends upon its tempera¬ 
ture T and its length l, the latter being related to the tension F by 
Hook’s law. Hence F = /(/, T), and analogous to (4) we have 



— A&X where A = cross-sectional area. 


& = isothermal Young’s modulus and A = coefficient of linear ex¬ 
pansion.) 


5*8. The Forms of Energy. Total Energy of a 
Thermodynamical System.—-As Thermodynamics is largely a 
study of energy-relationships, we make a preliminary survey 
of the forms in which energy is manifested in different classes 
of natural phenomena. We may enumerate the following forms 
with which the student must have become familiar: 

1. Mechanical Energy, due to motion (kinetic), and due 

to position (potential), which arises from the 
existence of a field of force. 

2. Internal mechanical energy which manifests itself as heat. 

3. Chemical Energy. 

4. Radioactive Energy, or more generally Nuclear Energy. 

5. Electrical Energy. 

6. Magnetic Energy. 

7. Energy of Radiation. 

8. Surface Energy (surface tension). 

Of these different forms, the first two engage our special 
attention, firstly because the object of Physics so far has been 
largely to resolve all forms of energy to motions and positions 
of ultimate particles, and secondly, all forms of energy have a 
tendency to be dissipated as heat. 

As is well-known from mechanics, the total energy of a 
dynamical system consists of kinetic energy due to its motion, 
and potential energy due to its position with reference to a fixed 
level. Thus for a particle moving in the gravitational field of the 
earth, the kinetic energy is and the potential energy is mgb. 

It is also well known that during the motion of the particle the 
sum of the kinetic and potential energies remains constant. This 
theorem is generalized in dynamics. If a system of bodies moves 



WORK 


289 


§5*9] 


in a non-dissipative field of force, the sum of their kinetic and 
potential energies remains constant during the whole course of 
motion. Examples of these are the motion of planets round the 
sun, the motion of a pendulum, etc. provided friction is absent. 
This result is known in dynamics, as the Principle of Conservation 
of Energy, which was originally formulated for conservative 
me chaniral systems, and later extended to include electromagnetic 
forces. 

In a dissipative system, according to mathematical prin¬ 
ciples, energy is lost by friction. But physics tells us that there 
is no loss of energy as a whole. We have seen in Chap. Ill that 
when motion is dissipated by friction, an amount of heat appears, 
which is proportional to the amount of mechanical energy lost. 
Hence we conclude that kinetic energy has been only converted 
into heat energy, the total energy remaining constant. 

The principle can be extended to other forms of energy, 
energy can be transformed to heat or to mechanical 
energy, but there is always an exact proportionality between 
the diffe rent forms of energy. This is the principle of Conser¬ 
vation of Energy in a general form. It follows 1 from a result 
of human experience which may be stated as a postulate in this 
form:— 

“It is impossible to desig/t a machine which will create energy 
out of nothing and produce perpetual motion. Energy can only be trans¬ 
formed from one form to the other” 

5*9. Work. —Suppose a system interacts with the surround¬ 
ing and passes from one state to another. In a thermodynamical 
system the interactions that are permitted are (I) by the 
performance of work and (2) by the transfer of heat. This work 
done by or on the system is supposed to be such as can be brougbt 

i It may be deduced from the mechanistic theory of the Universe 
which assumes that all physical phenomena are ultimately mechanical 
in **'“ r nature and that all processes can be analysed into elementary 
attractions and repulsions between the smallest constituents of matter 
obeying dy nami cal laws. This view is however open to criticis/n and 
is not quite correct as revealed to us by a study of some elementary 
phenomena connected with the origin of radiation and the structure 
of matter which have been successfully tackled by quantum mechanics. 
Thermodynamics however, starts from the fundamental postulate stated 
( above and does not attempt to prove it. 

F. 37 
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about by the raising or lowering of a weight externally coupled 
by some device to the system or by any other external mechanical 
device. Thus work in thermodynamics is a macroscopic concept 
and can be measured in macroscopic coordinates. We may call 
it external work in contradistinction with internal work, which is 
the work done by one part of a system on another part of the same 
system and which does not constitute work in the sense of thermo¬ 
dynamics. An example of the latter is the work done by 
the forces acting between the molecules of a gas in the Joule 
expansion (§2 * 27). As shown in §4*4 the work (external work) 
done by a mechanical system is $pdv t but in the case of electric 
or magnetic systems we may have to include work due to elec¬ 
tric and magnetic agencies as well. 

5*10. Internal Energy. —There are systems which may 
show no apparent mechanical energy, but may still be capable of 
doing work. They are said to possess internal energy. Consider 
for example a mixture of hydrogen and oxygen gas. The system 
as a whole is not moving and hence has no external or dynamical 
kinetic energy and further, its gravitational potential energy is 
not altered, but still the system can do mechanical work on ex¬ 
plosion. This is due to the internal energy of the system. It 
is not the function of thermodynamics to find the source of this 
energy; it is enough for its purpose that such an energy exists. 
Thermodynamics seeks to measure this energy in so far as it may 
be possible. The kinetic theory of matter (Chapter III) however, 
shows that this internal energy consists of the kinetic and poten¬ 
tial energies of the molecules, atoms, electrons, nuclei etc. of 
which the matter is composed. 

Now let external forces act on a thermally insulated system 
which, in consequence, passes from the state A to state B and 
suppose the work — W is done by these forces on the system. 
Let the energy of the system in the two states be Ua and 17# 
respectively. Assuming the dynamical principle of conservation 
of energy we have 

Ub-Ua— - W. . . . . (5) 

Eqn. (5) serves to define the internal energy of a system. Since 
the laws of interaction between the components of a system are 
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not known, its internal energy cannot be calculated in absolute 
measure. Eqn. (5) however may be used to measure changes 
of energy ; or if we assume quite arbitrarily that the internal 
energy U 0 in a certain equilibrium state O is zero, the internal 
energy in the state B can be measured by the work — Wb done 
on the system in transforming it from its assumed standard 
state O to the state B by an adiabatic process. This provides 
us with an empirical definition of the energy U B of the system, 
viz. 

. U B =* • IF)j. • . • . (6) 

For the definition (6) to have any meaning it is essential 
that the work Wb which the system does in passing from the 
state B to the standard state O, should depend only upon the two 
states and not upon the path of the transformation 1 . We shall 
assume for the present that this is so, and therefore (6) enables 
us to define the internal energy. If in any case it is found experi¬ 
mentally that this property .does not hold, then there must be 
other ways besides mechanical work by which energy has been 
exchanged between the system and its surroundings. These other 
ways will be called non-mechanical. Thus the internal energy 
of the system is in all cases by assumption , a single-valued function of 
the variables of state. 

It may be remarked that the internal energy as measured 
with the help of (6), will be in error by an indeterminate additive 
constant U 0t the internal energy of the system in the standard O 
state. This is however immaterial as we are always concerned 
with energy changes so that this additive constant will cancel out. 

5 * 11 . Heat.—In the last section we have stated that 
there may be other ways besides mechanical work (including in 
this term work, due to electrical or magnetic agencies) by which 
energy is transferred from or to the system. The energy received 
in all these other non-mechanical ways is called heat. This abstract 
definition of heat can be shown 2 to be identical with the elementary 
calorimetric definition which states that heat is the energy 
transferred between the system and its surroundings by virtue 

1 Fowler and Guggenheim consider this statement itself as the 
first law of thermodynamics. 

2 See Fermi, Thermodynamics (1938), pp. 17-18, Blackie & Son Ltd. 
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of a temperature difference only. Thus heat must be carefully 
distinguished on the one hand from work which is transfer of 
energy without a temperature difference, and on the other from 
internal energy which resides in the system, while heat either 
enters the system or leaves it. 

A source of beat of a given temperature T is defined to be 
a body which is such that it can exchange heat but no work 
with its surroundings and remains at the temperature T through¬ 
out the process. 

For a thermally insulated system we have from (5) 

AtT+A^ = 0, . . . . (7) 

where A^ = U B —U A , and A^ has been written instead of W 
for the work done by the system. If however, the system is not 
thermally insulated, some heat Aj 2 will enter the system and 
therefore die net energy entering the system will be AJ2~ 

AJ2 being the energy entering the system in forms other than 
work. From the principle of conservation of energy we have 
At! = A O — A W. Hence 

AU+A^=A& .... (8) 
or W+ SW = 8j2 

for an infinitesimal process. This provides a simple way of 
measuring heat. 

5*12* First Law of Thermodynamics. —The First Law 
of Thermodynamics 1 is simply the principle of conservation 
of energy applied to a thermodynamic system. It has been 
formulated in various forms. In one form, we stated it in 
Chapters II and III which may be restated as follows:— 

Whenever other forms of energy are converted into beat or vice 
versa ., there is a fixed ratio between the quantities of energy and of 
beat thus converted. Eqn. (8) is another statement of the first 
law in a more mathematical form. In words it can be stated 
as follows :— We can define a quantity , called the internal energy , 

1 The most satisfactory logical formulation of thermodynamics is 
that of Caratheodory {Math. Ann., 67, 355, 1909), but is too abstract to 
be quoted here. For a simple account see Born, Phys. Zeits. 22, 
282, 1921, or Chandrasekhar, Introduction to the Study of Stellar Structure 
(1939), Chap. I. 
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for any system which is a function of the state of the system only , the 
increase in internal energy of the system is equal to the sum of the work 
done on the system and the heat {measured in the same units) added to it. 
The work &W will be equal to fpAV for a simple chemical 
system, but for surfaces, magnetic or electric systems other suitable 
terms are to be included in to take into account the work 
done by surface tension, magnetic or electrical agencies. 

It will be noted that a complete statement of the first law 
comprises two assertions : (1) Heat is a form of energy, (2) Energy 
is conserved in thermodynamic systems. It must be emphasised 
that it is only with the help of the first law or the principle of 
conservation of energy that we are able to define the new variable 
of state—the internal energy. 


APPLICATIONS OF THE FIRST LAW 

5*13. Specific Heat of a Body.— -We have seen that the 
internal energy as defined above is a single-valued function of 
the variables of state. Now in the case of a simple homogeneous 
body we have seen in §5* 5 and §5* 7 that any two of the variables 
p, V T are sufficient to define its state uniquely. Choosing 
therefore V and T as the independent variables we have 

U=/(K, T),.(9) 

where U and V refer to a gram-molecule of the substance. 

Differentiating (9) we get 1 

+ • -w 

For a perfect gas (dUfdV) T — 0 (§2*27), Tfrhilefor a gas 
obeying van der Waals’ equation it can be shown (see Chap. 
VII) that (3 UldV) T = ajV*. 

1 The quantity dU is a perfect differential of a function U of the 
variables defining the state of the body; we can therefore write dU 
instead of 817. In contrast with this the quantities, 8 j 2, 8 IF are not 
perfect differentials. This is readily seen from the indicator diagrams 
since the values of the quantities 8 j 2, 8 IF, depend upon the path of the 
transformation and not only upon the initial and final states. Hence 
we have denoted these changes by the infinitesimals Sjg and 8 IF. 

8 From the definition of C v (Eqn. 13d) this yields for a perfect gas 

dU — C v dT since (dUjdV) T — 0. Integrating we get C7=/ 0 C v dT+U 0 

where U 0 is the so-called zero-point energy. If, as in the case of a 
perfect monatomic gas, is independent of T we get U -- C v T-\- U 9 . 
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If an amount of heat SQ be added to a thermodynamical 
system, say a perfect gas, which expands by a volume dV against 
the pressure p , we have from (8) by the first law 

8 Q — dU-\-pdV t • • • • * (11) 

where 80, dU are expressed in energy units. 

Substituting for dU from (10) in (11) we get 

s £=(§t )/ t +Qj iv+p ‘ ,k ■ ■ ■ (12) 

and dividing by dT we have 

8j2 l9U\, f. , 

dT “ [dT U + ( OK U &T 

Now &<2jdT = C, the gram-molecular specific heat. This 
will have different values according to varying external 
conditions. If pressure be kept constant (SQIdT) P = C P , the 
specific heat at constant pressure. Hence 

c ’ = {zT)A fi+ (%?)‘ ‘ <13> 

Again if the heat 8 j 2 be supplied at constant volume we 
have from (12) 

[7r)r{™)» =Cv ■ ■ ■ ■ (13a) 

by definition. Utilising this result in (13) we have, for any 
substance „ 

c,-c»=[? + {w) T ]{%l ■ ■ ■ ™ 

Fot a perfect gas,* =0, = R - 

Cj,—Cv” . . . . • (15) 

as was deduced in §2 ‘26. For any other case it; is .shown in 
Chap. VII that 


f + (§p) T = T (frV 


1 From Joule’s experiments we know that the change in tem¬ 
perature A 7 during free expansion of a perfect gas is zero. Since for 
this process SO and SW are equal to zero, equation (12) yields 

*«($),-^ 

observed result dT — 0 therefore implies that for a perfect gas 

(dVjdV)t *= 0. 
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It is easy to see that 8 j 2» the heat added, cannot be deter¬ 
mined from the initial and final states of the body; it is necessary 
to know' how the heat has been added.' Hence C, the specific 
heat has no significance unless the external conditions are pres¬ 
cribed. We have defined C p and C vt but there may be other 
processes, e.g adiabatic, where S Q = 0 and C — 0. 

5-14. Work Done in Certain Processes.—The following ex¬ 
pressions for work done in different processes have been already 
proved :— 

{a) Work done by a perfect gas in isothermal reversible or quasi¬ 
static expansion is 1 (p. 232) equal to RT In (K/,/K a ). 

( b ) Work done by a perfect gas in reversible adiabatic expansion in 
which the temperature falls from T ± to T g is (p. 232) equal to 
K(?i-T 2 )!(y- 1). 

(c) Work done on a solid, during a quasistatic isothermal increase 
of pressure is equal to \pdV where dV should be evaluated for the 
process. Now 



since the change takes place at constant temperature. Substituting the 
isothermal bulk modulus By — — V{^pjdV)x we get for the work 

\piv =-\tz c p dp = - . 

if we neglect the small variation in V and By during the isothermal 
process, and pi, pf denote the initial and final pressures. 

( d ) In the case of a cyclic process the substance returns to its 
fnitial state and hence dU = 0. Equation (11) then yields SjQ —.p dV 
i.e., the heat absorbed by the substance is equal to the external work 
done by it during the cyclic process. Thus in Carnot’s cycle, the work 
done during a cycle is equal to —j2 a . 

5*15. Discontinuous Changes in Energy. Latent 

Heat.—When a body is in the condensed state (solid or liquid) 
and is subjected to increasing temperature, the state may suddenly 
change from solid to liquid form (fusion), or from liquid to gas¬ 
eous form (evaporation), or from one crystalline form to another 
(allotropic modification). In^uch discontinuous changesthe energy 


1 In denotes natural logarithms, logarithm to the base e. 
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also changes discontinuously (phenomena of latent heat). Let us 
consider the evaporation of 1 gram of water at 100°C. and 1 atmos. 
pressure. Using equation (11) we obtain 

L»e M t -K x +p(v t -V l), .... ( 16 ) 


where u it v s respectively denote the internal energy and volume 
ofl gram of vapour* and u lt v x the corresponding quantities for 
the liquid. 

Equation (16) expresses the fact that the heat added is 
spent in two stages: (1) in converting 1 gram of water to 1 gram 
of vapour having the same volume, (2) in doing external work, 
whereby the vapour produced expands under constant pressure 
to its specific volume. u % -m x is sometimes known as internal 
latent heat and p(v t —as the external latent heat. For water 
at 100°C, v 1 = 1 c.c., v t = 1674 c.c. (specific volume of saturated 


vapour). Hence 

P( v 2 - Vj) 


1 *013 xl0«x 1673 


4*186x10’ 


- = 40*5 cal. 


Since L~ 538*7, we have #*-*1 = 498-2 cal. 

It is often convenient to denote the different states of aggregation 
of the same substance according to the following convention: 

[H f O] denotes solid water (ice). 

(H a O) „ liquid water. 

H a O. „ gaseous „ (steam). 

The quantity taken is always a mol unless otherwise stated. At 0°C.' 
the latent heat of evaporation of water was determined by Dieterici 
to have the value 594 * 8 cal. The latent heat at constant volume is easily 
found by calculation to be 564*8 cal. Then the symbolical equation 

H a O = (H t 0)4*10,170 cal. . . . (17) 

expresses the experimentally observed fact that the energy-content 
of a mol of H,0 (gas) at 0°C exceeds the energy-content of a mol 
of H a O (liquid) at 0°C by 10,170 calories, the change taking place 
at constant volume. We have further 

(H a O)=[H a O]+l,430cal. . . .. (18) 

i.#. energy of a mol of liquid H a O at 0°C exceeds the energy of a mol 
of ice at 0°C by 1,430 cal. 

From equations (17) and (18) we have by addition 

H a O = [H 2 0]+11,600 cal.(19) 

heat of sublimation of 1 mol of ice at constant volume is ll,60fc) 
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calories. This is a consequence of the First Law applied to a physical 
process and can be easily verified. 

5*1$. Pint Law applied to Chemical Reactions. 1 Hess’s 
Law of Constant Heat-summation.—The First Law can be extended 
to Chemical Reactions. Thus when 2 mols of H 2 and 1 mol of O a are 
exploded together in a bomb calorimeter, 2 mols of (I4 a O) are formed, 
and 136,800 calories of heat are evolved. Allowing for the heat 
evolved in passing from the gaseous to the liquid state, we obtain from 
the First Law, since A Q, — —117,000 and = 0. 

2U H, + U 0 3 - 2U H£> = “7.000 cal. . , (20) 

the energy of 2 mols of H a and 1 mol of O a exceeds the energy of 
2 mols of H a O by 117,000 calories. The cause of this diminution of 
energy is easy to comprehend from mechanics. When two particles 
m and m' approach from .infinity within a distance r of each other, the 
total potential energy diminishes by Gmm'jr if the particles attract 
each other according to the law of gravitation. The chemical forces 
are not of gravitational but of electrical origin, and if the particles 
are charged oppositely, the diminution in energy is Kee'jr. In the 
case before us, when 2 molecules of H a and 1 molecule of O a approach 
each other, the potential energy continues to diminish, rill a minimum 
is reached. Then 2 molecules of H a O are formed, and the total decre¬ 
ment in potential energy is converted to kinetic energy of the molecules 
and ultimately to heat. This is a rough mechanical picture of the 
probable unit mechanism of the reaction but the actual process may be 
more complicated. However in thermodynamics we are not concerned 
with the mechanism of the process but only with the initial and final 
states which are defined by the thermodynamical variables. 

Hess stated in 1840, before the First Law had been clearly formu¬ 
lated, that if a reaction proceeds directly from state 1 to state 2, and 
again through a series of intermediate .states, then the heat evolved in 
the direct change is equal to the algebraic sum of the heats of reaction 
in the intermediate stages. This is an important law in thermo-chemis¬ 
try and is known as Hess’s law of Constant Heat Summation. 

The law is illustrated by the following examples :— 

C (diamond) + $O a = CO -f 26,100 cal. . . (21) 

CO -f $0 4 = CO g -f68,300 cal. . (22) 

We have by adding 

C (diamond) -j- O g = CO a -f 94,400 cal. . . (23) 

This is verified by experiments. 

1 For other tbermo-chemical applications see the report by Rossini 
in Cbem. Rtv., 18, 233,1936. 

F. 38 
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We take another example. Let the symbol (LiOH) a q. denote 
me solution of 1 mol of the substance. Then consider the following 

equations :— 

2[Li] + 2(H a O) = 2(LiOH) aq . + H 2 + 106,400 cal. . (24) 
2[LiH] + 2(H 2 0) = 2(LiOH) aa . + 2H 2 + 63,200 cal. . (25) 

The energy evolved is very easily determined f-rom solution 
experiments. If we subtract (25) from (24) we get 

2 [Li] +H 2 = 2 [LiH] +43,200 cal. . . (26) 

i.e. t the heat of formation of two mols of [LiH] from [Li] and H a is 
43,200 cal. 

5T7. Energy, a Fundamental Physical Quantity.—Though 
energy is treated in classical mechanics as % derived quantity being 
expressed in terms of the fundamental quantities mass,. length and 
time bv the relation E =± ML 2 T~ 2 , investigations in physics carried 
from the beginning of the current century, have shown that it is 
essentially a fundamental physical quantity. 

The basis of classical mechanics discovered by Galileo and develop¬ 
ed by Newton and others was the assumption of the invariable or abso¬ 
lute nature of the three concepts of mass, length and time. Mass was 
regarded as an inherent attribute of matter and it was never suspected 
upto 1896 that it could vary with the state of motion or rest of the piece 
of matter under consideration. Space was regarded as Euclidean, 
the position of any point was supposed to be expressible in terms of the 
distance from a set of coordinate axes fixed in the space. Time was 
regarded as uniform, invariable flux independent of any system of refe¬ 
rence and of the state of motion or rest of the observer. But all these 
conceptions have been, to some extent, upset by the investigations of 
Einstein who showed that what we physically measure as mass, time 
and length are relative, i.e., they depend upon the state of motion or 
rest of the observer. This is known as the Principle of Relativity axid. 
though the principle is not necessary for dealing with phenomena which 
used to form the subject-matter of classical mechanics, the same cannot 
be said when we treat of atomic phenomena or of events taking place 
in the heavens (cosmological problems). 

One of the consequences of Einstein’s theory is the equivalence 
of energy and mass. He showed that the -two are identical and differ 
only in a constant, namely E — me 2 . Thus if we took our unit of time 
to be 3 X10 10 times smaller than a second, there would be no difference 
between energy and mass. According, to this concept the total amount 
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of energy in an atom of matter is colossal. For example the total energy 
of an atom of hydrogen E — tnc' i — 1 "66 X 10~ 24 x9x 10*® =l*5x 10 * 
ergs; i.e., the total energy contained in one milligram of hydrogen is 
equivalent to the energy obtained by burning about 2| tons of coal. 

Does it mean that the energy of a particle at rest and the same particle 
in motion are the same ? No, for according to Einstein the mas4 of 
a particle at rest is not the same, as that in motion. In fact he showed 
that m — - u 2 /7 2 . Thus the excess energy of a particle in motion 

over the same at rest is {m- /;/ 0 )f a , and this reduces to the well- known 
kinematical expression \ m> 2 when the terms involving 4th and higher 
powers of vfc are neglected. But though this can be done in phenomena 
which v$e have come across in classical physics, we have to deal in atomic 
physics with velocities of the same order of magnitude as that of light 
and in such cases we cannot put the kinetic energy equal to \ mv *. 

In recent years sufficient evidence has been accumulated to show 
that in the fqrmation of the nuclei of atoms, the conversion of mass 
into energy takes place. Thus upto 1932 it was believed that the ulti¬ 
mate constituents of matter were the proton having a mass of 1 *00759 
(in terms of O 16 = 16) and charge of -\-e and an electron having the 
mass 0-00054 and charge -e, and nuclei of'all atoms were supposed 
to be built up of these fundamental, particles. Since 1932 however, it 
has been established that the nucleus is composed of protons and 
neutrons, the latter being a neutral particle of mass 1 -00813 first dis¬ 
covered by Chadwick. Since all nuclei are supposed to consist of these 
elementary particles it may be expected that the mass of the nucleus 
wiil simply be equal to the sum of the masses of the constituent; particles. 
Actually however the accurate measurements of Aston, Bainbridge 
and others show a slight difference, the mass of the nucleus being less. 
Thus the helium nucleus 2 He 4 is supposed to be built up of 2 protons 
and 2 neutrons. Its mass has been determined accurately to be 4• 00292 
while the mass of 2 protons and 2 neutrons is equal to 4 03312. Thus 
in the formation of the He 4 nucleus, out of the fundamental constituents, 
a quantity of mass of matter = 0*0302 is lost. The same thing takes 

place in the case of formation of all other nuclei and there are reasons 
to believe that in the formation of complex nuclei out of fundamental 
particles the excess of energy as measured by the excess of mass of the 
constituent fundamental particles over that of the nucleus is given out 
in the form of radiation of frequency v and energy bv Thus 

in addition to the problems of conversion of the usual forms of energy 
into one another which are studied in classical physics, we have to study 
further the convertibility of mass into radiant energy. But the process 
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is not unidirectional. The reverse process the conversion of 

radiation into matter) was discovered in 1932 by C. D. Anderson and 
Neddermeyer who showed that radiant quanta possessing sufficient 
energy, e.g., y rays of ThC" are split up into a pair of electron and positron 
on hitting the nuclei of heavy matter ( Electrofission or Materialisation of 
Quanta). It is therefore evident that such processes, vi%., conversion of 
mass into radiant energy and vice versa play a great part not only in the 
formation of nuclei, but in fundamental cosmological problems such as 
maintenance of the energy of star, fate of radiation which is being poured 
into space by stars, etc. It is clear that when we have a better knowledge 
of such processes, we may expect a further extension and development 
of the methods of thermodynamics along these lines. 

The most spectacular application of the law of equivalence of mass 
and energy is to be found in the discovery of the ‘Atom Bomb* in ‘ 
1945. 

5*18. Supposed Violation of the First Law.—When the phe¬ 
nomenon of Radioactivity was first discovered towards the end of the 
last century, it was found that radium and other radioactive bodies were 
constantly evolving heat. It seemed as if radium was manufacturing 
energy out of nothing in violation of the First Law of Thermodynamics. 
Subsequent experiments however showed that there was no violation 
of the First Law. Radium emits a particles (swiftly moving positive 
particles, charge 2r, mass 4 Mh, mass of He-atom), fi particles 
(very swiftly moving electrons) and y rays (very penetrating X-rays). 
When these are stopped in their passage, their energy is converted to 
heat. The heat evolved by radium has been shown to be quantita¬ 
tively equal to the energy of the a and 0 particles and of y rays {Vide, 
Modern Physics , Vol. I, by Saha and Saha, p. 164). But why the nucleus 
goes on emitting, a, /? and y rays spontaneously, remains unexplained 
from the mechanical point of view. 

Problem 

1. Assuming the expansion to be adiabatic, calculate the change 
in temperature when perfectly dry air rises up in the atmosphere. 

[Use eqn. (40') of Chap. Ill and eqn. (30) of Chap. II, and thereby 

obtain the relation ~ 1 

dh y R J. 

2. Calculate the work done when l mol of a van der Waals’ gas 
expands quasistatically and isothermal!*/ from a volume of 10 litres 
to 20 litres at 0°C, given that the van der Waals* constant a = 1 -4 X 10 li4 
dynes x cm. 4 and b -- 41 c.c. 
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3. The pressure on a block of copper weighing 200 grams is 
increased quasistatically and isothermally from 0 to 300 atmos. Cal¬ 
culate the work done, given that the density of copper — 8 9 gm/c.c. 
and isothermal bulk modulus = 1 - 3 X10 1 * dynes/cm.* 

Books Recommended 

1. Planck— Thermodynamics. 

2. Fermi —Thermodynamics (1938), published by Blackie & 
Son Ltd. 

3. Ubbelohde, An Introduction to Modern Thermodynamical Princi- 
ples, (1937), Clarendon Press, Oxford. 

4. Zemansky, Heat and Thermodynamics (1951), McGraw-Hill 
Book Co. 

5. Epstein, Text-Book of Thermodynamics (1937), John Wiley & 
Sons, New York. 

6. Birtwistle, Thermodynamics. 

7. Handbook der Pbysik , Vol. 9. 
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THE SECOND LAW OF THERMODYNAMICS 

AND ENTROPY 

6*1. Scope of the Second Law.—The Second Law of 
Thermodynamics deals with a question which is not at all 
covered by the First Law, the question of direction in which 
any physical or chemical process involving energy changes takes 
place. 

A few illustrations will clear the point. Let us consider the 
thermodynamic process illustrated by the symbolic equation : 

2H t +O f = 2H a O + U calories. . . . (1) 

The equation tells us that if 2 mols of H 2 gas combine with 
one mol of Og, 2 mols of H a O-vapour are formed and U calories 
of heat are evolved, or vice versa, if 2 mols of H 2 0-vapour are 
to be decomposed completely into H 2 and 0 2 , U calories of heat 
must be absorbed. This result is obtained as a matter of experience 
from calorimetric experiments, and we interpret the result accord T 
ing to the First Law of Thermodynamics by saying that in the 
combination of 2 molecules of hydrogen with 1 molecule of 
oxygen to form 2 molecules of H 2 0, the diminution in energy 
amounts to Uf2N calories per molecule. This result can further 
be utilised in calculating energy relations in other reactions. 
But the first law cannot tell us in what direction the reaction will 
take place. If we have a mixture consisting of H 2 , O a and HaO- 
vapour in arbitrary proportions at some definite temperature and 
pressure, the first law cannot tell us whether some H 2 and 0 2 will 
combine to form H a O or some H a O will dissociate into H 2 and 
Oa, the system thereby passing to a state of greater stability. 

Or we can take a physical example. When two bodies, 
A and B, exchange heat, the first law tells us that the heat 
lost by one body is equal to the heat gained by the other. 
But it does not tell us in which direction the heat will pass. 
Only experience tells us that heat will pass from the hotter 
body to the colder spontaneously , but in speaking of hotter 
and colder bodies, we are making use of a new physical con- 
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cept (temperature ) which is not at ail included within the scope of 
the first law. For giving us guidance in deciding the question 
of direction in which a process will take place, we require a new 
principle. This principle, the knowledge of which arose out of 
Carnot’s speculations about the convertibility of heat to work, 
is generally known as the Second haw of ' Thermodynamics . 

6 * 2 . Different Formulations of the Second Law;— 
The problem of convertibility of heat to work has been treated 
in Chap. IV. It is readily observed that the main question was 
about the direction of energy transformation. Mechanical 
energy and heat are only different forms of energy, but while 
mechanical energy can be completely converted to heat by such 
processes as friction, it is not possible to convert heat completely 
to work. Even by using reversible engines which are die most 
efficient, only a fraction can be converted to work. The conversion 
is therefore only partial. The question is, why is it so ? 

An answer to this question has been given already in Chap. 
IV, if it were possible to design an engine more efficient 
than a reversible engine, we could continuously abstract heat 
from the colder of two bodies in a system and convert the whole 
of it to work, and the machine would go on running almost 
indefinitely. We could in this way convert into work the enor¬ 
mous stores of internal energy contained in the oceans, the 
atmosphere, the body of the earth, etc. and achieve a kind of 
perpetual motion which we call perpetual motion of the second 
kind as suggested by Ostwald. We are convinced as a result of 
our experience that such a perpetual motion machine which 
utilises the internal energy of only one heat reservoir or, in other 
words, works without temperature differences, is impossible of 
realisation.. We may start from a statement which expresses this 
conviction of ours, just as the first law is based on the conviction 
that Energy cannot be created, but can only be transformed. 
We may make the statement in the following form which we may 
call the Kelvin-Planck statement of the Second Law :— 

“// is impossible to construct a Heat Engine which , operating 
in a complete cycle, will abstract beat from a single body , and convert 
the whole of it to work,, without leaving changes in the working 
system.” 
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Lord Kelvin stated the law in this form : “It is impossible 
by means of inanimate material agency to derive mechanical effect 
from any portion of matter fry cooling it below the temperature of the 
coldest of the surrounding objects” 

Clausius stated it in the form 1 :—ll is impossible for a self¬ 
acting machine , unaided by any external agency , to convey beat from 
one body to another at a higher temperature, or heat cannot of itself 
pass from a colder to a warmer body.” 

The statements of the second law by Kelvin and Clausius given 
above necessarily imply that the working system undergoes no change 
in the process and the other bodies suffer no change other than'that 
stated therein. We can start from either of these two statements and 
deduce the other, showing thereby that they ate equivalent. It 
will be seen that these statements fix our attention on a machine or a 
complete process and not on the material undergoing the process. 

A consideration of the problem from the viewpoint of the kinetic 
theory, enables us to grasp the real situation. According to the kinetic 
theory, heat consists in the random motion of the molecules of the body. 
When a wheel, moving rapidly, is brought to rest by friction with 
another body, then prior to stoppage, the particles of the wheel were 
all moving with identical angular velocity. When it is stopped, all 
this energy has gone to increase the random motion of the myriads of 
particles of which the wheel and the body against which it is moving, 
are composed. Therefore, by friction, ordered motion of particles 
has been converted to chaotic motion. Hence when we want to 
convert heat energy to mechanical energy, the problem is reversed; 
we have to make all the molecules move in the same direction with 
the same velocity, the sum-total of energy of ordered motion is to be 
equal to that of chaotic motion. The feat is not possible simply 
because we cannot deal with the molecules individually. Experience 
tells us that order always tends to degenerate spontaneously to chaos, 
and it requires effort to evolve order out of chaos. This aspect of the 
problem was discovered by L. Boltzmann and he showed how to 
calculate the value of chaos in terms of physical concepts, and interpret 
it in terms of known physical quantities. We shall take Boltzmann’s 
theorem lit Chap. IX. 


1 It will be seen that this statement goes beyond the ordinary 
results of conduction. It states that we cannot completely undo the 
effects of heat conduction even in any indirect way. 
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6*3. Absolute Scale of Temperature.—Lord Kelvin 1 2 * * 
showed in 1848 that with the aid of the ideal Carnot engine, 
it was possible to define temperature in terms of energy, and 
the scale so obtained is independent of die nature of any 
particular substance. Kelvin started from the result (p. 241) 
that the efficiency of all reversible engines working between 
two temperatures is a function of the two temperatures only 
and is independent of the nature of the working substance. 
This may be mathematically stated in the form 

«7i2i *■).(2) 

where W is the work done by the Carnot engine, j2i the heat 
taken in and 8 X , Q a the temperatures* between which the engine 
works. 

Now W r = J2i-~32z where jg 8 is the heat rejected. Hence 


or 


a. 


i 

1 —/(#!, B b) 


= F(6v 


• (3) 


where F denotes some other unknown function. 

It can be easily shown that the ratio j&jfga can be expressed , 
in die form if^Oj) j ^(6^. For if we have reversible engines 
working between the pairs of temperatures (0 X> Of), (0%, 0^), 
($ 1$ 0 9 ), and tiie heat absorbed or evolved (as the case may be) 
at these temperatures be J2» Q,%, Qz respectively, then 


g* = F(»„• g;“ F ( e » 9 »); =F <*»• e *>- ■ (4) 

We have from the above 


■#-'?(»!. X F («» *•)• 

Hence the function F must satisfy the relation 

F(0 X , 0f) = F(d x , 6JxF(6f, Oj. . . . (5) 

This condition will be satisfied only whoa F(d x , 0g) is of the 
form VWW*) for it is only then that 0 a will cancel out 


1 Phil. Mag., 1848; Trans. Roy. Soc. EJin., 1854. 

2 These are the values of the temperature measured on any 

arbitrary scale. 

P. 39 
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in the right-hand term of (5) as required by the left-hand term. 
Therefore for any reversible engine 

Qi _ 0 (fit) (6) 

It will be seen that if e x >6^ J2i>j2a and therefore 
rp(9 1 )>0 2 ) t i.e. t <K.6) is a quantity which increases monotonically 
with 0 and may be used to measure temperature:. Denote the 
value of by x. The relation (6) then becomes 

#=l!. . . • • • (7) 

i2s "fa 

Equation (7) is used to define a new scale of temperature x> 
which is called the thermodynamic or Kelvin scale. This scale 
does not depend upon the properties of any particular substance 
for equation (7) is universally true. The ratio of any two tem¬ 
peratures on this scale is equal to the ratio of the heats taken in 
and rejected by an engine working reversibly between the two 
temperatures. 

The zero of this scale (x = 0) is that temperature at which jg 2 
= 0 (from 7) and hence W = Q x . Thus all the heat taken by the 
engine has been converted into work and the efficiency of the engine 
is unity, x cannot be less than this, //., negative, for if it were so, j2a 
would be negative which implies that the engine would be drawing 
heat both from the source and the sink. This is impossible from the 
second law and hence x =* 0, is the lowest temperature conceivable. 
This is the thermodynamic definition of the absolute zero of 
temperature. 

The zero having been determined, let us fix the size of the degree. 
In conformity with general usage we suppose that the internal between 
the freezing and the boiling points of water is divided into 100 equal 
parts on this scale, vt\., 

jQttTM n __ . . . . ( 8 ) 

J2 ice Tice 

The thermodynamic scale is thus completely defined and fixed. 
We have next to see how this scale can be realised in practice. 

For this we must investigate the property of some actual substance. 
A perfect gas is very suitable for this purpose. In fact we have already 
shown on p. 233 that for a Carnot engine using a perfect gas as the 
working substance, 

Qx _ T i 

• Si ~ 'V 


(9) 
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where T lt I' 2 are the temperatures measured on the perfect gas scale. 
Equation (7) combined with (9) yields 



the ratios of any two temperatures on the thermodynamic scale 
and the perfect gas scale are equal. Thus the absolute zero of the 
thermodynamic scale coincides with the zero of the perfect gas ther¬ 
mometer, for if t 2 — 0, T 2 = 0. Further from (8) and (10) since the 
interval between the ice point and steam point is 100° on both scales 
Ti ce and Tice are identical, and in general from (10) other tempera¬ 
tures on the two scales are also identical. Thus the thermodynamic 
scale is given by the perfect gas thermometer. For the - methods of 
reducing the ordinary gas scale to perfect gas scale see §1*7. 

ENTROPY 

6*4. Definition of Entropy.—The formulation of the Second 
Law, as in § 6 2, is not of much use for finding out the direction of 
change in a chemical or physical process. We want a more general 
and mathematical formulation which was supplied by Clausius. 

Clausius shifted the interest from the problem of converti¬ 
bility of heat to work, to that of change of thermal state of the 
working substance, for it is only the working substance which un¬ 
dergoes a thermodynamical change in the process. He observed 
that when the heat O is added to it reversibly at temperature T, 
and O' taken away from it reversibly at temperature T* we have 5 

^ ^ = 0 . . ' . . . ( 11 ) 


1 If we regard Q as an algebraic symbol, positive for heat absorbed 
and negative for heat rejected, then (11) becomes 2^/T = 0. 
Any reversible transformation can be supposed to be made up of a 
number of infinitesimal reversible isothermal and adiabatic processes 
as shown in Fig. 1, and therefore for any reversible cyclic process 
such as ABCDA or any other, it can be proved in the manner shown 

in the text that (j) Sg/T — 0, which is known as Clausius’ 

theorem. For irreversible processes, as for example those ac¬ 
companied by ordinary thermal conduction along AB and CD, it 
readily follows from Carnot’s theorem that If T represents the 
temperature of the source which surrenders heat to the working 

substance, we must have (j) SQjT < 0, for 


a-2 

Q 


< 1 - 


r 

T* 
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This property was utilised in defining an additional thermo¬ 
dynamic function (Entropy) for the gas which proved to be erf 
great importance in the further development of thermodynamics. 
In the following deduction, we have followed Ewing’s treatment. 1 

Let us take a gas in a definite state A (Fig. 1), and com¬ 
pare this state with another state B, which is obtained by the 

addition of heat energy. It is easy 
to see that the amount of he# added 
from outside may be anything, owing 
to the variety of ways in which heat 
can be added. This can be visualised 
by drawing curves between A and B. 
There may be an infinite number 
of curves passing between A and 
Ffe. 1.—The entropy function, corresponding to the infinite 

n umb er erf ways in which heat can be added. It will now be 
shown that the integral 



Pf 

J A * 

measured along any reversible process does not depend on the 
path, but only on the coordinates of A and B. 

Let us draw two adiabatics ' through A and B, and draw 
an isothermal DC at temperature / cutting these adiabatics 
itt D and C respectively. Let us now divide the area ABCD 
into a number of elementary Carnot cycles xyy'x' as in Fig. 1 
(xy, x[y\ isothermals, and xx\ jy' adiabatics). 

Let BJ2 be the amount of heat absorbed at temperature 
T while the point sliifts from x to y and 8q be the amount given 
up while it shifts from / to x f . Then we have 

T t 

Adding up for all the Carnot cycles between A and B, we have 

2 ~ 2*q .(12) 


1 See Glazebrook, A Dictionary of Applitd Physics, Vol. I, 
p* 271. 
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This is the value of JS^/T, along the zigzag path Aabxy. ... B, 
for the value of the integral along the adiabatics Aa, bx t .... is 0. 

In the limiting case when the Camot cycles ate infinitely 
small the zigzag path Aabxy ... .B coincides with AB. Hence 

is*.(13) 


The value of the integral j® -p is now seen to be equal 

to v Sqjty and hence it is independent of the path between 
A and B. 

Instead of taking the particular isothermal DC we may draw 
any other isothermal f cutting AD and BC, the value of the 
integral cannot be thereby changed, for if we construct a number 
of Camot cycles between the first and the second isothermal 
we have 

7 2 *# - 7 2 8 q '. 


The points A and B may be taken anywhere on the adia¬ 
batics AD and BC respectively, the value of the integral will re¬ 
main the same, for J 8<2fT along an adiabatic is zero since *2-0. 
Hence it follows that if we pass from one adiabatic to another 


the expression j ^ denotes a quantity which, increases by a 

definite amount independent of the, manner of transformation. 
For the state 1 we may take any standard state n. Then the 


value of the integral J A ~ along any reversible path, depends 

only on the states n and A as proved above. Now since the 
state n is fixed, the value of this integral will be a function of the 
state A only and can be written as s A . The quantity s A is called 
the entropy of the substance in the state A. The entropy thus 
defined requires the arbitrary choice of the standard state n and 
would have a different value if we chose a different standard 
state, die difference between these two values being the entropy 
of the old standard state with respect to the new. Thus the 
entropy becomes indeterminate to the extent of an additive cons¬ 
tant which represents the entropy of the arbitrarily chosen standard 
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state with respect to the state where the entropy is zero. We can 
thus write 

pa SO 

S A — s n 4* J • • • • 0^) 

where ,r M denotes the entropy of the substance in the state #. 
This is the thermodynamic definition of entropy. As far as 
the first and the second laws of thermodynamics are concerned, 
this constant s n cannot be determined and the absolute value 1 
of the entropy cannot be found. Generally we are concerned 
only with changes in entropy and hence we can mea? from 
any arbitrary zero (cf. p. 247 for steam, vhere the entropy of 
water at 0°C is put as zero) as the entropy of the assumed standard 
state will cancel out in taking the difference. 

From (14) we see that the entropy s in any state repre¬ 
sented by T, v is given by 



T 0 , 


(15) 


where x 0 denotes the entropy at 7’ 0 , v 0i and is measured 
along a reversible process. Thus to measure the entropy in any 
state we have to take the substance along any reversible process 
arbitrarily chosen, to its standard state and find the value of 
JS<2/T along this path. The entropy though conveniently mea¬ 
sured with respect to a reversible process, exists quite indepen¬ 
dently of it. Further, it will be observed that this definition en¬ 
ables us to measure entropy of equilibrium states only; entropy 
of non-equilibrium states cannot be measured in this manner as 
we cannot connect non-equilibrium state to the standard state 
by a reversible process. Nevertheless it is evident that the entropy 
of a system not in equilibrium, will be smaller than that of the 
resulting equilibrium state as the latter can be obtained from the 
former by an irreversible process, in which entropy increases. 


1 This is partly rendered possible by the third law of thermo¬ 
dynamics according to which the entropy of each element in the perfect 
crystalline state at the absolute zero, may be assumed to be zero 
(Planck’s enunciation). This assumption, however, need not be true; 
it is, in fact, almost a hopeless task to fix the zero of entropy. For 
further discussion see Chaps. IX and XVII. 
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The above treatment is perfectly general and will hold what¬ 
ever substance is taken as the working substance. Now, if the 
work done is by expanding against- an external pressure we have 
from the first law for any process, reversible or irreversible, 
8Q =- du -f pdv y where p stands for the external* pressure at every 
stage of the process. But in equation (15) we have to substitute 
the value of 8Q along a reversible process. Now the process 
represented by equation (11) of CHap. V embodying the first law, is 
reversible only when the external pressure p is always equal to the 
intrinsic pressure of the substance, when the process is quasi- 
static and non-dissipative. Hence we get 


T 


' Y 

To #o 


du-\-pdv 


(15*) 


where p denotes the equilibrium pressure of the substance at 
every stage of the process. 

It is easily seen that entropy is proportional to the mass 
of the substance taken for if we take M grams of the substance 
dU — Mdu, dV — Mdv and hence S — Ms. 

6*5. The Integrating Factor.—From the foregoing discussion 

we have seen that the expression j du+pdv cannot be evaluated in 

terms of the thermodynamical quantities representing the states 1 and 
2; a knowledge of the path of transformation is also necessary. On 

the other hand equation (15rf) shows that the quantity J — ~~~ can be 

completely represented in terms of the thermodynamical coordinates 
defining the initial and final states and may be written as j- 2 - s v For 
an infinitesimal reversible process (15) yields 


*=f. 


(16) 


Thus we see that, though 8Q or du -}- pdv is not a perfect differential, 
Sj 2/T or (du-\-pth;)JT is a perfect differential ( ds ), since it is the 
differential of an actual function s of the two variables of state. 
Thus IjT is the integrating factor to the differential expression 
du^rpdv. 

The following example will give an idea to the student, who is 
not a. skilled mathematician, of what is meant by the term integrating 
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factor. Let us take the differential expression 8w = Zxydx \-‘2x % dy. 
We have 


8v ~ dw 



d M w 

<)xdy 


4x, 


d*w , d*w 
Iffix ^ dxty‘ 



(17) 


It can be easily verified that the function 8w — 3xydx±2x*dy, 
cannot be integrated. In fact, it can be shown from calculus that the 
condition for integtability is just the reverse of (17). If however 8u> 
is multiplied by xj, the resulting function 'ix' i y' i dx-\-2x*ydy = d(x^y 3 ), 
is integtable and the quantity xy is called the integrating factor of the 
differential expression 8*\ 

In the foregoing discussion we have adopted the conventional 
historical method initiated by Carnot and elaborated by Kelvin and 
Gausius fot the mathematical formulation of the Second Law in the 
form dQ = Tds. Using an ideal Carnot engine and making use of the 
Second Law in the form ‘Impossibility of perpetual motion of the 
second kind* Carnot’s theorem regarding efficiency of engines was 
deduced and absolute temperature T defined. Then Gausius theorem 
was proved and the entropy function inferred showing that 1/T is the 
integrating factor to the function du+pdv. From a mathematical point 
of view this procedure is unsatisfactory and an axiomatic treatment is 
called for which was supplied by CaiatWodory 1 in 1909. Carath^o- 
dory’s principle, which is his mathematical statement of the second law, 
states: 

In the neighbourhood of any arbitrary initial state of a physical system,, 
there exist neighbouring states as close as we please to the initial state, which 
are not accessible from the initial state along adiabatic paths. 

Starting from this principle and making use of a mathematical 
theorem, Catath£odory inferred, without the aid of Carnot engines and 
refrigerators, the existence of the entropy function and an integrating 
factor connected with the Kelvin temperature T. The simplest integ¬ 
rating factor is 1/T, and the corresponding complete differential is 
ds = dgl T. For detailed exposition, the original papers may be consulted. 


1 Math. Asm., 67, 355, 1909. See also Born, Pbys. Zeits., 20, pp. 
218,249,282, 1921; Buchdahl, Amtr. Jour. Pbys. (1949). Fora good 
account in English see Bronsted, Principles and Problems in Energetics, 
pp. 40—50 (1955). 



§ 6 * 7 ] ENTROPY OP A PERFECT GAS 313 

6*6. Entropy of a System. —In §6*4 it was shown that 
if the entropy per unit mass of a substance is s, the entropy 
of m grams of the substance is ms. It can be shown in a similar 
way that if we have a system of bodies in thermodynamical equili¬ 
brium their masses being m v m v .. and specific entropies s ly s v .., 
the entropy of the whole system is 

S =* rn x s t +mj t -\- . (18) 

6*7. Entropy of the Universe Remains Constant in 
Reversible Processes. —If during any reversible process the 
heat 8j2 enters the system from the surroundings at the tem¬ 
perature T, the increase in entropy of the system is Sjg/T' and 
that of the local surroundings — Sj2/r» the total change in en 
tropy, which we may call the entropy change of the universe 
due to the process, is zero. 


Considering the Carnot cycle, we notice that the working substance 
has the same entropy at the end of the cycle as at the beginning since 
it returns to the same state. The loss in entropy of the source is 
j2i/r t , the gain by the condenser is j QJT 9 and hence the net gain in 
the entropy of the universe is 


U*. 


0 . 


Thus the entropy of the universe remains unaltered by this process. 

. In the isothermal expansion of the working substance in the first part 
of the Carnot cycle the increase in entropy of the working substance 
is jgj/T^ the loss by the source is j QifT x and hence the total entropy 
remains constant. 

From Eqn. (18) we see that the increase in entropy of a gram- 
molecule of perfect gas in isothermal reversible expansion from volume 
V x to V t at temperature T is 




The change in entropy during a reversible adiabatic compression or ex¬ 
pansion is zero. For in such a process the change in entropy is &S 
— \(dU+pdV)IT, but by the condition of the process dU-\-pdV 0, 
from the first law, hence ~t 0 /.<?., the entropy remains constant 
in a reversible adiabatic process. Adiabatic curves arc, therefore, some¬ 
times known as '"hentropic 
P. 40 
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6*8. Entropy Increases in Irreversible Processes.— It 

will now be shown that entropy of the universe increases as a re¬ 
sult of irreversible processes. Irreversible processes are of various 
types, some of which have already been considered in Chap. IV. 
We shall enumerate here a few typical irreversible processes: 
(1) Processes which exhibit external mechanical irreversibility 
such as the irregular stirring of viscous liquid, the develop¬ 
ment of heat by friction, the flow of electricity through a resistor, 
etc. (2) Processes which exhibit internal mechanical irreversibility 
such as the rushing of an ideal gas into a vacuum (free expansion), 
Joule-Thomson expansion (Chap. Xll); (3) Processes exhibiting 
thermal irreversibility such as conduction or radiation of heat 
from the system to the surroundings or between the different 
parts of the system itself; (4) Processes exhibiting chemical irre¬ 
versibility such as mixing of two liquids or diffusion of two 
inert ideal gases, etc. We shall prove here the theorem of increase 
of entropy for a few processes only. ! 

(f) Increase of Entropy during Conduction or Kadtation of Heat ,— 
Suppose a small quantity of heat hQ, is conducted away from a body 
A at temperature T, to anodic*- body B c.t temperature T a (T 1 >T 2 ), and 
let SJ2 be so small that the temperatures T x and T, of the bodies are not 
appreciably altered in tire process, then A loses entropy equal to 
while B gains entropy by an amount c£>/7’ 2 . Thus the total gain in 
entropy of the two bodies is 

A s ^ (~~~ f-j* - • • (20) 

which is positive since Tj>T 2 . Hence the entropy of the universe 
increases as a result of thermal conduction. Similarly in the case of 
radiation, if a quantity of heat d<2 is radiated from the body A to the 
body B, the gain in entropy is given by the same''expression. Thus 
increase of entropy is always produced by the equalisation of 
temperature. 

(ii) Gas rushing into a vacuum .—Consider a perfect gas in a vessel 
rushing into an evacuated vessel and let the whole system be ther¬ 
mally insulated. Since the gas is perfect, the temperature does .not 
change in the process. The gam in entropy may be calculated by find¬ 
ing the value of JSj 2/ T, along any reversible path connecling the initial 
and final states but not along the original irreversible path. The 
reversible process, moot convenient for this purpose is an isothermal 
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quasi-static expansion of the gas from the initial volume to the final 
volume. From (19) the increase in entropy will therefore be given by 



where V lt V 2 denote the initial and final volumes of the gas. Hence 
the entropy of the system increases in this irreversible process. 

The student should try to prove for himself that increase of 
entropy occurs in other irreversible processes also. 

6*9. The Entropy of a Perfect. Gas. —Let us take m grams 
of a perfect gas having the temperature T and occupying the 
volume V. The entropy from (15«) is given by 


ms 


MTJ+pJV , 

— I - - -1- constant 


where the integral sign denotes an indefinite integral. 
dV = mCydTy p — mRTfMV , we have 

ms = m ^ e v ~ -j- ~ /nVj-f-const. 


Since 


If Cjj is independent of T, as is the case with monatomic gases 
but not polyatomic gases, this equation becomes 

ms = m[c v In T+ ^ In v) + const. . . ,(22) 

We can also express ms in terms of pressure. Using the 
relation c p = c v + R/Af, equation (22) yields 

ms — m {c p /nT— — In p) -f const., . . <23) 

this constant being different from that in (22). 

These two expressions give us entropy completely as far. 
as variations in. the value of the thermodynamical coordinates 
ate concerned. But the constant has to be carefully defiped. 

It is easy to see that the constant is proportional to the mass 
in equation (23), but not in (22). For if we take a mass of 
gas and divide it into two equal halves- by sliding a partition 
between them, no work is done and hence the total entropy 
of the system remains the same as before, and the entropy of 
each half of the gas is just equal to half the previous expres¬ 
sion for entropy given by equation (23). But the values of 
p and T in this equation remain unaltered, hence the constant 
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must become halved for this half of the gas. We can there¬ 
fore put the constant equal to me and write 

ms — m ^ ( p In T ■— ~ /« p q- c j. . . . (24) 

Let us express (24) in terms of the molar specific heat. Then 


m = ~ (C p InT -^Rlnp+R In /), . ; . (25) 

where we have put Me = R Jni merely to preserve symmetry 
in the expression. The constant *i* is independent of T, p 
and also of the number of molecules but is characteristic of 
the molecule. It cannot be obtained from classical ideas, but 
in Chaps. XI and XVII we shall see how the quantum theory 
enables us to evaluate it in terms of the constants of the molecule 
of which the gas is composed. 

Equation (25) can now be expressed in terms of the volume. 
We have 

ms — ^ ~ X In n 4-R ^ n ~jz) * • • (26) 


where rt denotes • the number of molecules per unit volume. 
The second term containing n thus involves the volume. 


Exercise 1. Calculate the change in entropy of the universe oc¬ 
curring when 10 grams of water at 60°C are mixed adiabadcally with 
/ 30 gm. of water at 20°C. 

Exercise 2. Calculate the increase in entropy of two grams of 
oxygen when its temperature is raised from 0°C to 100*0. and its volume 
is also doubled. 

A J = 2 x2-3026 log fg + !£? log2]~ 0-85 


6*10. Entropy of a Mixture of Gases. —Suppose we 
have a mixture of gases of different spedes occupying the total 
volume V; let A ls A a ...denote the number of mols of die 
different spedes in the total volume. The partial pressures are 


Pi- 


A t RT 


» Pt - - 


_ A « RT 
- y 


. . „ - . (2 A,) RT ART 

and the total pressure p = -—^. 


Let us put 
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where x L , x 2 ...., denote the concentrations of the individual 
type of molecules. Then 

Pi ~ x lPt Pz ~ x Zpy • • • • 

What will be the entropy of this mixture? W. Gibbs 
showed that it will be given by 

S = 2 K {C p ln T - R Inpx + R lni) t . . (27) 

i.e.y we have to use the partial 
pressure in place of *p* in the 
expression (25), and take the sum 
of the entropies of the different 
species. This theorem was proved 
in the following way:— 

Let us take two gases (1) and (2), 
originally contained in the volume 
A A' (Fig. 2) and suppose their partial 
pressures are p t and p v Let us now 
trv to separate the gases by means of 
semipermeable membranes 1 2 * * * * * . For this purpose we imagine a hollow 
cylinder BB' of the same volume as A A' , and capable of sliding 
freely without friction through AA' which is fixed. Let us further 
assume that B' is permeable to gas (1), while A' is permeable to gas 
(2) only, A and B are non-permeable to both 8 . At the start B' is in 
contact with A, and B with A'. Now let BB' move upwards very 
slowly. We have now only gas (1) in AB', gases (1) and (2) in A'B’, 
and gas (2) in A'B. 

In the steady state membrane equilibrium exists when the pressure 
of (1) is the same on both sides of B\ Thus B' is only subjected to 

1 As an example of semi-permeable membranes, we may take 
a tube of palladium. If it is heated, it becomes permeable to H # gas, 
and allows this to pass but is not permeable to oxygen. These tubes ate 
now very largely used for the introduction of H s into discharge tubes. 
A tube is sealed to a vacuum tube; if the tube is now heated by a 
Bunsen burner, the free hydrogen from flame gases passes into the tube 
and can be recognised by its spectrum. 

2 It is true that perfect semi-petmeable membranes of the type 

contemplated here do not actually exist for any gas whatsoever because 

no membrane could be absolutely impermeable to any. gas. Still the 

arguments, would remain valid, if the quantity of gas passing through 

the membrane Is so small as to be negligible. We shall further suppose 

that there exists a special membrane, permeable to every gas with 

which we deal. Whether this is actually so is of no importance. 
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pressure by ( 2 ) downwards. Similarly B is also subjected to the 
pressure of the gas (2) upwards. Since these pressures are identical 
(partial pressure of 2), BB' is as a whole subjected to no pressure, 
and if it is moved infinitely slowly, so that at every instant there is 
membrane equilibrium, then no work is done in moving BB' and hence 
if the process is carried on at constant temperature it will not exchange 
heat with the surroundings, since the internal energy U of a perfect 
gas is independent of the volume. Thus the separation has been 
carried out by a reversible isothermal process. Hence from the 
Second law, the entropy remains unchanged in the process. When 
B' comes to A', the two gases have entirely separated, and can be 
considered separately. Therefore the entropy of the mixture before 
separation, is equal to the sum of the entropies of the gases after separa¬ 
tion. The latter is given by equation (27). Hence the entropy of the 
mixture will be given by (27). 

611. Increase in Entropy due to Diffusion of two Gases 
into one another. —Suppose the two gases were initially at the pres¬ 
sure p, the temperature T and therefore occupying the volumes Vx u 
Vx 2 where x lt x z are fractions and = 1 ■ Let the common 

boundary be now taken off so that the gases diffuse into each other, and 
we get a homogeneous mixture with the pressure p , volume V and 
temperature T. We can show that an increment in entropy has taken 
place in this process. 

The entropy of the system before mixture is 
S = \ t (C p In T-Kin p + K In i\ -f A 2 (C P In T -R Inp 4* R In /) 2 . 

The partial pressures of the two gases in the mixture will be px x 
and px z . Hence from (27) the entropy of the mixture is 

A x (C p In T- R Inpx x + R In i) x -f A 2 (C p In T -R In px 2 + Kini) 2 . 

Hence the increase in entropy 

-K(\ x ln x x + \ 2 lnx£. . . . (28) 

Since x x and x 2 are fractions, the expression is positive, i.e., there 
is an increment of entropy when the two gases diffuse into each other. 
In the general case, when a number of gases occupying the volumes 
Vxj, Vx 2 diffuse into each other, the total change in entropy 

£S = -RsA/#x. . . . • (29) 

It may be remarked that equation (28) holds for two different 
o-ases but not for two identical gases 1 . If we were to apply it to 

o 

_ _ v 

1 Equation (28) holds even for statistically different molecules, i.e., 
rotational isomers such as ortho- and pata-hydrogen. 
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two portions of the same gas, it would show an increase of entropy 
when two identical gases at the same pressure and temperature ate put 
into communication, but obviously it cannot be so and there can be 
no increase in entropy in this special case. This is called Gibbs’ paradox 
and the real cause of this failure can be given from quantum mechanics. 
The molecules being identical there is nothing to distinguish the state 
after diffusion from the initial state. 

6*12. Principle of Increase of Entropy.—In the fore¬ 
going section we have shown for a few irreversible processes 
that increase of entropy takes place during vsuch a process. 
We might consider other irreversible processes and show in each 
case that increase of entropy takes place. This result is quite 
general and may be stated as follows :— The entropy of a system 
of bodies tends to increase in all physical and chemical processes occur¬ 
ring in nature , if we include in the system all such bodies which are affected 
by the change. In the limiting case of a reversible process the 
entropy remains constant. This is the principle of increase of 
entropy 1 which may be established for any general case by making 
use of any one of the previous formulations of the second law of 
thermodynamics. 

6*13. Second Law of Thermodynamics. —We may call 
this principle of increase of entropy itself as the second law of 
thermodynamics. In fact Clausius summed up the first law by 
saying that the energy of the world remains constant and the second 
law by saying that the entropy of the world tends to a maximum. 

A more formal statement of the second law of thermo¬ 
dynamics can now be made in terms of the properties of the 
system itself without reference to any process. This involves 
the following two statements :— 

(a) For any system a characteristic thermodynamical 
function called, entropy may be defined which is such 
that the difference of entropies between two states 

(1) and (2) is given by |*8j2/T where the integral 

is to be taken over any reversible path connecting 
the two states, and which is a variable of state. 

1 For a general discussion of the second law and the principle of 
increase of entropy see Hausen, Phys . Zeits ., 35, 517, 1934. 
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(b) The entropy of a closed system (i.e., one that has 
no interaction of any sort with the surroundings 
and thus has consrant energy) can never decrease. 

6T4. Supposed Violation of the Second Law,—Maxwell 
invented an ingenious contrivance which violated the Second Law as 
enunciated above. Following Boltzmann’s idea (§6'2), he imagined a 
super-human being which could discriminate between the individual 
molecules. Suppose such a creature, usually known as Maxwell's 
demon, stands at the gate in a partition separating two volumes of 
the same gas at the same temperature and pressure and, by opening 
and shutting the gates at the proper moment, allows only the faster 
moving molecules to enter one enclosure and the slower molecules 
to enter the other enclosure. The result will be that the gas in one 
enclosure will be at a higher temperature than in the other and the 
entropy of the whole system decreases though no work has been 
done. This apparently violates the Second Law. 

We observe however that to Maxwell’s demon the gas does not 
appear as a homogeneous mass but as a system composed of discrete 
molecules. The law of entropy does not hold for individual molecules, 
but is a statistical law and is valid only when we are compelled to deal 
with matter in bulk, and are unable to direct or control the motion 
of individual molecules. Further we shall see in Chap. IX that 
this law is of the nature of a law of probability and asserts that it is 
highly probable that the entropy of a closed system increases but there 
is always a chance, though a very meagre one, that the entropy may 
decrease.. 

6*15- Entropy and Unavailable Energy,—Consider a source 
at temperature Tj and suppose it yields a quantity of heat Q to a work¬ 
ing substance. If the lowest available temperature for the condenser 
of the Carnot cycle is T 0 , the amount of heat rejected is Q T # /T, and 
the available energy is jQ(I — TJT). Now suppose a quantity of heat 
j 2 passes by conduction from a body at temperature T a to another at 

temneratute T. the gain in unavailable energy is Q 

being the lowest available temperature. Hence the increase of un¬ 
available energy is equal to the increase of entropy multiplied by the 
lowest temperature available. Thus entropy is a measure of the un¬ 
availability of energy, and the law of entropy implies that the available 
energy in the world tends to zero. This is also known as the princi¬ 
ple of degradation or ‘running downhill’ of energy. 
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6*16. Physical Concept of Entropy.—The entropy of a sub¬ 
stance is a real physical quantity defined by equation (14) or (16) and 
can be easily evaluated for a solid or a perfect gas (§6-9) except for 
an additive constant representing the entropy at the absolute zero. 
We also saw that entropy remains constant when the substance under¬ 
goes a reversible adiabatic compression or expansion. Further entropy 
was shown to be a definite single-valued function of the thermodyna¬ 
mical coordinates defining the state of the body like the temperature, 
pressure, volume, internal energy, state of magnetisation, etc. It is 
difficult to form a tangible conception of entropy because there is 
nothing physical to represent it; it cannot be felt like temperature or 
pressure. We can however readily infer that it is a measure of the 
disorder or randomness in the molecular arrangement of the system. 
Wc have seen that addition of heat to a system increases its entropy; 
from the kinetic point of view addition of heat produces a more violent 
agitation of the molecules. Thus by the continuous abstraction of 
heat the entropy of the system decreases and the molecular motion 
tends to vanish and the molecular arrangement attains a state of great 
order. Hence increase of entropy implies a transition from an ordered 
to a less ordered state of affairs. • 

It will be shown in Chap. IX that entropy is a function of the proba¬ 
bility of that macroscopic state, probability being maximum for maxi¬ 
mum disorder. Thus growth of entropy implies a transition from 
a more to a less available energy, from a less probable to a more pro¬ 
bable state, .from an ordered to a less ordered state of affairs. The 
idea of entropy is necessitated by the existence of irreversible pro¬ 
cesses. It is measured in calorie per degree or erg per degree. 

PROBLEMS 

r 

1. Two gram-molecules of hydrogen perform a free expansion 
from a volume of 10 litres to a volume of 30 litres, the temperature 
being 25°C. What is the entropy change of the Universe ? What 
would be the change in entropy of the gas if the expansion were per¬ 
formed reversibly and isothermally ? 

2. Calculate the change in entropy of the universe when a cur¬ 
rent of 5 amperes flows for 10 sec. through a thermally insulated 
resistance of 10 ohms, initially at a temperature of 20°C, given that 
the resistor has a mass of 10 gm. and Cj, — 0*2 cal./gm. deg. 

3. Calculate the change in entropy when one gram-molecule of 
oxygen at the atmospheric pressure diffuses into 4 gram-molecules 

F, 41 
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of nitrogen at the same pressure, the final pressure being the atmos¬ 
pheric pressure. 

4. Prove that for any substance 

/>) = £* + s(T„p), 

>(T vV )~^^L+S(T,,v). 

BOOKS RECOMMENDED 

1. Same as mentioned in Chap. V. 

2. Handkuch der Physik VoL 9. Chap. I. 

3. For application of relativistic ideas to Thermodynamics, see 
Tolman, iLelativity, Thermodynamics and Cosmology (1934) 
Chaps. V and IX (Clarendon Press, Oxford). 

4. J. N. Bronsted, Principles and Problems in Energetics (1955), 
Intersdence Publishers, Inc. New York. 



CHAPTER VII 

GENERAL THERMODYNAMICAL THEOREMS 


7*1. The Thermodynamical Relationships (Maxwell). 
—With the aid of the knowledge thaf the entropy-function is 
uniquely determined by the thermodynamical coordinates of 
the state, or in other words, ds is a perfect differential, we shall 
prove a few general thermodynamical theorems applicable to a 
simple homogeneous system (gas, liquid or solid) consisting of a 
single chemical substance. 

We have from the first law $Q — dtt+pdv, and from the 
second law Sj2 = Tds 1 where SQ is the heat taken in a reversible 
process. Combining these we get 

Tdr — du-\-pdv, .(1) 

where p is the equilibrium pressure, />., the pressure of the 
substance as given by its equation of state. Hence 8 

da — Tds—pdv, . . . . . (2) 

Now if x and j are any two independent variables we have, 
since dtt is a perfect differential, 

d*u _ d % u 
dxdy~~ djrtbc 

From this relationship, by substitution from (2) and remem¬ 
bering that ds and dv 'are also perfect differentials, k can be 
shown that < 

8C*V) 8(j > >' c/ ) /o>. 

d(x>y) H*>J) ’ * ’ ' } 

. d ( T ’ s ) j r *1. T u- \dT dT 

where ~ stands for the Jacobian «— 

d(xj) J dx fry 

ds ds_ 

8x a 7 


1 This result was deduced on p. 311 from the second law. In this 
form the second law has found many important applications. The ex¬ 
perimental confirmation of the results deduced in the following pages 
is a direct proof of the second law. 

■Equation (2) is valid for all changes taking place in a system' 
If the change is reversible, Tds is equal to the heat applied to tjic 
system and pdv is equal to the work done by it. If the change it. 
irreversible, the heat applied is less than Tds and the work done by 
it also is less than pdv, but still 8j Q-SW' as required by the first law. 
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Any two of the four quantities T, s, p, v can be chosen 
as the independent variables x, j. This can be done in six 
different ways, and correspondingly, we have six thermodynamical 
relationships, though all of them are not independent. 


7*2. First Relation.—Let us take the temperature and the 
volume as independent variables, and put x = T, y = v in (3). 
Then 

2T*, ?S.-i 

a x '• a > * 


a ad 


ST 

dj 


BT 

&v 


°’ ” °’ 


since T and v are independent. Hence we have 



. ( 4 ) 


which implies that the increase of entropy per unit increase of 
volume at constant temperature is equal to the increase of 
pressure per unit increase of temperature when the volume 
is kept constant. We can apply equation (4) to the equili¬ 
brium between two states of the same substance. Multiplying 
both sides by T, 



which means that the latent heat of isothermal expansion is 
equal to the product of the absolute temperature and the rate 
of increase of pressure with temperature at constant volume. 
Thus if a body changes its phase at T° and absorbs the latent 
heat L, and the specific volumes in the first and the second 
phases are v x and v % > equation (5) yields 


L 


V 2~ V 1 



When we apply this equation to change of phase such as 
the vaporization of liquid, the various thermodynamic quanti¬ 
ties refer to a mixture of the liquid and vapour in equilibrium. 
For such a case, it is evident that 
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since the pressure is saturation pressure and is consequently 
independent of v, being only a function of T. Hence 



This is Clapeyron’s equation and is one of the most 
important formulae in thermodynamics. Alternative proofs, 
somewhat more rigorous and instructive, will be given in 
Chap, VIII. 

. Let us first employ (6) to find the change in the freezing point of 
a substance by pressure. In the case of water at 0°C. 

L = 79*6x4'136X10 7 ergs per gram (latent heat of fusion) 
T = 273*16 

v 2 — 1 *0001 c.c. (specific volume of water at 0°C). 

— 1*0908 c.c. (specific volume of ice at 0°C.) 

. dp _ 79*6 x4*186xl0 7 

dT 273*16x(l *0001-1*0908)* 

Now if 8p — 1 atmosphere = I'013x10* dynes, 

Sr = -0*0075°C. 

This shows that the melting point of ice is lowered by increase 
ot pressure, the lowering per atmosphere being 0*0075°. The pressure 
necessary to lower t.be melting point by 1°C. is 1/0*0075 =-- 133 atmos. 
These results were quantitatively verified by Kelvin. His experimental 
results are given in Table 1. 

Table J .—Depression of freezing point with increase of pressure . 


Increase of Pressure 


Depression of freezing 
point in °C. 



For substances which contract on solidification the melting point 
will be increased by pressure. Thus for acetic acid whose melting 
point is 16*5°C., de Visser fotfnd experimentally that an increase of pres¬ 
sure by 1 atmosphere increases the melting point by0*02432°C. while 
equation (6) gave 0 02421°C. This verifies relation (6). The same 
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equation may also be employed to calculate the latent heat. For the 
vaporization of water at 100°C., we have the following data 


T = 373-2, v x = 1 c.c., v x = 1674 c.c. 
dpJdT = 27*12 mm. of mercury. 

t 


373*2 x(1674—l)x27* 12x1 *013x10* 
760 x 4* 186 xlO 7 


= 539 cal. 


The accurate experiments of Henning give L = 538*7 cal. at 
100°C. which is very dose to the calculated value. 

Application to a liquid film .—Equation (4) may also be applied to 
the case of a liquid film. If such a film is stretched, its total volume 
remaining constant, the energy equation 1 for this case is 

m) v = du~23 r dA i 

for the work done by the film is —2 &dA where SF is the surface ten¬ 
sion and dA the increase in area of the film. The usual term pdv on 
the right has disappeared since the total volume remains constant. 
Hence corresponding to p and dv we have in this case — c lF7 and dA 
respectively. Hence equation (5) yields 



and for a finite change. 


*2=- 2T (wL ja - 

For a liquid the surface tension decreases with temperature, there¬ 
fore %SFjdT is negative and ftQ is positive. Hence an amount of heat 
must be supplied to the film when it is stretched in order that its 
temperature may remain constant. In an adiabatic stretching the 
temperature will fall by an amount 



2 

c* Wh,A 


dA, 


where Ca is the heat capacity of the film. 

7*3. Second. Relation.—Another important application 
of the thermodynamic formulae consists in their application to 
certain adiabatic changes, such as the sudden compression of 
a liquid, or sudden stretching of a rbd. For this case let us 
put * = T, y = p. 


1 We may write this equation in the form du~~2&dA = Tds and 
treat this equation as we treated equation (1) in §7*1. 
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Equation (3) then reduces to 

/ dx \ fdv\ 


\ Z P^T 


[OV\ 

" m) f 


(7) 


which means that the decrease of entropy per unit increase 
of pressure during an isothermal transformation is equal to 
the increase of volume per unit increase of temperature when 
the pressure is kept constant. Multiplying both sides by T 
we have 

ljp) T = _ T [w) r = ~ Tva " • • • (8) 

where a is the coefficient of volume expansion at constant pressure. 

From this relation it follows that if a is positive, the 
substance expands on heating, is negative* and hence 

in this case an amount of heat must be taken away from the 
substance when the pressure is increased, in order that* the 
temperature may remain constant. That is, heat is generated 
when a substance which expands on heating is compressed. 
For substances which contract on heating, a cooling should 
take place. 

These conclusions were verified experimentally by Joule who 
worked with fish-oil and water. The liquid was contained in a vessel 
closed at the top by a piston, and the pressure was suddenly increased by 
placing weights upon the piston. The change in temperature was 
measured by a thermopile. Assuming the process to approximate to 
a reversible adiabatic increase of pressure, we can use equation (8) to 
calculate the increase in temperature A T produced by a sudden increase 
of pressure l\p. We have 1 

dT = .... ( 9 ) 


Cp c p 


where c v is the specific heat of the substance tod v its specific volume. 
Or 

A „ [Tva . Tva 

A T = — # = — A A 

J c p e 9 

since the quantities T, v, a and c p vary very litde during the ptocess 
and may therefore he assumed to have constant average values inde¬ 
pendent of the pressure. Joule’s results with water are very interesting 
and are quoted below. 


1 We may directly deduce this result from equation (12). 
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Tabic 2.— Increase in temperature of water by increase of pressure . 


1 

pp in kg. per cm 2 

j Initial temp. °C 

[ PT (obs.) 

pT (calc.) 

26*19 

1*20 

-0*0083 

1 

26*19 

5*00 

0*0044 


26* 19 

11*69 

■Is % 


26*19 

18*38 

' CltlB 

0*0340 

26*19 

30*00 

0*0544 

0*0563 


31*17 

0*0394 

0*0353 


• 40*40 

] 

I 

0 0450 

1 

I 

0*0476 


The agreement between the observed and the calculated values is 
seen to be very close. This proves the essential correctness of the 
theory; in fact, these results formed the earliest experimental verifica¬ 
tions of the second law. The thermodynamic theory thus explains 
the remarkable fact that water below 4°C. cools by adiabatic com¬ 
pression in spite of the fact that the internal energy is thereby 
increased. 

Another series of experiments consist in the adiabatic stretching of 
wires. The best results were obtained by Haga. 1 The change in tem¬ 
perature of the stretched wire was measured by means of a thermo¬ 
pile formed by the wire itself and another thin wire wound round 
it. It is well-known that tension means a negative pressure, and 
hence wires of substances which expand on heating, should show a 
cooling when stretched adiabatically. In this case the work done is ' 
not pdv but — Fdl, hence dvjcT must be replaced by —dljdT where / 
is the length of the wire. Hence in place of (9) we get 

A t =-£(st),^=-^.af. • • m 

where fi is the coefficient of linear expansion, w the mass* per unit 
length of the wire, c p its specific heat in mechanical units and C the 
heat capacity of the wire. In the above equation c F may be replaced 
by c p without serious error. 

For a German silver wire of diameter 0*105 cm. at room tem¬ 
perature, Haga found the mean value pfT — —0*1063° for a tension 
of 13*05 kg. and pT-= -0*1725° for 21 *3 kg. tension, giving a mean 
value of 0 * 00813 per kg. If we substitute the values of w, c p , (3 in 
equation (10) and use the value / = 4*18xl0 7 ergs per calorie, we 
get pT = —0*00810 in close agreement with the experimental value. 


1 Wied. Ann., Vol. 15 (1882). 
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India-rubber when moderately stretched has a negative expansion 
co-efficient. This should show a heating effect when further stretched 
adiabatically, which is found to be true experimentally, and may 
be felt even by the lips. 

Exercise .—Find the change of temperature when a bar of steel 
0*4 sq. cm. in section and kept at 27°C is suddenly stretched by apply¬ 
ing a load of 200 kg. You are given the following data for steel:— 
co-efficient of linear expansion —lx 10 -5 per °C. > specific heat = 0*10 
and density = 7*8 gm. per c.c. 


7*4. Other Relations. —Besides the above |wo, there 
are other less impottant relations. 'Thus putting x — s, y — v 
in (3) we get 



. ( 11 ) 


Again putting x = s> y — p we get 



( 12 ) 


The interpretation of these results is left to the reader. 

The above relations are known as Maxwell's four thermo- 
dynamic relations. Besides these, there are two more relations 
of mathematical interest only which may be obtained by taking 
p f v or T t s as the pair of independent variables. They are 


and 


©. (l-X -dull-; • •<» 

(It), (x?), ~ (er) T (§r), = *• • • (14) 


7*5. Variation of Intrinsic Energy with. Volume.— 


From the relation 


d ***£ for * that 


f ds \ _ 1 

f M \ 

\dZ>) T \ 

[ Wr j. 


we find by substituting 


(%)t~ t (It), -f- 


(15) 


This may be called the thermodynamic equation of state of a 
substance and is theoretically exact. Further, this equation enables 
us to calculate the variation of intrinsic energy with vokime. 

For perfect gases, p = RT/K, hence ifUfcV) T — 0 (Joule’s 
law, p. 81). We see therefore that Joule’s law must hold for a 
F. 42 
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gas obeying the perfect gas equation. 

For gases obeying van der Waals* equation 


R T a_ . 
^ “ (V-b) ~ F 2 


it. can be easily seen by substituting in (15) that 

dU_ _ 

0K F* 


. ( 16 ) 


Equation (16) may be used to obtain an expression for 
the internal energy of a van der Waals’ gas. We have 

dv - (I? )."■+ Q, ^ = c ^ r + 

or . U. = J^C„ ,/T - £+17* . . . (17) 


the term —afV representing the inner potential energy of the 
forces of interaction between the molecules. 

For general’ systems, we can transform (15) to a form 
which allows us to calculate 3 ujov from experimental results. 
This follows from equation (4) of p. 286 Where it is shown that 


Hence 



(18) 


where E = bulk modulus of elasticity, a ~ coefficient of volume 
expansion. 

r* 

CU “ 

We shall compare the ratio 0 - : p for a typical liquid, 

mercury. For mercury at 0°C. and atmospheric pressure we have as 
on p. 287, (dPldT) v = 46*5 atmos. Hence 

j (IS)* ^'S * 273 ’ 2 - l = 12700. 

Now dujdv is sometimes known as the internal pressure, and is 
due to the intermolecular attractions. The fact that gases condense to 
form liquids and solids shows that there must exist intermolecular 
attractions tending to pull the gas together just as the external pressure 
pushes it. We see here that this internal pressure is enormous in the 
case of solids and liquids so that it can hold the substance together even 
without 4he assistance of external pressure but when we increase the 
temperature, this pressure diminishes till it vanishes when the perfect 
gas stage is reached. 
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THE DIFFERENCE C V ~C X , 

7*6. The difference c v —c v . We have 



This 1 is an important deduction from the second law and 
may be used to test it. For perfect gases 2 * this yields the 
well-known result c v —c. t . — RjM. In general, however, sub¬ 
stituting for (dPl°T)v in (19) we get 

o.-'. —rd^x (|£)’ - T&fv, . . . (20) 

where E is the bulk modulus of elasticity, a the coefficient of 
volume expansion and v the specific volume. 

Equation (20) may be put in another form also. In the 
case of a homogeneous solid o. = 3A, where A denotes the co¬ 
efficient of linear expansion. Hence (20) becomes 

c p — c v = 9A 2 T Ev . .... (21) 


For solids and liquids, it is not possible to obtain c v directly, but 
we can calculate it from the value of f p with the aid of the above 
relationship. We give the calculations for mercury at 0 °C (see p. 287). 
We have 




273-2 y 1-01 x 10* x (1 81 x IQ - 4 ) 2 
3-9 X 10 -6 x 13*6 x 4*18 x 10 7 


— *0041 calories. 


Now Cp at 0 °C — -0333, hence c v = *0292 and Mc v = 5*84 cal. a 

According to Dulong and Petit’s law Me is a constant {vide Table 
2 , page 77 ), but the values of c given there refer to c p while according 
to the kinetic theory of matter (p. 153), Mc v = 3R = 5*96. 

In most cases, the values of E and a are not available throughout 
the whole range of temperature, and extrapolated Values are used for 
the verification of (20). But for at least one case, vi%., liquid hydrogen 
all the quantities are available due to the researches of Eucken 
(V. D. Phjs. Gesell. 18, 1, 1916). For this substance we have at 20 * 4 °K. 


1 We can get this relation also by combining equation (14) of 
Chap. V and equation (15) of this chapter. 

2 For a real gas we must employ the ‘actual equation of state 

(Chap. X). 
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the following data :— C p =4*53 cal./deg. mol., C v — 2‘83 cal./deg. 
mol. The volume of a gram-molecule = 28*2 c.c., a — 1 '60 x 10"* pet 
°C, B=5*i3xl0 a kg/cm.* Hence we have 

Ta a V ^ 20'4x28'2x(l*60xl0- 2 ) a x5*13xl0 3 xl0 3 x981. 

~ 7 

= 1*77 cal./deg. 

The expetimentally obtained difference is 1'70 cal./deg. Hence 
equation (20) is verified. 

Nernst and Lindcmann 1 applied formula (20) to calculate c. v for 
ordinary metals, and found that for the ordinary range of temperatures 
Mc v was nearly equal to 3R. In certain cases however there is a large 
departure from the law. In order to explain these a more satisfactory 
theory has been developed (see Chap. XVI). 

A few values of C v calculated according to formula (20) are given 
in the following Table. 2 


Table 3 .—Calculated values of C v for solids. 


Metal 

Volume of 
gram-atom 
in c.c. 

t 

aX io* 
per °C 

B xl °-‘ ! 

in cm. 2 
dyne. -1 

C p in cal. 
o C -i 

mol -1 

c* 

r^Y 

'-'V 

Cxt 

in cal. 
°C 1 mol- 1 

A1 

m 

72 

1 48 

5-84 

1-042 

5-61 

Cu 

mam. 

48 

0’785 

5-79 

1025 

5-65 

Ag 

BHi 

55 

0-775 

5-93 

1-047 

5-67 

Pb 

fg» 

82 

2*4 

6-39 

1 -055 

6*06 

Pt 

Sal 

27 

0*40 

6-24 

1-019 

6-13 


According to Griineisen (Chap. XIII), a is proportional to c p and if 
Wfe take Ev ~ constant for any one metal, we can deduce the empirical 
law 

c, v z== -A.Cp^T t 

* 

where A. is a constant characteristic of the element. This relation may 
be used to calculate c v at any temperature. 

7*7. Variation of c v with Volume :—From the relation 


ffo\ 

(dP\ 

eni 

►a 

il 

l wrl 


1 Zeits. f. Electrochem 17, 819, 1911. 

2 The table is taken from Jellinek, Lebrbuch der pbysikaliscben 

Cbemie , Vol. 2, p. 246. 
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we obtain by partial differentiation with respect to T 

d 2 s (d z p\ 


Now 


' _ (V*P\ 
Sm~l0Tv,/ 

Cv = t (ft ) v 4 
— t(S^) 

' \dv) T ~ \Fr*)v 


( 22 ) 


This equation can be verified if we know an accurate equation 
of state, Kuenen found experimentally that r* increases with v to a 
maximum and then decreases. Assuming the gas to obey van der 

Waals’ equation we have =*0, whence = 0, or c n . — cons¬ 

tant at the same temperature for all volumes. Dieterici’s equation does 
give a variation of c„ but no maximum as observed by Kuenen. 

7*8. Variation of c.« with Pressure.—From the relation 


= - 

V dp 'T 


(st) p - 


we obtain by partial differentiation with respect to T and certain 
other steps, 

fdc v \ / d z v 


(?%) = _ t ( -2-SL) 

\dp)r \ J, 


(23) 


A good numerical illustration of (23) is given hy the observed 
variation of C v for superheated, water vapour (see Lancloit-Bernstein, 
Tabellen, pp. 1276 and 1324, 5th Ed). It was found by Knoblauch 
and Raisch that at !55°C. the gram-molecular specific heat in calories 
is given by C p - 3*48-1-0*252 p, where p is expressed in kg/cm 2 . 

= 0^52x4^8x10' Mgs „ 10 4 c c /detr 
?p ) T 981x10* dyne/cm 2 / g 

Again it was found by Jacob that between 110° and 200°C. we 
have for a gram-molecule under a pressure of 1 kg/cm*. 

(dV\ 


r»)/ 


90*5-0-023 0. 


where 8 is the temperature in °C. and the volume is expressed in c.c. 
" 1 m^) ~ 428 x 0*023 — ;9'85 c.c./deg. 

Hence the values of (~~~) and - 

\d P fa 

closely. 


,/d*V\ 

wnL 


are seen to agree very 
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From (23) and (22) it follows that 

Cp — ( C p ) 0 — T ^ dp‘ • • (^4) 

and C v — (C- ; )co+ J ^ v> ’ ' ' 

where (C p ) 0 and (C v )«, denote the specific heats extrapolated to the 
zero pressure, to the state of a perfect gas. These formulas are * 
used to calculate the specific heat of a perfect gas, i.e., for pressure 
lending to zero, from the observed values of specific heat of real 
gases at some finite pressure. Various semi-empirical methods are 
used to represent the variation of e p with pressure, and c v with volume. 
For further details see Eucken, Chemischt Physik, p. 173. 

PROBLEMS 1 

1. Prove that for any substance the ratio of the adiabatic and iso¬ 
thermal elasticities is equal to the ratio of the two specific heats. 

We have from definition 



from the four thermodynamic relations. 

Er _ (dsldT)p _ (gjg/8T) p _ Cj> 

"Et~ "*feje/ao*' * y ’ 

2. Prove that the ratio of the adiabatic to the isobanc coefficient 
of expansion is 1/(1 —y). 



1 For a list of tnc important thermodynamic relations see Bridgman, 
l A Condtnzed CoUei Uon of Thermodynamic Formilas” Harvard University 
Pre*s, or Bridgman, Pbys, h ?v., Vol. 3, p. 27J (1914). 
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3. Prove that the ratio of the adiabatic to the isochotic pressure 
coefficient of expansion is y/(> --1). 


We have 


1 


I 


(a pjsP* ^_ _ _ 

(dpm ,?T\ /M) Lp) m 

\@pj$ V vX jp \drj v 

, llM- ~ -JL 


1 

(—] 

(M) /?!) 

Ur 1, 

,UT; 0 \axJ 


y V-B * 


4. Deduce equations giving the relation between p t u; w, T> and 
p, T for adiabatic changes in an imperfect gas. 

Use the results of Ex. 1 to 3, and substitute the values of the 
differentials ioPfiV)-r> (dVldT) p an <* (,dPf^ T )» occurring therein by 
using the equation of state of a gas. Using the equation in the form 
pV — KT *p Bp it can be shown that 

P 

dV _ ' *Tt T dB\ 

(r-0 y-u “ - T\ 1 + F^b 7T)• 

y~ 1 dp__dT, . p dB \ 

~'"p - T [■ + R dT )* 

which give.the relations for infinitesimal adiabatic changes. Assuming 
y to be constant, the first of these can be integrated, vielding p(V-B) v 
=const, while the other two cannot be integrated. The last equa¬ 
tion is important as it has to be utilised in the experiments of 
Lummer and Pringsheim, Partington and others (p. 95); 

5. Writing the equation for 8 j 2 in the form 

S0- + 0“)-r + ^} dv = c '> dT + ldv 

where / is the latent heat of isothermal expansion per unit increase of 
volume, prove that 

L 


and 


(»»- v,) 

<dc. 


- n 




~ r 

[now is = (|^)/r+ (§;)/» = c fiT+ M 


L 

This is often called the first Yds equation. 



dv. 
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Comparing this with the expression for Sj 2 given above (since 
5 j2 — Tds) we have 

Again if (c^T+Mv). Now since ds is a perfect differential 
we have 


d/tp 

9 / l \ 

(d z P \ 1 

cuV T) 

1 ~ dT\TJ = 



6. (a) Use the result obtained in the previous question to show 
that the entropy of the van der Waals’ gas is ( 

M r 


j “f* R In (u — b) f-to* 

(b) Prove that the temperature change during free expansion of a 


J 


van der Waals’ gas is /\T — —- ——A 

t-o v,' Uf 

7. Prove the second T ds equation 

du \ 


Tds 


‘f JT - T {vr )/?■ 


Hence deduce equation (23). 
ds \ 


[ TA = r (^)/ r + T (S)^ 

ds is a perfect differential.! 




dT - T {w)fi and 


8. Using the result of the last exercise calculate (a) the heat 
given out when the pressure on 200 gm. of copper is increased rever¬ 
sibly and isothermally from zero to 1000 atmos. at 27°C, (b) the work 
done during the above compression, (c) the rise in temperature if the 
above compression had been performed in a reversible adiabatic 
manner. You are given the following data for copper:—Density— 
8*9 gm/cc.; coefficient of volume expansion — 49 x 10 _B per °C; 
Isothermal compressibility =0*776 x 10 _l * cm.*/dyne and — 0*093 cal. 
gm.” 1 °C -1 . 


9. Prove that 


(?/> ~ m C v) 


d*T . dc p 


f- 


10 . 


Jpfv ' %p 
Deduce from the relation 
dc u 

"ft 

the relation 

I 




dT 

dv 

d 2 P 

dT* 


dc v dT_ 
&v cP 


1. 


(t.\ 


— £«• =** jf 
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11 , Using the two expressions for ds given in problems 5 and 7, 
deduce equation (19). 

12. Prove that 



13. Prove that for a gas obeying the relation 
pV~ RT + Bp, 

Cp—C v R -(- 2p 


14. The pressure on 10 gm. of water at 0°C is increased reversibly 
and adiabatically from 0 to 1000 atmos. Calculate the change in tem¬ 
perature, given that the coefficient of volume expansion — —67 X 10 -a 
°C-\ c P = 1 0087 cal. gm r 1 °C~ 1 ; specific volume =1 000 cm*/gm. 

[Use eqn. (9)]. 

15. If in the last example the compression is brought about te'-o 
sibly and isothermally, calculate (a) the heat transferred and (b) .thn 
work done. (Isothermal compressibility = 43 X 10~ 12 cm. 3 /dyne). 

[For part (a) use equation (8); and for part (b) proceed thus :— 

Work = j pdv = (P/“A 8 ) where K is the iso ' 

thermal compressibility]. 

16. Prove that for a thin liquid film 



where & denotes the surface tension *nd A the area of the film. 

[Start from the relation 8 j2 = du-\- pdv — 2.2FdA — Tds and take 
p and A as the independent variables and assume T to be constant.] 

17. Apply the two laws of thermodynamics to a thermo-electric 
circuit made up of two metals a, b and having the temperatures of the 


two junctions as T, T-\-dT 


IT 



and show that 
and <7 a — a t, — — 


T 


cm 
dT 2 ' 


where dE is the electromotive force developed, and n, a the Peltier and 
the Thomson coefficients respectively. 

[Assume a small current / to flow in the circuit from a to b 
through the hot junction at T~\-dT. Then due to Peltier ’electro¬ 
motive force the heat absorbed at the hot junction is i(n+dTr) per 
second, that given out at the cold junction is iri. Due to Thomson 
electromotive force the heat absorbed''in a' is h a dT, that given out 
in b is fahdT per second. The work done by the couple iff" idE 
per second where dE is the E. M. F. generated in the circuit. This 
F. 43 
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work must be supplied from the thermal energy gained by the circuit. 
Hence from the first law 

dE — dn-f- (o u — od)dT. 

Again from the second law 

n+diT ir , (oo-ai)^r n 

T+dT T ^ T ~ V ' 

Combining these we get the required'results.] 

18. The tension in a copper wire of mass 5 gm., diameter 1 mm. 
and temperature 0°C is increased reversibly and isothermally from zero 
to 10 8 dynes. Calculate the heat transferred. What would be the 
temperature change if the process were performed reversibly and adia- 
batically ? You are given the following data :— 

Density = 8*93 gm./c.c., coefficient of linear expansion — 16*8 
X 10~® °C~ 1 , c p = 0-091 cal. gm- 1 . 0 C~ 1 . 

19. A double ffilm of water of mass 4 gm. and at a temperature of 
27°C is stretched reversibly and adiabatically from an area of 10 sq. 
cm. to 50 sq. cm. Calculate the resulting change in temperature, 
given that temperature coefficient of surface tension = - 0*245 dynes 
cm -1 . °C _1 , ca — 1 cal. gmF 1 °C“ 1 . 

BOOKS RECOMMENDED 
Same as in Chapter V. 



CHAPTER VIII 


THERMODYNAMICAL EQUILIBRIA OF PHYSICAL 
AND CHEMICAL SYSTEMS 

THERMODYNAMICAL FUNCTIONS 

8T. Tendency of Thermodynamical Systems towards 
Equilibrium. —In §5'3 we have already defined a thermodyna¬ 
mical system as one whose interaction with the surroundings 
can only be partly thermal and partly mechanical all such 
interactions consist in a flow of heat from one to the other 
and the performance of work by one on the other. Such a 
system may or may not be in thermodynamical equilibrium. 
A thermodynamical system may, in addition to its interaction 
with the surroundings, itself undergo physical or chemical 
changes (Reactions) as a result of the mutual interaction amongst 
the particles constituting the system.- Such, for example, is 
a solid or liquid giving off its vapour, or a number of chemical 
substances like NH 3 and HC1, reacting with each other and pro¬ 
ducing new substances, NH 4 C1 in this case, or electromotive 
forces being generated in a cell like the Daniell cell, as a result 
of the chemical reactions taking place in the cell. The question 
now is whether from a knowledge of the macroscopic properties 
alone we can determine the spontaneous changes taking place 
in the system and their direction. 

Experience tells, us that in such, cases, though interaction 
between the constituent molecules or atoms are incessantly 
takiag place, yet after sufficiently long time, a condition of 
macroscopic equilibrium sets in which is a function of the 
coordinates defining the thermodynamical state of the system, 
its temperature, pressure, concentration of the reacting 
substances. In other words all thermodynamical systems have 
an inherent tendency to change in such a direction as to attain 
the equilibrium state. Consider, for example, water in a vessel 
connected to a pump. When we evacuate the vessel, and shut 
off the pump, water begins to evaporate till a certain pressure is 
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reached in the vessel. This is the “equilibrium pressure” for 
that temperature. If some vapour be pumped out, more water 
will evaporate till the saturation pressure is reached; if the vapour 
be compressed, some of it will be condensed till the gas pressure 
reduces to the saturation pressure. It will now be shown how 
the equilibrium condition—in this case the saturation pressure 
at the required temperature—can be determined from general 
thermodynamical considerations. The guiding principles in such 
cases are the two laws of thermodynamics. 

The two laws, as already enunciated in Chaps. V and VI, 
do not directly enable us to determine the direction of spon¬ 
taneous changes. The first law simply tells us that one type 
of energy may be converted into another type and the trans¬ 
formation may proceed as well in one direction as in the other. 
The second law goes a little further and states that only such 
transformations can take place for which the entropy does not 
decrease. It, therefore, excludes a large number of possible 
changes, but still it does not say whether those changes in which 
entropy would increase do necessarily occur. The various for¬ 
mulations of the second law given in Chap. VI merely state that 
such changes are permissible; they, however, leave the question 
open whether these permissible changes do actually occur. In 
fact those formulations of the second law did not state the 
fundamental fact of experience that all thermodynamical systems 
have an inherent tendency towards the equilibrium state. The 
two laws as formulated above therefore require to be supplemented 
by two simple rules obtained as a result of experience which take 
into account this inherent tendency of systems. These rules are 
the following:—In the first place the internal energy U is of the 
nature of potential energy (occurring in dynamics) and therefore 
in analogy with dynamical principles, an isolated thermodynamical 
system will so alter itself, if permitted by the constraints, that 
its internal energy tends to decrease, a part of this energy, being 
converted into energy of non-potential nature. In other words 
U tends towards a minimum. In the second place the entropy 
of an isolated system increases spontaneously, equilibrium 
being reached when the entropy has attained its maximum value. 
This second rule may be regarded as forming part of the 
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second law itself and asserts the inherent tendency of isolated 
systems to change towards equilibrium state and fixes the direc¬ 
tion of this spontaneous change. 

8*2. Conditions of Natural Change. —Let us suppose 
that the system A is placed in contact with the surrounding 
medium B (air, containing vessel, etc., ....). As was proved 
tn § 6*12, for all possible changes occurring in the whole system 
consisting of the surrounding medium as w T ell as A, we have 

&5 1 + SS 0 ^ 0,.(1) 

where SS } 8S 0 denote* the increase in entropy of A and B res- ” 
pectively. This condition determines the direction of the change. 
The sign of equality refers to the ideal limiting case, when the 
changes are brought about by a reversible process. 

If we further assume that all changes in the surrounding 
medium are reversible 1 , we have for any change 



where 8Q is the heat absorbed by A from B. 
Now from the first law 


sj 2= su+sr, 

where SU denotes the increase in internal energy of A and SIF 
the work done by it. Hence equation (1) yields 


a o. 


• (2) 


1 Since the surrounding medium is very large it does not change 
appreciably in temperature due to small, changes occurring in the system. 
Hence the transfer of heat will be reversible. This is particularly so in 
the case of isothermal changes with which we shall mostly deal in this 
chapter because then the system and the surroundings ( e.g ., bath) are 
maintained always at the same temperature. We may suppose the 
transfer of heat to be brought about by reversible changes of volume 
of the surrounding medium. These postulates are not far from what 
actually holds in practice. Hence, the assumption of reversibility in the 
general case is justified. If the changes are not exactly reversible, SJ’g 
is greater than - by a small amount € whose magnitude depends 
upon the degree of irreversibility introduced and may be neglected in 
general. It will be seen that the condition (2) with the sign of inequa¬ 
lity for a naturally occurring process is more comprehensive and 
includes the case of a finite <r for if 8S — (SH-f 8W)/T > 0, then 
certainly $IF)/T-|-e > 0 is satisfied and the change takes 

place. 
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dU— TdS ^ - dW. .(3) 

This is the most general condition for natural changes occurring 
in a system of bodies. We have already stated at the end of 
§8*1 that such changes are not only permissible but do actually 
take place when permitted by the external constraints on the 
system. We shall now select a few particular case of (3), 

8*3. Adiabatic Processes.—Here 8j9 = 0 and hence (3) 
reduces to 

dS^ 0,.(4) 

i.e. y the entropy of an isolated system (isolated thermally as 
well as dynamically) remains constant in reversible processes 
and increases in irreversible processes. Such a system has no 
interactions either thermal or mechanical with the surroundings 
and for it both U and V remain constant. This has already 
been discussed. 

8*4. Isothermal Processes.—Let us now consider pro¬ 
cesses in which the system exchanges heat with the surround¬ 
ings (as in a heat bath) and is thereby maintained at a constant 
temperature T. In this case, (3) can be written in the form 

d(TT-TS)< - dW, 

Let us define a function F = U- TS. Then 

dF^-dJF. (5) 

F has been called Free Etiergj by Helmholtz and Thermodynamic 
Potential 1 at constant volume by W. Gibbs. Unfortunately the 
use of the term free energy for this function has produced consi¬ 
derable confusion in the literature and is somewhat mislead¬ 
ing as it is not always equal to the part of the internal energy 
freed during reversible processes for mechanical work as as¬ 
sumed by Helmholtz. It may be more appropriately called 
Available Energy or Work Function since equation (5) shows 
that for reversible changes the work done by the system is 

1 The reason why it is called potential is that it is analogous to 
the term potential employed in dynamics in the sense that the difference 
in potential of two states gives the work done in passing from one state 
to the other by a reversible process (from eqn. 5). 
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equal to the decrease in this F function. For irreversible 
changes the work done by the system is less than the decrease 
in F. We shall call F as Helmholtz’s free energy or available 
energy. 


8*5. Isothermal-Isochoric Reactions.—If in addition the 
system is dynamically insulated (but not thermally) by enclosing 
it in a container with invariable volume, the external work done 
is zero, and hence 

</F^0. ... . . (6) 

The upper sign denotes an irreversible change which is more usual 
and natural, while the lower sign denotes a reversible change. 
Thus in a natural isothermal change at constant volume Helm¬ 
holtz’s free energy decreases. 

For a majority of chemical reactions the change in U is 
much greater than the change in TS, and hence (6) reduces to 

dU g 0,.(7) 


heat is evolved in actual reactions. This yields the principle 
of Berthelot which may be stated :—Chemical reactions in which 
the external work is %ero take place in such a manner that heat is 
always evolved in reactions. The principle cannot be universal 
for that would make endothermic reactions (reactions in which 
heat is absorbed, e.g. y in the formation of HI out of U 2 and I a) 
impossible. This point is further dealt with in Chap. XVIII. 

From the definition of F, vt\, t 


we have 


Hence 


F = U-TS, 

dF = dU- TdS—SdT = -pdl r - SdT . 




It will be seen from equation (8) that the thermodynamical 
properties of the system are uniquely determined by the func¬ 
tion F which may be used directly in place of S for studying 
the thermodynamics of the change. This was pointed out by 
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Massieu, who called the equation F = /( V 9 T) the ‘fundamental 
equation* for the substance. 

If the isothermal change be finite, say from state 1 to state 2, 
then we shall have from (9) 


Ft-Fi = 


AF« &U+T 


IM, 


• ( 10 ) 


But from (5) —/\F — A where A is the maximum work 
obtainable from the system, ue. y that during a reversible change. 
Also —A17 = U r from the first law where U T is the beat of 
reaction at constant volume. Hence (10) yields 

dA 

A~U, — T'dY .(11) 


Equations (9) and (11) are called Gibbs-Helmholtz equation 
and are of great importance experimentally in calculating the 
variation of A with temperature. 

8*6. Application to Thermochemistry. E.M.F. of 
Reversible Galvanic Cells.—The Free Energy theorem ex¬ 
pressed by equation (6), is best illustrated in its application to 
Thermochemistry, e.g.> in the calculation ,of the E.M.F. of galvanic 
cells from the chemical reaction involved. 


Darnell Cell .—For illustration, we consider the Daniell cell which 
is shown schematically in Fig. 1. It consists of 



Fig. 1 .—Schematic diagram 
of the Daniel! cell. 


a glass vessel, with a copper plate in the centre 
which dips in copper sulphate solution. On 
the outer side is a Zn-plate dipping in zinc 
sulphate solution. The two are separated by 
a porous clay vessel, the function of which is 
to prevent quick mixing of the two salts. 

When the two plates are connected by a 
wire a current passes from Cu to Zn through 
the wire outside the' cell, and from Zn to Cu 
inside the cell. The E.M.F. is found to be 
1 09 volts. The passage of the current is atten¬ 
ded with chemical reactions. Zinc goes into 


solution and copper is deposited on the Cu-plate. With the passage of 
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96450 coulombs, \ gram-atoms (32*5 gm.) of Zn pass into solution, 
and \ gram-atoms (31*5 grams) of Cu get deposited. 

The reaction is of the type 

Cu | CuS0 4 sol. | ZnS0 4 sol. | Zn. 

The total chemical reaction is 

[ZnJ -)- CuS0 4 (aq.) ~ [Cu] -f- ZnS0 4 (aq). 

In this process chemical energy is being converted to electrical 
energy. The chemical energy evolved in die process can be worked 
out from the following two equations :— 

[Zn] + H 2 S0 4 (aq.) = ZnS0 4 (aq.) 4- H 2 + 248,500 cal. 

[Cu] 4- H 2 S0 4 (aq.) = CuS0 4 (aq.) 4- H 2 4- 198,370 cal. 
Combining the above two we get 

[Zn] 4" CuS0 4 (aq.) = [Cu] 4" ZnSG 4 (aq.) 4- 50,130 cal. 

It was first suggested by W. Thomson (Lord Kelvin) that the E.M.F. 
of the cell may be calculated from the first law if tve suppose that the 
whole of this energy is being converted to electrical energy. Supposing 
this to be the case, we can easily calculate the E.M.F. 

The electrical energy = E.M.F. X quantity of electricity passed 

= E X 96,450 x 2 x 10 7 ergs, 

where J2 is the E.M.F. developed in volts, 96,450 the charge in coulombs 
carried by the equivalent weight and 2 is the valency’ of the ion. This 
must equal the energy of chemical reaction, t.e ., = 50*13 X 10 s x 
4*186 x 10 7 ergs. Hence 

E = 1*09 volts. 1 

But Gibbs and Helmholtz showed that since the process is isother- 
mal-isochoric as described in §8*5, the external work obtained should 
be equivalent to the change in free energy , not the change in total energy, 
provided of course the cell can be regarded as reversible; or in symbols 
EB =j= (— f\U) as was wrongly assumed by Thomson but 

EB = —A* 7 = A .... (12) 

where B is the quantity of electricity that passes through the circuit. 
Substituting this value of A. from (12) in (11) we get 



1 From these relations it will be easily seen that for a monovalent 
ion (valency 1) an E.M.F. of 1 volt corresponds to 23,050 calories of 
energy. 

F. 44 
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where E and B should be expressed in electromagnetic units and U, 
in ergs. If E is expressed in volts and U, in calories, and n denote the 
valency of the element, this yields 

(dE\ _ I7 r x4*186 X 10 7 U r 




96450X«Xl0 7 “ 23050 n 


(H) 


since B = n x 96450 coulombs. This is the general equation of 
E. M. F. of reversible galvanic cells. 

We shall apply eqn. (14) to the Daniell cell. From very accurate 
and careful investigations Jahn found that U r ~ 25055 cal. at 0°C, while 
E = 25,263 cal. at 0°C, calculated from the value of E = 1 ‘096 volts. 
dEfdT was experimentally found to be 3 *4 x 10~ 6 volt/deg. Hence, 

T = 273x3*4 xl0~ 6 = 9-28xlO- 8 volts. 

01 

Expressed in calories, this is equal to 213 cal, while E — U r — 208 cal. 
Thus equation (14) is verified. The reason why Thomson’s cal¬ 
culation, though wrong, gave approximately correct value in the case 
of Daniell cell is that in this case dEjdT is very small. 

Clark Celt. —In the well-known Clark cell we have the reaction:— 
[Zn] -|- Hg 2 S0 4 . 7H 2 0 (solid) = ZnS0 4 . 7H a O (solid) + 2Hg. 

The energy-relation in this reaction has been very carefully measured 
by V. Steinwehr, and U r has been found to be 81,130 cal. The 
E.M.F. at 18°C. is found to be 1 *4288 volts, corresponding to the value 
of A — 65,880 cal. It is therefore quite clear that EB =jr U r . 

According to the electrical measurements of Jaeger and Kahle 

E t = 1 *4324-1-19. 10- 3 (/-15)-7xl0-«(/-15) a volts. 

Hence dEjdT = — 1 *23 X 10“ 3 at / = 18°C 

Or T(dEjdT) « — 1 *23 x 10" 3 x 291 = — 0*3579." 

From eqn. (14) 

_ Ur _ VE 


T jg: = l *4288 + 0*3579 *= 1 *7867 


2.X 2305C 

which gives (7 r =82,410 cal. This agrees very well with the experi¬ 
mentally observed value 81,130. 1 

In Table . 1 the data for a few reversible galvanic cells are given 
which show clearly that the GibbsTIelmholtz relation is fully confirmed 
by the results of experiments. 

1 For full description of the energetics of the Clark cell, see Jel- 
linek, Eebrbuth der Pbysikalischen Chemie, Vol. 3, p. 729 (1930 edition). 
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Table 1.— E. M. F. and beat of reaction for some reversible cells at 0°C. 


Elements of 
the cell 

E 

(in volts) 

dE / volt \ 

! er l deg. J 

U f in cal. 
from (13) 

U r in 
cal.(obs.) 

A=EB 
in cal. 

Ag/AgCl \ 

Zn/ZnCl 2 .50H 2 O J 

1-0171 

-2/1 Xl0“ 4 

49540 

49080 

46890 

Ag/AgBr 1 

Zn/ZnBr 2 .25H a O J 

0-84095 

— 1 -06 x 10 -4 

40100 

39940 

38765 

Hg/Hg 2 Cl 2 -f KC11 
Hg/Hg 2 0+K0H J 

0-1483 

-j-8-37x10- 4 

-3700 

-3280 

6840 


8*7. Reversible and Irreversible Cells.—The Daniell cell is of 
the reversible type, i.e., the whole process can be reversed by reversing 
the direction of the current. If the outer circuit of the cell contains an 
external E.M.F., and if a current is sent from Cu to Zn in the solu¬ 
tion, then Cu goes into solution, the concentration of CuS0 4 will be 
increased, and Zn will be deposited from the ZnS0 4 solution on the 
Zn plate. This is exactly the opposite of what takes place when the 
current is allowed to flow from Zn to Cu in the solution. 

On the other hand, the original cell of Volta 
Zn | H 2 S0 4 (aq.) | Cu 

where Zn and Cu plates are dipped in H 2 S0 4 solution, is irreversible. 
Here Cu is the positive plate, Zn is negative. If they are connected by 
a wire, current passes from Cu to Zn on the outside, and from Zn to 
Cu in the inside. Zn goes into solution, and hydrogen is evolved at 
the Cu-electrode. If a current be sent in the opposite direction, Cu 
goes into solution and H a is evolved on the Zn-plate. So the conditions 
are not reversed by reversing the current. 

Another important type of reversible cell is the concentration cell 
in which the E. M. F. is developed not by the contact of two different 
substances but two solutions of the same substance having different con¬ 
centrations. We cannot however enter into this subject here. 

8*8. Isothermal-Isobaric Processes.— In many thermodyna¬ 
mical transformations the temperature and pressure of the system 
always remain constant being equal to the temperature and 
pressure of the surroundings. This is so in many chemical reac¬ 
tions where the temperature is maintained constant by a suitable 
heat-bath while the pressure is that of the earth’s atmosphere. In 
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such cases the external work done is due to changes in volume. 
Hence dW = pdV, and the condition (5) for an isothermal process 
becomes 

dF ^ - pdV, 
d(U~TS+pV) & 0. 

The function G — U+pV—TS is known as the thermo¬ 
dynamic potential at constant pressure or Gibbs* function. Hence 
the condition of change is 

dG £ 0.(15) 

Further from the definition of G we observe that 

dG = VJfi-SdT. 



and G — (V-\-pV) • • *. 

8*9. General Conditions of Thermodynamical Equili¬ 
brium. —The theory 1 of thermodynamical equilibrium was 
developed by Gibbs on lines similar to the mechanical theory 
of statics by Lagrange. We have already investigated in the 
foregoing sections the conditions which have to be satisfied in 
order that changes can take place in a system under given external 
conditions. Now if the system is in such a state that these 
conditions cannot be satisfied, no change will take place. That 
is, the system will be in equilibrium. This is the most general 
condition of equilibrium and may be mathematically stated :— 
“If for any virtual 2 infinitesimal change 8 of a system > the condition 
for natural change represented by the inequality in equation (3) is not satis¬ 
fied ,, the system will be in stable equilibrium. 

Adiabatic process .—For an isolated system for which both 
U and V remain constant, the condition of change is expressed by 

1 For a detailed discussion of this theory see Keenan, Thermo¬ 
dynamics , Chaps. XXIII, XXIV and XXV. 

2 ‘Virtual’ is here used in the same sense as in Mechanics and 
virtual change means all conceivable variations of the system subject 
of course to the external constraints but irrespective of whether they 
conserve the equilibrium or produce unstable states. The differential 
d refers to an actual infinitesimal change of state which must therefore 
connect two states of equilibrium. The change 8 therefore includes 
the change d. 
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dS>0 from (4). We have omitted the sign of equality as it refers to 
the ideal case of a reversible process which does not occur in nature. 
Hence the condition 1 of equilibrium of an isolated system is 

SS ^ 0. • . • • • (1®®) 

In general however any infinitesimal virtual change consis¬ 
tent with the external conditions can be reversed if the sign of 
all the variations be changed. Hence if the changes Si* < 0 is 
possible, the change SS > 0 is also possible and the system will not 
be in equilibrium. Thus the condition for equilibrium reduces to 

SS = 0.(18b) 

Hence in all adiabatic changes of a system, the states of 
stable equilibrium are given by the condition that the entropy 
is a maximum. 2 It cannot be a minimum, for then changes will 
take place quickly. Hence the further condition for stable 
equilibrium is 8 Z S < 0. The entropy may have several maxima 
and hence there may be several states of stable equilibrium. 
That equilibrium is absolutely stable for which the entropy 
is an absolute maximum. 

If the change is adiabatic-isochoric, we have in addition 
to (18b), the conditions of equilibrium 8V = 0, 8U *= 0. If it is 
adiabatic-isobaric the additional conditions • are Bp = 0, SU = 0. 
These results follow readily from eqn. (3). 

For isothermal-isocboric reactions the condition of stable 
equilibrium is, in addition to ST = 0, SV ~ 0, 

SF -- 0.(19) 

1 This condition further implies that different parts of the system 
should not be at different temperatures or different pressures, for, 
otherwise equalisation of temperature and pressure would occur pro¬ 
ducing an increase of entropy and the system will not be in equilibrium. 

2 There might be other states of equilibrium which may not always 
satisfy condition (18b), i.c., for them 8S <L 0 in general, but there is at 
least one infinitesimal variation for which SS > 0. Such states are in uns¬ 
table equilibrium and an example of this is the state represented by the 
point C in Fig. 3, Chap. X. It sometimes happens that for all 
infinitesimal possible variations SS < 0, but for some finite possible 
variations SS > 0. Such systems are in metastable equilibrium and 
examples of these are supersaturated vapours, superheated liquids, 
supercooled liquids, supersaturated solutions, explosive mixtures, etc. 
These are easily disturbed by a large enough disturbance. A system 
is in a state of neutral equilibrium if for some variations SS 0 but 
in general SS < 0. The triple point is a state of neutral equilibrium. 
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Of the various states which a system can assume by isother¬ 
mal processes without doing any external work, only those 
are stable which correspond to a minimum of free energy. 

For isothermal-isob'aric reactions the condition of equilibrium, 
in addition to hT =0, Sp — 0, is 

SG = 0,.(20) 

which corresponds to a minimum value of the thermodynamic 
potential G. 

# 

8*16. Thermodynamical Functions, their Properties and 
Geometrical Representation.— We have, already introduced the 
thermodynamic functions U, H, S, F and G, and discussed their 
properties. We shall collect them here for the sake of reference. The 
thermodynamic functions based on the first law are U, the internal 
energy and H the enthalpy (total heat and heat content are its older 
names). From the first, law 8<2 =* 8U-\-p8V t it follows that for changes 
in a system taking place at constant volume the increase in internal 
energy is simply equal to the heat-added, and for changes at constant 
pressure the increase in enthalpy is equal to the heat added to the 
system, since 8Q = 8(U~\-pV) =- 8H. Further 1 



From the definition of H, we have 

dH — dUArpdV+Vdp = TdS+Vdp. . . . (22) 



and H f -B f = jc p dT. 

, * 

Again from (22) we have for an adiabatic process 

H f - Hi '* f Vdp. 

i 

The above integral represents the area to the left of an adiabatic 
curve on a p-V diagram but it does not represent the work done 
during the process. 

The thermodynamic functions based on the second law are S, F, 
and G. These have been fully discussed in Chap. VI and the foregoing 


1 We can write various analogous formulae for U and H. 
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portions of the present chapter. Further in place of dU, we can 
assume that dF, dG , dH are perfect differentials, and starting from the 
relevant formula corresponding to equation (2) of Chap. VII and treat¬ 
ing it as we did with equation (2), we shall get a whole set of thermo¬ 
dynamic theorems involving F, G and JFi. The student can easily do 
this for himself. 

Gibbs also showed the great utility of representing these thermo¬ 
dynamic functions by geometrical surfaces. He took the values of 
V, S, U as the coordinates x,y, ^ of a point so that the fundamental 
equation U = f(V, S) becomes £ = f(x, j) representing a thermo- 
dynanjic surface. Such a thermodynamic surface for water is shown 
in Fig 2. The various parts of this surface represent the solid, 
liquid and vapour states of the substance. From the relations 
0t7\ ! dU\ 

— T; l £J| yj g — —p it follows that if we draw a plane S — S 0 

it will cut the surface in a curve whose slope at any point V 0 , U 0 
gives the pressure p 0 corresponding to the point K 0 , S 0 , Similarly 



Fig. 2 .—Thermodynamic surface for water. 

the slope of the intersection cune with the plane V=V Q and this 
surface gives the temperature T # . Thus the tangent plane at the 
ooint V 0 , S 9> U 0 , contains the two intersecting tangent lines whose 
slopes give the temperature and pressure at the point. An isothermal- 
isobaric vaporization will be represented by a straight line in this 
tangent plane and the triple point will be a plane triangle. 

In place of U, Gibbs also used the functions F, G, etc., to construct 
the thermodynamic surface and discussed geometrically the condi¬ 
tion of equilibrium. For stable equilibrium under isothermal-jsobaric 
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conditions G is a minimum and therefore the thermodynamic surface 
must be convex to die tangent plane and above it. For detailed 
discussion see Gibbs, Scientific Papers, Vol. 1. 


CHANGE OF PHASE 

8*11. Equilibrium between a Liquid and its Vapour. 

—As an example of the application of the potential G, we shall 
use it to investigate the equilibrium between a liquid and 
its vapour or between any two phases of a pure substance. 
Let us take a closed cylinder containing a liquid in equilibrium 
with its saturated vapour and kept at a constant temperature 
and pressure. Since each phase is in equilibrium, the tem¬ 
perature and pressure must be constant throughout the phase, 
and therefore the thermodynamic quantities V, S, U, G for 
a phase, as in the case of a simple homogeneous substance, 
will be equal to their specific values multiplied by the mass 
in that phase. We have therefore for the whole system 

G = g t q- m 2 g z , 

where g x > g 2 denote the thermodynamic potentials of the satu¬ 
rated liquid Jtfid the saturated vapour per unit mass, and at l9 m 2 
the masses in these two phases. Further we know from expe¬ 
rience 1 that for such a system the temperatures and pressures 
in the two phases are equal. 

Let us produce a virtual change 8 in the system consistent 
with the external conditions. Let this consist in some of the 
liquid being converted into the vapour state. Evidently this 
change is isothermal and isobaric, hence we have 2 

• 8G -- 8n/{. gi + 8m a . g 9 = 0 


1 We can prove this equality of temperature and pressure for the 
two phases by assuming the system to be enclosed in a rigid non¬ 
conducting enclosure (8K — 0, 8<2 — 0, hence dU ~ 0). Hence for 
equilibrium 8S — 0. Combining this with the conditions of constraint 
8V = 0, 8U — 0, 8m — 0 for the entire system we get Tj = T t , pi — p, 
and gt = g g . For details see Planck, Treatise on Thermodynamics §167 
—169 or Birtwistle, Thermodynamics §57. For the equilibrium to be 
stable 8PS should be negative. 

2 The process can be conceived of as occurring reversibly, hence 
we have from (15), 8G = 0. 
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for equilibrium, 1 Now from the conditions of constraint 
§m a — ~Sm h and hence in the equilibrium state 

& » . .(24) 

i.e. t the thermodynamical potentials per unit mass v/ill have 
the same value in the two phases. 

It is easy to see that the result expressed in (24) is quite 
general and holds when any two phases of the same substance 
are in equilibrium. Thus it may be applied to all the three 
processes of evaporation , fusion and. sublimation. We shall now 
investigate the phenomenon of change of phase in greater detail. 

8*12. Effect of Pressure on Boiling Point.—We shall 
now derive the Clausius-Clapeyron relation by a new method, 
Let us take an enclosure containing a liquid and its vapour in 
equilibrium at a certain temperature T, and assume the system to 
undergo isothermal-isobaric changes only. We have from (24) 

gi — is* 

where g lt g 2 denote the thermodynamic potentials per unit mass 
of the liquid and the vapour respectively. 

If the temperature be now increased to T-\-dT y then for. 
equilibrium the new thermodynamic potentials must be equal, /.<?., 


& + tgv = & + dgv 



because the condition of saturation is always satisfied. But 


- (i)/ T+ (t)^ A • • • • (27) 

because as the temperature changes, pressure also changes by dp 
{p-\-dp being the saturated vapour pressure at T~\-dT). Hence 
with -the help of (16) equation (27) yields 



1 For the equilibrium, to be stable we must also have 8 2 fesome 
positive quantity, since G has to be minimum. It can be shown that 
this condition is satisfied if Spj6 V is negative. If $pf%V is positive this 
condition is not satisfied and the system will not be in equilibrium. 
For proof see Planck, he. ch . 

F„ 45 
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Similarly for (ffgfdT) 

Therefore (26) yields 


—*i+0i 


± « 
dT 




dp 

Jr' 


or 


<±\ =L _ 

WT/sat ^ 2 — 


'i 


L 

Avz—ViY 


(28) 


where L. is the latent heat of vaporization. 

This important equation was already deduced in §7’2 and some 
applications of it were given there. We add two more tables in illus¬ 
tration of (28). „ 

The latent heat of evaporation of water at various temperatures 
can be calculated from (28) if we know the values of t> 2 a °d ( dp[dT)sat 
at these temperatures. The values of JL. so calculated are given in 
Table 2, together with the observed values. The agreement is seen 
to be very close. 

Table 2 .—Latent heat of'steam at different temperatures. 


/°C. 

dpjdT in 
mm. of Hg 

Vz in c.c. 

JL (calc.) 

L (obs.) 
Henning 

100 

27-12 

1674 

f 

539-5 

538*7 

110 

36-10 

1211 

533-4 

532*1 

120 

47-16 

892-2 

526-6 

525*3 

130 

60-60 

669-0 

520-1 

518*2 

140 

76-67 

509-1 

512-9 

510-9 

150 

95*66 

393-1 

| 505-7 

503-8 

160 

117-7 

307*3 

497-5 

496*6 

170 

143-4 

243 0 

489-8 

489-4 . 

180 

172-7 

194-3 

481-8 

482-2 


8-13. Fusion.—Equation (28) also holds in the case of fusion. 
With its help the change in melting point of any substance with pres¬ 
sure can be easily calculated. The values so calculated, together with 
the experimentally observed values, for a few metals are given in 
Table 3. 1 The agreement is fairly satisfactory. 


1 Taken from Jellinek, loc. cit ., Vol. 2, p. 517. 
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Table 3 .—Change in melting point with pressure. 




8T per 

8T per 

1000 

1000 

atmos. 

atmos. 

(calc.) 

(obs.) 

+3-34 

+3-28 

+5-91 

+6*29 

+8-32 

+8*03 

-3-56 

-3*55 


8*14. Clapeyron’s Deduction.—Clausius first gave a rigorous 
proof of equation (28). The equation was however first , deduced by 
Clapeyron with the help of a Carnot cycle. His deduction, though 
not quite rigorous, is given below. 

Let ABCD, EFGH (Fig. 3) represent two consecutive isother¬ 
mals at temperatures T and T-\-dT. From F and G draw adiabatics 
meeting the second isothermal at M and 
N. We can suppose a unit mass of the 
substance to be taken through the reversi¬ 
ble Carnot cycle FGNM, for instance, 
by allowing it to expand isothermally along 
FG, adiabatically along GN and compres¬ 
sing it along NM isothermally and then 
adiabatically along MF. The substance at 
F is in the liquid state and at G in the form 
of vapour. The amount of heat taken p|g 3 _ a , p<7 , ()0 ., dcductioo 
during the cycle is therefore L+dL at of the Clausius-Clapeyron 
temperature T~{-dT. Therefore the work relation, 

done during the cycle is by the second law 

(L-f dL) ^1 — to the first order. 

Again the work done during the cycle = area of the parallelogram 
FGNM which is in the limit equal to FG multiplied by the perpen¬ 
dicular distance between FG and MN, i.e., dp the increase in pressure 
due to increase in temperature by dT. Now FG is the change in 
volume due to evaporation of 1 gram of liquid and is therefore equal 
to iij— v Xi where v&, Vi denote the specific volumes of the vapour 
and the liquid respectively. Hence, the area of the cycle is (v 2 — Vj)dp. 
Equating the two expressions. for the area we get equation (28). 
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8*15. The Triple Point.—If we plot the saturation value of p 
against T we get a curve OA (Fig. 4) which satisfies the condition 
Jiiq. = &■« and the slope is given by 



Fig. 4.—Phase diagram of 
.water at low pressures. 


dp L* 

dT T(v x - 


• 0*9) 


where L 2 denotes the latent heat of vapo¬ 
risation. 

To fix our ideas, let us consider the case 
of water. When the temperature is reduced 
to 0°C. water freezes and we get ice. But ice 
has also a definite vapour pressure which has 
been measured. The vapour pressure curve 
of ice is obtained from the relation & 0 M 
= and is represented by OB. The 


slope of the curve is given by 


dp L3 

dT~ T (v g -v t ? 


where L*s stands for the latent heat of sublimation. 

Similarly we can treat the phenomenon of melting. We have for 
the phenomenon g l0ltd — ^ lq . and the slope of the curve is given by 

dp _ Lj 
dT T(v,-v.)' 

where denotes the latent heat of fusion. We have discussed this 
equation on p. 325 and have seen that for ice dpJdT — 130x 10 6 dynes/ 
deg., />. the curve is almost vertical. This is represented by OC. 

These three curves 

gilQ. — £gas =0 .. (Vaporisation) 

^aoUd — ggas =0 .. (Sublimation) 

£aoitd — juq. =* 0 .. (Fusion) 

must meet in a point because by subtracting the first equation from 
the second we get the third equation. This point of intersection is 
known as the Triple Point. For water it is nearly but not exactly 
at 0°C, and can be easily calculated from the consideration that at 
this point the vapour tension of water is equal to the melting pressure 
of ice. 

AtO°C. the vapour pressure of water is 4*58 mm. while the melting 
pressure of ice is 760 mm. If we increase the temperature by a very 
small amount, the vapour pressure does not appreciably change, but 
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die melting pressure changes rapidly. We have to find out the tempe¬ 
rature at which the melting pressure reduces to 4-58 mm. From the 
calculations on p. 325 we have dT = 0*0075°C. approx. 

The coordinates of the triple point are therefore T = 0*0075°C, 
P = 4*58 mm. At this point the three phases (solid, liquid and vapour) 
coexist. 

^ It was formerly supposed that the curves OA, OB are continuous. 
It was first proved by Kirchhoff that this is not so, for according to 
(29) 


dp 

dT 


for OA at 0° = 


Ijn 


T (Vg-V t ) 


607 x4*18x10’ 
273x21 XlO 4 


.= 0 *337 mm./dcgree. 



for OB at 0°C = 


687x4 18x10’ 

273 x21 X10 4 0'376 mm./deg. 


since v 0 at 0°C = 21 XlO 4 c.c./gm. and 'Vj, v, can be neglected. 

The dotted curve OA' is merely the continuation of OA. It re¬ 
presents the vapour pressure of supercooled liquid. At — 1°C. we 
have vapou rpressure of liquid—vapour pressure of solid = 0*04 mm. 
of mercury. Hus has been verified by the experiments of Holborn, 
Scheel and Henning. 

8*1(5, Second-Order Phase Transitions.—In §8*11 and 
8*12 we worked out the thermodynamics of ordinary phase 
transitions and derived eqn. (28) which holds for such changes. 
These are called phase changes of the first order. In these transi¬ 
tions taking place at constant temperature and constant pressure 
there is a transfer of heat (latent heat) and therefore a change in 
entropy, as well as a change in volume. By virtue of the defining 
relations (16) it follows that the first-order derivatives of the Gibbs 
function with respect to temperature and pressure change dis- 
continuously at the transition point though the Gibbs function 
is the same in both phases at equilibrium. Thus a phase change 
of the first order is defined to be one in which the first-order 
derivatives of the Gibbs function change discontinuous^ at the 
transition point. These characteristics of first-order phase transi¬ 
tion are graphically represented in Fig. 5 (p. 358) on the left side, 
and may be mathematically formulated as follows 

S*-£i - 0 . 


• (50) 
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Recent investigations particularly with liquid helium, have 
brought to light some phenomena where during phase transi¬ 
tion no latent heat is 



FIRST ORDER 



evolved and there is no 
change in volume. This 
led Ehrenfest 1 to examine 
the nature of these phase 
transitions of order, higher 
than the first. We define a 
second-order phase transition to 
be one that takes place at 
constant temperature and 
pressure with no change of 
entropy and volume . In other 
words, phase changes of 
the second order are such 
that there is no disconti¬ 
nuity but merely a conti- 


Fig. 5.—Phase transitions of first and second 
ordets. 


nuous change in the first- 
order derivatives of the 


Gibbs function when the substance passes from one phase to the 
other. Thus in the first-order phase transition the first-order 
derivatives of the Gibbs function change discontinuously, 
while in the second-order phase transition, the second-order 
derivatives of the Gibbs function change discontinuously. 
These characteristics of second-order phase transition are exhi¬ 
bited graphically in Fig. 5 on the right side and may be mathe- 


matically formulated as 

follows :— 


fiji' 

\HT) 

“'<?! “ ^. 

• (30) 

•8 

1 

> 

Hjg? 

•e 

ii 

i 

*> 

ii 

o 

. (33) 

fig,' 

\dp. 

►9 

I 

-3 

1! 

1 

£ 

ii 

© 

• • (34) 


1 Leiden Commim., No. 75b (1933). See also W. H. Kessom, Helium, 
Elsevier, Amsterdam (1942). 
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Further, since ' 

IU,=~jPL 

= (ff'ip" h [(4) S .] P “ ~ cWp’ 

where k is the isothermal compressibility and a the volume coeffi¬ 
cient of expansion, we have 

_ (d%\ _ fPi _ c Ji 
\dTV v \dTV p ~ T T* ’ 

{dfi) T ~ iw)r = ' ‘ 

d% d% _ % /q 7 n 

dTdp~ dTtp~ '* ”.^ 

We can proceed 1 to deduce an equation analogous to the 

Clausius-Clapeyron equation for a first-order transition. We 

shall start here from the assumption that s x = s 2 just as we started 

with the result g x = g 2 in §8*12. Hence 

h - s 2 T > P) 

= -f 2 +^2 (at T+dT, p+dp) 

* = (lr)/ T+ © r + = 7 dT ~{n), dp - 


.(35) 

(36) 


and 


But 


(38) 


-y- dT—va x dp — -Y-dT—va^dp, 

since v is the same in both the phases. Hence 

dp c p 2 — e vt 

dT~Tv(a 2 ~a 1 Y • * • • 

Similarly, if we assume v x ~v a for the change of the second order 
we get, as before, 

dv x = dv 2 

smcc Mfr)/ r+ @/ A 


we have 


or 


va x dT—VK x dp — va. 2 dT—VK. 2 dp. 

dp ®2 a i 
dT~ * 


(39) 


*A different method of discussing higher-otder transitions has 
been given by Lyppe, Pbys. Rev., 69, 652, 1946. 
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Equations (38) and (39) ate known as Ehrenfests’s equations. 

The following processes are generally regarded as second- 
order phase transitions though it is still somewhat doubtful whether 
they satisfy all or some of the requirements mentioned above :— 

(1) Transition of liquid helium I to liquid helium II. 

(?) Transition of a superconducting metal to an ordinary 
conductor in the absence of a magnetic field. 

(3) Order-disorder transition in certain alloys and chemical 
compounds. 

(4) Transition at the Curie point of a ferromagnetic to a 
paramagnetic. 

Some of these will be considered in detail later, when the 
applicability of the Ehrenfest’s equations to them will be discussed. 

8*17. Thermodynamic * Equilibrium of a Heteroge¬ 
neous System,—When a system consists of only a single homo¬ 
geneous substance, it is said to consist of only one phase. A 
heterogeneous system is composed of several parts, each of which 
is homogeneous in itself and is called a phase. We shall now 
consider the equilibrium of a heterogeneous system in general. 

First we shall give a general idea of such systems and 
explain the terms used in that connection. We have seen that 
in the case of water at the triple point the system consists 
of ice, liquid water and water vapour. Each of these different 
portions is itself quite homogeneous and is separated from others 
in space by bounding surfaces. These homogeneous (both physi¬ 
cally and chemically), physically distinct and mechanically sepa¬ 
rate portions are called phases. A phase need not be chemically 
pure; in fact a mixture consisting of all kinds of vapours con¬ 
tained in a system forms a single phase, since two vapours 
are completely miscible and there can exist no surface of 
separation' between them. A mixture of two miscible liquids, 
a solution, etc., form a single phase. The density, pressure p, 
temperature T and chemical constitution of a phase remain 
constant throughout the volunie occupied by the phase since 
it is homogeneous. These are known as ‘intensive properties’ 
(intensity factors) of a phase. For the complete description 
of a phase we must know as many of its intensive properties 
as are necessary to define its state completely. Hence for this 
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purpose it is enough to specify the temperature, the pressure 
and the chemical constitution of each phase. The chemical 
constitution of a phase is specified when the relative proportion 
of the different chemically defined substances present in the 
phase is known. Thus all the specific properties (intensive 
properties) of a phase, such as density, specific heat, etc., depend 
on the temperature T, pressure p and the chemical constitution 
of the phase. 

In order to specify the chemical constitution of a phase 
we must state the percentage of each chemically defined sub¬ 
stance present in the phase. For this purpose one could state 
the percentage of each chemical element, (counting the total 
amount of the element present both in the free and chemically 
bound state) since we know from the laws of chemistry that 
under such conditipns of specified percentages of the elements 
at a given temperature and pressure, the percentage of all the 
possible chemical compounds which can be formed from the 
chemical elements present is completely determinable. Consider, 
for example, a gaseous phase consisting of given arbitrary per¬ 
centages of hydrogen and oxygen both varying inde¬ 

pendently) at a given temperature and pressure. The percentage 
of H a O formed (neglecting 0 3 , etc., for the sake of simpli¬ 

city of discussion) is uniquely determined and hence also the che¬ 
mical constitution of the gaseous phase. Thus the number of 
independently variable chemical constituents called components , is 
two in this case. By the term ‘components* of a system is meant 
the number of independently variable chemical species (elements 
or compounds) by means of which the composition of each phase 
can be completely specified. 

A simple rule to find the number of independent chemical 
species is first to find the number of chemical elements contained 
in the system and out of these reject those whose quantity is 
dependent upon other species. Thus in a solution of NaCl 
in water we have Na, Cl, H, O elements but the amount of 
Cl depends upon the amount of Na, that of O upon H. Thus 
there are only two independent components. There are in 
general various ways of computing this number of compo¬ 
nents but it can be shown that the number of independent 
F. 46 
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components as defined above for a system of a given kind is 
aiways die same, whatever the manner of grouping the inde¬ 
pendent components of the elements composing the system. 
Thus in the salt -f water system we may choose the salt and 
hydrogen, the salt and oxygen, the salt and water or water 
and Na+ ion as independent components, but in all cases 
their number is only two. Thus to some extent there is an 
arbitrariness as to which are the independent components but 
there is no arbitrariness as to their number. The only condi¬ 
tions governing the choice of independent components ate 
(1) the composition of all phases should be capable of mathe¬ 
matical expression in terms of them; (2) the absolute amounts of 
these components should be capable of being varied independ¬ 
ently of each other in at least one phase. It will be seen from 
the foregoing discussion that the number of components of a 
system depends upon the reactions permitted to the system from 
chemical or physical considerations and may be different for the 
same system under different conditions. Thus it may be equal 
to the number of chemical elements as in the example of gaseous 
mixture of H a and O a mentioned above, or may be less than the 
number of chemical elements as for example when H 2 0 vapour 
alone is present, for then dissociation can be neglected. The 
number of components can also be more than the number of che¬ 
mical elements as for example in an arbitrary mixture of H a , O a 
and *H 2 0 vapour under such conditions of temperature, pressure, 
etc., that H a O is formed or dissociated at an extremely slow rate 
so t hat chemical equilibrium can be attained only after a period 
of time that is exceedingly long as compared to ordinary time 
intervals. In such & case H a O may be treated as a practically 
independent constituent and the number of components thus 
becomes three. 

The number of degrees of freedom 1 of a system may be 
defined as the number of variable factors such as temperature, 
pressure and relative concentration of the components which 
ran be altered without destroying the nature or the equilibrium 


u This term should not be confused with the same term introduced 
in Chap. Ill in a different sense. 
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of the system. Thus in the case of water at 20°C in equilibrium 
with its vapour there is one degree of freedom, vi^. 3 the tem¬ 
perature. The temperature can be varied independently, the 
pressure then automatically attains a definite value and cannot 
be varied independently. 

Having defined the terms phases, components and degrees 
of freedom, we shall proceed to deduce a relation connecting 
them—a relation which was first deduced by Willard Gibbs 
in 1875. 

Consider a thermodynamical system of a components in fi phases. 
For the sake of generality we assume that each of the a components 
is capable of existing in all the fi phases. 

If the system is subject to isothermal-isobaric .changes only, the 
condition for equilibrium (§8*9) is that the thermodynamic potential 
G is a minimum. Let us assume that the surface energy of the system 
is negligible so that G for the entire system can be expressed as a sum 
of the thermodynamic potentials of all the phases, 

G — Gj -j- G 2 -J- .... Gp. .... (40) 

Let A rt denote any thermodynamic quantity A pertaining to 
the rth component in the xth phase. The fundamental equation for 
the homogeneous mixture in the rth phase may be written 

G = G, (T, p, m u , . . (41) 

since G, depends upon T, p and the masses of the different compo¬ 
nents in the rth phase. The form of the function will depend upon 
the special properties of the phase. 

We notice that by changing m xt , by the same multi¬ 

plying factor c we do not alter the constitution of our phase (since 
it depends only on the ratios of the nfs) but merely increase the total 
mass of the phase by the factor e, hence G, simply becomes multiplied 1 
by the same factor c. This means mathematically that G, considered 
as a functibn of the a variables « lf , m 2 „ .. ,m at is homogeneous of the 
first degree in the m y s. Hence its derivative with respect to any one 
of the m y s as dG t fdw la , dG,{dm 2t etc., will be homogeneous of zero 
degree, 2 that is they depend only upon the ratios of m lt , etc., and 

1 This is because G is an extensive property (capacity factor) of 
the phase being additive for phases identical in state. Since U, V, S 
are extensive properties while T, p, are intensive properties it follows 
that G — U~\-pV—TS is also an extensive property. 

2 For proof see Problem 2 at the end of this chapter. 
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are intensive quantities. Denote these by fx lti /i 2# etc., fi lt being called the 
'chemical potential* of the component 1 in the Jth phase and is generally 
referred to mol fraction. 1 Thus /i Tt means the increase of the 
thermodynamic potential per unit addition of the substance 1 to the 
system the masses of the other constituents remaining constant, and will 
be a function of T, p and of the ratios of the m* s; it might exist even if 
the substance is not present in that phase. Hence from (41) we obtain 


dG. dG , 0G. 

SG < = w sr+ ^7. s *>* + 


dG, 

ttZ s *«+- 


— —j <■. • • (42) 


We had seen that if the system is in equilibrium at a given tem¬ 
perature and pressure, G is minimum. This means that for all in¬ 
finitesimal virtual changes in the system taking place at constant tem¬ 
perature and pressure 

8G = 0.(43) 

These changes evidently consist in an infinitesimal quantity of a 
certain component transforming from one phase to another and so on 
for all the other components and phases. Substituting the value 
of G from (40) in (43) and using (42) we obtain 


2 2 — 0, . . . . (44) 

r s 

as the condition for equilibrium, since T and p are constant. 

Now since the total mass of each component remains constant, 
the system is further subject to the condition of constraint 

*-P 

v Sw rt = 0.(45) 

J — 1 

Similar equations will hold for every component of the system. 
These when expanded may be written as a equations, thus 

—h ~~ 0 ^ 

. • (46) 

* * • » • • • • 

Sw 01 4-8otu 2 -4 .. ~f-8w O 0 — 0 i 

We can combine the two conditions expressed by equations (44) and 
(45) by multiplying the a equations of (46) respectively by A„ > 2 ... .A«, 
and adding to (44). Thus the condition of equilibrium becomes 

W.ien thus referred to, they may be called partial molar thermo¬ 
dynamic potentials, 
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^ .. .. .. .« •* .. .. .. “ 6» 

For this to hold, the coefficients of the various infinitesimals 8m 
must separately vanish. Therefore 

^11 ~ 0> ^ 12"^'^1 = ^ #* 22 “f ‘^2 = ® etC. . (^0 

Hence 


f*n — M12 — •• -- #* ip ' 

#*21 “ #*22 — • ♦ — f*Sp 

> . 


f* ai = M*,.. = t**(i ' 

i.e.y the chemical potential of any component is the same in all phases 
at equilibrium. These give a(/8—1) equations of chemical equilibrium 
and hence a(/3—1) conditions which govern the internal constitution 
of phases in the state of equilibrium. We had already seen that fi’s are 
homogeneous of zero degree in m* s, /.<?., they depend only upon the 
ratios of m tu w 12 etc., and not upon the absolute masses, in addition 
to their dependence on T and p. Equations (48) thus show that 
the thermodynamic equilibrium depends not on the actual masses of a 
component in the different phases but only on their ratios. As an 
illustration it is well-known that the equilibrium between water and 
water vapour does not depend upon the total quantity of water present. 

Now let us sec what are the variables of equilibrium, /. e. t how 
many of the variables T, p, etc. must be specified to describe the 
feet that there is equilibrium. In this heterogeneous system the 
mass of each component in each phase could be varied. Hence the 
total number of mass variables is a ft. We have already pointed out above 
that the nature and type of such an equilibrium does not depend 
upon the total mass of the components present in a phase but only 
upon their relative proportion which determines the constitution or 
composition of the phase, that is, the nature of a phase depends only 
upon its relative composition (intensive property) and not on its 
quantity. Hence disregarding mete variations in the quantities' of the 
various phases (which cause no variation in their nature), the nature 
of each phase is completely specified by T, p and the ratios of the 
masses of the components in that phase which are a—1 in number 
for each phase. Thus the nature of the system is completely specified 
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by j8(o—1)4*2 quantities, T and p being the same for all the phases. 1 
Thus the total number of possible variables for the system is /3(a—1)4*2. 
Now since the system is in equilibrium it has to satisfy a(0— 1) condi¬ 
tions represented by (48). Hence the number of degrees of freedom 
F of the system, u., the number of independent variations permissible 
to the system, consistent with the maintenance of equilibrium (apart 
from mere alterations in the amounts of various phases) is given by 

F - j8(a—1) 4' 2 - o.(fi —1) - a - 4- 2, 

or F = C - P + 2.(49) 

C being the number of components, P the number of phases. Or 

P + F = C + 2. 

This is the phase rule without chemical reaction. 2 

In the above we have assumed that all components can exist in all 
the phases. If however certain components are a priori excluded from 
certain phases, the number of total variables possible for the system is 
reduced but the number of conditions represented by (48) is also 
reduced by exaedy the same amount, and hence (49) remains unaltered. 

The number 2 in (49) occurs because we assume that, apart from 
composition, the state of a phase is completely determined by two 
intensity factors T and p. If p is immaterial as for systems consisting 
only of condensed phases, 2 in (49) must be replaced by 1. On the othet 
hand if the nature of the phase undergoes variation with some extra 
factors such as gravitational energy, etc., the numerical factor in (49) 
must be correspondingly increased by the number of such extra factors. 

APPLICATIONS OF THE PHASE RULE 

818. One-Component Systems. —From equation (49) which 
expresses the phase law it will be seen that if the. number of phases 
exceeds the number of components by 2 the degree of freedom i? zero, 
i.e., we cannot vary any of the variables, say the temperature or the 
pressure, consistently with the condition that all the phases coexist. If 
we attempt to vary the temperature one of the phases disappears. Such 
a svstem is called nun-variant. As an example we take the case of water 

1 This can be proved by considering an isolated system contained 
in a rigid adiabatic envelope. For proof see Epstein, Text-book of 
Thermodynamics (1937), §40. 

2 If chemical reactions take place, C in (49) must be replaced by 
C—R—D, where R denotes the number of independent chemical re¬ 
actions and D the number of such components whose concentrations 
depend upon other componehts. 



SYSTEMS WITH MORE COMPONENTS 


367 


§ 8 * 19 ] 


p ** 

at the triple point (Fig. 4). Here the number of components is l(water), 
the number of phases is 3 (ice, water, water vapour) and hence the 
system should have no degree of freedom, i.e., should be non-variant. 
We know it as an experimental fact that there is a single definite point 
('T — -f 0 0074°C., p — 4*6 mm.) at which all the three phases are in 
equilibrium. If we raise the temperature, ice disappears, if we lower the 
temperature water disappears. Similarly for variations of pressure also. 

The equation also shows that if a single component is capable of 
existing in several phases, not more than three phases can under any 
condition coexist, for otherwise the degree of freedom would become 
negative. This has been verified by the experiments of Tammann 1 
and Bridgman 2 who discovered at least five varieties of ice, but in no 
case they could obtain equilibrium between more than three phases. 
In this case six triple points are known. This is very clearly seen in the 
case of sulphur, where there is only one component and four phases 
(liquid, gas, rhombic sulphur and monoclinic sulphur). There will 
be four triple points in this case because four combinations of the phases 
taking three at a time are possible. 

If however the number of phases exceeds the number of compo¬ 
nents by 1 ? the degree of freedom is 1. This is called a Monovariant 
system. We can vary only one thing independently, say the tempera¬ 
ture; the pressure and other variables then automatically assume a 
definite value which cannot be varied at will. As an example consider 
the equilibrium between water and water vapour (represented by the 
line OA in Fig. 4). In this case there are two phases and one compo¬ 
nent and hence F = i. If we vary the temperature the pressure should 
assume a definite value, i.e., to every temperature there corresponds 
a definite vapour pressure. This is quite in accord with experiments. 

If the number of phases is equal to the number of components, 
there will be two degrees of freedom and the system is divariant. 
Examples of this will be found in the next section. Similarly there 
may be trivariant systems and so on. 1 

8-19. Systems with more than one Component.—We have 
so far illustrated the Phase Rule with a system consisting of a single com¬ 
ponent. We shall now consider a very simple case of a two-component 
system—a salt and water. Let us take a dilute solution of a salt in water. 
The number of phases is two (solution and vapour) and diercfore the 
system is divariant. There are three variables (temperature, pressure 


1 Am. d. Vbysik , 2, 1424, 1900. 

2 Proc. Amr. Acad., 47, 401, 1912. 
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and concentration of the solution). Hence by the phase rule we can 
vary any two of these independently, the third will be automatically 
fixed. Thus if the temperature and the concentration is varied arbitra¬ 
rily, the pressure assumes a definite value. In other words a solution 
of a given concentration at a particular temperature has a fixed and 
determinate vapour pressure. 


If the dilute solution is cooled to about 0°C., pure ice begins to 
separate from it. There are now three phases (ice, solution and vapour) 
and the system becomes monovariant. Suppose the temperature is 
varied independently. Then to every temperature there will correspond 
a definite concentration and a definite vapour pressure. 

The behaviour of the system may be. represented diagrammatically 
as in Fig. 6. Here the ordinates represent temperature and the abscissae 
the concentrations (quantity of salt in 100 c.c. of water). The third 
variable is the pressure which can be represented along an axis at tight 
angles to the plane of the paper. The change in the state of the system 
produced by variations of temperature will be represented by a 
curved surface in space. But we can take p to be fixed (atmospheric 
pressure) and study the behaviour of the system; then the variable 
p and the vapour phase fall out of consideration and the graphical 
representation becomes much simplified. The line AB represents in¬ 
crease in concentration of NH 4 C1 caused by gradual cooling due to in¬ 
creasing separation of ice. The 
solution becomes saturated at B 
after which both ice and salt 
separate. If, on the other hand, 
we start with an excess of NH 4 Q, 
crystals of NH 4 C1 separate due to 
cooling and we get the curve CB 
which represents the equilibrium 
of the phases solid NH 4 C1 and 
homogeneous solution at atmos¬ 
pheric pressure : it is simply the 
solubility curve of NH 4 C1. The 
NH 4 Q and water. ' two curves meet in the point B 

at which solid NH 4 C1, ice and homogeneous solution are in equi¬ 
librium at atmospheric pressure. It is a fixed point. If however the 
three phases were in equilibrium with their own vapour and not the 
atmospheric pressure we would get some other point corresponding 
to B in space. This equilibrium point is very little different from B 


- 

■ 

■ 

/° • 

Solution 

A 

/ : 

Solution n. 

/Solid . 

/nh 4 ci+ 

/Solution ’ 

Ice+ 1 

eutectic 

B i NH 4 C1+ 

| eutectic 

0 5 lb 15 

20 25 30 


Fig. 0.—Behaviour of tbe system 
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and is called the quadruple point , cryohydric point or eutectic point. It will be 
seen that it is much lower than the melting point of either component.. 

At the cryohydric point there are four phases present and the 
system is non-variant. Thus all the four phases will be in equilibrium 
at a definite temperature with a definite pressure and a definite concen¬ 
tration of salt in the solution. Therefore any system in which all the 
four phases are present so alters itself that the crjohydric point is 
reached. For NaCl and water the equilibrium values are T = — 22°C., 
p ^ 0‘73 mm., concentration of salt to water is as 36 : 100. 

Freeing mixtures .—This explains the principle upon which the 
action of freezing mixtures depends. When some common salt is mixed 
with ice, the salt dissolves in the layer of water adhering to the ice. 
The system thus possesses four phases (salt, solution, ice and vapour) 
and, as we have seen, it will be in equilibrium only at the cryohydric point. 
Consequently, more of salt dissolves and ice melts and the system alters 
itself so that the cryohydric point (T — —- 22°C.) is attained. Generally 
it is done at atmospheric pressure when a fixed point corresponding 
to B is obtained which is very little different from —22°C. 

The Phase Rule has various important applications in Physical Che¬ 
mistry and metallurgy. For these special treatises 1 should be consulted. 


PROBLEMS 


1. The electromotive force E of a reversible electric cell, as a 
function of the temperature, is given by E -- 0*924+1 ‘5 XlO -8 / 
+6-1 X 10~ 6 t 2 volts, t being the temperature in °C. Calculate the 
heat absorbed by the cell when one coulomb of electricity flows through 
it isothermally at a temperature of 20°C. 

2. If G ( € M 1} *M„, .. *M n ) = (M x , M r .. M n ) 
prove the Euler theorem 




dc 


M-z 


dG 


4 - • • hd n 


dG 

3 M~n 


— G(M lt Af s , . . . Af„). 


dM t n 8M 2 

[Differentiate the given equation with respect to e and then put 
e = 1. From the result given above it follows that if G is homo¬ 
geneous of the first degree in the masses, dGjdM, etc., are homogeneous 
of 2ero degree]. 

3. Show that if 17, the internal energy of a phase is equal to 
U (S, V, «!, # 2 . n k ), 


1 A. Findlay, Phase Rule and Its Applications , Longmans, Green 
Sc Co., (1922); C. Desch, Metallography t Longmans, Green & Co., 
(1922); Roozeboom, Die Heterogene Gleichgewicbte; D. A. Clibbens, Prin¬ 
ciples of the Phase Theory. 

F. 47 
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where denotes the number of moles of the specie k in that phase, then 

(a) dU —• TdS —pdV -f- 2 p* dn^ 

(b) U — TS—pV + 2p* n k 

where p* — (|p-) , 

\v fl W«> v, other » !■ 

4. Writing eqn. (42) in terms of molar quantities n x , n r .., 

show that at constant temperature and pressure G= Sw »v Hence 

% 

we have, quite generally, dG — 2 H ^Pi+ 2 Pi dn{. Combining this with 
eqn. (42) expressed in terms of tfs; we get 

— SdT -f- Vdp = 2% dm. 

At constant temperature and pressure this reduces to 2#<4 i < — which 
is called Gibbs-Duhem relation. 

5. Calculate the change of melting point of naphthalene with 
pressure given that its melting point = 80°C, latent heat of fusion 
— 4,560 calories per mol., increase in volume on fusion = 18*7 
c.c./mol. 

6. The transition temperature of mercuric iodide (red-*>yellow) ( 
is 127°C. The latent heat absorbed in the change is 3,150 cal./mol. 
and the decrease of volume is 5'4 c.c./mol. Calculate dpfdT for the 
transition point. 
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^CHAPTER IX 


STATISTICAL THERMODYNAMICS OF MAXWELL- 
BOLTZMANN SYSTEMS. 

9*1. Introduction. —In the last four chapters we have de¬ 
veloped the science of thermodynamics on the basis of two 
postulates, viz., the first and the second laws of thermodynamics 
whose validity was taken to be established experimentally. We 
obtained several relations but could not derive any expression 
for the specific heat or the equation of state. This is but na¬ 
tural as the methods of thermodynamics hitherto employed, 
usually called classical thermodynamics, though powerful, have 
been too general and have not taken into account even the 
structure of matter. 

Another method, viz., the kinetic method, was employed in 
Chap. Ill for investigating the behaviour of matter. In this, we made 
use of the molecular structure of matter, the laws of force between 
the molecules, their collisions etc., and applied the various dyna¬ 
mical laws. This method is much more complicated and much less 
general than that of thermodynamics and, in addition, suffers 
from the disadvantage that the actual force between the mole¬ 
cules is not definitely known. 

In this chapter we shall develop a new powerful method, 
viz., the method of statistical mechanics. Statistics can be applied 
only to such systems which contain a large number of indivi¬ 
duals identical in some sense, but distinguishable by means of 
some property. In statistical mechanics the purely statistical 
method is supplemented by the laws of mechanics which are 
applied to the individuals composing the system. This method 
is as powerful and of as wide validity as the method of 
thermodynamics but assumes, unlike the latter, the concept of 
molecules and their mutual interaction. Unlike the kinetic 
' theory method, however, it does not require a detailed know¬ 
ledge of the forces between the molecules or their collisions, 

* The student may omit this chapter in the first reading, 
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etc. and hence the results of statistical mechanics will remain true 
for whole groups of possible laws of interaction as no detailed 
calculation of the motion of molecules is made from mechanics. 
The object of the present chapter is to develop this method of 
statistical mechanics and obtain therefrom, if possible, a justifica¬ 
tion of the two laws of thermodynamics which have so far been 
treated as postulates derived from experience. This method 
had to be adopted when the various attempts* made in the last 
century to deduce the second law from purely dynamical principles, 
such as the principle of Least Action, were all unsuccessful. The 
deduction of the first law offers no difficulty for it is merely the 
law of conservation of energy applied to a large assembly of 
particles. The second law involving the remarkable property 
of unidirectional change of entropy and the concept of irreversi¬ 
bility cannot be explained from dynamical principles. 

Boltzmann was the first to give serious consideration to 
the cause of these failures. He showed that the second law 
rested on grounds which are not included in mechanics, but 
are supplementary to it and he was ultimately able to trace it to 
the calculus of probabilities. 

9*2. Statistical Theory of Heat. —We have already 
stated in §5*6 that the thermodynamical variables p, V, T 
....are the average effects produced by the myriads of mole¬ 
cules of which the substance under consideration is composed. 
How is this average effect to be calculated? An attempt was 
made in Chap. Ill to calculate p and T from the dynamics of the 
system but various simplifying assumptions had to be made. In 
a general case however if we want to calculate the average from 
dynamics we shall have to solve the equations of motion for all 
the particles with the aid of initial conditions and knowledge of 
mutual forces between molecules and these are not known. Cal¬ 
culation of the exact average value from dynamics is therefore 
impossible. We have therefore to take recourse to the statis¬ 
tical theory where we proceed to calculate the average value with¬ 
out investigating the detailed behaviour of the system and finding 


* See Lindsay and Margenau, 'Foundations of F by sics (1936), §5'3 
(John Wiley and Sons, New York). 
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therefrom the value for each particle. This is rendered possible 
by the introduction of the concept of probability or chance —a 
notion foreign to the dynamical theory. In doing this we ignore 
the dynamically deterministic behaviour of the particles from the 
microscopic view-point. We have already defined probability in 
§3T6 and anybody who has played a game of chance under¬ 
stands its implications. Thus the necessity of working out the 
statistics of the motion of a large number of particles is easily 
perceived. As we shall see presently, we arrive in this way at 
a simple interpretation of the peculiarities of irreversible pro¬ 
cesses and of the entropy function, the significance of which, 
unlike that of pressure or temperature, is not at all evident. 

To arrive at the idea of entropy, we begin with the problem 
of conversion of heat energy to mechanical energy which gave 
us the second law (see §6*2). Though the two forms of energy 
may be equal in amount they cannot be regarded as equivalent 
in form. Heat energy consists in the random motion of the' 
constituent molecules which move to and fro in a perfectly 
chaotic way, mostly uninfluenced by their neighbours. When .we 
talk of mechanical work, we want that all these molecules should 
move with identical velocity in the same direction, and. there 
should be perfect order amongst them. The problem of con¬ 
version. of heat into mechanical work is thus one of converging 
chaotic motion to ordered motion . It is clear, howe ver, that while 
"a state of ordered motion can easily pass into a disordered state, 
tiie reverse process is not so easy of accomplishment. We illus¬ 
trate the point by an example. Suppose we have a box contain¬ 
ing a number of red bails and a number of black balls in two 
compartments which are open to each other. If the box be now 
shaken a good numl>er of times, the red and black balls wifi be¬ 
come chaotically distributed. We pass from an ordered state to 
a disordered state. But it is not possible to realise the reverse 
process by mere shaking. If we take a box containing red and 
black balls mixed at random, and shake them a large number of 
times, there is very little likelihood that the balls will ever assume 
an arrangement in which the black ones are all ranged on one side, 
'and the red ones on the other. Thus common experience tells 
us that the disordered stater are the most probable in nature and the ordered 
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states are the least probable . Particles in an assembly left to them¬ 
selves (as we get in heat motion) are always colliding with each 
other (corresponding to the shaking process mentioned above) 
and will therefore spontaneously pass from an ordered (i.e., 
least probable) state to a state with maximum disorder (most 
probable) since it is natural to assume that those distributions 
will actually be realised which have the highest probability. The 
laws of gases in the equilibrium state, such as the Maxwell’s distri¬ 
bution law, should therefore be obtainable from this condition of 
maximum probability (see §9*5). We thus see that the system 
has a tendency to change in the direction of increasing probability 
and the reverse process does not in general take place, i.e., the pro¬ 
cess is irreversible. This is the statistical analogue of the principle of 
increase of entropy. The maximum of entropy cbrresponds to the 
maximum disorder, or to the statistical condition of maximum 
probability. From arguments like these, Boltzmann concluded 
that there is a functional relation between the thermodynamical 
function entropy , which has always a maximum value in cases of 
equilibrium, and the maximum probability of distribution of the 
molecules of the system which we can calculate from statistical 
treatment of the motion of molecules. This may be mathemati¬ 
cally stated in the form S — /( W) where S denotes the entropy and 
W the probability of the state. For quantitative applications of 
this relation, the probability W must be precisely defined and the 
function / determined. This is done in §9*9. 

We have seen above how the statistical theory is particularly 
fitted to explain the concept of irreversibility and the principle of 
increase of entropy. ' Its introduction into thermodynamics however 
has led to a slight modification, rather amplification of the second 
law itself and brings in its sequel quite a new concept—the phenomena 
of fluctuations. Consider the shaking together of red and black balls 
already considered. There will be a very small finite probability 
of the red balls arranging themselves on one side and the black balls 
on the other, i.e., of evolving order out of disorder. In fact, 
since in the statistical method we have only probabilities to 
guide us, there will be a finite probability of the process going 
either way. It can be shown that the probability of the process 
occurring in the reverse direction is very small and in general 
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'negligible. Thus the second law should be restated thus :— 
It is highly probable that the entropy increases in all naturally 
occurring processes; decrease of entropy is however not impossi¬ 
ble, only it is so much less probable that practically such a state is 
not found in nature, except in certain unusual circumstances 
(critical state). This shows that it is possible to observe states 
other than the usual equilibrium states and the probability of 
these deviations from equilibrium state (i.e.. t fluctuations) can 
be calculated (see §9*6 and 9*3) which is beyond the scope of 
classical thermodynamics. 

Further, the statistical method enables us to think of entropy 
of non-equilibrium states also defined by the relation S = /( W), 
though in classical thermodynamics we were accustomed to talk 
of entropy of equilibrium states only. The statistical theory 
is also applicable to the great many repetitions of the same experi¬ 
ment and thereby gives us the probability of a certain error 
being committed during an individual experiment. In view of 
the great importance of the concept of probability in the 
statistical theory we shall consider some elementary theorems on 
the calculus of probabilities. 

9*3. Some Elementary Theorems on the Calculus of 
Probabilities. —Suppose we amuse ourselves by tossing a coin a large 
number of times and coundng the number of times the ‘head' or the 
‘tail’ falls uppermost. As explained on p. 131 the probability for 
each event is exactly $. 

Suppose now we take two coins T and ‘2’ and toss them a number 


of times, and count the following events:— 

(1) heads of both fall uppermost .. a x a i 

(2) tails ,, » »» • • b-y b 2 

(3) head of T and tail of ‘2’ uppermost .. a t b 2 

(4) tail of T and head 6f ‘2* uppermost .. b x a 2 


V denotes head, 'b* tail. *ay signifies head of T, b 2 tail of ‘2’. 
The possible events are. the terms of the product (a 2 -\-b 2 ). 

It is clear that the probability of each event is £ because all the four 
events are equally likely. This can also be imagined as follows :—If we 
toss ‘1’, the probability of our getting the head ( a x I s & if wc now toss 
*2*, the probability of getting the head < a 2 ’ is £. Thus the probabi- 
Uty that in a simultaneous toss of the two coins, we shall be fortunate 



376 


STATISTICAL THERMODYNAMICS OP M. B. SYSTEMS 


[IX 


to have heads of both is in other words, the probability of a 

composite event (here a x , a») is the product of the probabilities of the individual 
and independent component events (t.e., of a x and a 2 ). 


(i) When ihe coins cannot be distinguished prom each other 

In the above example, we haye taken the coins to be different 
from each other, say a silver coin and a copper one. Then the four everts 
can be distinguished from each other. But if the coins are identical, say 
both identical silver pieces, events (3) and (4) cannot be distinguished 
from each other. They should be regarded as identical. The possible 
combinations are now given by the terms of the binomial expression 

(a+b)\ 

The combinations are a 2 , ah, b' 1 . 

The chance of getting ( a 2 ) or (h)* is £, while the chance of getting 
ab is It will be seen that the relative chances are in the ratio of the 
coefficients of the corresponding terms in t\ie binomial expansion. 

Extension to V identical coins. —Let us now take V identical 
coins, and toss them a number of times. The possible combinations 
are given by the -terms of the binomial expansion 

(a+b)»- 

t.e., if 1 , a^b,.. .a n “ r b r .. . .b n . 


a v b* denotes that in'the throw, we have V’ heads, and s — («—r) tails. 

It is evident the relative frequency of occurrence of the combi¬ 
nation a T b 8 is 


n C r = - 


tn 

r ! .rl 


This can also be seen in the following alternative way. Wc are 
asked to choose r coins with ‘heads’ up, s with ‘tails’ up, out of a heap 
of n coins. In how many ways can this be done ? Evidently in 
n C r ways. The mathematical probability of the combination a r b s is 


W 


w Cr 

2 rt C f r! .r! 


( 1 ) 


since v n C r = (l-f-l) w — 2 M ; i.e., if we count the. combinations in a very 
large number of throws, we shall find that in the fraction IV of the total 
number of throws, we get the required combination. 


(it) Combination possessing the Maximum Probability 

Let us now calculate which of the (»--j- l) combinations a r b* has 
the maximum probability. We are required to find out the maximum 
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value of n C r . Wc know from elementary algebra that «C f is maximum 
when, r ~ nj’L Hence 


nuu> ~ „ y * * * ' t 

VT / 

Let us now compare with W mi(X , the value W x of a combination in 
which r =- -j-x, j = 2 —•* where x is a small number, have 

( 4 l f 

.- \ 2 • --- • • ■<?) 

■ ( t -1 '*) 1 ( 2 ~ x ) 1 

When « is a very large number, the expression can be teducea 
to a very simple form by the application of a famous theorem in the 
theory of numbers, known as the Stirling's Ibeorew after its discoverer 
(see Note 7). According to this theorem, when n is a very large number, 
we have n ! = jTrti (nje) n approximately. Taking logarithm and neglec¬ 
ting terms of the order In n we have In nl --- n (In a — 1) approximately. 
With the aid of this theorem, equation (3), on taking logarithms 

yields 

*r, = /»v«,+(5 +*) [*(1 +*)" 1 ] 

~{t~ x ) [*(t ) ” 1 ] . 

Using the expansion 

/ 2x\ 2x 2x 2 

h ( l + t) = v ” » 2 

since xjn < 1 ; the above equation yields 


U 1 

l 2 


2x 2x 2 


lit Wx. — In Ihi max 


yr, = ^ > ‘ 


r&^ln 


Hence V. - - 7 ^• ' •« 

(2 *) 

which shows that the probability of a large deviation x from the most 
probable value is vanishingly small. 

We have considered here the simple physical experiment of coin 
tossing but the results deduced above are applicable to any experiment 
where considerations of probability arc applicable such as the pheno¬ 
menon of random walk (p. 186), problems on molecular dispersion, etc. 
We can make a formal analogy by associating ‘heads’ with a positive 
displacement of the man in the random walk, and ‘tails’ with a nega- 
F. 48 
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tive displacement. Equation (1) was given by Newton but on account 
of the occurrence of factorials a more convenient, though approximate, 
formula was given by Laplace, In this, the more rigorous form of 
Stirling’s theorem is used, viz., n 1 = which makes 


W m9 = */2firtt t so that 


W 


•~J h ‘ 1 


-2x*ln 


. (5) 


which is Laplace’s formula. Hus will be in error if n is not large since 
we have used Stirling’s approximation formula. For large x this 
formula will be in greater error, since the condition x ^ ftj2 may not 
then hold, but it is immaterial since W* itself is then small. Hence (5) 
is always applicable provided n is large. 


{ fit ) The Random Walk Phenomenon 

Consider the random walk phenomenon, e.g., the aimless walk 
of a drunken man along a straight course. If */’ is the length of 

each step, the distance L traversed corresponding to* is ^ ~ + x) / 


_ — xj /; or L = 2xl. Since / is small, L can be treated as a 

continuous variable, hence dL =* 2Ux. Denoting by W L dL the pro¬ 
bability for the displacement to lie between h and L+dL, we have 

W h dL = I V x dx~ W, dLj2l. 

Hence (5) yields . 

*’■-*&'**' ' • • / (6) 
This form of Laplace’s equation enables us to calculate the average 
values readily. From (6) it follows that the average displacement is 
zero, and the most probable displacement is l/L/2w». The mean 
square displacement is 

oo 

I? » J JL 2 W L dL = nl\ . . * • (7) 

—oo 

from (6). The infinite limits have been used for the sake of mathe¬ 
matical simplicity. The root-mean-square deviation of L from its average 
value, usually called standard deviation , is 

A = [ (L-£)* ]*= [L»-2L% IP] 2 
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since L = 0. Hence from (7), n, and (6) can be written in the form 

W h = 4=rW. . . . 

Equation (8) is of great importance in the interpretation of the 
results of quantitative experiments. We know that when an experi¬ 
ment is repeated under (apparently) identical conditions, the numerical 
result of the measurement will rarely be identical. What is the correct 
value then ? It is most natural to assume that the correct value is the 
average or arithmetic mean of the observed results. This will be so 
provided there are no systematic errors (i.e. error due to improper mani¬ 
pulation or neglect of some factors); the errors are assumed to be only 
accidental being governed by chance alone. The statistical theory can 
be applied to these accidental errors. It can be shown that the ptoba~ 
bility of an error L is given by (8), where the constant^/l/2A 2 is called 
the “measure of precision” and was denoted by f/K onp. 135. Equation 
(8) is usually known as the normal distribution law or Gaussian Error Law. 

(iv) Extension to particles having large number op states 
«► 

Instead of taking coins as in (i) and (ii) above which have only two 
states, we can take other bodies possessing a large number of possible 
states. An example is afforded in the game of dice. Each die has six 
sides which we may denote by a, b, c, d, e, f. What is the probability 
that if we toss a large number n of dice, we shall get a combination 

b* a (** d*n e n * 


i.e., n x dice fail with face V up, n 2 with face < b y up, etc. 

We obtain by arguments similar to those used above that P, the 
possibility number for this combination is 




__ 

n x \ n t \ n z ! # 4 1 « 5 I » e 1 * 


The mathematical probability for the combination is 




6-*. 


• (9) 


Now we shall pass on to a more general case. Let us assume that 
each particle can exist in any one of the states denoted by the symbols 


a i> a 2» a s> a * . 

To visualize matters, let us take a fresh illustration. We take a board 
with p square cells arranged side by side and let us throw into these 
cells a number n of balls from a great distance. Let us suppose that 
n x balls are found within the cell a x , n % in a % , etc. 
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The possible combinations are found by giving n it n % .. .all 
possible values subject to the condition 'Z ti r ----- N. Let us find out the 
“possibility number” of the above combination. This is P x — JV1 / FT« r I 
and the mathematical probability 


r 


_ _ 

S P t " TT»ft 

where p is the total number of cells. 




9*4. Statistics of the Motion of a Molecular System.— 
We shall now resume the problem of working out the statistics 
of the motion of an assembly of weakly interacting, similar 
particles, say that constituting a perfect monatomic gas. But 
the argument that follows holds good for any dynamical system, 
e.g., a system of oscillators in a blackbody chamber. It is appli¬ 
cable even to non-mechanical systems such as the distribution 
of independent objects, not at all moving, in a set of boxes. 
There are various ways of attacking this problem but we shall 
adopt here the method of statistical distribution 1 due to Maxwell 
and Boltzmann which is simplest and historically the oldest. 

The dynamical condition of a particle 2 is determined by its 
positional co-ordinates, x, y, £ and its velocity co-ordinates or 
rather momenta p x £=•- ntu x , p y =* fnu v , p t ~ ntu t where u x , u v , u t 
are the components of the velocity of the particle. The speci¬ 
fication of these values for all the particles defines the “micros¬ 
copic state” of the system. The problem before us is now to 
find out how many particles occupy very nearly the same posi¬ 
tion, and have nearly the same velocity components. Two 
particles cannot evidently occupy the same point in space. We 
therefore consider the particles having their co-ordinates bet¬ 
ween x, x-\-dx, y, y-\-dy , %, These again may have any 

velocity components lying between 0 and go but we are con¬ 
cerned only with those having their momenta components bet¬ 
ween p x , P % - 1 - dp n py , py + dpy and p z , p z + dp z . Thus we define 


1 This method is essentially non-mechanical and therefore possesses 
tbe advantage that it can be easily carried over into wave mechanics but 
suffers from the disadvantage that it operates only with free particles 
and neglects mutual interactions which are generally present. 

2 For polyatomic molecules more co-ordinates will be necessary to 
specify rotation and vibration. 
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an element of hyperspace dxdp x dydp v d%dp t to which we 
assign fit particles. In the case of linear harmonic oscillators 
as well, we can assign n, to a similar element of hyperspace 
which will be in this case two-dimensional. For a monatomic 
gas this hyperspace, called molecular phase-space or fi’space, is six¬ 
dimensional. We can map out completely the dynamical state 
of the gas by imagining a number of small cells of equal size 
exte ndin g throughout the entire ‘phase-space and thus embracing 
the whole volume, and the whole range of momenta between 

0 and infin ity. Let the cells be denoted by a$, a ly <z 3 ,. a r ,.. 

the cell a t containing molecules each having a definite amount 
of energy 1 € r and let us distribute the IV indistinguishable mole¬ 
cules among these cells. Consider the distribution of the mole¬ 
cules with respect to their energy such that ti 9 molecules are 
found in a 0 , n x in a ly n r in a r and so on. The cells now 
correspond to the sides of the dice. • The possibility number 2 
of realising this distribution, which may be distinguished by 
the suffix is from (9) 


P* 


m 

n«ri 


( 10 ) 


and 



P* (/>)-* 


where p is the total number of cells. In deducing (10) we 
assumed that, a molecule was as likely to be in one cell as in the 

1 Variation of energy with variation of position inside the cell is 
here neglected. 

2 This is also called the number of '■complexions' or the number of 
microscopic states all of winch give rise to the same macroscopic state 
and are simply obtained by interchanging pahs of entirely similar mole¬ 
cules which were assigned to different cells of the /u-space, since for a 

1 macroscopic description the distribution of N molecules in the ^-space 
and not their identity is sigfaificant. This gives us P* (expressed by 
(10)] as the number of possible arrangements of the N molecules for 
the distribution n ly « 2 ...., or the number of complexions or microscopic 
states pertaining to this distribution. Since in dynamics the con¬ 
cept 6f probability plays no part, we can assume that every dynamical or 
microscopic state is equally probable, provided it can occur at all (attempt 
is sometimes made to prove it from the so-called ergodic hypothesis but it 
should be considered as a postulate). It follows therefore that the pro¬ 
bability of a macroscopic state is proportional to the number of com¬ 
plexions. It is further assumed that the probability in this frequency 
sense is identical with probability in the sense of likelihood of finding 
that a system is in the condition concerned. 
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other, i.e., the cells have the same i priori probability 1 . This is 
because the cells are of equal size. This result is evident if the 
cells were like boxes in the ordinary three-dimensional space. 
The same result can however be proved for cells in the 6-dimen¬ 
sional phase-space (see Liouville’s Theorem—Note 8). Hence 
the probability of the distribution is proportional to P x . 

We have further , * 

N = #0 -f- * • • “b “I - • • • • ♦ . (11) 

and the total kinetic energy 

4 ' 

• U = ft 0 e 0 + »i «i +. • •. -f- n t e T 4" • • • • . • (12) 

Dynamically any distribution which satisfies the condi¬ 
tions (11) and (12) is possible, but we know that all the states 
are not equally probable. For example, we may imagine that 
certain parts of the volume contain no molecule at all and all the 
molecules crowd into one comer of the volume. Though this 
is dynamically possible, we know as a matter of experience that 
such a state is never found to occur, or the probability of its 
occurrence is infinitely small. The same may be said of a fan¬ 
cied distribution in which all particles move with equal energy; 
the probability of such an occurrence will be infinitely small. 
We now consider in the next section the case in which the pro¬ 
bability is maximum. 

9*5. State of Maximum Probability for an Assembly 
of Particles.—The state of maximum probability of an assembly 
of particles is obtained by making W or P a maximum, subject 
to the conditions imposed by (11) and (12). We proceed now 
to work out this analysis. 

In this argument we have assumed that the interchange of two similar 
molecules produces a significant change in the dynamic^ or microscopic 
state of the system. This implies the possibility, at least in principle, of 
keeping a continuous observation on the system which would enable 
us to know whether two similar molecules exchange their roles or not. 
This is possible in classical mechanics but not in quantum mechanics 
where we lose all knowledge of distinction between two similar mole¬ 
cules when they suffer a sufficiently close encounter with each other. 
This latter case will be considered in Chap. XVII. 

1 If the cells have different k priori probabilities g t (say, on account 
of their sizes being different) expression (10) for must be multiplied 
by TT^A to give ^because the probability for n r particles to be in 
the a t cell becomes g r n >- time greater In the case considered all the 
are equal, being given by \}p* 
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We have from (10), using Stirling’s theorem 1 as before 
and taking logarithms 

In P = N (In N- 1) -2 », (In »r~I). 

Putting to, — n,(N, we get 

In P = N (In N—1) - 2 Nto, (In N + In to, -1) 

a*= — N 2 to. In p},. . . • • (13) 

For the condition of maximum probability, we have* 

8 In P — — N 2 (1 + ^ w r) Saif =0. • • (14) 

We have also from (11) and (12) 

2 «r=l» and 2 n,(o, — UjN. 

Since the system is isolated, its total energy as well as the 
number of - molecules is fixed. Hence 

8N — N^Soj,^ 0, SL7 = Ns 0. . . - (15) 

Combining (14) and (15) by the method of undetermined 
multipliers, we have 

2 (In to, 4* 1 4" |l*r) ~ 0. 

Since the variations are quite arbitrary, we have 

In to, -f* A 4* — 0, or to, — ~yt ^ • (10) 

where / and /3 are constants. 0 is called the modulus of distri¬ 
bution, and to, is the distribution function. It expresses the propor¬ 
tion of molecules having the energy e r . The number of particles 
having energy e r is equal to 

Nto,-^r*«- .(16a) 

1 This theorem is applicable for large n. In a gas the number of 
molecules is very large and therefore most of the n,’ s will be large. But 
it is quite possible that for some cells n, may be small. The use of Stir¬ 
ling’s theorem for these, though not justified, will produce only a small 
error in (13) as the contribution itself of these terms to the whole 
sum in (13) is very small. Alternatively, we might assume that only the 
large » r ’s are varied. 

* The numbers n, being large, the variations 8n T) 8w, can be treated 
as continuous variables and the calcutus of variations applied. The re¬ 
sulting equation (16a) will be applicable only to such states for which 
n, is large. 
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From its mode of derivation it follows that the number of 
particles n t will be given by (16a) provided n r is large as is 
actually the case for gases. 

It will be shown later that $ — 1 JkT. Thus (16a) is identical 
with Maxwell-Boltzmann law of distribution (§3*25) which 
includes Maxwell’s law as a special case. Thus we see that the 
most probable distribution is that of Maxwell. 

9*6. The Normal Distribution. —We will now show that the 
most probable distribution is the actual or normal distribution. To 
prove this, let us find the probability of a small deviation Sw r from the 
most probable value of oj t as given by (14) or (16) for which the first 
order terms in 8 In P vanish. Using (13) the change in In P from its 
maximum value is 

In P = — N 2 (ov+A^v) 4- N ^<o T In ♦ 

But In (<o,.4-A **>t) = In aj r + approx. 

w r \ w r J 

/\lnP — — ~~ 2 Oif (Z\«W<*>r) 2 — — 4 2 *r (A#»7«r)* ♦ (^) 

from (14) and the condition 2 A^r ~ 0. From (11) and (12) it follows 
that if both N and U are increased towards infinity at the same relative 
rate each of the n r is increased in tire same ratio. Hence for given fixed 
value of A n rl n n A I* P~* — co as the molecules become more numer¬ 
ous which implies that deviations from the most probable value occur 
only very rarely if the total number of molecules is large. 

9*7. Introduction of Temperature. —If there are mole¬ 
cules of more than one kind present in the system such as a 
mixture of nitrogen and argon gases, we would get by 'pro¬ 
ceeding as in §9*4 and §9*5 formulae similar to (16a) for each 
gas in the state of equilibrium with the same distribution modulus 
/? but with a different Njf. Since the two gases in the state of 
equilibrium must have the same temperature, the equality of 
j8 must imply the equality of temperature, or in other words =/(T). 

We shall now introduce temperature quantitatively into these 
statistical considerations. There are two methods in general 
use By using the second law of thermodynamics which 

serves to define temperature, (2) by making use of the equation 
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of state of a perfect gas (perfect gas thermometer). We shall 
adopt here the latter method and use the former to yield a 
statistical equivalent of the second law itself. 

Equation (16) gives us the probability that a molecule 
will lie in the cell of energy e r . Since the molecule is equally 
likely to be in any part of the cell, the probability that the mole¬ 
cule lies in any elementary phase volume 

dq x • dq 2 • dq 3 . dp x . dp 2 • dp 3 *=■* dg s 


inside the cell is given by P (q, p) dg where 


V (#>/>)• 


d^i* dtjq, dq 3 . dp x . dp%> dp . A , 
- 


(18) 


g being the volume of the cell. Equation (18) expresses the 
distribution law in the differential form where the constant 
Ijfg may be replaced by a new constant C v The constants 
C x and ft may be evaluated in the same manner as in §3*18. 


We have from (18), 

l = j.| c, < ' dq v dq v i<lv Jpr dp*, dp,. 

= C, (SSmJjiy V, .(19) 


since J/J dq x . dq v dq z over the entire container is simply the 
volume V of the container, and the limits for the p ’s extend from 
— 00 to -f 00 . The molecules contained in the volume p x {m 
strike unit area of the wall perpendicular to q x axis in unit time 
and exert the momentum 2p x per molecule since they strife? elastic 
collision. Hence the pressure p exerted by the molecules is given 
by 

9* 


4. 00 + co 


M 1) $■ 


3 




V 


2/>i Vdp x dp 2 dp 3 


- 00 — co 


N 

0F’ 


( 20 ) 


after evaluation and substitution of the value of C x from (19). 
Using the perfect gas relation p — NkTfV t (20) gives 

0 - 1 jkT . 


F. 49 


( 21 ) 
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9*8. Statistical Analogues of the Laws of Thermody¬ 
namics. —In order to apply thermodynamics to the foregoing 
statistical system, we must subject the system to a small ther- 
modjmamic process which is assumed to be carried out so slowly 
that it is reversible. During such a process work may be done 
on the system and heat may also enter the system. Energy in 
the form of work enters the system when external forces, averaged 
over irregular molecular fluctuations, act on the system producing 
a change in the potential energy. On the other hand the irregular 
forces over and above this constant average^ force, which we may 
call thermal forces, impart energy to the system and this consti¬ 
tutes the heat absorbed by the system. 

The internal energy U of the system is given by U — 2 n T e T . 
Hence the change in internal energy is 

dU = 2 (tin de r + €,. dtt r ). . . . (22) 

r 

Now suppose that the thermal forces are absent and work is 
done on the system by a change in the external coordinates 
A*, A 2 such as changes in the position of the wall or piston 

etc. The resulting change in energy is dU — -f 2? 2 n T ^-dXj 

r j dAj 

= 2 n r dn r since ~du{dXj represents the force brought to act 
r 

on the particle, de r being the change in the energy of the cell. 
The work-forces produce no net contribution to the second 
term in (22) since the changes in n r are governed by the dyna¬ 
mical motion of the system and are not affected by changes in A. 
The work dW done by the system is the negative of the work 
done on the system. Hence 

HW = - dc r .(23) 

r 

Now let the heat SJ2 be applied to the system so that thermal 
forces also begin to act. The change in energy dU will now be 
given by the general expression (22). The second term arises 
from the thermal forces, i.e., the irregular forces over and above 
the constant forces and for these e, is constant. The change 
consists in a shifting of the molecules from one cell to another 
accompanied by an absorption of heat. In (15) we had put 
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2 e r dn T = 0 because that referred to an irreversible approach 
to equilibrium but here the case is different. This refers to a 
change from one equilibrium state to another equilibrium state 

of different energy produced by absorption of heat. Assuming 

♦ 

that the application of heat hQ does not affect the work dono 
by the system to the first order which is still given by (23) we have 
from the principle of conservation of energy 

8j2 3=1 dU \dW == 2 €f. dti r . . . (24) 


from (22) and (23). But from (16a) 

4 

2 e r . dn T 
r P » 

1 


1 N ... 

-q 2 (J» —r - In » r ) dn r 
P r J 




2 In n r dn r > 


• (25) 


since 2 dn x — 0. Again from (13), we have 

d In P — — N 2 (1 -pin oj t ) doi T — — 2 (1 —In A T -f in n r ) dn r 

— — 2 In n r dn r . .... (26) 

If (25) and (26) are to correspond to the same distribution, P 
must refer to the most probable distribution P m since (25) 
refers to that distribution. 

Hence combining (24), (25) and (26), we get 

Sfi = -J i l" Pm, ■ ■ ■ ■ (27) 

as the statistical analogue of the first law of thermodyna¬ 
mics. Substituting the value of j8*=l/#T from (21), equation 
(27) yields the relation 

= dS = k. d In P m . . . . (28) 

as the statistical analogue of the second law for a system obeying 
the canonical distribution (16a). Integrating (28) we get 

S ^ In P m + C' . . . . (29) 

as the relation connecting the thermodynamic quantity, entropy 
S , with the statistical quantity P my the maximum number of 
possible arrangements or complexions corresponding to that 
microscopic state. Evidently P M is proportional to the probability 
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of the state; Planck calls P m the * thermodynamic probability* of 
the state. C' is an arbitrary integration constant whose value 
cannot he determined from classical statistics. Equation (29) 
is a famous relation connecting entropy with the maximum pro¬ 
bability of the state and was first given by Boltzmann, but he 
deduced it intuitively in a more direct manner. Before proceed¬ 
ing further, we shall take up Boltzmann’s deduction of this theorem 
and some of its applications. 

9*9. Boltzmann's relation between Entropy and Pro¬ 
bability. — We saw in §9*2 how Boltzmann discovered a con¬ 
necting link between entropy and probability. He started from 
the simple idea that any system so alters itself that in the 
state of thermodynamical equilibrium its entropy is maximum. 
On the other hand, statistically speaking, the system will alter in 
the direction of increasing probability, which will thus attain a 
maximum value in the equilibrium state. Thus Boltzmann con¬ 
cluded that entropy is a function of the probability of the state and 
so linked up thermodynamics with statistics. 

Let us therefore assume that S = /(IF), where IF is 
the probability of the state. To find out the nature of the 
function, we observe that while the entropy function is additive , 
probability is multiplicative . If we have two independent systems 
A and B with the entropies S x and S iy the entropy of the combined 1 
system consisting of A and B is But if the probability 

of A be IFj, and of B be IFj, the probability of the combined 
system is W x X1F 2 . Hence we have 

^ +/<r g ) =/(rw. 

This functional equation is satisfied by the relation (vide Note 9) 

S = k In W + C. . . . . (30) 

This relation was given by Boltzmann but he left the constants 
k and C undetermined. Planck later introduced P, the ther¬ 
modynamic probability in place of W since the two are propor¬ 
tional, and assumed the constant C to be zero. Thus he assumed 
S = k In P and calculated with its help the absolute value of 
entropy. This is however not justified as we shall see later. 

Combined system does not mean that we are mixing up the two 
systems. They are still apart and not allowed to interact. 
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9*10. Some Ready Applications of Boltzmann’s Law—Law 
of Perfect Gases*—Let us calculate the probability that a particle finds 
itself within a fractional volume V when a large volume V x is available 
to it. The probability is clearly V\V X . The probability of another 
particle being confined within it is also VjV 1 and the probability of 
both particles being simultaneously confined in volume V is 
Proceeding in this way we find that the probability W of all the mole¬ 
cules lying in the space V is . Hence from (30) 

S=kN [In V—ln V x ] + C. . . . (31) 


From the second law dU-\-pdV = TdS, we have for a perfect gas, 
since {dUldV) r = 0, 


P ( dJ \ __ Nk 

t =s \'W} t ~‘T ! 

from (31). Hence 

pV = NkT ,.(32) 

which is the Boyle-Charles-Avogadro Law. We find that the k of (30) 

is the same as Boltzmann’s gas constant RfN. 

\ 

Imperfect Gases. Deduction of van der Waal s' Equation of State. 

In the above deduction, it was implicitly assumed that the space 
occupied by the molecules was negligible. Let us now suppose that 
a molecule is a sphere having the radius r. Then when a particle takes 
up a position within the volume V, no other particle can have its centre 
within a distance 2 r from the centre of thb first; hence the volume 
4w/3. (2r) a — 8 times the molecular volume = yS is not available to other 
molecules. Hence for the first molecule the probability is VfV v but for 

the second it is = 7 —for the third rj — J- Q and for the r-th it is 
V 1 —IS v 1 —zp 


_ _ Hence neglecting V x terms (for they would cancel on 

differentiation with respect to V later), we find that the probability 
that N molecules will be confined within the volume V is 


W = V(V-p)(V-~2P).. .(V—N—l/3) = 




Nb\ 

-y) approx.. 


(33) 


where b — Nj8/2 — 4 times gram-molecular volume. Hence 


S — k In W — k In 



(34) 
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From the relation (34) we get 

P (dS\ AN/, , b\ AN 

T \dVJ T ~~ V \ V/ ~~ V-b a PP rox *> * ( 3 ^) 


provided (dUjdl' r ) T — 0, i.e., the moteenles do not exert any force 
on one another. 

A rigorous calculation shows that 


p = 



V-2b, 

V 


(36) 


from which formula (35) comes Out as the second approximation. 


HI. Value of Entropy. —From equation (29) or 
follows that we can write quite generally 

S — A In P m + C\ 

where P m denotes the maximum (thermodynamic) probabi¬ 
lity, i.e., the probability of the equilibrium state, and is given 
by (13) subject to (16). Substituting for P m we have 

V = -fN2 «r In co r + C 

m'z.uJykj - .8e,) + c 

= kN. kf+UjT + C, . . . . (37) 

where / = 2 The quantity f is called the partition 

function or ‘sum-over-states* or simply ‘state-sum’ ( Zustands- 
summe in German) and its evaluation from mechanics is neces¬ 
sary for a determination of the thermodynamic behaviour of 
the system. 

To evaluate the partition function f we replace for the 
sake of mathematical convenience, the summation by a triple 
integration as explained in §9*7 and further .assume that the 
limits for p lt p it p s are — «> and -f- oo respectively. Actually 
there will be finite maximum and minimum values of the 
momentum components but on account of the exponential na¬ 
ture of the integrand the replacement of these limits by -f- oo and 
— oo will be a very close approximation. Proceeding as in 
§9-7 we have from (19), since C t = 1 ffg and j8 = IfkT, 

/= — (2«wAT) m . (38) 

& 
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In deducing this we have assumed that the volume of the cells 
in the molecular phase space remains constant during the motion 
of molecules. This follows from a famous theorem due to 
Liouville known ' as the “Principle of Conservation of "Extension 
in Phase ” which states that 

~ err dp. = o,.(39) 

where p and q are momenta and .position coordinates respec¬ 
tively. The product extends over all the degrees of freedom of a 
particle. For proof of this important theorem see Note 8. It 
will be observed that Liouville’s theorem only says that the 
size of the cell in the phase space is constant; it tells us nothing 
about its value. In fact classical statistical mechanics is quite in¬ 
capable of determining the value of g; it can have any value 
whatsoever. 

Let us substitute the value of / from (38) in (37). We get 

— Nk In — (2irntkT)$l% + Nk + C'> . . (40) 

> 

since for a classical perfect gas U = %NkT. It can be shown 
in various ways that this equation is not correct. For if 
both N and - V are doubled, the entropy is not doubled 
according to this equation, as it should be, from equation 
(26) of Chap. VI. To secure this or, in other words, to make 
entropy behave as an extensive property, we can assign a 
suitable value to the hitherto undefined arbitrary constant 
C\ Let us put C’ « —k In N\ -j- S 0 . Looking back to equa¬ 
tion (10) we see that this amounts to a division of P by IV1 
This was first pointed out by Sackur and the correct explanation 
for this can be given only from quantum mechanics (Chap. 
XVH). PjNl may be called the ‘effective’ statistical probabi¬ 
lity and it is this probability which must be used in calculating 
entropy from (29). Substituting this value of O in (40) we get 

S — Nk In (2nmkT)3/2 + ^NJk + L 0 . . (41) 

This expression gives the value of entropy of a perfect mona¬ 
tomic gas. It is thus seen that classical statistical mechanics 
is unable to determine the integration constant occurring 
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in equation (26) of Chap. VI, since the value of g arid S 9 is 
not known here. 

9 * 12 . Gibbs* Representative Ensemble Method.—So far wc 
have developed statistical mechanics by the Maxwell-Boitzmann-Planck 
method. The method has several limitations. In the first place it is 
applicable only to an ideal gas, i.e., to a system of free particles and neg¬ 
lects the possibility of their mutual inter-actions. If we want to apply 
it to actual systems, i.e., a real gas or a solid, we have to postulate forces 
between the molecules which is outside the framework of the method 
and whose inclusion will require some kind of application of the kinetic 
theory. Secondly it is applicable to a system whose energy is constant, 
i.e., an isolated system. In practice the assumption of perfect heat isola¬ 
tion is also an ideal condition hard to fulfill, and more often we have to 
deal with systems which are in thermodynamic equilibrium at a definite 
temperature T. This particular circumstance, however, creates no great 
difficulty since it can be shown that even for a thermodynamic system 
maintained at the temperature T, say by immersion in a heat-bath, 
the energy is more or less constant, the fluctuations of energy being 
very small. The mathematical technique, employed in the method has 
also been criticised by Fowler, particularly the use of Stirling's theorem, 
in evaluating the factorials even when at least some of the occupation 
numbers are not large. Again the most probable distribution was 
taken to represent the actual distribution, the distributions deviating 
from this ‘maximum set’ of occupation numbers being disregard¬ 
ed; rigorously speaking, we ought to take the average or mean 
distribution. 

All these difficulties have been surmounted in tbe elegant method 
given by Gibbs. He constructs a purely fictitious ensemble or as¬ 
sembly of a huge number of identical systems, each system being an 
exact ‘mental’ copy of the actual system under consideration, haying 
same structure and the same energy but distributed over all possible 
dynamical states or phases of the system (called complexions) through 
which the actual system will pass in course of time by virtue of 
its motion according to dynamical laws. We contemplate here all these 
dynamical or microscopic states at the same instant of time. To picture 
this ensemble we imagine a phase space of Nr dimensions where N 
denotes the number of molecules in the actual system of interest and 
r tbe number of co-ordinates necessary for specification of the mole¬ 
cule. For a monatomic gas of N molecules the space will be of 6N 
eimensions, 3 N co-ordinates being necessary to specify the position 
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and 3 N for the momenta of the molecules. This space is called system 
phase space or y-space and any dynamical state of the system will be 
represented by a point in this 6N-dimensional phase space. These 
points are called phase points and their number per unit volume of the 
phase space the phase density of these points. 

The motion of these phase points in the phase space can be inves¬ 
tigated from dynamical laws of motion since the points refer to an 
actual dynamical system which is subject to dynamical laws. For this 
purpose the phase space is constructed in generalised co-ordinates and 
generalised momenta. Applying the equation of continuity to the 
•flow’ of these phase points Liouville showed 1 that 


imSN 



where p is the density of the phase points at the points q, p at time /. 
Thus if p = /(B) where E is the energy of the system and is constant 
with time for a conservative system, the right-hand side of (42) becomes 


dp V 
*" dE 




since the expression under the 2 must vanish for a conservative 

system. Thus Up— /(£), = 0, i.e., the ensemble is stationary. 

Further it can be shown that p is invariant to a canonical transfor¬ 
mation. Now since the distribution in the ensemble does not alter 
with time, it follows that the value of any property, averaged ovei 
the systems in the ensemble, will be independent of time. 

Now we make the fundamental postulate of statistical mechanics 
which runs as follows :—There is equal a priori probability for the phase 
points to lie in the different regions of the phase space provided the different 
regions have extensions of same magnitude and correspond to the same 
energy. (Attempt is sometimes made to obtain a justification for this 
postulate from the ergodtc hypothesis which assumes that the system 
actually goes through all the dynamical states compatible with the energy 
of the system, but this is open to criticism), From this postulate 
it follows that the time average of atty quantity for the system - mil be 
simply equal to the ensemble average. Thus the determination of any 
average property for the system resolves itself, from the statistical 
point of view, into a simple determination of the average over the 

l For proof see Lindsay, Introduction to Physical Statistics (1941), ChAp. 
VI, §5 oj Telman, The Principles of Statistical Mechanics (1938) 
Chapter III, §19. 

F. 50 



394 STATISTICAL THERMODYNAMICS OF M. B. SYSTEMS [iX 

ensemble. This brings out the importance of the Gibbsian ensemble 
and its relationship to the actual system. * 

We have seen above that for a stationary ensemble, p ~f(E). Gibbs 
/ 0 — E\ 

assumed that p ~ IS exp l —-—J where N is the total number of systems 

in the ensemble. This is called the canonical ensemble. It assumes a wide 
range of energy values and is eminendy suited for the representation of 
‘a system at a fixed temperature. Some other investigators assumed p = 
constant, in the small energy interval E and E-\-/\E and zero outside 
this interval. This is called the microcanonkal ensemble and is well adapted 
to the representation of a system with a fixed energy. (The treatment 
given in §9'4 et seq. in effect deals with such a case). Since all these 
ensembles satisfy the condition p — /(£), they will be in statistical 
equilibrium i.e. independent of time. 

The Maxwell-Boltzmann distribution law can be easily deduced by 
constructing a canonical ensemble for a system of « free particles. 
From the distribution p—N exp (*fj — E/6) over the ensemble, it is evident 
that the probability that the system has the energy E and lies in the 
phase region 

a r 

TT d*j <bi d Ki TT dp# dp vi dp tj 

j=i j—l- 

i.e., equal to 

-E(p)K) , . 

e U dxj djj d^ dp x} dp ^ dp# 

_J_ 

\e dxj dy } d^j dp# dp yj dp ti 

J j-l 

The probability for the momenta p lt (or momenta components p xl , 
Pwa Pn ) f° r one molecule can be obtained by integrating the above 
expression for all values of the .variables for the other molecules, and 
readily yields Maxwell's velocity distribution law. For details see Lind¬ 
say, Joe. cit . Chap. VI, §10. 

9*18. Darwin and Fowler’s Method,—In this method, as in 
Maxwell-Boltzmann method, the actual system is considered and the 
distribution of the N molecules of the system (say gas) in each of the 
possible energy intervals is investigated, the molecules being regarded as 
indistinguishable. Instead of the most probable value, however, the 
average value is calculated by making use of the method of contour 
integration and the use of Stirling’s theorem is avoided. It is 
feared, however, that' this mathematical method is beyond the 
capacity of ordinary students of physics. This method is given in 
Note 16 at the end of the book (see Appendix). 
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CHAPTER X 

EQUATION OF STATE FOR IMPERFECT GASES 

10 * 1 . Deviation ffom the Perfect Gas Equation.—By 
the term ‘Equation of State* is meant the mathematical formula 
which expresses the relation between pressure, volume and tem¬ 
perature of a substance in any state of aggregation. If any two 
of these quantities be known, the third • has a fixed value 
depending uniquely upon them, and can be determined if the 
eqUation of state is known, but this is seldom possible. Accord¬ 
ing to the laws of Boyle and Charles we have for a perfect gas 
the equation of state 

pV RT. . . . . ! (1) 

But even Boyle himself found that the law held only under 
ideal conditions, at high temperature and at low pressure. 
For every temperature a curve can be drawn which has f or its 
abscissa the volume and for its ordinate the corresponding 
pressure of the enclosed substance. These curves are called 
isothermals. If equation (1) were true the isothermals ought to 
be rectangular hyperbolas parallel to each other, but experiments 
show that this is very seldom the case. The most extended ear¬ 
lier investigations are due to Regnault. He applied pressures 
up to 30 atmospheres while the temperature was varied from 0° 
to 100°C. He plotted the product pV as ordinate against p as 
abscissa (see Figs. 6, 7 supra this chapter). From equation (1) 
these curves ought to be straight lines parallel to the x-axis, 
since pV should remain constant; actually however they were 
found to be inclined to it. Regnault found that for ait, nitrogen 
and carbon dioxide the product pV decreases with increasing 
pressure, while for hydrogen it increases. Thus these permanent 
gases were, shown to be imperfect. 

Later work by Natterer 1 , Andrews acid Cailletet using 
higher pressures confirmed the idea that all gases showed con¬ 
siderable deviations from equation (1). Andrews* experiments 

1 Phil. Trans., 159 , 575, 1869; 166 , 421, 1876. 
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ate of fundamental importance as they throw much light on the 
actual behaviour of gases and form the basis of an important 
' equation of state first proposed by van der Waals. Andrews’ 
experiments are described in the next section. 

The most thoroughgoing and exact experiments are due to 
Amagat 1 who investigated the behaviour of various gases up to 
a pressure of 3,000 atmospheres. His results, particularly with 
CO a (Fig. 7) and ethylene, showed that their behaviour is very 
complicated. 

An entirely different method was adopted by K. Onnes 8 , 
who investigated the behaviour of several gases at very low 
temperatures and found that none of the numerous equations 
of state proposed (section 10*11) correctly represents the re¬ 
sults of experiments. As mentioned in §1*7, he found that 
at any temperature the result is best represented by an em¬ 
pirical equation of the type 8 

pV A + Bp+Cp*+Dp + .(2) 

where A> B, C,.are constants for a fixed temperature, 

but vary with temperature in a complicated manner. As many as 
twenty-five constants were used; they are called virial coefficients. 
A is called the first virial coefficient, B the second virial coeffi¬ 
cient, C the third virial coefficient and so on. A is simply equal 
to RT since for p -* 0, eqn. (2) should reduce to that for a 
perfect gas, ?.<?., eqn. (1). Holborn and *Otto 4 studied several 
gases up to 100 atmospheres and between the temperatures of 
— 183°C. and + 400°C., and found that they need take only four 
constants. At ordinary temperatures B is found to be negative 

1 Am. Chita. Phys., 28 , 456, 464, 1883; 29 , 68, 1893. 

2 Leiden Cornrnm., No. 71, 1901. 

3 Sometimes the equation is put in the form 

pV=.A+^+%Z+ . (2a) 

In this equation, as in (2), A—RT since the perfect gas law 
should hold at zero density. Substituting the value of p from this 
equation in the terms on the right of equation (2) and equating the 
coefficient of \fV and \JV* with those in (2 a) we get B„^BRT; 
C V ~A(B>+CA). Sometimes an expansion for pVJA in power series 
of \jV is employed and pVjA is called the virial. 

4 Zeits. /. Pbysik, 33, 9, 1925. 
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for oxygen, nitrogen and air, and positive for hydrogen and helium, 
etc. C is always positive. 

The coefficient B is of particular importance. For ad gases 
it is found to vary in a similar way: at low temperatures it has 
a negative value, then as the temperature is raised it gradually 
increases to zero and becomes positive. The temperature at 
which B = 0 is called the Boyle Temperature' T B , for at this 
temperature Boyle’s law will hold upto fairly high pressures 
provided C, D are negligible, as can be seen from the relation 

(pV) = b + 2Cp+3 Dp* s*0. . . . , {3) 

■* * 

Boyle’s law will however be more accurately obeyed at that pres¬ 



at both ends. The. lower end of 


sure which accurately satis¬ 
fies the equality in (3) with the 
terms in C> D retained. Thus 
for every pressure there will be 
a corresponding Boyle tempe¬ 
rature and the Boyle tempera¬ 
ture used in the literature 
corresponds to zero pressure. 

10*2. Andrews* Experi¬ 
ments.—While engaged in 
the attempt to liquefy some of 
the so-called permanent gases 
Andrews, in 1869, was led to 
study the isothermals of car¬ 
bon dioxide. His apparatus 
is indicated in Fig. 1. 

ab is a glass tube whose 
upper portion consists of capillary 
tube and is narrower than 
the lower part. Carefully dried 
carbon dioxide was passed 
through the tube for several 
hours and then the tube sealed 
tube was immersed under mercury 


1 This is sometimes called the Boyle point. 
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and opened, and some of the gas expelled by heat, so that, on cooling, 
a small column of mercury e rose in the tube and enclosed the experi¬ 
mental gas. 

The tube was surrounded by a strong copper tube A fitted with 
brass flanges at either end, to which brass pieces could be attached 
air-tight with the help of rubber washers. A screw S passed . through 
the lower flange. The tube A contained water and hence by screwing 
in, pressures as high as 400 atmospheres could be applied to the 
carbon-dioxide enclosed above e. To register the pressure a similar 
capillary tube containing air was placed on the right side, and was 
enclosed in a tube A'exactly similar to A, with which it communicated 
through the tube and thus the pressures in both the tubes were always 
kept equal. The pressures in either tube could be varied by means 
of the screws S or S'. The capillary tube ae could be surrounded 
by any suitable constant temperature bath (not shown). 

iO-3. Discussion of Results.—The curves obtained by 
Andrews are shown in Fig. 2. Let us consider the isother¬ 
mal corresponding to 13T°C. 

Starting from the right we see 
(portion AB) that as we in-‘ 
crease the pressure, the volume 
diminishes considerably and 
finally liquefaction of the gas 
begins at a pressure of about 
49 atmospheres (point B). As 
long as liquefaction conti¬ 
nues the pressure remains 
constant and the volume con¬ 
tinually diminishes, more and 
more of the gas being preci¬ 
pitated as liquid. This is 
indicated by the horizontal 
line BC. At C all the gas 
has condensed into liquid and 
the almost vertical rise of 
the curve indicated by CD 
corresponds to the fact that 
pressible. 



Pig. 2. Isothermals for Carbon-dioxide 
obtained by Andrews. 


liquids are only slightly com- 
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The isothermal corresponding to 2T5°C. is of the same 
general form but the horizontal portion B'C' is shorter. In 
this case the specific volume of the vapour, when condensation 
begins, is smaller while that of the liquid, when condensation has 
completed, is greater than the corresponding quantities for the 
isothermal at 13*1°C. As the temperature is raised these changes 
proceed in the same direction as above, till at 31 •4°C, the hori¬ 
zontal part has just disappeared and the two volumes have 
become identical. This is called the critical isothermal for 
carbon-dioxide. Above this temperature the horizontal part 
is absent from all the isothermals and as we increase the 
pressure, there is no visible formation of liquid, but the volume 
Himinkhes rapidly till it becomes equal to that of the liquid at 
that temperature. This peculiarity of the isothermal also dis¬ 
appears at higher temperatures as is evident from the isother¬ 
mal for 48 • I °C, which is much like the isothermals for air 
shown separately on the right-hand top. 

We thus see that the whole diagram for carbon dioxide is 
divided by the critical isothermal into two essentially different 
regions. Above this isothermal no liquid state is at ail possible 
even under the greatest pressure, while below it there are three 
separate regions. In the region enclosed by the dotted curve 
whose highest point P, called the critical point, lies on the cri¬ 
tical isothermal, both liquid'and gaseous states co-exist. To 
the left of the line PC and below the critical isothermal there is 
the liquid region while to the right of PB there is the gaseous 
region. Now if, by means of gradual changes we want to convert 
gaseous CO a at 25°C. and 60 atmos. pressure (represented by 
the point R) into liquid CO, at the same temperature (represented 
by die point S) without any discontinuity appearing, the 
mass is not to separate into a liquid and a gaseous part with a 
layer between them, we must avoid reaching the inside of the 
dotted curve BB'PC'C. Thus we heat the substance above 3T4°, 
then compress it till the volume becomes equal to that of the liquid 
at that temperature. Next cool it to 25-°C. and then reduce the 
pressure. Thus starting from the point R which undoubtedly 
represents a gaseous state we ate able to reach the point which 
undoubtedly represents a liquid state, while at no stage of the 
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operation any heterogeneity or meniscus appears in the whole 
mass. This result is expressed by the statement that there exists 
a continuity of the liquid and gaseous states and was established by the 
experiments of Andrews. 

Thus we see that if gaseous carbon dioxide is compressed 
above 31*4°C. no liquid can make its appearance, however great 
the pressure may be. More accurate experiments show that this 
temperature is 31'0 and not 31*4°+ The temperature 31*0°C. 
is called the critical temperature (T e ) for carbon-dioxide. We 
may define critical temperature 1 as the highest temperature at 
which a gas can be liquefied by pressure alone. This is why 
the earlier attempts to liquefy permanent gases failed, though 
enormous pressures amounting to as much as 3,000 atmospheres 
were sometimes employed. The pressure just necessary to 
liquefy the gas at the critical temperature is called the critical 
pressure (J> c ) and the volume which the gas* then occupies, i.e., 
at the critical temperature and critical pressure, is called the 
critical volume (P^ e ). These three quantities are called the crt- 
tical constants of the gas. A table containing the critical 
constants for various gases is given in §10*17. It obviously 
follows that in trying to liquefy a gas, it is useless to apply 
pressure alone if the initial temperature is above the critical 
point, and no pressure greater than the critical need be em¬ 
ployed. 

10*4. Van der Waals’ Equation of State.— The equa¬ 
tion of state for perfect gases was deduced theoretically from 
the kinetic theory of gases in 53*12. Two important assump¬ 
tions were made in the deduction of this equation: 

(1) the molecules were considered to be negligibly small in 

size; 

(2) the gas was supposed to have only kinetic energy and no 

potential energy. 

_ _ _ , ■-» ——— * 

^Critical temperature may also be defined as the temperature 
at which all the properties of the liquid and the vapour become identical. 

*Of course the volumes occupied by die gas and the liquid at 
the critical temperature are the same. 

F. 51 
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It is now known that both these assumptions are only approxi¬ 
mate and very nearly hold in case of extremely rarefied gases, 
only, i.e.y when the pressure is very small. Clausius was the first 
to point out that the molecules, though extremely small in size, 
cannot be regarded as geometrical points, and account must be 
taken of their size in the calculation of pressure. 

It is evident that the space available for the free motion 
of the molecule becomes less when molecular size is taken into 
account because one molecule cannot lie within the space occu¬ 
pied by other molecules. Due to this reduction in available 
space, the number of molecular collisions per second is increas¬ 
ed producing an increase of pressure on any surface over the 
previously calculated value. Evidently the decrease b in the 
volume V of the gas must be related to the total volume 
occupied by the molecules and V in the perfect gas equation 
has to be replaced by V—b. 

Hirn, in 1864, pointed out that* the molecules must 
exert forces of attraction on one another since a solid or 
liquid can be held together only by such intermolecular attrac¬ 
tions. Hence the energy of a gas cannot be wholly kinetic, and 
potential energy due to forces of cohesion should also be taken 
into account. But the credit of first working out a systematic 
theory, taking into account both these factors, goes to van der 
Waals, He first clearly discussed the matter in 1873 in his classical 
essay On the Continuity of Liquid and Gaseous States y and put forward 
the equation 

[ P pa ) (y ~~b) ~ R-T' * . • (4) 

This equation is found to hold approximately for small deviations 
from the perfect gas equation and gives a general' idea of the 
course of isothermals for gases but is no better than a mere first 
approximation, even at low densities. It is however widely 
used for its simplicity. A comparison of this with' the ex¬ 
perimental results is given in §10’7. 

10*5. Deduction of van der Waals* Equation.—Van der 

Waals made the simplifying assumption that the molecules are 
hard spheres of diameter a and attract each other with a weak 
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force which depends only upon the inter-molecular distance 
and not upon the orientation of the molecules, the force 
practically vanishing at distances several times a. We shall 
also suppose that the molecular density is small so that the 
effects of molecular size and of molecular attraction are small 
and we interest ourselves itf seeking a first-order correction 
to the perfect gas equation. Van der Waals made the calcula¬ 
tion in two steps. First he considered the effect of the finite 
size of the molecules treating them' as hard spheres without 
external fields. Next he calculated the effect of the weak attrac¬ 
tive field and superposed it on the former volume effect. The 
procedure cannot be rigorously justified, but we shall follow 
it in this section. 

Suppose the volume contains N molecules, where N is 
the Avogadro number. In finding the possible positions for 
any particular molecule, we regard this molecule as a point at its 
centre and imagine the other N—\ molecules as spheres of radius 
a, and consider the assembly of this point and the N—l spheres 
of influence. The space available for the point molecule is 


K—(N-1) 


4 l TO® 
3 ~* 


= V- 


NAiro 3 

3 


(nearly) = 


F-2 b. 


where b — 4 ( 4 / 3 ) 7 rN (er/2) 3 ~ four times the volume of the gas 
molecules in a gram-molecule of the gas 1 . Hence the probabi¬ 
lity of finding the centre of a molecule in the element of 
volume dV which is such that it is not contained within the 

b 

sphere of influence of any molecule is 


NdV 

V-'lb' 


(5) 


since all regions are equally probable as no forces are supposed 
to exist between the molecules. 


‘But the centre of the molecule cannot lie within a distance \o 
from the boundary; thus the effective volume is further diminished 
by the volume of a layer of thickness Ja parallel to the boundary 
but this volume is generally negligible compared with the volume of 
fhe vessel. Further we are disregarding the possibility of two spheres 
of influence intersecting each other, which is approximately justified 
at low molecular densities. 
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Now we have to find out the probability that the element dV 
does not lie in the N— 1 spheres of influence. It is important to 
note that half of every such sphere, which is away from the 
boundary, is a priori excluded for the element dV. This is not 
quite obvious and presents some difficulties inherent In the 
static picture of the gas we have assumed. It is however easily 
understood if we consider the collisions with the wall which are 
a very essential feature of the mechanism for the generation of 
pressure though the method of probabilities does not require 
them, but obviously van der Waals 5 equation cannot hold if this 
did not occur. 


In the collision of the sphere of influence with the wall, 
it is obvious that the element dV cannot lie in that half of the 
sphere of influence which is away from the boundary because if 
it were to lie there, the molecule, whose centre is contained therein, 
could not collide with the wall; this is however not the case 
since all molecules do collide with the wall. Thus the more 
distant hemisphere is automatically and a priori excluded and the 
element dV can only lie in that hemisphere which is nearer the 
boundary. This will be so for all the spheres of influence. Thus 
the total effective volume of the spheres of influence in which 
dV can at all lie is only (N— 1) f 7 m 8 = § NnaP — b. Hence 
the probability that the element dV lies in these spheres of 
influence is bfV and the probability that it does not lie there is 
1—bjV. 


Hence the probability 1 that the centre of a molecule lies in the 
element dV where dV is selected at random is given by the 
product of this probability and that expressed by (5), that is by 


N dV 
V-2b 


1 b \ NdV 

x (1 - v) = F~£ approx * 


. ( 6 ) 


Had we neglected the dimensions of the molecule the 
probability would have been NdVj Hence the net result 
of taking into account the size of the molecules is that ithe effec¬ 
tive volume is not Kbui V -b. Thus the ordinary gas equation 
pV = RT should be modified into 


t>(V~b) — KT. 


• (7) 


* It wdl fee nmicod that we have considered only binary encounters 
and neglected tertiary and higher encounters. 
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This method of proof was first given by van dcr Waals and is open 
to objection at certain points. The same equation can however be 
deduced as a first approximation under the above-mentioned assump¬ 
tions by a variety of methods, viz., from the virial theorem of 
Clausius (§10 9), from statistical mechanics (§10*13), from a consi¬ 
deration of collisions 1 with the boundary or any imaginary surface 
in the interior of the gas, etc. 

The correction for the weak attractive or cohesive forces 
can be very simply obtained. The molecules attract one another 
with a force which varies inversely as some power of the dis¬ 
tance between them. Thus the force will be appreciable only at 
small distances and is negligible at large distances. Now a 
molecule in the interior is acted on by forces in all directions 
and lienee on the average these will balance. But this is not 
so with a molecule in the surface or close to the surface. 
The components of the forces acting on it resolved parallel to 
the surface will balance but not those in a perpendicular direc¬ 
tion. There will be a resultant force acting perpendicular 
to the boundary and directed inwards. It is obvious that 
this force on a single molecule will be proportional to the 
number of attracting molecules in the fluid, t.e. to the number 
n of molecules per c.c. The force acting per unit area of the 
surface will be proportional to the product of the above force 
and the number of molecules in that area of the surface. Hence 
this cohesive pressure p x acting per unit area, of the surface is 
proportional to n 9 . Now n = NjV where N is the total num¬ 
ber of molecules and V the total volume. Therefore /> 1 ocl/K 8 
— ajV 9 where a is a constant, proportional to the square of the 
total number of molecules in the gas, proportional to the 
square of the mass of gas taken. This cohesive pressure is some¬ 
times called internal pressure or intrinsic pressure and acts only 
in the boundary layer in any solid or fluid giving rise to the phe¬ 
nomenon of surface tension in liquids and tensile forces in 
solids. It opposes, the kinetic 8 pressure , but assists the external 
pressure in keeping the substance together. Thus it opposes 

1 Sec Kennard, Kinetic Theory of Gases, §122, or Fowler, Statistical 
Mechanics (1936), §9*8. 

a The kinetic pressure is that given by the relation />* — R TjV. 
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the outward motion of the molecules and decreases their momen¬ 
tum and hence also the pressure generated by their impact. Clearly 
therefore the pressure developed will be less than that calculated 
previously by this cohesivepressure , i.e., ajV 2 . In other words, we ‘ 
must replace p in the perfect gas equation by p+a} V s as if the 
external pressure p on the gas is increased by ajV 2 . 

Hence equation (7) must be further modified into 1 

{p + -$i)(V-b)=RT. . . . . (4) 

This is van der Waals* equation of state for an imperfect gas. 
Various other equations of state have been proposed of which 
a few important ones will be discussed later. Some of them ex¬ 
plain the experimental results better than van der Waals’ equa¬ 
tion. We shall consider only the latter in great detail as it is 
very simple. ' 

We may remark that the ^-correction really arises from the force 
acting between molecules when they are just the distance a apart (i.e., 
during collision) which is a repulsive force. Thus the a and b terms 
should arise from a single intermolecular force which is an attractive 
force when the intermolecular distance is large but becomes a repul¬ 
sive force when the distance equals a. For further discussion see §10 ‘9. 

10*6. Methods of finding the Values of V and ‘b’.~ 
The chief methods of finding the values of V and t b* occurring in van 
der Waals* equation are given below 

(1) From the pressure and volume coefficients of expansion. 

The pressure coefficient of expansion /? may be defined by the relation 

/S ==.• -j- ^ L If the gas obeys van der Waals’ law 
p dl p. Ai 

RT a 




P ~ V-b~V 2 ’ 


we have 

» 

R / a \ 1 

V-b ~~ 1/2 j T fr° m (4)- 


Or 


dp a 

T dT ~ P ~ f/v • • • 

• (8) 

Therefore 


. . . . 

• (9) 


*If we consider n mols of the substance, the constant V must 
be multiplied by and *b* by n. 
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Equation (9) directly gives the magnitude of the cohesive force at 
any temperature and shows that it is proportional to the pressure p and 
hence to the density of the gas. Further the equation shows that the 
pressure coefficient of expansion /9 depends upon the volume V and hence 
upon the density of the gas. 

If we represent by £ the mean pressure coefficient between 0 and 
100°C, we get 

f yi — T 0 po ( 0 ~ ) , .... (10) 

where the suffix 0 refers to the corresponding quantities at 0°C For 
a perfect gas = 1/T 0 and hence afV* = 0. 

The mean volume coefficient a is defined as 

_ Vi-Vo jl , ln 

a ~ Tj—T 0 Vo * . {} 

where the suffix 1 refers to 100°C. Applying van der Waals’ equation for 
the two temperatures T # , T t we have 

(P + = Rr «. • ■ • (12) 

and (t+V?) = RT i' • • • ( 13 > 

Subtracting (12) from (13) and neglecting the product ab which is a small 
quantity of the second order, we get 

P{Vi-Vo) + a i) = R(T,-T„) • • • (14) 

Dividing (12) by (14), we have 

To (p+a!Vo*)(Vo-b) 

^X-To .t-tr T r \ , J 1 1 \ 




Hence 


n-l^o. 1 

T.-T. VC 


1 (p+a/VJVy,o-b) 

To pVo-a/Vt 


To[' + pvSvo + vJ K„] ’ 


neglecting small quantities of second and higher orders; 


To T 0 \_pVo (v 0 + v) K„} ’ 


1 If V, ‘b’ are supposed to be known, say by methods (2), (3), (4), 
equations (10) and (16) may be employed to determine T 0 , the tempera¬ 
ture of melting ice as given by a perfect gas thermometer. It is easily seen 
that /?>1/T 0 >a. Thus T 0 can be obtained sufficiently accurately. For 
further discussion see Loeb, Kinetic Theory of Gases , pp. 162-165 (1934). 
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Equation (16) may be employed to find *b' when V and the volume 
coefficient a have been already determined, a is seen to depend upon the 
volume and the pressure in a complicated way. 

We shall illustrate this method by means of an example. For air 
Chappuis gives j8 — 0 0036744 at a pressure of 1000 mm. of mercury. 
Therefore from (10) , 

d 1000 

F2 = 037V-l)po = (0-0036744 X 273'2-1) ~~ = 0 00501 atm./cm. 2 

Consider a mass that occupies 1 c.c. at atmospheric pressure; the 
volume at a pressure of 1000 mm. is 0*76. Hence a ~ 0*00289 atmos. 
Xctn*. 

Similarly the value of ( b* may be calculated from {16) btat as it 
occurs there as a difference of two large terms, its value cannot be 
determined accurately by this method. 

(2) Constant Volume method ,—A very simple and accurate method 
of determining V and *b' is the following:— 

We confine ourselves to a narrow region and determine V and *b* 
point by point. Thus from van der Waals’ equation 

(lr), ~ * = K ~V(lr). ■ ■ ■ (17) 

And from (8) a ~ F 2 - p j . . . . (18) 

Thus V and *h i can be obtained by observing the rate of increase 
of pressure with temperature as in a constant volume gas thermometer. 
When determined in this way they are found to vary with temperature. 
In table 1 1 the values of V and for argon at various temperatures 
are given. The values refer to a gram-molecule of the gas N.T.P. V 
is here expressed in atmospheres X cm. 4 and *b* in c.c. 

Table X.—X^ariation of V and *b y 



(3) Isothermal method, —The values of .V and *b* may also be 
obtained by a study of the isothermals of a gas. Thus we have 

._ KT * (dp\ _ KT 2a 

P V~b F 3 ' KdV}? “ F»’ 


±_ . (?P\ 
F a * \3 f/, 


1 Taken from Onnes and Crommelin, Leiden Common No. 131 (c). 
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• From these two simultaneous equations ‘ a* and ‘b’ can be evaluated 
if (dpjdV)^' is found from the study of isothermals. 

(4) Determination of V and *b’ from critical data.—In the next 
section it will be shown from theoretical considerations that the critical 
temperature T c , critical pressure/,, and critical volume V c for a gas obey¬ 
ing van der Waal s’ equation are respectively given by 

^ #.= 54 ^. = . . ( 19 ) 


a — 


21 bR* 
27 R 2 


27£ 2 ’ 

II. bzm H 

Pc ’ 8 


T, 


( 20 ) 


64 ' p t ’ 8 p, 

. Thus if T e , p c are experimentally determined V and *b t can be calcu¬ 
lated with the help of equation (20). It may however be pointed out that 
this method is not at all reliable as the van der Waals’ equation is 
not expected to hold in the critical region where the density is high, 
van der Waals’ equation being only valid as a first approximation at low 


densities. 

(5) Determination of *a* and < b > from the Joule-Thomson effect 1 .—In 
Chapter XII it is showfi that the temperature of inversion T$ for the 
Joule-Thomson effect is given by T< = 2ajbR. Knowing ‘a’ by the 
foregoing methods, say (1), the value of c b’ may be calculated from 
the temperature of inversion. 

The values of V and *b' for a few important gases are given in 
Table 2. They refer to 1 c.c. of gas 2 at N. T. P., and are determined 
by method (4) from equations (20). In view of what is said in method 
(4) no great reliance may be put on these values. 


Table 2 .*—Values of V and ‘b* for some gases . 


Substance 

ax 10*' 

in atmos.xcm. 4 

bx 10 6 

in c.c. 

Helium 

6*8 

106 

Argon 

268 

143 

Oxygen 

273 

143 

Nitrogen 

272 

J73 

Hydrogen 

48-7 

118 

Carbon-dioxide 

717 

191 

Ammonia 

833 

168 


1 This will be understood after Chapter XII has been read. 

2 If we consider a gram-molecule we have to multiply V in the 
table by (22-4X10 3 ) 2 and *b* by 22-4x10*. This is obvious from 
relation (20) since R for a gram-molecule in these units (atmos.Xcm.*) 
is 22 4xl0*/273. 

* Taken from Landolt and Bornstein, Phjsikalisch-chemische Taoellen. 
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Problem .—1. Using the values of T e = 5*3,/> c = 2-25 atmos., 
calculate V and *b* for a gram-molecule of helium gas. 

2. Calculate the critical temperature and critical pressure of helium 
from the following values of the constants a — 6* 15 X 10~ fi , b —■ 9-95 
X 10“ 4 per gram-molecule, where the unit of pressure is the atmosphere, 
and the unit of volume the volume of the gas at N. T. P. 


10*7. Discussion of van der Waals’ Equation. — We 
shall now discuss in detail the van der Waals* equation (4). 
This is an equation of the third degree in V t hence it follows that 
for every value of p, V should have three values. Further, 
from the theory of equations, either all the three values are real 
or one is real and two imaginary. 

Again writing the equation in the form 

RT a 

P = yZTb ~ \T* ' • • • ( 21 ) 


we see that for very large values of V f p is small and in the 

limit p — Q when K= oo. 
Again when V is very 
small approaching b y p 
tends to infinity. Hence 
the curve must have a 
concavity upwards. Fur¬ 
ther V cannot be less than 
b for then p would be ne¬ 
gative which is physically 
absurd. 

If in (21) we substitute 
| the values of V and ‘b* 
for carbon dioxide,. vb^ y 
a — 0*00717 atmos., b — 
0*00191 c.c. and* then re¬ 
present the resulting equa¬ 
tion by means of graphs 
for every temperature (p — 
ordinate, V = abscissa), 
curves of the type shown 
in Fig. 3 are obtained. 
It is readily seen that the curves resemble, in general, the 
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experimental curves (Fig. 2) obtained by Andrews, but if we 
look for quantitative agreement by trying to make the two 
sets of curves exactly overlap we are greatly disappointed. 
In feet the agreement is only approximate and qualitative, 
partly because of errors in the assumed values of V and *b* 
and partly because the equation holds only approximately. 

There is however a remarkable divergence between the 
theoretical and the experimental curves in one region. The 
theoretical curves drawn from van der Waals’ equation give 
maxima and minima in the region represented by a straight 
line in Andrews* curves. Experimentally this is the region 
where condensation or vaporisation begins and the pressure 
remains constant as long as the process continues. 

This difference is easily explained when the theoretical curve 
is properly interpreted. The part bed inside the dotted curve 
indicates that the volume should decrease with decrease of 
pressure. This would be a collapsible state, for any decrease of 
volume is accompanied by a decrease of pressure which tends 
to decrease the volume further. (This is apparent if we imagine 
the fluid to be confined in a cylinder). Thus the state bed 
of the fluid inside the dotted curve represents a state of equili¬ 
brium which is highly unstable towards small differences of 
pressure or density and consequently can never be realised in 
practice with all the substance in one phase only. This is why 
the part bed is not obtained in Andrews’ experiments. The 
portion ab obviously represents supersaturated vapour or undercooled 
vapour since this corresponds to the liquid state in stable equili¬ 
brium at a higher temperature as is evident by a reference to An¬ 
drews* experimental curves. Now under certain conditions an 
undercooled vapour is sometimes obtained but as is well known 
the equilibrium can be easily disturbed by mechanical shocks, 
introduction of particles of dust, etc. Hence the portion ab 
which represents undercooled vapour in metastable equilibrium 
does not occur in Andrews*, curves which represent only 
states of stable equilibrium. Similarly the portion de repre¬ 
sents a superheated liquid which is also in metastable equilibrium, 
and hence does not occur in Andrews’ curves. Thus the appa¬ 
rent divergence is explained: 
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In the foregoing we have explained the discrepancy 
between the theoretical and experimental curves on the basis 
of the factual instability of equilibrium. The reason why the 
equilibrium becomes unstable can be seen from considerations 
of thermodynamics by calculating the Gibbs function (Chap. VIII) 
for a van der Waals gas. It can be shown 1 that of the three volumes 
corresponding to a, c, e, which the substance can have at a certain 
pressure, the one of lower volume is stable if the pressure is 
higher than a certain value, and the larger volume is stable if the 
pressure is lower than that value, the intermediate volume c 
being always unstable. Thus if stable states alone are to occur 
the transition will take place along the straight line act. The 
second law of thermodynamics can be used in a very simple 
way to tell us when condensation begins, /.<?., where the straight 
part commences. A simple thermodynamic argument 2 shows 
that the straight line should be so drawn that the area abc — area 
cde. When the straight line is so drawn, a and e are both stable 
States. 

The maxima and minima^ points on the theoretical curve can 
be .obtained by putting (dpfiVjr = 0. Hence from (21), by 
differentiation. 


or 


( d P\ - _ RT 

\$v)t ~ (V-by 


+ T 7 * = 0; 


2a(V-by 
RV> * 


• ( 22 ) 

• (23) 


This is also a cubic equation. Hence for every isothermal there 
are three real or one real and two imaginary points of maxima or 
minima. The curves below P in Fig. 3 are seen to possess 


1 For details see Slater, Introduction to Chemical Physics (1939), p. 188, 
published by McGraw-Hill Book Co. or Keenan, Thermodynamics , Chaps. 
XXIV 6c XXV. 

2 Let the substance represented by the* point a form the working 
substance of a heat engine (Chap. IV) and let it be taken through the 
cyclic operation represented by the path abcdeca. Since the. temperature 
remains constant throughout the process, it follows from the theory 
of heat engines (Chap. IV) that the total work done by the working 
substance, i.e., the area of the enclosed curve is zero. Hence the two 
areas abca and cdec, since they are described in opposite senses, must 
be equal. 
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one maxima and one minima points while those above it 
have none at all. A slight mathematical transformation will 
show that the other point of minima lies in the region V <C b 
and hence has no physical meaning. Equations (21) and (23) 
when combined yield 


. a(V—2b) 

P ~ pi * 



This is the curve passing through,the maxima and minima points 
and is shown by the dotted curve QPR. 

In Fig 2 all isothermals lower than P cut the dotted curve 
BB'PCC' at two points, and therefore liquefaction can be observ¬ 
ed by changing the pressure along them. For the critical isother¬ 
mal, r.e. t the isothermal corresponding to the critical tempera¬ 
ture, these two points have coalesced into one. Referring to 
Fig. 3, it is readily seen that the isothermal passing through the 
point P where P is a point of inflexion for the family of curves 
or a maTfitna point for the dotted curve, is the critical iso¬ 
thermal because below P every isothermal has got maxima 
and minima points while above P there are none at all. As we 
have seen above if the isothermal has got maxima and minima 
points there must be a liquefaction of the gas and we can find 
out the position where liquefaction begins. For liquefaction 
there must be two points on the curve having equal pressure. 
The highest isothermal for which this condition is satisfied is 
the one passing through the point P since at P the maxima and 
minima have coalesced into one. Hence P must be identified 
with the critical point and 'the isothermal through it with 
the critical isothermal. Now for P to be the maximum point 
of the dotted curve we have, by differentiating (24) with respect 
to V and equating to zero, 


a $a{V-2b) 
F" a * V 


or V e = 3*. 


Hence from (24) and (21) we have 


a 8a RT e 8 

p e - 2755 . 27 Rb* p 9 V e ~~T * 


(25) 


The critical constants may be very easily deduced from (21) 
since for the critical isothermal the point P is a maximum point 
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as well as a point of inflexion, and at this point both (dpfd V) T 
and (d*pJdV*) T are equal to zero. 

Hence from (21) 



RT 

(V-b)* 
2 RT 
(V-b) 3 


4 - ™ = 0 
+ |/3 u * 




Combining (22) and (26) we get V e —3 b, and with the help 
of (22), r , - 8a(27bR. Finely from (21) p c -=aj27b\ and 
KT c lp e V c = 8/3. 


10*8. Defects in van der Waals’ Equation.—In spite of the 
fact that van de* Waals’ equation enables us to describe the general 
features of transition from liquid to gaseous state, there is consi¬ 
derable discrepancy if we attempt a quantitative test of this equation. 
W,e have already shown that for carbon-dioxide the curves drawn 
lrom van der Waals’ equation do not exactly coincide with the experi¬ 
mental curves of Andrews. A particular isothermal may be made to 
agree much more closely with suitably chosen values of and < b* i but 


Table 3 .—Critical Coefficients for various fluids. 


Substance 

Critical 

coefficient 

Substance 

Cribcal 

coefficient 

Helium 

3*27 

Chlorobenzol 

3*78 

Hydrogen 

3-276 

Iodobenzol . 

' 3*78 

Neon 

3*249 

Bromobenzol 

3 '80 

Nitrogen 

3*412 

Ethyl ether 

3*81 

Argon 

3*424 

Hexane 

3*83 

Oxygen - ■ , ■ 

3*419 

Heptane 

3*86 

Carbon-dioxide 

3*45 

Octane 

3*86 

Ethane 

3*55 



Methyl chloride 

3*48 

Propyl alcohol 

. 4*00 

Sulphur dioxide 

3*62 

Ethyl alcohol 

4*02 

Carbon-tetrachloride 

3*67 

Methyl alcohol 

4*55 

Isopentane 

3*73 

Acetic acid 

4-99 

Benzol 

3*75 



Pentane 

3*76 




then - for the same values of a and b the agreement is not so good for 
other isothermals. This only implies that V and ‘b y vary with 
temperature as has been directly found from experiments (see p. 408 
table 1), but van der Waals’ theory assumes them to be constant, i bis 
is a great shortcoming of the theory. 

Again van der Waals’ equation gives V c — 3b, while experi¬ 
mentally it is found that V c is more nearly equal to 2b. 
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A more definite discrepancy however lies in the values of the critical 
coefficient R7' e lp e V e . From equation (19) this should be 8/3 for all 
gases independent of their nature. Actually, however, it varies from 
gas to gas with an average value of 3*7 for most substances. This 
constant appears to depend upon the molecular structure of the gas. 
The critical coefficients for various gases are given in Table 1 3. 1 

It should be pointed out, however, that it is not proper to test van 
der Waals’ equation by investigating its behaviour in the critical 
region as on account of the very assumptions in its theoretical deduc¬ 
tion, it is not expected to hold at such high densities. That the dis¬ 
crepancy at such high densities is not even greater shows that van 
’der Waals* assumptions are not very wide of the truth. A better, though 
less spectacular, agreement should be expected when we compare the 
behaviour at low densities. This will be done in §10-12. 


10*9. Deduction of Equation of State from the 
Virial Theorem of Clausius. 4 — Clausius 3 , proceeding in an 
entirely different manner, deduced the equation of an imper¬ 
fect gas more rigorously. We can treat the gaseous particles as 
ordinary matter subject to classical dynamics. Thus if % de¬ 
note the coordinates of the centre of any molecule measured 
with respect to a certain system of axes, Mid X, Y, Z denote the 
components of the force acting on the molecule, we must have 

• • (27) 


d z x 


_ y. dty _ y. M djt _ 7 


Proceeding as in §3 *45 we can easily deduce 


-mif — 


m d 2 
4 dt 2 


(**)- 1-Xx. 


(28) 


Similarly for the other coordinates. Adding these we have 

W+y*+i*) = (* 2 +J 2 -K*) - jQCx+Yy+Zd, 

which gives the kinetic energy of a molecule. 

Let us sum this expression over all molecules of the gas 
and take average over a sufficiently long time t- We get 

~ 2(X*+>>+^). • (29) 


1 Taken from Handbuch der Pbysik , 10, p. 143. 

2 An excellent treatment of the virial theorem is given in Clemens* 
Schaefer, EdnfuhruKg in die Tbeoretische Pbysik, Vol. 2. See also Hand¬ 
buch der Pbysik, 10, pp. 127—130. 

a Phil Mag., 1870. Ann. d. Pbysik , 2, pp. 124, 141 (1870). 
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where the summation 2 extends over ail molecules and the 
bars denote time average from 0 to %. If the gas is in a steady 
state the quantities \2mc 2 and 2 (Xx-{-Yy-\-Z%) are approximately 
constant throughout the motion. The second term in equation 
(29) is equal to 



d dr ■ dr 

Now (r 2 ) — 2r. ^ , and ^ for a molecule fluctuates 

irregularly with time, being as often positive as negative, while 
V from the theory of Brownian movement varies as the square 


root of time. Hence by making x large, the term 
becomes effectively zero 1 and (29) reduces to 2 




r 

0 


\ 


12 me 2 — —$2 (X*+1>+Z0* . . (30) 


The expression oh the right was called by Clausius the virial 

of the system. Equation (30) asserts that the total kinetic energy 

of translation of the molecules of a gas in the steady state is equal to 

its virial. This is the virial theorem of Clausius. 

1 We might look at the problem in a slightly different way. 2 tnr 2 
=1 the moment of inertia of the gas about the origin and this must 
remain constant on the average if die gas is enclosed by actual walls. 

Therefore, 2 mr 2 will have some value which cannot display any 

steady increase or decrease with time. 


2 The same result is obtained even when we take frictional forces 
opposing molecular motion into account (See R. H. Fowler, Statistical 
Mechanics , 1936, §9'7) provided we assume that the frictional forces are 
small enough to permit of an effectively steady state. In fact, the 
essential difference between the present treatment and that given on p. 
187 is that in the Brownian movement the frictional forces are too 
great to permit the attainment of a steady state of equilibrium distri¬ 
bution. in other words in the Brownian movement phenomena there 
arc no normal stresses across any physical or imaginary geometrical 
boundary and hence in that case A, Y, Z do not include any boundary 
forces and consequently their contribution ultimately vanishes when 
averaged over a large number of particles. In the present case of 
molecular motion the frictional forces are small and a steady state is 


attained. The frictional term will give ( cri ) >= T c 

L 

the right hand side of (29) and since m2? 2 is nearly constant, the value 
of the frictional term will be 2ero if we take average over a long time. 
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Now X, Y y Z include all the forces which ever act upon 
the molecules and we must find the contribution of all such forces 
to the virial. These forces may be broadly divided into the 
following thtee categories :— 

(1) The force of impact on the molecule due to collision with 
the walls of the containing vessel. 

(2) The forces due to collision between two molecules. 

(3) The forces of attraction between molecules when se¬ 
parated by some distance. 

Let us calculate the contribution of (1) to the virial. Imagine 
the gas confined in a parallelepiped with sides a 3 b y c y parallel 
to the coordinate axes while the two be faces cut the x-axis 
at x x> x 2 (.*. x z —x x —a). If the pressure exerted by the gas 
is p y the value of ZX at x x is p-bc t that at x 2 is —p>bc. 

. • "■* ^SXx — ipbe(x» ~ Xj) — \p' ^ = ip^> 

where V is the volume of the parallelepiped. Similarly for the 
other pairs of faces. Hence the total contribution by the forces 
acting at the walls is \pV. Further if we assume the gas to be 
perfect, the forces mentioned in (3) do not exist, and since the size 
of the molecules is negligible for a perfect gas the contribution 
due to forces in (2) is nil as action and reaction are equal and of 
opposite sign and in this case they also act at the same place. 
Hence for a perfect gas. we have from the theorem of vii^al 

~ wAV J^pVy pV= j tr/NC 2 . . .(31) 

in agreement with equation (9) of Chap. III. 

For a real gas however we must take into account the effect of the 
forces acting between the molecules of the gas including the forces 
during collision, assuming at the same time that the molecules have 
finite size. The nature of these forces is not definitely known. For 
the present let us assume that the force between two molecules 
is radial and is equal to where r is the distance between the 
molecules. It is thus assumed to depend only upon the inter-mole¬ 
cular distance and not upon the orientation of the molecules. <f>(r) 
will be considered positive when it is repulsive. Evidently <j>(r)= — dEfdr 
where E is the potential energy due to the intermolecular force. Let 
the coordinates of the centres of the two molecules be x t j, £ and x\ 
F. 53 
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./> K' respectively. Tlieu the components X, Y, Z and X', Y\ Z' of the 
forces acting on them will be given by 

x X~ "A* r f i . iX *“ X 

A cj>(r)—y- ; A = ^(r)—^—. 

* 

The contribution to vXv made by these forces is 

Xx+X'x' = (*_*.')a. . . . (32) 

Similarly for the other components. Hence the total contribution by the 
inter-molecular forces to the virial is 

- f { (*-<>’+ “ -i&m 

where the summation extends over ejach pair of molecules counted once. 
Hence the virial theorem yields 

= » P V-\£r .(33) 

But we have already shown in Chap. Ill that the mean kinetic energy 
of translation $m 2 —$JkT. Hence (33) yields 

pV = NkT. . . . (34) 

This is the general form of the equation of state derived from the virial 
theorem and holds accurately. Thus if we could calculate the value of 
the term 2r<f>(r) accurately^ we could obtain an exact equation of state. 
Unfortunately this is not possible since <f>(r) is not known precisely. 
We shall therefore attempt to calculate an approximate value of 2f<f>(r). 

In order to proceed further we have to use the distribution law. 
According to Maxwell-Boltzmann law 

« e = » 0 (ff/j2rrkT) i l 2 e-^ + E )l kT Aire 2 . dc y 
where » c ' denotes, the number of molecules per c.c. having velocity lying 
between c and c-\-dc and having the potential energy E. n 0 is the 
molecular density in regions where the potential energy is zero. Integ¬ 
rating for all values of c from 0 to oo we get 1 

n r ~ .(35) 

Let us calculate the contribution of one molecule to the viriaL 
Th.e average number of other molecules lying within a distance r to 
>*-h/r from this molecule is » r .4-nr 2 .</r and for these die force is 
Hence the contribution of one molecule to r<f>(r) is 

4tt/- 3 . n 0 e~ E, '^ i . <f>(r).dr, 

1 It might be argued that (35) does not hold when E is negative 
for then we cannot integrate for c from 0 but from some minimum 
value q,.. Actually however (35) holds even for negative mutual potential 
energies and can be rigorously deduced from statistical mechanics. 
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(36) 


and the contribution of N molecules of the gas is 

~ J 03 4 ir/-% 0 <T <jf(r)Jr, , 

the.division by 2 being necessary since every pair has to be counted only 
once. We have written E r for E meaning thereby that the potential 
energy is due to the particular molecule considered at the distance r 
and is not due to forces exerted by other molecules. This is justified 
only when the inter molecular force is a short-range force and in addi¬ 
tion the molecular density is small so that the molecule is effective!}- 
within the field of force of a single molecule and ternary and higher inter¬ 
actions are negligible. Thus equation (36) is only a first approximation 
and cannot rigorously apply to liquids. The limit of integration has 
been made infinity instead of the boundary of the container as the integ¬ 
rand varies so rapidly that the difference between the two is negligible. 

Further » 0 is not 1 equal to NjV since on account of the interfnolc- 
cular force varying with distance the distribution of molecular density- 
will not be uniform. Since however this is a correction term and 
we interest ourselves only in a first-order correction we can substitute 
the approximate value of a 0 -=N/V in this correction term. Equation 
(34) then yields 

p y=NkT+ f Br,kT <Kr) dr, . . ( 37 ) 

This equation can be written in a slightly modified form. Since 
(f>(r)=—dEr/dr, we have 


f f -BrlkT^ r y r 


kT.r R!kT +A, 


where A is the constant of integration. Integrating (37) by parts and 

utilisina the result we obtain 

2tt N 2 

t Fir i * if ^ ) 


pV = NAT + 


|°°3r a (ATe~ E,lkT +A) dr j 


2 ttN 2 


= NAT -1- AT.f' r 
. J fl 


.. ~E r lkT, 

(1 f )dr. 


(38) 


V . j® 

where A has been put equal to —AT to secure the convergence of the 
integral at infinity, since E r being small at infinity the term {} gives r 3 E', 
which vanishes at infinity as E r is negligible. Eqn. (38) is correct as a 
first-order approximation for spherically symmetrical type of molecular 
field. 

1 With the assumption of rigid molecules without external force- 

Nf b\ 

field it can be shown that n 0 — -p^l —-pj 
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Investigations hai e shown that the force (f>(r) between two mole¬ 
cules at large distances is an, attractive force increasing rapidly as the 
distance decreases, and finally when the repulsion begins to be stronger 
the net attractive force decreases till ultimately the force becomes a very 
strong repulsive one when the molecules come very close together. It 
is however not possible to evaluate the integral in (38) accurately 
without actually knowing B r . 

As mentioned in §10*5 van der Waals made the simplifying assump¬ 
tion that the molecules are rigid spheres of diameter a and attract each 
other with a weak force which rapidly deceases as the distance increases. 
Thus we may regard the molecules as kept apart by a repulsive force 
of enormous intensity at distance a with £ r increasing from 0 to oo in 
an infinitesimal range at the value r=o , i.e., E,~ oc for r<cr. On ac¬ 
count of the attractive force E r lias a small negative value for r>a. 
With these assumptions the integral in (38) becomes 

<r co ** oo 

I r 2 dr -f | r 2 ^ 1 —e dr = -f J r 2 .dr approx. 

O <r <r 

Equation (38) then yields 

pV^RT+^-^j, . . (39) 


where 


b ~ -jj- Niro 3 , a = — 2irN i ^r t E r dr. . . (40) 


b is the same as van der Waals’ constant and a is positive since E r is ne¬ 
gative. Thus the second virial coefficient B v =bRT-a, and inspite of 
the approximations made, this value is exact under the assumptions of 
van der Waals as a more accurate calculation 1 involving ternary and 
Higher encounters affects only terms in higher powers of IjV. 

For the sake of comparison van der Waals’ equation should be ex¬ 
panded in powers of 1 fV, Thus 

_ a RT r M _1 a 

P “ JTTb~V^ ~~ Vj ~V» 


or 


pV= RT -!- 




. (41) 


which agrees with (39) as for as the second virial coefficient. The third 
virial coefficient occurring in (41) is not correct as can be shown from 
more elaborate theoretical calculations. Thus van der Waals’ equation 

(4) is theoretically correct only upto terms in 1 [V and no further (though 

- - , ... . . T 

1 See Boltzmann, Vorlcstmgen fiber Gastbeorie , 2, §51, or Ursell, 
Pro*. Canib: Pbi /. Soc ., 23, 685, 1927. 
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it contains a term in 1/K 3 also) even for a gas obeying van der Waals’ 
assumptions. It is more accurate to use equation (39) though (4) is 
generally used on account of its simplicity but its success is limited. 
The fact that equation (39) is found to hold fairly well shows that 
van der Waals* assumptions contain a good deal of truth. 

10*10. Variation of 'a and *b\ —-Accurate experiments 1 show 
that V and t b' of van der Waals* equation are not quite constant but 
vary with temperature and volume at which they arc measured .(see 
table 1). We shall now try to explain why it is so. 

The variation of V is due to the action of the attractive forces in 
changing the concentration of the molecules. Evidently this change in 
molecular concentration will be less effective the higher the kinetic 
energy or the temperature of the gas. Thus ‘ a * is a function of T and 
decreases as T rises. This is verified from Table 1, p. 408. An expression 
for the internal pressure /> t due to attractive forces has been deduced 
from rigorous mathematical considerations by R. H. Fowler 2 and is 
given in eqn. (38). From this 

oo 

a =--■ 2tt« 2 kT | r 2 (e~ mT -\) dr, .... (12) 
o 

which shows clearly that V is a function of T. The exact explicit de¬ 
pendence cannot be obtained unless the nature and magnitude of the 
attractive forces between molecules are accurately known. 

The variation of b with temperature can be more easily accounted 
fot;. From our present knowledge of molecular structure, it is clear that 
the molecules cannot have an invariable diameter a as assumed by van 
der Waals, but will have some softness with a slightly extended force- 
field. Obviously the smallest distance of approach between the centres 
of two molecules will vary with the energy of impact of the molecules, 
the temperature of the gas. If at ordinary temperatures this distance 
is r 0 , then at higher temperatures the impacts will be more violent and the 
molecules will approach each other to a distance less than r 0 . It is thus 
dear that the effective diameter of the molecule will be a slowly varying 
function of the temperature. Further wo saw that the van der Waals* 
equation is correct only if (i/K) 2 is neglected. Hence it is obvious that 
the equation will be correct for values of V much greater than b and hot 
for values of V comparable with b. It follows that b will not remain 

1 See Jellinek, l^ehrbnch der pbysikalischen Ckemie y Vol. .1, part I, 
p. 391; Jabloczinski, Phys. Zeits. y 33, 536, 1932. 

* R». H, Fowler, Statistical Mechanics (1929), p. 214. . 
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constant but will be a function of V. We therefore conclude that b 
will be a function of the temperature as well as of volume, and 
probably similar is the case with a. This is why the values of a and b 
for one isotherm do not fit those for another isotherm. 

10*11. Other Equations of State. 1 —The defects of van der 
Waals' equation of state have been pointed out in §10 8, Jt is mention¬ 
ed there that according to experiments 

K c = 2 b; RT e jp c V c = 3-70. 

A.ny other equation of state must satisfy these conditions and its accuracy 
must be judged by the. degree to which it approximates to these results. 

There are two methods by which later workers have attempted 
to improve van der Waals’ equation. The first consists in adding empi¬ 
rical constants which can be suitably chosen, and the second consists 
in obtaining a more accurate expression from rigorous theoretical con¬ 
siderations. We shall first consider the former. 

The well-known equation of this type is that of Clausius 2 , v/\. } 

{>+ IWTv} = RT - • • • ( 43 > 

Comparing it with van der Waals* equation we see that here V has 
been modified into a'fT. This has some theoretical basis also since V 
must vary with temperature. Instead of V we have V-\-c where c is 
another constant. This equation fits Andrews’ curves better than van 
der Waals’ equation, but fails in case of other gases, and hence has no 
advantage over van der Waals’. equation. 

Another empirical equation was proposed by D. Berthelot, pi%. t 

(p + vn- )&'-!>) = R3 '. • • • (**) 

or in the modified 8 form 

pV~HT{ l+i^7;(l~6T, 2 )} • • • (45) 

1 No less than 56 equations of state have been proposed. For a 
list of these see Partington and Shilling, Specific Heat cj Gases , pp. 29-33, 
or Handbmb der Experimental-physik , Vol. VIII, Part 2, p. 224. 

8 Wiedem. Am ., 9, 337, 1880. In the general form he puts f(T) in 
place of a'jT. 

8 Equation (44) may be treated as on p. 413 to yield the value of 
the critical constants in terms of a’ and b. Substituting these values 
of a’ and b in (44) and altering the resulting equation so as to agree with 
certain experimental results and making approximations, equation (45) is 
obtained. For details of this deduction see Partington and Shilling, 
Specific Heat of Gases, 
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where p r ~plpe and is called the reduced pressure and 2~ r ~--TiT i) and is 
called the reduced temperature (§10*15). The equation in the latter 
form contains only observed critical constants and is often employed for 
practical purposes. It gives better agreement than van der Waals’ equa¬ 
tion over a wider range as it approximates better to the theoretical ex¬ 
pression (38). 

Dietetic# from semi-theoretical considerations, deduced the equa¬ 
tion 




RT - 
V~b e 


a 

RTF . 


. (46) 


Generally speaking this equation is more correct than van der Waals'; 
♦this is due to the exponential instead of the additive form of the cor¬ 
rection for adhesive forces. It yields V c = 2 b and RT c jp e V e -- 3*695, 
the agreement being thus better than in the case of van der Waals’ 
equation. If a and b are small, (46) reduces to the van der Waals’ 
equation. 

Saha and Bose 2 deduced from thermodynamic considerations and 
the theory of probability (Chap. IX) the equation 


P 


RT 

2b 


a 

e Bir 



(47) 


which also yields van der Waals’ equation as a special case. In this.equa¬ 
tion the critical coefficient RT e /p e V e — 3-53, which gives a better agree¬ 
ment with the experimentally obtained values for simpler gases. 

Beattie and Bridgman 3 have suggested an equation of stale of tire 


form 


P = 



c 

VT* 


)(K + V- 



1 ~ 



containing five adjustable constants. They find that by suitably choosing 
the values of the five constants, thus equation fits the data for ac least 
fourteen gases (including all the commoner ones) to within 0'5 percent 
down to the critical point over a wide range of pressure. Its chief value 
however is its utility as it has no satisfactory theoretical basis. 

A review of the values of the critical coefficient (p. 414) shows that 
it cannot have a fixed value for all substances, but the value should 
depend partly on the actual structure of the molecule and the state of 


1 Wiedem Ann., 66 , 826, 1898; 69 , 635, 1899; Drud. Am. 5, 51, 
1901. jeans has tried to place it on a rigorous theoretical basis (see 
Jeatix, Dynamical Theory of Gases (1921), p. 161. 

'' Phil. Mag., 36. 199, 1913. 


3 four. Amer. Chew. Soc., 49 , 1665, 1927; Zei/s. t. Rhys.. 62, 95, 1930. 
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association. It is therefore perhaps futile to attempt to deduce any 
single equation of state which should be valid for all substances in 
general. Recently attempts have been made to deduce equations which 
may be valid for individual gases. 

Reinganum 1 deduced quite rigorously from the virial theorem the 
equation 2 * 

(p + (v~- fe'" RT ) - RT, 

where a(T) implies that a is a function of the temperature. The exact 
values of a(T) and c can be found only when the intermolecular forces 
are accurately known. 

Fowler 8 has deduced equation (38) from the virial theorem as a 
ilrst approximation considering only binary encounters 4 * * . The prob¬ 
lem of determining the potential energy E or the intermolecular force 
if>(r) still remains. 

On account of the difficulty in obtaining the equation of state in a 
closed form Kamerlingh Onnes proposed the equation of state in the 
form of a series expansion (equation 2a). This procedure is now wide¬ 
ly adopted and attempts are made to evaluate the virial coefficients 
from theoretical considerations and compare them with the observed 
values. 

10*12. Second Virial Coefficient. —The second virial 
coefficient B„ is found experimentally by fitting the observa¬ 
tional data on gases in equation (2) or (2a) retaining three or 
four terms on the right-hand side. As stated on p. 397 it is 
found to depend on the temperature. Van der Waals’ equation 
is often tested at ordinary pressures by plotting B v against T as 
abscissa. According to van der Waals’ equation (41), B v —bRT—a 
and thus the plot should be a straight line whose slope will 
give b and the intercept will give a. The experimental curves 
for various gases (Fig. 4) are almost rectilinear but have 


1 Pbys. Zeits ., 2, 241, 1901; Ann. d. Physik, 10, 334, 1903. 

2 For the deduction of this equation see Loeb, The Kinetic Theory 
of Gases (1934), pp. 156-160. 

8 loc. cit. p. 211. 

4 Ursdi ( Camb. Phil. Soc. Proc. y 23, 685, 1927) has employed 

the method of statistical mechanics to calculate the higher virial 

coefficients by considering ternary and higher encounters. 
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some convexity 1 showing that van der Waals* equation is only 
approximately true even at low densities. We have seen in §10*9 
that for a gas obeying van der Waals’ assumption of rigid spherical 
molecules with weak and symmetrical attracting fields the relation 
B v —bRT—a should hold rigorously (see eqn. 39). The present 
discrepancy is therefore evidently due to the fact that van der 
Waals’ assumptions are not accurately (but only approximately) 



obeyed by the actual gases as already pointed out in §10*10. The 
problem of theoretically determining B v therefore requires a correct 
knowledge of the intermolecular force <£(r) or the intermolecular 
potential energy E r since 

oo 

B„ = 2»Rr. N f r‘ ( 1 Br,kr ) dr, . . (49) 

o 

from (38). Subsequent attempts are mainly concerned with the 
determination of such a law of force as will agree with the observ¬ 
ed values of B v . For a comprehensive account of the work done 
on the subject see Kihara, Rev. Mod. Phys., Vol. 25, p. 831 (1953). 

10*13. Derivation of Equation of State from Statistical 
Mechanics. —The equation of state for a perfect gas can be readily 
obtained by utilising the statistical expression for entropy S (Eqn. 37, 

1 By drawing tangents to the curve at different points and assuming 
eqn. (41) to apply, the apparent values of a and b at different tempera¬ 
tures can be found. 

F. 54 
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p. 390). Using this expression we obtain for the free energy F 
(p, 343) the result F = —1IT. /«/, and the partition function 

/ = S j (2 TrmkXf 12 

As shown on p. 391 it is necessary to divide this value of Nk In f by 
A In Nl to take into account the identity of the molecules. Hence / 
should be multiplied by ejN. Therefore 

F — — RT /* ~(2t rmkTf ]2 ejN. . . . (50) 

Since p — — (pFjdV)j>, equation (50) yields p = RT/V, the perfect gas 
equation. In the case of polyatomic molecules there are also present in¬ 
ternal energies of. rotation and vibration in the molecule but these do 
not affect the equation of state because f in the above equation has 

to be simply multiplied by /* = 2 e~ ti,kT and e t -, the internal energy, 
does not depend upon the coordinates of position of the molecule and 
hence upon V. 

The derivation of equation of state for an imperfect gas is however 
complicated as we have to take into account the potential energy of the 
molecules also. We have to consider the statistics not of independent 
molecules, but of interacting molecules, and must therefore use the 
method of Gibbs or of Fowler (§9*12 and 9*13). Making certain ap¬ 
proximations the result comes out to be the same as eqn. (38) ofp. 419. 
For details see Slater, Introduction to Chemical Physics (1939), Chap. XII §4, 
or Fowler and Guggenheim, Statistical Thermodynamics (1939), Chap. VII. 
The latter contains full references and various applications also. 

10*14, Nature of Molecular Forces. 1 —The equation of state 
(38) deduced above from theoretical considerations can be of use only 
when we are able to calculate the force between two molecules. The 
calculation of this force is a complicated and difficult problem. It is 
however easy to infer from the observed tendency of matter to aggregate 
and form liquid and solid states at low temperatures that the molecules 
must exert forces of attraction on one another. Since the molecules exist 
as separate entities inspite of this attraction it follows that repulsive 
forces must come into play at short inter-molecular distances. The 
simplest model which will give rise to such forces is that of hard impene¬ 
trable molecules surrounded by an attractive field as assumed by van der 
Waals. This picture is however not compatible with the observed com- 

1 For more detailed information see Fowler, Statistical Mechanics 
(C. U. P. 1936), Chap. X, or Slater, Introduction to Chemical Physics 
(1936), Chaps. XXII and XXIV. 
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possibility of solids and in particular with the present known structure 
of atoms and molecules. According to the Rutherford-Bohr model the 
atom consists of electronic shells round a nuclear positive charge. 
Hence the force between atoms or molecules is made up of forces 
between the electrons and the nuclei of the two systems. The force is 
therefore essentially electrostatic; there are also magnetic forces but 
they are ordinarily small enough to be neglected. 

Let us consider the force between two neutral atoms or molecules. 
Exceptf or the atoms having closed shells such as He, Ne, Ar, etc., almost 
all other atoms are electrically unsymmetrical. Such atoms are electro¬ 
statically equivalent to a positive and equal negative charge separated by 
a distance. This is called an electric dipole or doublet and would possess 
an electric moment. Molecules composed of such atoms will also behave 
as dipoles. Many molecules are now known to possess permanent elec¬ 
tric moments whose values have been determined from a study of die 
dielectric properties of gases composed of such molecules. If die dipoles 
were oriented at random the field at an external point would be zero, but 
on account of the Boltzmann factor the molecules rotate in such a way 
that there is a slight preponderance of molecular positions having less 
potential energy, in which position the dipoles will be parallel to each 
other, i.e.y the positive end of one dipole will be opposite the negative 
end of the other dipole producing thereby a net attraction between the 
two dipoles. Thus the effect of dipole-dipole interaction is an intermole* 
cular attraction varying as 1 /r 4 , r being the distance between the dipoles. 

In most common gases, however, the molecules do not possess 
dipole moment and the mechanism of interaction is the distortion or 
polarisation produced by one neutral molecule on another neutral mole¬ 
cule. If the charge distribution is spherically symmetrical as in .the case 
of atoms with closed shell, it follows from ordinary electrostatics, that the 
force outside the shell will be zero. Even in this case, however, it is 
unlikely that the electrons will be so arranged in the shells that at every 
instant during their motions the dipole moment will be zero. (Its time 
average is of course zero). In fact at any instant the dipole moment 
will have a small value which will be constantly fluctuating in magni¬ 
tude and direction on account of the motion of the electrons. The 
fluctuating dipole moment produces fluctuating external field at a 
distance r proportional to /a/r 8 where n is the dipole moment. The 
fluctuating field produces on the other neutral atom or molecule a dis¬ 
placement of charge or polarization in phase with the field. The force 
exerted by the fluctuating field on this displaced charge does not 
average to zero on account of the phase relations but results in a 
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net attraction between the molecules which is van der Waals’ attrac¬ 
tion. We shall now calculate this attraction and the corresponding 
van der Waals’ energy. 

The fluctuating field F — (ijr 8 produced by one molecule distorts the 
electronic . distribution of the other molecule, the electrons moving 
in the direction opposite to the field. On account of this polarization 
of the second molecule an induced dipole moment aF, parallel and 
proportional to the field is produced, a being the polarizability of the 
molecule. On account of the interaction between these two dipoles the 
second molecule will be attracted towards the first dipole by the force 

—The attractive energy E will be such that will be 


equal to the‘above force. Integrating the above expression for force and 
averaging for all possible orientations of the first dipole, the energy will 

3 (xvfi 

come out to be E — — -g This is van der Waals’ attractive energy. 

If the molecules were originally permanent dipoles, , there will be an 
additional attractive energy term varying as 1/r 8 as proved previously. 

The above attractive forces operate when the atoms are sufficiently 
far apart. But if the atoms come so close together that they touch or 
overlap, quite new type of forces, callpd Exchange Forces, come into 
play. The classical conception of the atom is not able to explain these 
forces, for the spherically symmetrical shell of charge in one atom will 
be able to penetrate a sufficient distance inside a similar shell of an¬ 
other atom, without any special repulsion being produced. Thus the 
atom would appear easily penetrable but this is not so. Actually what 
happens is that the atoms distort the charge distribution of each other 
producing either an attraction (valence binding) or repulsion (van der 
Waals * repulsion) . between the atoms. In many cases, the attractive state 
is however inaccessible owing, to Pauli’s Exclusion Principle (See §17*12 
and Note 15). (This is always so if we consider such systems in which 
all possible chemical bonds have already been formed). Thus usually 
a strong repulsion is produced giving thereby an explanation of the 
observed impenetrability of the atom. Actually the charges of the atoms 
are so redistributed in accordance with the exclusion principle that 
some charge shifts away from between the two nuclei to the outer sides 
of the nuclei producing a net repulsion between the two atoms. The 
mutual potential energy of this distorted electronic configuration (called 
overlap energy) can be calculated from wave mechanics and can be shown 
to approximate to De~* r for large distances r. For short distances the 
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expression is very complicated. We shall thereto assume, the empi¬ 
rical formula E—Ar~* for the overlap energy for short distances. V is. 
found to lie between 8 and 14. Thus the resultant interaction energy is 

E = .. (51) 

The intermolecular force will be one power less in r. Substituting 
the above value of £ in the expression (49), B v can be calculated. Actu¬ 
ally however the values of A, /*, s, t are not definitely known and the 
process is reversed. Those values of A, fi y s y t are selected which will 
fit in with the observed variation* of B v with temperature. The cal¬ 
culations have been made by Horn, Fowler, Lennard-Jones and others. 
The results are, however, not quite unambiguous. / can be set down as 
6 and s is found to lie between 8 and 14. For details see Fowler loe. 
cit. pp. 209-306. 

By substituting these values of s and t in equations (51) and (38) an 
accurate equation of state could be determined. Further since s and t 
are found to vary from gas to gas, it follows that no single equation of 
state can be strictly valid for all gases. Thus we see that for all practical 
purposes we have to depend essentially upon empirical equations of the 
type of Kamerlingh Onnes which, are almost always employed in 
accurate work. The values of the virial coefficients are determined 
empirically for each individual gas. 

10*15. Law of Corresponding States.—We shall, now 
consider an important modification of the equation of state. 
Taking van. der Waals’ equation 

RT _ a 

P “ y^i, yz > 

p T V 

and writing — ~ pr, rr, — T r , ~ = V r , 

pt e * « 

where T ey V e are the critical constants, and again substituting 
for p ey T ey V e their corresponding values in terms of a and b, w^., 

V ‘ = 3 *’ = Tm ’ T ‘ “27K* ’ 

we get {>•’ +ih){ y '~Th l Tf ’ ' •. ’ (52) 

The quantities p ry T ry V r are respectively called the ‘reduced’ 
pressure, .‘reduced* temperature and ‘reduced* volume of the 
gas, while (52) is called the ‘reduced* equation of state of van 
der Waals. 
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Equation (52) does not contain any constant depending 
upon the nature of the gas. It should therefore be true for ail 
substances and be of universal application. From this, it follows 
that if for any two substances any two of ttie quantities p rt T r , V r pos¬ 
sess the same value the third quantity must also be identical. This is 
called the Law of Corresponding States. Thus if the temperature 
and pressure of two substances bear the same proportion to their 
critical temperature and pressure, their volumes will also bear an 
identical ratio with the respective critical volumes, or, in other 
words, by suitably expanding or contracting the scales on which 
p and V are measured, the isothetmals of all substances can 
be made to coincide. 

This law is true only approximately and not rigorously. An 
easy way of showing this is to compare the values of RT e Jp e V c for 
various substances. As already mentioned it varies from 3*0 to 4'9 (see 
Table 4) while it should remain constant if this law were true. For 
simpler gases it is very nearly true. Another way of showing the 
same thing is to draw the isothermals in terms of the reduced pres¬ 
sure and reduced volume for various substances at the same reduced 
temperature. Then the curves for all substances ought to be coinci¬ 
dent, but actually this is not quite so. It may be pointed out that 
so long as the equation of state contains only two quantities depending 
upon the nature of the substance, such as van der Waals’ V and *b\ it 
can always be reduced to yield an equation valid for all substances. 

De Boer 1 has discussed the law of corresponding states from the 
point of view of quantum theory. He has shown that this law can 
be deduced theoretically if we' assume that the potential energy can be 
expressed as a sum of terms all of which depend only on the distance 
between a pair of molecules and further if classical statistics is assumed 
to be applicable. There will be deviations from the law due to quantum 
effects, the extent of deviation depending upon the magnitude of the 

parameter h/eo-s/m where e is a characteristic energy and a a character¬ 
istic length. On this basis various properties of gaseous elements 
have been examined 2 and fairly close agreement with experimental data 
has been obtained. 


1 De Boer and Michels, Physica, 5, 945, 1938; De Boer, Physica, 

14, 139, 1948. J 

2 De Boer and Blaisse, Physica, 149. 1948; Grilly, Hammel and 

Sydoriak, Phys. Rev., 75, 303, 1103, 1949. 
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10*16. Experimental Study of the Equation of State* 

—The methods of experimentally determining the isothermals 
for gases and liquids fall into two classes: {a) In the one we observe 
the change in volume when different’ pressures are applied, (b) 
In the other volume remains constant, the quantity of matter 
being varied. 

(a) Apparatus based on the principle of variable volume .—When 
the pressure is small, the apparatus is quite simple and is given 
in elementary text-books as the Boyle’s law apparatus. For 
higher pressures up to 100 atmos. an apparatus due to Cailletet 
may be used. This is described below. The same apparatus 
with certain modifications has been used by Regnault, Andrews 
and Amagat in their researches. 


The apparatus is shown in Fig. 5. T is the measuring vessel made 
of stout glass which ends in a 
carefully calibrated capillary tube. 

The lower part of the vessel 
is placed in a steel cylinder. By 
means of a brass piece A and a screw 
E the vessel is held in the steel 
cylinder. M is a thermostat sur¬ 
rounding the upper narrow part of 
the tube wliich is again closed by 
means of a mantle C. The vessel 
T is filled with the gas under in¬ 
vestigation at atmospheric pressure, 
the space between T and the inner 
wall of B being filled with a sufficient 
quantity of mercury over which a 
quantity of glycerine or paraffin oil 
is poured. Pressure is communicat¬ 
ed from a compression pump through 
glycerine to the measuring vessel. 

At high pressures the mercury will 
rise up to the capillary tube and the Fig * 5 -“ CaUletet>s a PP aratu8 ‘ 

volume of the enclosed gas can be easily read off from the gradua¬ 
tions. When the pressure is high, it is measured by a compression 
manometer. If the pressure is above 300 atmos. and is exerted 



To 

Compression 
pump 
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only from the inside the capillaries are generally smashed, hence the 
experimental tube must be subjected to pressure from all sides. 
Such a pressure tube was built by Amagat. 1 


Amagat carried out an exhaustive study of the behaviour 
of several gases by the above method. In one set of experi¬ 
ments he employed pres¬ 
sures up to 450 atmos. 
while in the next series 
pressures as high as 3000 
atmospheres were used. 2 
We shall now discuss his 
results. 

Amagat represented 
his results by graphs 
in which pV denotes the 
ordinate and p the abs¬ 
cissa. The curves for 
hydrogen and nitrogen 
in Fig. 6. As already 




*For a detailed description see Mullcr-Pouillets, "Lehrbucb der 
Pbysiky Vol. 3, Part I, p. 242. 

2 A very good account of these experiments is given in Jellinek, 
Pbysikalische Cbeme , VoL I, pp. 334—354. 
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mentioned, for H 2 the product pV inceases with pressure, but 
for nitrogen it first decreases and then increases. The curves are 
straight lines inclined to the pressure-axis while if Boyle’s law held 
true they would be straight lines parallel to the pressure-axis. The 
curves 1 2 for CO s (Fig. 7) are typical of all gases. The isothermals 
below about 30° have a portion of them parallel to the pV-vcsis. 
This indicates that the pressure remains constant while the volume 
varies, and corresponds to the condensation of the vapour. 
Further it is seen that the curvature of the isothermals diminishes 
as the temperature rises. The minima points on isothermals 
gradually recede away from the origin, and the dotted curve 
through them is roughly parabolic. 

The general shape of this curve can be- easily explained; for 

d(pV) 

+ 2 C j> + 3 D p 2 + 

and from what has been said on p. 397 regarding the variation 
of B and the values of C, D ... it follows that the slope of these, 
curves will be negative for low temperature and low pressure, 
and positive for high temperature with low or high pressures. 
This parabolic curve would meet the ordinate through p = 0 on 
an isothermal which will correspond to the Boyle temperature 
(for which B — 0). Above this temperature no minima points 
are found and carbon dioxide behaves like H 2 , In . fact all gases 
will behave like CO^ only for H a these changes will occur at 
very low temperatures. 

(b) As an example of apparatus employing the principle of 
constant volume which has been much employed by Kamerlingh 
Onnes, 8 we describe an apparatus due to Holborn and Schultze 3 * * . 

The experimental vessel A (Fig. 8) whose volume is accurately 
known, is placed inside a steel cylinder B. The latter can be subjected 
to the same pressure as the inside of A by opening the valves r a , r 4 , 
an d t> 2 , and adjusting die levels in Pj and P 2 to be the same. The 

1 These curves can be fully understood and interpreted with the 
help of van der Waals’ equation and will be found to show striking 
concordance with Andrews* curves. 

2 Leiden Commun ., Nos. 69, 78, 97. 

8 Ann. d. Pbysik, 47, 1089, 1915; Zeits. f. Pbysik , 40 , 320, 1924, 

and other papers. 

F. 55 
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vessel A is connected by means of a platinum capillary shown at V 
and die valves p 6 with the mercury pump P]PP 2 which acts as a 
compression pump. On opening the valves t> 6 , v 7 the vessel A ean 



Fig. 8.—Holboru and Schultze’s apparatus. 


communicate with a gas holder containing the gas under investigation 
which is connected at e. Compressed air from a steel flask can be forced 
through c Xi v 6 and v A into Pi and drives the mercury out of P x to P 2 . 
If now the mercury is allowed to pass from P 2 back to P x while the 
latter is connected by means of r> 4 and c 2 to the atmosphere and the 
valve v 9 is kept dosed, then simultaneously the experimental gas is 
sucked in at < and passes through i> 7 into P a from which it can be trans¬ 
ferred to the vessel A by closing v 7 and opening t? 6 and r z and raising 
the pump P x . Thus the mass of gas contained in A can be varied at 
will. The pressure is measured by the pressure balance D. The experi¬ 
mental results obtained by Onnes have already been discussed. 

10*17. Experimental Determination of Critical Cons¬ 
tants. —We have defined the critical, constants in sec. 10 3. 
They are constants characteristic of every substance; and are 
of fundamental importance as they occur in certain equations of 
state. Thdr importance in the study of liquefaction is dis¬ 
cussed in Chap. XU. 

The determination of these critical values is often a task of 
considerable difficulty. Of these the critical temperature is the 
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easiest to measure. For ordinary substances a hard glass tube 
like that of Andrews and connected to a manometer may be 
employed. Sufficient quantity of the liquid is introduced and 
the tube surrounded by a thermostat which can be maintained 
at constant temperatures differing by very small amounts. The 
temperature at which the liquid suddenly disappears 1 and re- 
appears are observed, the mean of these giving the critical 
temperature. The critical pressure is the vapour pressure which is 
observed • when the liquid just disappears and can be read easily 
from the manometer. The critical volume is much more difficult 
to measure accurately for even a small variation of temperature 
by 0'1°C may produce a large change in volume and hence the 
substance has to be kept exactly at the critical temperature. The 
pressure also must be exactly equal to the critical pressure since 
the compressibility of the substance in this region is very great. 
The method adopted was to arrange in such a way that a very 
slight increase of volume lowered the temperature by a small 
amount and caused the separation of the mass into liquid and 
vapour, the liquid appearing at the top 2 . This initial volume 
is called the critical volume. The amount of substance initially 
contained in the tube has to be thus adjusted. 

The most accurate method, however, is to make use of the 
Law of Rectilinear Diameters or mean densities, discovered 
by Cailletet and Mathias 3 . If the density of a saturated liquid 
and of its saturated vapour be represented by ordinates and 
the corresponding temperatures by abscissa, a curve roughly 
parabolic in shape is obtained (Fig. 9). In the figure the 

1 Recent investigations (see §10-18) show that the meniscus is 
not visible even at temperatures slightly lower than the critical when 
the properties in the liquid and gaseous phases have not yet become 
identical. Thus there is a small temperature interval over which 
the meniscus is invisible. Hence for accurate determination the pro¬ 
perties of the liquid and vapour phase have to be found over a range 
of temperatures near the critical temperature and the temperature * at 
which these properties become equal is taken to be the critical tem¬ 
perature (See Fig. 12 §10*18). 

2 This is the case when there is a slight excess of the substance in 
the vessel (see §10-18). 

3 Comptes Rendns, 104, 1563, 1897; Journal de Physique (2), 5, 
549, 1886. 
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vapour density of nittogen is plotted from the observa¬ 
tions of Onnes and Crommclin 1 and is typical of all subs¬ 
tances. The densities in the two states go on approaching 
each other till they become equal at the critical temperature. 
The curve AB is a line passing through the mean of the 
vapour and liquid densities and will consequently pass through 

the critical temperature. 
It was first observed by 
Cailletet and Mathias that 
for all substances this line 
was straight or very nearly 
so 2 . The equation for 
this line is y=\ (p t +p v ) 

— a bt, where y is the 
ordinate and / the abscissa, 
and p p p v denote the den¬ 
sities in the liquid and the 
vapour states respectively. This law enables us to find the critical 
density or die critical volume, for we determine the densities 
of the saturated vapour and the saturated liquid as near to the 
critical temperature as possible, then draw the rectilinear diameter. 
The intersection of this line with the ordinate at the critical 
temperature gives the critical density p e or the critical volume. 

For substances like water which attack glass at high temperatures 
Cailletet and Colardeau 8 employed the apparatus shown in Fig. 10. 
The strong steel tube AB, platinized inside to prevent attack, contains 
the water or the substance to be investigated. It is immersed in a 
temperature bath LL which is heated by a gas regulated burner, and thus 
its temperature can be kept constant. The tube AB is connected to a 
similar steel tube FG by means of the flexible steel spiral CDE. Mercury 
ffife part of the tube AB, the spiral CDE and the tube FG up to the level 
Sj above which there is water filling the entire tube, upto the manome¬ 
ter M. Different pressures can be applied by the force pump as indica¬ 
ted* At Sj an insulated platinum wire is scaled in the/«ide of the wall 

1 Leiden Com mm.. No. 145 (c). 

2 For some substances the line is not quite straight. See llandbucb 
der Pbysik, 10, p. 171. 

8 Comptes Rendr/s, 112, 56,1891; Am. de Chemie ei de Physique, 
6*, 25, 519. 
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Fig- 9.—Law of rectilinear diameters. 
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and completes an electric bell circuit. When the temperature of the 
bath is raised, the pressure of the vapour in AB rises, mercury is forced 
past Sj in FG and sets the bell ringing. W'ater is forced in by the pump 
to keep the level of mercury constantly at S x and thus the volume occu¬ 
pied by the water and water vapour in AB remains constant. The 
platinum wire at S B completes another electric circuit and serves to 
sound a warning that the whole mercury is about to be expelled out of 



Fig. 10.—Cailletet and Colardeau’s apparatus. 

We thus get the vapour pressure curve of the substance. The curve 
is perfectly continuous and cha¬ 
racteristic of the substance. For 
water this is shown in Fig. 11. 

If, however, we start with differ¬ 
ent quantities of the liquid we 
get the same curve as far as M, 
but above it we get different 
curves. The vapour pressure 
curve thus appears to branch off 
at M, a point whose position was 
found by Cailletet to be practical¬ 
ly independent of the quantity 
of liquid taken. This tempera¬ 
ture is the critical temperature 



Fig. 11.—Vapour pressure curve for water, 
for the substance. 
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We give below a table of critical constants, taken from Landolt 
and Bornstein's Vhysikalisch-Chemische Tabelleit. 

Table 4 .—Critical Data. 


Gas 

T e 
in °C. 

. P* 

in atm. 

specific 
volume 
v e in c.c. 

RT e 

AcVe 

Helium 

-267-9 

2-25 

15-4 

3-13 

Hydrogen .. 

-239-9 

12-8 

32*2 

3-28 

A.ff*on ♦ * * • 

—122-4 

48 

1-88 

3*43 

o 

Oxygen 

—118-8 

49-7 

2-32 

3-42 

Nitrogen 

-147-1 

33-5 

3 *21 

3-42 

Carbon dioxide .. 

31-0 

72-8 

2-17 

3*48 

Ammonia . 

132-2 

112-3 

4-24 

4-12 

Ether 

193-8 

35-6 

3-85 

3-81 

Sulphur dioxide .. 

157-2 

77-6 

1-95 

3-60 

Methyl chloride .. 

143-1 

65-9 

2-71 

3-80 


10:18. Matter Near the Critical Point—There has been 
much discussion about the state of matter near the critical point 
since the time of Andrews. The properties actually observed 
are:—(1) the densities of the liquid and the vapour gradually 
approach each other till they become equal at the critical point; 
(2) at or very near the critical temperature the boundary line 
between the liquid and the vapour disappears, and hence there 
must be mutual diffusion, and the surface tension must vanish, 
i.e. t the molecular attraction in the liquid and vapour states 
must become equal; (3) the whole mass presents a very flickering 
appearance which suggests that there might be variations of density 
inside the mass. This was experimentally observed to be so by 
Hem 1 and others. They suspended spheres of different densities 
inside the fluid when each sphere comes to rest at a horizontal 
surface having a density equal to its own; (4) the compressibility 
of vapour at the critical point is infinite and is very great near the 
point. As pointed out by Guoy, 2 this explains the variation of 
density throughout the mass observed in (3), for the superincum¬ 
bent vapour causes the density of lower parts to increase. 

From these considerations the simplest and probably the 
most correct view which was put forward by Andrews appears 
to be that just beyond the critical temperature the whole mass 

1 Zeits. f. pfyysik. Chemie, 86 , 385, 1914. 

2 Comptes Rettdus, 116, 1289, 1893. 
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is converted into vapour consisting of a single constituent and 
should behave like a gas near its point of liquefaction. 

According to this theory the critical phenomenon, i.e., 
the disappearance of the boundary between the liquid and the 
vapour and not its motion, should occur only when the amount 
of liquid in the tube is such that it will fill the whole tube 
with vapour of critical density. If more liquid is present the 
meniscus should go on rising till at the critical temperature the 
whole tube becomes filled with liquid. If less liquid is present, 
the meniscus goes on falling till at the critical temperature the 
whole tube should become filled with vapour alone. Experi¬ 
mentally, however, Hein 1 found that the critical phenomenon is 
observable when the initial density varies from 0*735 to 1*269 
times the critical density. This is probably due to the property 
(4) as the variation of density inside the mass allows the excess or 
deficit amount to be adjusted. The branching of the vapour 
pressure curve at M observed by Cailletet and Colardeau may be 
explained in a similar way. 

The experiments of Callendar, 2 however, throw a fresh fight 
on the state of matter near the critical point. Using very pure 
water from which all traces of dissolved air had been carefully 
expelled, he found (see Fig. 12) that the densities of liquid and 
vapour did not become equal at 374°C, the temperature at which 
the meniscus vanished, but that a difference of density was percepti ¬ 
ble even beyond that temperature and under favourable conditions 
could be traced up to about 380°C. The experiments were done 
in the following manner. The density of the liquid was accura¬ 
tely determined by taking different quantities of water sealed 
in tubes of quartz and noting the temperatures at which the 
meniscus just reached the top of the tube. Beyond 374°C 
this was found, though less accurately, by making similar 
observations on the line of demarcation between liquid and 
vapour which was visible due to difference of density. 

The density of the saturated vapour -was determined by 
using smaller quantities of liquid and observing the temperature 


1 loc. tit. The paper contains full references on critical phenomena. 
8 Proc. Roy. Sot. hand ., 120, 460, 1928. 
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at which the last trace of the liquid disappeared. This obser¬ 
vation could not be extended beyond the critical temperature 
(374°C). 

The results obtained by Callendar are shown in Fig. 12 which 
is self-explanatory. The experimental curve for the density of 
saturated vapour was produced beyond 374°C and was found to 
intersect the curve for water at about 380°C at which the densi- 



850 360 370 374 * 380 390 

Tempera lurt 


ties become equal. This is 
in sharp contrast with the 
results of the simpler theory 
given above according to 
which the densities should 
become equal at the tempera¬ 
ture at which the meniscus 
disappears. Callendar con¬ 
firmed his results by drawing 
the total heat curves for water 
and saturated steam which 
were also similar and which 
showed that the latent heat 


Fig. 12. —Density of water and saturated at 374°C is not Zero but is 
steam at different temperatures. 72'4 calories per gram and 

vanishes at about 380°C. Above 374°C the liquid and vapour 
were found capable of mixing in all proportions and were in 
unstable equilibrium which could be easily disturbed by traces 
of impurities such as air. From this result it follows that under 
certain conditions some liquid does remain present up to some 
degrees beyond the point at which the meniscus vanishes. On 
this view the experimental observation of Hein cited above can 


be easily explained. 


Thus we see that the disappearance of the meniscus, as was 
first thought, is not the criterion for the attainment of the criti¬ 
cal point because it takes place through a range of temperature, 
pressure and density. The critical point is that point at which 
the properties in the two phases become equal. Similar results 
have been obtained by Maas 1 and his co-workers for propy- 


» Phil. Trans ., 236, 303, 1937. 



§ 10 ’ 18 ] MATTER NEAR THE CRITICAL POINT 441 

lene, ethylene and other substances. In their experiments a glass 
float was suspended by a quartz spring and immersed alternately 
in the saturated vapour and the saturated liquid with the help of 
a magnetically operated device from the outside. From the buoy¬ 
ancy and the consequent effect on the spring, the density could be 
calculated. For propylene he found that over an interval of about 
six degrees below the critical temperature the liquid and vapour 
densities differ so slightly that these two distinct, phases with 
different densities cannot be distinguished visually and the menis¬ 
cus between them has disappeared. 


Problems. 

1. Show that the equation of Dieterid gives 


]/ _ o U a _ ^ _ T _ a HI# 

# ’ Pe ~“ 4 eW * 9 ~ 4 Kb* p 0 v e 


*«*=» 3 695. 


2 . 


3. 


Prove that for the Berthelot equation of state 
V e -=3i, = ±.J 

Using the formula 


2*R 
3 b * 




Ha 

21Kb' 



for the intermolecukr energy corresponding to the distance r t calcula te 
.the potential energy of a pair of He-atoms for different intermolecular 
distances and plot it as a function of r. Assume A =0*036X 10“ 104 , n~ 
11*7x10 ~® 1 . What is the equilibrium distance r 0 for which the force 
vanishes ? 


4. Using the law of intermolecular energy given in (3), calcu¬ 
late the second virial coefficient as a function of die temperature. 

5. Calculate the thermodynamical functions F, G and H for a 
gas obeying van der Waals’ equation. 


Books Recommended. 


1. Jeans, Kinetic Theory of Gases, C U. P. (1940). 

2. Jeans, Dynamical Theory of Gases. 

3. Loeb, Kinetic Theory of Gases (1934), Chap. V. 

4. Kennard, Kinetic Theory of Gases (1938). 

5. R. H. Fowler, Statistical Mechanics. . 

6. Qemens-Schaefer, Einfdbrung in die Tbeoretische Physik, Vol. 2. 

7. Muller-Pouillets, Lebrbucb der Physik, Yol. 3, part I, Chap. 6. 

8. Handbuch der Physik, VoL X, Chap. 3. 

9. Slater, Introduction to Chemical Physics (1939), published by Mc- 
Graw Hill Book Co. 
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CHAPTER XI 


CHANGE OF STATE (PHASE) 

11T. Fusion, Vaporisation, Sublimation, Phase 
Change.— It is a matter of common experience that on the applica¬ 
tion of heat, substances change their state of aggregation, 
passing generally but not always, from the solid to the liquid 
state, and from the liquid to the gaseous state. Let us illustrate 
by the commonplace example of water. 

State : Solid-► Liquid-> Gaseous 

Process: Fusion Vaporisation 

Temperature: 0°C. 100°C. 1 

Pressure: 1 Atm. 1 Atm. 

The temperatures at which these transitions take place are, 
however, not fixed, but depend on external pressure. It is com¬ 
mon knowledge that liquid water can be made to boil at any 
temperature below 100°C., by sufficiently reducing the pressure. 
The dependence of the fusion-point on pressure is not so apparent, 
but it exists (vide p. 356). It has been found that ice can be 
melted at -1°C. by subjecting it to an external pressure of 
130 atm. 

Sublimation .—The solid may pass to the vapour state directly 
without passing through the liquid state. A common example 
is camphor, which, when slightly heated, passes directly to the 
vapour state without being liquefied. Such a substance is usually 
called ‘Volatile’, and the transitional process solid-»vapour 
is called “Sublimation ”. 

But it may be pointed out that ‘ volatility* is not the charac¬ 
teristic property of any particular substance. All substances at 
sufficiently low temperatures may be solid, and give off vapour. 
Generally we confine the term ‘volatile’ to such solids whose 
melting point is higher than the boiling point at atmospheric 
pressure. 

The “Atmospheric Pressure” is, however, not a fundamental 
quantity, but peculiar to our own planet only. If we are trans- 

A.AS) 
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ported to another planet or satellite, say the moon, the ‘‘atmos¬ 
pheric pressure” will be extremely low, say fraction of a millimetre, 
and as the temperature is also very low, water will exist there 
only in the form of ice. If ice is heated in the moon, it passes 
straight to the yapour state, like camphor on the earth. If we 
want liquid water on the moon, we must heat ice under artificially 
created high pressure. Similarly, bodies which are volatile 
on Earth can be liquefied by heating them under high 
pressure. 

Summarising the results we should say that all changes of 
state depend upon the two thermodynamical variables, temperature 
and pressure. 

Latent Heat .—All changes of state at a fixed point also involve 
consumption of a large quantity of heat; a familiar example is ice 
at 0°C., which requires 79*6 calories of heat to pass to liquid water 
at 0°C. We have latent heats corresponding to fusion, vaporisation 
and sublimation. 

Phase Changes .—Many substances in the solid state may, 
however, exist in differ¬ 
ent crystalline varie¬ 
ties, forming “different 
phases” according to 
the definition in §8*17, 
p. 360. An example is 
furnished by ice which, 
according to the experi¬ 
ments of Tammann and 
Bridgman, can exist in 
‘no less than seven diff¬ 
erent phases 5 which are 
stable under different 
ranges of temperature 
and pressure. This is 
shown in Fig. 1 and 
Table 1. (p. 444). Phase 
changes also involve con¬ 
sumption of heat (Latent Fig. 1.—-Phase diagram of water, 

heat of phase change). 
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Table 1 .—Phases of Water and Triple Points . 


Phases in equilibrium 

• 

Pressure 

Triple 

Point 

Density 

Ice I, liq. vapour .. 

4*579 mm.Hg. 

+0*0098°C. 

Ice I 


Ice I, III, liq. 

2115 Kg./cm. 8 

-22° 

Ice II 

103 

Ice I, II, in 

2170 „ 

-34*7 

Ice m 

1*04 

Ice II, HI, V 

1 3510 „ 

-24*3 

Ice IV 


Ice III, V, Uq. .. 

i 3530 „ 

-17*0 

Ice V 

106 

Ice V, VI, liq. .. 

! 6380 „ 

+ 0*16 

Ice VI 

1*099 

Ice VI, VII, liq. .. 


+81 *6 




The melting point of water is lowered by the application of 
pressure at the rate of 1° for 130 atmospheres (Curve OA). At 
—22°C. and p = 2115 Kg./cm* it can no longer be melted, but 
passes to variety II with the density 1 *03. On release of pressure 
it lapses to ordinary ice. The effect of greater pressures is shown 
in Fig. 1. With the application of very great pressure, water can 
be frozen into ice, even above 0°C., as* the curve (Ice VI, liq.) shows. 
When the pressure is above 25,000 Kg./cm*, water can be frozen 
to ice even at I00°C. Probably the different forms of ice differ 
in their crystalline form, but these points do not appear to have 
been investigated. 

The melting point curve of ordinary ice (Curve OA) is 
rather abnormal, due to die fact that the specific volume of ice 
is greater than that of water. Generally, specific volume in 
the solid state is less than in the liquid state and the curve 
has the form as shown in the curve (Ice VI, liquid). Vide 
Chap. VIH. 

Substances in the liquid state also can exist in different 
phases e.g.. Liquid Helium which at and below 2*19°K (Lambda 
point), can exist in two phases which have been called He I and 
He 33 (vide infra). 

11*2. Change of Properties on Melting.—Several pro¬ 
perties 1 of substances change in a very marked way when a subs¬ 
tance melts. The following are among the important ones: 

5 For i detailed discussion see Handbuch der Pbysik , Vol. X. pp. 
70-80. 
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(1) Change of Volume .—Most substances expand on solidifica¬ 
tion while a few others contract. To the former class belong 
ice, iron, bismuth, antimony, etc., paraffin wax and most metals 
belong to the latter class. Good castings can only be made from 
substances which expand on solidification. Often enormous force 
is exerted by water when it freezes into ice. The bursting of water 
pipes and of pYant cells and the splitting of rocks is due to this 
cause. 

(2) Change of Vapour Pressure. —The saturation vapour pres¬ 
sure abruptly changes at the melting point. The vapour pressure 
curve of the solid and liquid states are different and there is a sharp 
discontinuity at the melting point. 

(3) Change of Electrical Resistance. —The electrical, resistance 
of metals undergoes a sudden change on melting. When, the sub¬ 
stance contracts on melting the conductivity increases and when it 
expands on melting the conductivity decreases. Table 1 2 gives 
the ratio of the resistance of the fluid metal to that of the crystal¬ 
lised metal at the melting point for a number of metals. 


Table 2.— The Ratio 


resistance of fluid metal 
resistance of crystallised metal •* or som meta 


I 

Substance 

Ratio 

Substance 

Ratio 

Substance 

Ratio 

A1 

1-65 

Ga 

0*53 

Na 

1*34 

Sb 

0-70 

Au 

2'28 

Ag 

1*98 

Pb 

2 06 

K 

I-39 

Bi 

0*45 

Cd 

1*97 

Cu 

' 1*97 

Zn 

2*00 

Cs 

1*65 

Li 

1-96 

Sn 

2*01 


(4) It is also found that molten metals show a discontinuity 
in their power of dissolving gases at their melting point. 


11*3. Determination of the Melting Point —The melting 
point under normal conditions can be determined with very simple 
apparatus. The substance may be heated in a crucible electri¬ 
cally or otherwise. For high temperatures, the crucible must 
be of graphite or some other suitable material, and the subs¬ 
tance heated in a non-oxidizing atmosphere. If the substance 


i Handbucb der Physik, Vol. X, p. 73. 
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is rare, it can be employed in the form of a wire (wire-method). 

As thermometers, the secondary stan¬ 
dards are very convenient to use, 
the thermocouple or the resistance 
thermometer being generally chosen; 
such thermocouples or resistance wires 

must not be thrust directly into the 

* 

melting substance, but should be pro¬ 
tected by a sheath of insulating material, 
say porcelain, hard glass or magnesia 
tubes. Now as long as the substance 
is melting the temperature remains 
constant and hence the E. M. F. of the 
thermocouple or the resistance of the thermometer is also sta¬ 
tionary. A curve is plotted with the E.M.F. or the resistance 
as ordinate and time as abscissa. The horizontal part represents 
the freezing of the metal and the corresponding E.M.F gives its 
melting point. Such a curve for copper is shown in Fig. 2 where 
90Pt-10Rh, Pt couple is used for measurement of temperature 
and the time is represented in minutes. The constant E.M.F. of 
the horizontal part is about 10*5 mV, which corresponds to 1084°C. 

Amorphous Solids .—Only crystalline substances have got a definite 
melting point, the amorphous substances have no such property. They 
merely soften on heating and pass gradually to a mobile state. Their 
viscosity diminishes and they become mobile. Such substances are not 
solids in the strict sense of the word, but are only supercooled liquids. 
To this class belong glasses, fats, wax, pitch, etc. 



Fig. 2.—Melting Point 
of Copper. 


11*4. Latent Heat of Fusion.— For determining the Latent 
Heat of Fusion ordinary calorimetric methods may be employed, 
e.g. y —(1) the method of mixtures, (2) the Bunsen ice calorimeter, 
(3) the method of cooling and (4) method based on the determina¬ 
tion of the lowering of the freezing point when a measured quantity 
of a second salt, which dissolves in the molten mass, is added. The 
last method is indirect and will not be described here. 

The method of mixtures .—It is quite simple and has been explained 
in §2 4. Most of the early determinations of the latent heat of ice 
were made by this method. If M grams of ice at 0°C. are added to 
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a calorimeter containing water whose total thermal capacity is W and 
initial temperature 8 X and if 0 a be the final temperature, the latent heat L 
is given by the relation 

ML+M0 z = W(9 t -dJ .(1) 


An important source of error in the above method lies in the 
fact that some water adheres to the crystals of ice at 0°C. To elimi¬ 
nate this, ice below 0°C. is frequently chosen, but this procedure 
requires a knowledge of the specific heat of ice. In this method we 
are required to find the heat taken up by ice in being heated to 0°C. 
A converse method may also be employed, w^.,,the heat given out by 
water on solidification may be found. The most accurate experiments 
give the value L = 79’6 cal. for the latent heat of fusion of ice. 

The method of mixtures has been very conveniently adopted 
to the simultaneous determination of the melting point and the latent 
heat of fusion of metals and their salts. Goodwin and Kalmus 1 
employed this method for finding the latent heat of fusion of various 
salts. A known weight of the substance contained in a sealed platinum 
vessel is heated in an electric furnace to a high but accurately measurable 
temperature. It is then dropped into a calorimeter and the quantity of 
heat liberated is determined in the usual manner. The platinum vessel 
is cylindrical in shape and water-tight. The electric furnace is specially 
designed to secure a uniform temperature throughout the platinum 
cylinder which is measured by a Pt-Rh thermo-couple. As calorimetric 
liquid, water was employed below 450°C. while above that temperature 
aniline was used. 


First a blank experiment gives the heat capacity of the platinum 
vessel. The experiment is then performed with the substance heated to 


different initial temperatures extend¬ 
ing over a range of about 50°G both 
above and below the melting point, 
and the final temperature of the ca¬ 
lorimeter noted. From these, after 
correcting for the heat capacity of 
the vessel, the quantity of heat Q 
necessary to raise 1 gram of the 
substance from the room tern- 



Temperature 


perature to its initial temperature Fig. 3.—Latent Heat of Fusion of Salts, 
could be calculated. Plotting j 2 as ordinate and T the correspond¬ 
ing initial temperature as abscissa curves of the type shown in Fig. 3 


J PJjjs. Rev. I, 28, 1, 1909. 
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are obtained* The discontinuity in the value of Q indicated by die 
vertical line gives the latent heat of fusion, the temperature at which 
this discontinuity appears is the melting point T mt and the slope of the 
curve at any temperature gives the specific heat of the substance at that 
temperature. 

This method has been considerably improved by Awbery and E. 
Griffiths 1 who have made accurate determination of the latent heat of 
fusion of several metals. They employed a very special type of calori¬ 
meter which was so designed that the heated substance could be kept 
surrounded by water inside the calorimeter and the lid of the latter 
closed before any water had access to it, so that the loss of liquid by 
evaporation was eliminated. 

In this experiment, the quantity of heat which the substance 
could yield is measured by the method of mixtures. A Bunsen ice calori¬ 
meter may however be used for measuring that quantity of heat. The 
method is however not capable of great accuracy. 

Method of Cooling .—Tammann and Jiittner, 2 and after them Plato, 
determined the latent heat of fusion from observation erf the time re¬ 
quired for complete freezing. The substance is heated above its melt¬ 
ing point and the cooling curve determined. If / is the time required 
for complete freezing and dTfit is the slope of the curve when freezing 
just started, then the latent heat 

die 

L~ Const, xtx .(2) 

’Electrical Method .—This consists in measuring the amount of 
electrical energy required to heat a mass of the substance below its 
melting point to a temperature above it. The method was employed 
by Dickinson, Harper and Osborne? for finding the latent heat of 
fusion of ice. Electrical energy was supplied to a special calorimeter 
similar to that of Nemst in which ice below 0°C. was placed. Then 

E “ LV+ t + 1 • • • © 

where E denotes the electrical energy supplied per gram, T lf T 2 its 
initial and final temperatures, e p c 9 ^ the specific heats of ice and 
water respectively and T denotes the melting point. From this 
relation JL tan be calculated. This method is very convenient for finding 
the latent heat at low temperatures. 


1 Proc. Phys. Soc. Und. t 38, 378,1926. 

* Zeits . f. anorg. Chem 43, 215, 1905. 

* Bull. Bur. of Stand., 10, 235, 1914. 
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60‘3°C 
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£ 2 
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Methods similar to the foregoing can also be employed for find-, 
ing the heat of transformation of one allotropic modification to another 
but we are not concerned with them here. 

Equilibrium Vapour Pressure of Solids and Liquids 

XI*5,._The equilibrium vapour pressure or saturated vapour 

pressure (S. V. P.) of a substance, whether in the solid or liquid 
state, may vary enor¬ 
mously. Thus for 
water, one of the best 
studied of substances, 
the S. V. P. has been 
measured from 0°C, 
where it is 4*58 mm. 
of mercury (Fig. 4) to 
its critical temperature 
(374-2°C) where S.V. 

P. is 218 atmospheres 
or l*66xl0 5 mm. of 
mercury. In case of 
many solids, S. V. P. 
may be so low as to be 
beyond the range of 
any experimental me¬ 
thod (<1(H mm.) 


374T*Cl 1 

\ CRITICAL TEMPERATURE 


\ 





V 




\ 





\ 




- 'Wc 





v 






l*4xio-» 2*10- } 


4XJ0- J 4*6x10-* 


Fig. 4.- 


3X10-* 
l/TK 

■Vapour presaute curve o£ water. 


On account of the enormous range to be traversed, a large 
variety of methods has been used which,: following a report by 
Ditchburn and Gilmour (Rev. Mod. Rhys., 13, 310) may be classi¬ 
fied under the following categories. This report may be con¬ 
sulted for further reference. 

I. High Pressure Methods (§11*6—11*7). 

(a) Direct manometric methods (static methods). 

(b) Boiling point and partial pressure methods (dyna¬ 

mic methods). 

II. Low Pressure Methods (§11*8—11*9). 

(a) Effusion and allied methods. 

(b) Evaporation methods. 

(c) Manometric and electrical methods. 


F. 57 
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11*6. Static Methods. —As an illustration of the first 
method, (Lz) we give a description of Regnault’s apparatus, with 
which he determined the vapour pressure "of water between 0°C 
and 50°C very accurately. 

Two barometric tubes were arranged side by side, fed from the 
same cistern of mercury M. The space a above the mercury level in the 
tube B is vacuum while water is gradually introduced at the bottom of 
A till it rises through the mercury column and evaporates on reaching 
b. More water is introduced till a small layer remains floating over 
the mercury surface in A. A constant-temperature bath DD furnished 
with stirrer (not shown) and a thermometer surrounds a, b, as well 

as some length of the mercury column. 
The difference in the heights of the two 
mercury columns, which are observed 
through a glass window with the aid of 
a cathetometer, gives us the saturated va¬ 
pour pressure of water at the temperature 
of the bath. Correction must be made 
for the weight of water in B, for effects 
of capillarity, refraction, etc. 

For temperatures below 0°C, Regnault 
modified his apparatus to that of Gay 
Lussac. The top of the tube A was bent 
round and terminated in a spherical bulb 
which contained water or ice and was 
surrounded by a suitable bath. For tempe¬ 
ratures not much above 50°C, the apparatus 
Fig. 5.— Regnault’s vapour already described (Fig. 5) could be used 
pressure apparatus. when a longer bath would be necessary, 

but Regnault preferred the boiling point apparatus (Sec. 11’7). 

This method can be used to find out the vapour pressure pf any 
liquid provided it does not react with mercury and the vapour pressure 
is neither too high nor too low. Fig. 6 shows a general scheme of appa¬ 
ratus utilising this method, and is quite similar to the vapour pressure 
thermometer illustrated in Fig. 15, p. 40. A is a small glass sphere, a 
few c.c. in capacity, to which is attached a glass tube C and another 
glass tube D with a smaller bore. This is connected to a bigger globe 
G and a mercury manometer about 90 cm. long. The whole appa¬ 
ratus is first evacuated through the stop-cock S x , and then the latter is 
closed. Next the gas under 'investigation is introduced through the 
stop.cock S 2 and condensed in A by suitably cooling the latter; finally 
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S 2 is also closed. The sphere A is then surrounded by temperature 
baths and the vapour pressure corresponding to the temperature of the 
bath is indicated by the manometer M. B 
is a barometer to indicate the atmospheric 
pressure. The apparatus is convenient for 
measuring vapour pressures from a few cm. 
to the atmospheric pressure. For higher 
pressures a compressed air manometer may 
be employed but the apparatus has to be 
made of steel. 

This method has been used by Henning 
and Stock (Zs. f. Phys. 4, 226, 1921) for 
finding the S. V. P. of a number of gases 
between 10° and —181 °C., by Henning and 
Heuse (Zs./. Phys. 23, 113,1924), and Heuse 
and Otto for the S. V. P. of a number of 
permanent gases, by Holborn and Baumann 
(Ann. d. Phys, 31, 945, 1919) for S, V. P. of 
water above 200°C and by Smith and 
Menztes (/. Am. Chm. Soc . 43, 547, 1921) 
and Jenkins (P. R. S. 110, 456, 1926) for 
the same purpose. Isnardi and Gans (Ann. 
d. Phys. 61, 267,1920) modified the method 
by determining the vapour density p 



Fig. 6.—Determination of vapour 
pressure by statical method. 


instead of p t and calculating p with the aid of the formula 

p s= pRTJM. 


11*7. Dynamic br Boiling Point Method.— This method is 
based on the fact that when a liquid boils its vapour pressure equals 
the external pressure on the surface of the liquid. A definite 
external pressure is. applied on the liquid surface by means of a 
pump and then the liquid heated in the presence of an inert gas 
which will not react with it. The liquid will boil at the tem¬ 
perature at which its vapour pressure equals the external pressure, 
that set up by the pump. Hence the vapour pressure corres¬ 
ponding to the temperature of ebullition is the pressure exerted by 
the pump and can be read on a manometer. 


Regnault employed this method for finding the vapour pressure of 
water between 50°C. and 200°C. His apparatus is indicated in Fig. 7. 
The copper boiler A is partly filled with the experimental liquid and 
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contains four thermometers b, c immersed to different depths inside the 
vapour and the liquid. The upper part of the boiler is connected to 
a large copper sphere G by means of a tube C which is itself enclosed 



F ^;^*“?Rcgnault's vapour pressure apparatus (Dynamical method), 
in a water-cooling jacket D. The reservoir G is connected by means of 
H to a pump, the pressure being indicated by the mercury manometer 



NM. The reservoir is kept immersed in a 
water-bath W and serves to transmit the pres¬ 
sure from the boiler to the manometer as well 



as to smooth the fluctuations in the pressure 
maintained by the pump. The liquid condenses 
in C and returns to the boiler, thus the same 
quantity of liquid is used over and over again. 
First, a definite pressure is established by 
the pump and the boiler heated. In a short 
time the readings indicated by the thermome¬ 
ters b , c become steady. The manometer 
indicates the vapour pressure corresponding 
to this temperature. 

The apparatus can be adopted for all 
pressures. For high pressure all the parts 
must be made of copper and the pump 


must be a force pump. Regnault used pressures varying from a. 
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fraction of an atmosphere to 28 atmospheres. The method is capable of 
great accuracy. By this method Holbotn and Henning 1 have very accu¬ 
rately determined the vapour pressure of water between 50° and 200°C. 
(| to 16 atmos.). Smith and Menzies* devised an ingenious modifica¬ 
tion of the dynamic method. Their apparatus is indicated in Fig. 8. The 
substance under investigation is kept in the sphere A close to the bulb 
of 1 * the thermometer T, both being immersed in some liquid contained 
in the test-tube B. The test-tube is dosed air-tight and communicates 
with a pump and manometer (not shown). It is further surrounded 
by a bath whose temperature can be varied. A definite pressure 
is first established by the pump and the • temperature of the bath gra¬ 
dually raised. When the vapour pressure of the substance contained 
in A becomes equal to the external pressure on the surface- of the liquid 
in the tube, any further increase of temperature increases the pressure 
of the vapour in A which consequently bubbles through the liquid in 
the tube. When this just happens the pressure recorded by the mano¬ 
meter gives the vapour pressure corresponding to the temperature 
indicated by the thermometer. 

The boiling-point method has also been 
applied to metals by Braun.* Zinc or cadmium 
was heated electrically in a quartz or porcelain 
tube and the temperature of the vapour was 
measured by a thermocouple. For interesting 
modifications, see Baur and Brunner, He/p. Cbittt\ 

Ada, 17, 958, 1934. 

Low Pressure Methods 

11*8. Effusion through a narrow 
opening.—This method is based on Knud- 
sen’s work 4 on the effusion of gases at 
low pressure, and is very simple and 
efficient particularly at low temperatures. 

We shall describe here the apparatus 
employed by Harteck. 5 

1 Ann. d. Pbysik, -26, 833, 1908. 

2 Zeds. f. phys. Chem. t 75, 500, 1911; Jot/r/i. Arner. Chem. Sac., 

32, 897, 907, 1448, (1910); Ann. d. P/ysik, 33, 989, 1910. 

*Zeits.f.anorg. Cbem., 2,119,1920. 4 Ann. d. Pbysik, 91, 179,1900. 

6 Zeds. f. Pbys. Chem., 134, 1, 1928. 
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Harteck’s apparatus is shown diagrammatically in Fig. 9. The 
metal whose vapour pressure is to be determined is placed in a small 
quartz crucible C which has in itp lid a hole of 1 to 3 mm. diameter. 
The crucible is placed at the bottom of a quartz tube B, 40 cm. high 
and 2 cm. in diameter, which stands with about 30 cm. of its length 
inside a chrome-nickel furnace FF. For temperatures above 1250°K. 
a platinum furnace of Heraeus is employed. The temperature of the 
crucible is measured by a platinum-rhodium thermocouple T whose 
junction is placed very close to the crucible. The quartz tube is 
closed at the top by a cap A through which the thermocouple leads are 
taken inside, and has a side-tube D for connection to the high vacuum 
pump. The cap and soldered junctions are cooled by water. The 
thermocouple is protected from the metal vapour by a thin quartz tube. 

The experiment is done as follows:—The crucible with the metal 
is weighed before the experiment and then placed inside the quartz tube. 
Harteck first evacuated the tube B and then allowed the current to heat 
the furnace, and tried to obtain the desired temperature as quickly as 
possible. In his experiments this temperature was only approximately 
reached in about 25 minutes and became steady in some cases only after 
an hour. Then this temperature was maintained steady for about 2 to 
36 hours, the fluctuations being less than 2°C The metal vapour passed 
through the opening in the crucible and was condensed on the cooler 
narts of the apparatus. Finally the apparatus was cooled and the crucible 
again weighed. The loss in weight of the crucible gives the weight 
of the metallic vapour escaping through the hole. An expression for 
the same .can be obtained from the kinetic theory in terms of the area 
of the hole and the vapour pressure of the metal inside the crucible. 

The mass w of vapour escaping out of the hole in t seconds is from 
equation (100), p. 193, given by 


»= lv(p-p")A/ .. (4) 


where A is the area of the hole, H the mean velocity and p, p the densities 
of the metallic vapour inside the crucible and the tube respectively, p' 
is almost equal to zero since B is highly evacuated and further all the 
molecules of the vapour escaping out of the hole are immediately 
condensed. Again from the kinetic theory 


f8KT 


M 


Substituting these values in (4) we get 


Afir 5 P V 


Mp 

RT 


(5) 


n> 


1 N 2«rRT 


( 6 ) 
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Hence the vapour pressure p of the substance at the temperature T is 
given by 

■ w /'o-nr 

^ = 'AtSj — W~ .... (7) 


Thus knowing tv, t, T and measuring A, the vapour pressure can be deter - 
mined. Harteck found A by measuring the dimensions of the hole with 
a good microscope, while Egerton took a photographic impression of 
the hole, enlarged it several times and finally got a print on paper. He 
found the area of the print by counting the number of squares and know¬ 
ing the magnification, the area of the hole was calculated. 

Some corrections are however necessary. In Harteck’s procedure, 
for part of the time at the beginning, the effusion took place at a lower 
temperature. To correct for this he observed the temperature at regular 
intervals and ascertained graphically the necessary correction which was 
only a few per cent. Egerton, on the other hand, first introduced hy¬ 
drogen into B, then heated the furnace till the steady temperature was 
attained, and then quickly pumped off the hydrogen. The time of 
commencement of the experiment was arbitrarily taken as the instant at 
which the pressure of hydrogen in B was reduced to 1 /20 mm. Further 
equation (7) requires correction since the silica tube B also offers a 
resistance W r (see p. 202 ). Tins is given by 



1 / 


■ (8) 


where / is the length from the hole to die point where the vapour depo¬ 
sits, and r is the average radius of tfie tube. This correction amounts 
to only about 1 per cent for the size of silica tube employed. 

The method is sensitive to about 10~® mm. of mercury. The upper 
limit is about 10 -a mm. 


11*9. Vapour Pressure from the Rate of Vaporization. 

—Langmuir 1 devised an ingenious method for finding the vapour 
pressure of substances which volatilize with difficulty such as tungs¬ 
ten, molybdenum, platinum, etc., and which cannot therefore be 
conveniently treated by Knudsen’s method. He investigated the rate 
of evaporation from filaments of these metals in vacuum and from 
this he could calculate the vapour pressure of these substances. 

The experiment was done in the following manner, A thin 
filament of the experimental substance about 0'01 cm. in diameter 

1 Phys. Rev., 2, 327, 1913; Langmuir and Mackay, Pbys. Rev., 4, 
377, 1914; Jones, Langmuir and Mackay, Pbys., Rev., 30, 201, 1927. 
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and 10 cm. or more in lettgth is first weighed on a delicate micro¬ 
balance and then supported in the form of a loop inside an electric 
bulb. The bulb is carefully exhausted so that the pressure inside 
it is less than 0*001 mm. of mercury. The wire is heated by an 
electric current and kept at a constant temperature for about 30 
minutes or so. Langmuir determined the temperature optically 
(see Chap. XV). The temperature was kept constant by keeping 
the product (voltage X -fy current) constant. During the heating, 
the molecules of vapour are emitted from the filament and get 
deposited oh the walls of the bulb since at these low pressures 
the mean free path is very large. The heating is then stopped, 
the bulb broken open and the filament wire again weighed. From 
the loss in weight 1 the rate of evaporation and thence the vapour 
pressure can be calculated. 

The theory of the experiment can be easily worked out. As 
mentioned in Sec. 8*1, the equilibrium between, a liquid and its vapour 
is dynamic, at the surface of separation, the amount of liquid eva¬ 
porated per unit surface per second is equal to the amount of vapour 
condensed on unit area per second. This will hold even if the vapour 
pressure is small and may be extended to the equilibrium between solid 
and vapour as well. Now from the Kinetic Theory of Gases the amount 
of vapour condensed depends upon its pressure and temperature. Again 
at temperatures such that the vapour of a substance does not exceed a 
millimetre of mercury we may safely assume that the rate of evaporation 
of the substance is the same whether it is in contact with its saturated 
vapour or placed in high vacuum. Hence die amount of the substance 
evaporated in high vacuum per second from unit area of the filament, 
the rate of vaporization of the filament, must be equal to the amount 
of vapour that would be deposited in a second on unit area of surface 
placed in contact with saturated vapour. The latter can be easily cal¬ 
culated from the kinetic theory. 

As on p. 454, the mass of vapour w striking unit area of surface per 
second is (from equation 7) given by 

U ' =P fJ^RT . (9) 

where p is the required vapour pressure. 

1 The loss in weight can also be found by finding the change in 
electrical resistance but this yields less accurate results. 
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Langmuir and .his coworkers assume that all the molecules striking 
the surface are absorbed by it, /.<?., Maxwell’s factor / is tinity. This 
assumption has been criticised by Harteck 1 and others and is open to 
doubt 2 . It appears probable that for metals in contact with their own 
saturated vapour^ will be nearly equal to unity and Langmuir appears to 
confirm it from his experimental results because the value of A 0 , the 
molar latent heat at absolute zero, which he calculates on the basis of 
this assumption from observations at different temperatures, are fairly 
concordant. With this assumption 3 the rate of evaporation 4 per unit 
area of the filament will be given by equation (9). 

The rate of vaporization can be easily determined experimentally. 
The mass m of the wire at any instant is given by /*=irr 2 p, where r is 
the radius of the wire and p denotes its density. Hence the radius of the 

wire is given by r—yfm\txp. 

Now the mass of metal lost by evaporation from unit length of the 
filament is rr, and this should be equal to -2wp drjdt, wber t.-drjdt 
denotes the rate at which the radius of the wire is decreasing. Hence 

. -2 


or 

and is constant. 


dr _ 

~ dt~ p 

Therefore 

w r 0 -r x _ Vw 0 - sjm x [ _ 

p ~ ' t a/ rrp 


. ( 10 ) 


1 Letts, f. pbys. Chettt., 128, i, 1925. 

2 For a full discussion of this point See Loeb, The Kinetic Theory of 
Cases (1934), Chap. VII, sec. 81. 

• 3 Equation (9) gives the maximum rate of vaporization. The 
actual rate of vaporization is somewhat less than this. Let it be given 
by n>~ap \/AX/2rrRT. Then , a is called the vaporisation coefficient ; 
Theoretically we see that for equilibrium in case of reflection of mole¬ 
cules tv=fp VMI2 ttRT. Thus with our notations and assuming the theo¬ 
retical considerations to be correct a =/. Hence in case of reflection the 
actual vapour pressure will be greater than the vapour pressure obtained 
by equation (9) and can be obtained by dividing the latter by the 
fraction /• 

4 From equation (9) it follows that the rate of evaporation iscc ^/M, 

or the number of molecules vaporized per second is oc \J MjM—Xj'f M. 
Hence substances having different molecular weights evaporate at dif¬ 
ferent rates. This principle has been utilised by Bronsted and 
Hevesy in the separation of isotopes of mercury (see Phi/. Mag., 43, 31, 
1922). 

F. 58 
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or vVzVS.(,1) 

V 77 / 

where r 0 , i\ ami m q , m x denote respectively the radius and mass of unit 
length of the wire initially and after a time /. Thus knowing w from (11) 
the vapour pressure p can be calculated with the help of (9). 

In lable 3, we give some results obtained by Langmuir and 
his co-workers. The values above about 3000° have been obtained by 
extrapolation. From this table we see that the boiling point of tungs¬ 
ten is 6970°K because at this temperature the vapour pressure is equal to 
one atmosphere. Similarly the boiling points of Mo and Pt were found 
to be approximately 5960° and 4800°K respectively. 


Table 3 . 1 —Kale of evaporation and vapour pressure of of tungsten. 


Temp. 

°K 

Evaporation 
per sq. cm. 
per sec. 
in gm. 
w 

Vapour 
pressure in 
dynes/cm. 1 2 

Temp. 

°K 

Evaporation 
per sq. cm. 
per sec. 
in gm. 
w 

Vapour 
pressure in 
dynes/cm. 2 

1200 

3 *22 • 10~ 87 

1 *58*10~ 22 

H 

1*12*10- 7 

9-99-10" 8 

MOO 

2‘50-10-* a , 

1 *57* 10~i’ 

EH 

6-67-10-* 

8-06-10- 1 

1600 

j.24-10-18 

8-6H0' 1 * 

4000 

.1-7 -10-8 

1-8 -10 2 

1800 

9-46-10- 16 

6-75-10-“ 

5000 

1-0 -10- 1 

1-2 -10 4 

2000 

1-75 10" 18 

1-32-10- 8 

6000 

1-3 

1-7 -10 6 

2400 

| 4-36-10~ 10 

3-52-JO- 6 

| 

6970 
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The dynamical method has been employed by von Wartenburg 2 
to determine the vapour pressure of lead, silver and thallium by 
passing an inert gas over the heated metal and measuring the con¬ 
centration of the metallic vapour in the gas. 

The manometric and electrical methods are also sometimes em¬ 
ployed. For the latter purpose Pirani gauge (Chap. Ill) may be used. 

11*10. Vapour Pressure of Solutions. —It was early 
observed that the saturated vapour pressure over a solution is 
always less than that of the pure solvent. In fact it can be shown 
from theoretical considerations that for dilute solutions the 


1 Taken from Phjs. Rev., 30, 211, 1927. 

2 Zeits. f. Ekctracbennc, 19, 482, 1913; Thiele, Ann. d. Pbysik , 14, 

937, 1932. 
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' lowering Ap of vapour pressure when a non-dissociating solute 
is added to a solvent, is given by the relation 1 * 


Ap _ A 
~p N* 


( 12 ) 


where n is the number of molecules of the solute and N that of 
the solvent. The experimental methods for the measurement 
of the Jowering of vapour pressure are described below. 

The vapour pressure of solutions was determined by Faraday, 
Tammann, Raoult, Walker,- Beckmann, Menzies and others. Tammann 
measured vapour pressure at 100°C by observing the decrease of external 
pressure required to make the liquid boil at that temperature. Raoult 3 
determined it by introducing the solution into the Torricellian vacuum 
of a mercurial barometer as in Regnault’% experiment and observing' the 
depression of the mercury column The lowering of the vapour pres¬ 
sure was found by comparing with another similar barometer in which 
pure solvent had been introduced. As a result of his experiments Raoult 
gave the law of lowering of vapour pressure, viz., the relative lower¬ 
ing of vapour pressure is equal to the mole fraction of the solute and is independent 
of temperature and also of the nature of the solvent and \the solute. For dilute 
solution this law reduces to the form given in equation (12). Ostwald 
and Walker’s 3 method consists in passing a current of dry air first through 
the solution, then through the pure solvent and lastly over pumice mois¬ 
tened with sulphuric acid- The relative lowering of the vapour pressure, 
is obtained by dividing the loss in weight of the pure solvent by the 
gain in weight of the pumice. Menzies 4 5 has devised a simple apparatus 
in which the difference in the two pressures is directly read. 

None of the direct methods so far developed is capable of any 
great accuracy. Accurate vapour pressure data of solutions, however, 
have great thermodynamical importance and hence, methods have lately 
been developed for precise measurements of vapour pressure of solutions 
of which the isopiestic vaponr pressure method of Robinson 6 is the most 
important. This method in principle consists in allowing the test solu¬ 
tion to come in thermodynamic equilibrium with a solution, whose 
vapour pressure is already known by enclosing both of them in a closed 


1 For a deduction of this on the basis of the kinetic theory see 

Miiller-Pouilet, l^ehrbuch der Pbysik, Vol. 3, Part 2, p. 310. 

3 Compt. Rend., 103, 1125, 1886. 

3 Zeits. f. phjs . Chew., 2, 602, 1888. 4 Ibid., 76, 231, 1911. 

5 Robinson and Sinclair, ]. Amer.' Chem. Soc ., 56, 1830, 1934. 
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space at constant temperature and letting distillation from the solution of 
higher vapour pressure to that of lower vapour pressure to continue until 
equilibrium is reached. This method is extensively used now-a-days. 
Of the indirect methods the boiling point method and the freez¬ 
ing point method are capable of a fair degree of accuracy and are exten¬ 
sively used for moderately precise results. Since the vapour pressure 
of the solution is lower than that of the pure solvent it is obvious that 
the solution must be heated above the boiling point of the solvent in 
order to make it boil, for only then its vapour pressure will be equal to 
the external pressure. Van’t Hoff showed that the elevation /\T of the 
boiling point is connected with the lowering A p of the vapour pressure 
by ‘ the relation 


A T, 


(13) 


Ap _ __ 

p ”RT2 

where A is the molar latent heat and T the boiling point of the pure 
solvent. Thus knowing AT, A p can calculated. 

The same equation (13) also holds true for freezing point depres¬ 
sion caused by a solute when dissolved in any solvent, where A 
is the molar latent heat of fusion and T ts the freezing point of the pure 
solvent. 

Beckmann developed the apparatus for determining the elevation 

of the boiling point, a common 
form of which is shown in Fig. 
10. The solution is contained in 
the inner tube A and the pure 
solvent in the outer concentric 
cylinder B. Both the vessels 
are provided with Leibig con¬ 
densers and have glass beads 
placed in their bottom. The 
inner tube contains a Beck¬ 
mann thermometer and has a 
thick platinum wire sealed in¬ 
to the bottom. The solution in 
this tube is thus heated by the 
vapour of the pure solvent sur¬ 
rounding it and the stationary 
temperature on the thermo¬ 
meter gives the boiling point 
of the solution. Beckmann’s 
apparatus has since been im- 



Fig. 10.—Beckmann’s boiling 
point apparatus. 





§ 11 - 11 ] LATENT HEAT OF VAPORIZATION 461 

proved upon by other workers, the most common one having a 
fair degree of accuracy being that by Cottrell, for a description of 
which the reader is referred to any text book of physical chemistry. 

Boiling point elevation in general, however, admits of less preci¬ 
sion than freezing point depression measurements and so die latter are 
more generally used. The most widely used apparatus is that due to 
Beckmann which is shown diagrammatically in Fig. 11. It consists 
essentially of a test tube provided with a side tube for the introduction 
of the solid and is fitted with a rubber cork through which passes a 
stirrer and a Beckmann thermometer. The whole is supported in 
another large tube wide enough to provide an air mande between the 
freezing tube and the outermost beaker which latter contains the freezing 
mixture. T his ensures slow cooling and hence reduces chance of super¬ 
cooling. The freezing points of the 
solvent and the solution are separately, 
determined from which the depression 
/\T of the freezing point is known. 

From the results of experiments with 
the above apparatus equation (13) has 
been amply verified for dilute solutions 
of non-electrolytes for both elevation 
of boiling point and lowering of freez¬ 
ing point. 


LATENT HEATS OF VAPORIZA¬ 
TION AND SUBLIMATION 

11*11. In the measurement of 

latent heat of vaporization we have 

to remember two points, first, that 

its absolute value is relatively high; 

secondly, that the latent heat is ab- Rg. 11.— Beckmann’s freezing 

. , , point apparatus, 

sorbed or evolved in an isothermal 

change of state. The consequence is that its experimental deter-' 
mination is very little affected by the usual sources of error 
which are present in all calorimetric measurements. The methods 
can be grouped under three broad headings : 

(A) Condensation Methods .-^'Those in which the amount of heat 
evolved when a certain amount of vapour condenses is measured. 
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(B) Evaporation Methods. —Those in which the amount of heat 
required to vaporize a given mass of the liquid is measured directly. 
The heat is generally added in the form of electrical energy and can 
be easily determined. 

(C) Indirect Methods. —Those in which the latent heat is calcu¬ 
lated with the help of certain thermodynamical relationships such 
as Ciausius-Clapeyron relation (§7 2 and 8T2). The first method 
is historically the oldest. 

11*12* Condensation Methods. —Regnault’s experiments are 
rather of historical interest. We describe below the apparatus of 
Berthelot (Fig. 12). Tn this apparatus which is wholly of glass 
the liquid is kept in the vessel D and heated by the ring burner B. 
The rest of the apparatus is protected by an insulating plate M. 
The evaporated gas passes through the tube T into the spiral S 
placed within the calorimeter C. The spiral S is fitted to 
T by a conical ground piece and can be easily removed. The 

vapour condenses within the spiral and 
gives off its latent heat of vaporization 
to the calorimeter which can be easily 
measured by the rise of temperature on 
a thermometer placed inside the calorimeter. 
The calorimeter is placed inside a water 
jacket. The amount of water condensed 
is obtained by weighing the spiral S before 
and after the experiment. The heat 
measured represents the heat of vapori¬ 
zation plus the heat given up by the 
condensed liquid in cooling from the 
boiling point to the final temperature of 
the calorimeter. The open end of S is 
connected to a pump to regulate the pres¬ 
sure under which the boiling takes place. 

Errors are likely to arise owing (1) to 
1 H^^pparatus Latent superheating of the liquid, (2) to the minute 

drops of water being carried over by the 
vapour. The use of a ring burner causes the heating to be sometimes 
irregular. Kahlenberg 1 replaced the ring burner by a metallic spiral 
placed inside the liquid and heated electrically. Trautz and Dechend 2 

1 Journ. Pbjs. Chen/., 5, 215, 1901. 

2 Zei/s. f. Electrochemie, 14, 275, 1908. 
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used an electrically heated wire as a boiling accelerator. Richards and 
Mathews 1 placed the upper part of the apparatus within a Dewar flask 
maintained at a constant temperature. The part between D and the 
spiral was made as short as possible to prevent condensation of 
steam in the connecting tube 
Awbery and Griffiths 8 
used a slighdy modified appa¬ 
ratus in which the usual 
calorimeter was replaced by 
a continuous-flow calorimeter. 

The apparatus is shown in 
Fig. 13. The boiling chamber 
is heated electrically by an 
inner coil. The vapour passes 
down the vertical tube which 
is surrounded by a jacket of 
water through which a stream 
of water flows at a constant 
rate. The temperatures of the 
inflowing and outflowing water 
are determined by two thermo¬ 
couples. There is a third 
thermocouple at the mouth 
of the vertical tube which 
gives the temperature of the Fig. 13.—Awbery and Griffiths’ Latent 
condensed liquid as it leaves Heat a PP aratw8, 

the apparatus. In this experiment the vapour must be produced at 
a steady rate and this is achieved by the use of electrical heating. The 
latent heat is obtained from the formula 

MB — ^i)]» .... (14) 

where 6 is the excess of temperature of the outflow water over that 
of the inflow water, M is the quantity of water flowing per unit 
time, m is the rate at which the liquid is being distilled, / 2 is 
the boiling point of the liquid, t x the temperature of the liquid as it 
leaves the apparatus. 

11*13. Evaporation Methods. —This method was employed 
by Dieterici 3 who measured the heat required to evaporate a given 


TT. 



1 Joitrn. Amr. Chem. Soc., 33, 863, 1911. 
3 Proc. Phjs. Soc, l^ond., 36, 305, 1924. 

3 Wkd, Ann., 37, 506, 1898. 
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mass of water with the help of a Bunsen ice-calorimeter. The water 

was contained in the tube A of the 
ice-calorimeter (Fig. 6 p. 60) and the 
required quantity of heat was mea¬ 
sured by finding the mass of mercury 
expelled. Griffiths 1 found the elec¬ 
trical energy required to vaporize 
a given mass of water. We shall 
describe the apparatus used by 
Henning 2 for precision measure¬ 
ment of the heat of vaporization 
between 30° and 100°C. 

Henning’s Experiments . — The 

apparatus employed by Henning is 
indicated in Fig. 14. C is a copper 
vessel, one litre in capacity, in which 
the liquid is allowed to evaporate. 
This is surrounded by an oil-bath 
A maintained at a constant tempe¬ 
rature. The heating takes place 
through the spiral D of constantan wire wound on a quadrilateral 
mica frame. E is a platinum resistance thermometer. The vapour 
which is evolved passes through the German silver tube H down¬ 
wards through the German silver tube KK to the vessel P in which 
it is condensed and weighed. The end of H is bent downwards so 
that no liquid drops can be carried. By turning the stop-cock R the 
vapour can be turned to any one of the vessels P, P. The vapour is 
at first led to one of the vessels P, and when the conditions become 
steady the stop-cock R is turned, and steam is led to the other 
vessel P. After a sufficient quantity of steam has been led to P 
the stop-cock R is turned to the other side. 

The quantity of vapour deposited in the second vessel is now 
found by weighing and the quantity of heat supplied is obtained 
from observations of the electrical measuring apparatus. For deter¬ 
mining the heat of evaporation at lower pressures P is connected 
to a large vessel of about 5 litres capacity which is maintained 
by means of a water-pump at the required pressute. 



Fig. 14.—Henning's Latent Heat 
apparatus. 


1 Phil. Trans., p. 261, 1895. 
a Ann. d. Pby.dk, 2i, 849, 1906; 29, 441, 1909. 
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A similar apparatus was employed by Henning 1 for finding the 
heat of vaporization of water up to 180°C when the pressure teaches 
about 10 atmospheres. Smith 2 employed a current of air for the 
evaporation of water. Fogler and Rodebush 3 used this method for 
determining the latent heat of evaporation of mercury up to 
200°C. 

For determining the latent heat of evaporation of substances 
like nitrogen, hydrogen, helium, etc., which become liquid at very 
low temperatures the above principle has been utilized by Dana 
and Onnes 4 , Simon and Lange 6 . 

Simon and Lange's Apparatus. —Wc proceed to describe the experi¬ 
ments of Simon and Lange for determining the latent heat of liquid 
hydrogen. Their apparatus is indicated in Fig. 15. The copper calo¬ 
rimeter K is connected by means of German silver tubes N, R through 
the stop-cocks H, V to the manometer M and the hydrogen reservoirs 
B,B. The calorimeter K is itself suspended in a copper vessel G, the 
latter in turn being contained in foPu(np 
a Dewar flash D containing liquid 
hydrogen. The space in G and in 
the Dewar flask above the liquid 
can be evacuated. First the pressure 
above the hydrogen in the Dewar 
flask is reduced so that it boils 
and its temperature falls. This 
causes the gaseous hydrogen to 
condense in the calorimeter K and 
then G is evacuated. 

Next an electric current is 

passed through a heating wire W, of 

constantan, contained in K. Liquid 

hydrogen vaporizes and collects 

in the reservoir B. Knowing the 

volume of B, the rise in pressure Fig. JS.-AMaratusfordetetndmng the 
vu * ' , , . r Latent Heat of liquid hydrogen, 

indicated by M and the equation of 

state of hydrogen, the mass of liquid evaporated can be found. 
In addition if the electrical energy spent Is known, the latent heat 
can be easily calculated. 

1 Ann. d. Physik , 29, 44, 1909. 2 Phys. Rev. 33, 181, 1911. 

8 Journ. Amur. Cbem. Soe, y 45 , 2080, 1923. 

* Leiden Commm. y No. 179c. 6 Zeits.f. Physik, 15 , 312,1932. 

F. 59. 
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Fig, 16.—hucken and 
Donath's apparatus. 


The pressure during boiling should remain constant; this is ad¬ 
justed by withdrawing V so that the reading indicated by M 2 remains 
constant. The temperature of boiling can be found from the vapour 
^ p. pressure indicated by the MacLeod gauge 

° tH,nP apparsiu? ML an ^ ruercury manometer M a . The heat 

I lost through the vacuum in G and the German 

j silver tube is very small and can be corrected 

1 _ for by measuring the rate of evaporation 

'* I I when the supply of energy is cut off. 

^ 11*14. Heat of Sublimation.— 

Eucken and Donath 1 designed an appara- 
/ vr r\j tus for estimating the heat of condensation 

\_n / and determining therefrom the heat of 

-J'pfcmj r sublimation of solids at extremely low 

I m IN Pressures over a large range of tempera- 

I m | tures. Their apparatus is shown in Fig. 16. 

’-p--' The calorimeter consists of a copper block 

^onath^^a UC ^ Cn aiK * K, of approximately 30 calories heat capacity 

which is surrounded by an electrically heated 
adiabatic mantle A. The air between A and K is completely exhaust¬ 
ed. The whole apparatus is now placed within a copper vessel Cu 
which is placed in different temperature baths. The temperature 
of the calorimeter is obtained by measuring the resistance of a 
platinum spiral embedded in the flat windings of a cone inside K 
(shown as finely shaded). Within this cone is also placed a heating 
spiral of inanganin the object being to determine the heat capacity of 
the calorimeter by adding a measured amount of electrical energy and 
measuring the increase in temperature from the change in resistance 
of the platinum spiral. Over this manganin spiral an outer cone is 
exactly fitted after the lead to the windings is taken out. The vapour 
passes through the forecooler, the spiral B, into the calorimeter to 
which it is connected by the German silver tube N. B is embedded in 
a block of lead which is kept 2° or 3° above the temperature of the 
calorimeter by means of the heating spirals. A number of thermo¬ 
elements are placed at a, b, c, d, for temperature regulation. The 
apparatus is connected to a gasometer (not shown in the diagram) from 
which a measured amount of gas can be led into the calorimeter and 
condensed. The changes of temperature in the calorimeter are con- 

1 Zeits. /. Phys. Chm. t 124, 181, 1926. 
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tinuously followed, and the total change A T after the condensation 
has taken place is determined. Neglecting radiation loss, the latent 
heat L, is given by the relation 

Ln = c/\T, .( 15 ) 

where n denotes the number of grams condensed, and c the heat capacity 
of the calorimeter and its contents. 

With this apparatus Eucken determined the heat of sublimation 
of NH 3 , CO 2 , N 2 0, HCI within the vapour pressure range 2—80 mm. 
of mercury. 

DETERMINATION OF VAPOUR* DENSITY 

11*15. By vapour density we mean the specific gravity of 
the vapour referred to air or hydrogen as unity. The vapour 
density can be easily found if we determine the volume occupied 
by a known weight of vapour at a certain pressure and temperature. 
Thus if w grams of the vapour occupy v c.c. at the pressure p 
and temperature T and p 0 be the weight of 1 c.c. of the standard 

substance (air) at 273° and 760 mm., then the vapour density is 
given by 

JT 760 

P 0 v' 273* p . W 

The density of the unsaturated vapour can be easily and accu¬ 
rately found by any one of the standard methods 1 , «■£., of Victor 
Meyer, Dumas, Hofmann and others. But before 1860 there was no 
method for directly determining the density of saturated vapours. 
The methods adopted were all indirect in which the density of 
the unsaturated vapour was first determined and assuming the 
perfect gas laws to hold up to the saturated state, the density of the 
saturated vapour was determined. This assumption is however 
not quite justifiable, hence these methods can never give accurately 
the density of saturated vapour. Still however they are frequently 
used specially that of Victor Meyer, which is consequently 
described below. 

Victor Meyer’s method is of considerable practical importance. 
The apparatus (Fig. 17) consists of a cylindrical bulb B with a long 
narrow stem, near the top of which there is a side-tube. The lower part 

1 Full details of these methods will be found in any text-book on 
Physical Chemistry. 
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of the tube is surrounded by a suitable temperature bath which is kept 
replenished by a suitable liquid boiling at some pressure in A. Air 

inside the tube gets heated and is expelled 
at the top; after a time however a steady state 
is attained when no more air escapes. The 
substance whose vapour density is to be deter¬ 
mined is enclosed in a thin-wallcd stoppered 
bottle and placed at a inside the tube. By 
manipulating s it is allowed to drop gently in 
B. The bottle breaks, the liquid vaporizes 
and thereby displaces an equal volume of air 
which escapes at the side-tube and is collected 
in the tube /. Knowing the mass of this air, 
the density of the vapour of the substance 
is obtained by dividing the mass of the liquid 
taken by the mass of displaced air. 

Nernst 1 modified the apparatus and could 
thereby measure the vapour density of KC1 and 
NaG up to 2000°C. while Wartenberg 2 found 

ictor Meyer’s the vapour density of several metals up to 
apour Density 

apparatus. 2000°C. For description see Arndt, Pbysikalisch- 
chmisthe Technik, Chap. IX. 

11*16. Accurate Determination of the Density of Saturated 
Vapour. —In 1860 Fairbaim and Tate 8 devised an apparatus by 
means of which they measured the density of saturated vapour 
directly. Fig. 18 explains the principle of their apparatus. A is a 
spherical glass bulb whose narrow stem dips into mercury contained 
in the outer wider glass tube. The latter communicates with the 
metal reservoir B. Both A and B contain some water above the 
mercury levels, the latter containing a larger quantity than the 
former. All air is expelled from the apparatus and then both the 
vessels are surrounded by a bath whose temperature is gradually 
raised. The levels of the mercury in the two vessels remain cons¬ 
tant, that in A being always higher than in B due to the excess of 
water in B. This is so as long as there is any liquid water in A. 
But as soon as the liquid in A disappears, the level of mercury in A 
suddenly rises. This is so because the saturated vapour pressure 



1 Zeits. f. EJectrocbemie, 9, 622, 1903. 

2 Zeits. f. anorg, Cbemie, 56, 320, 1908. 

8 Phil. Trans., 150, 185, 1860; Phil. Mag., 21, 230, 1861. 
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increases much faster than the pressure of unsaturated vapour 
obeying Boyle’s law. The temperature at which 

this sudden rise of mercury column in A appears 
is noted. At this temperature the vessel A be¬ 

comes filled with saturated vapour whose pressure 
may be found by means of a gauge connected to B. 

Knowing the mass of water in A and the volume of 
the enclosed space, the density of the vapour at the 
particular temperature and pressure can be calculated. 

Somewhat later Perot 1 attempted to isolate a 

portion of the saturated vapour and to weigh it. 

This could be very conveniently done by isolating 

by means of a stop-cock and getting the vapour 

absorbed in dry calcium chloride and weighing the 

latter. K. Onnes 2 employed another simple method. 

In a graduated vacuous tube different masses hig. 18—-Fairbalrn 

° and Tate 8 

of the liquid were introduced, and the volumes of apparatus. 

the vapour and the liquid observed. Thus if m and 

m' grams of the substance are introduced and the volume of the gas 

and the liquid are tq and u a in the first case, and tq', o 8 ' in the second 

case, and p ffy p { represent the densities of the gas and the liquid, we have 

m “ tq p g + «2 Pi, m ' — °i- Po 4* P t . 



11*17. Thermodynamical Treatment of Variation of 
Latent Heat.—For any change of state we have 

rjr — ■ f l 3 • • • • 0?) 


where L is the latent heat at temperature T, and jj, x 2 the speci¬ 
fic entropies of the first and the second states respectively. 

For fixing our ideas we may take the subscript 1 to refer 
to the liquid state and 2 to refer to the vapour state. Differen¬ 
tiating with respect to T we get 


Now 



r ds 2 __ 

JT dr)' 



. (18) 


where denote the specific heats in the two phases. It 

must be however noted that c, 1> c, 2 are neither the specific 

heat at constant volume nor the specific heat at constant pressure. 


1 Comptes Rendus, 102, 1369, 1886. 2 Leiden Cornmm No. 117, 1911. 
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Here the vapour always remains in equilibrium with the liquid 
and hence must always be saturated. Clausius called the 
specific heat of saturated vapour. The pressure and volume are 
to be so varied that the condition of saturation continues to hold. 
The above relation 1 therefore becomes 



(19) 


Values of c, and c, .—We have 

(wLr(?rl + ( wUtfL, ■ ■ (20) 

where the suffix “sat” denotes that the condition of saturation 
is satisfied. Multiplying by T, and using equations (6) and (7) of 
Chap. VII, we have 

c ' ==c p- T {jt) p 

We have 1^=1 c.c., x> 8 =1674 c.c. hence v x may be 
neglected. For the liquid state dvJdT— *001, and is extremely 
small. Hence c s ^~c P ^= specific heat of liquid water at constant 
pressure at 100°C. 

For the gaseous state, however, dvfdT is large, vi2., 4*813. 
Using these values, we have 

s = '»• “ ti^r * 537= °' 47 ~ *' M “ ~ 1 '° 7 - 

Thus the specific heat of saturated n>ater vapour at 100°C. 
comes out to be a negative quantity . This is rather a paradoxical 
result but at the same time perfectly true. In Chapter II we have 
seen that the specific heat may vary from -f-oo to —oo depending 
entirely upon the external conditions. In the present case the 
condition of saturation has to be always satisfied. Now saturated 
water vapour has a pressure of 760 mm. at 100°C. and 787*6 mm. 
at 101 o C., /.<?., the specific volume of saturated water vapour decrea¬ 
ses as the temperature rises. This is so with all vapours. Hence 
when saturated water vapour at 100°C. is heated to 101 °C. at cons¬ 
tant pressure, it becomes unsaturated, and to satisfy the condition 
of saturation it must be compressed till the pressure becomes 
787*6 mm. This compression generates heat, and in the case of 
water at 100°C., the heat generated is so great that some of it 

iThis relation may also be deduced by the use of a cycle repre¬ 
sented on the entropy-t 'mperature diagram (see Fig. 3, p. 355). 
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must be withdrawn in order that the temperature may not rise above 
lOrC. The net result in this case is that heat must be withdrawn 
from and not added to the system during the complete operation. 
Thus we explain physically why the specific heat of saturated vapour 
sometimes becomes negative. 

i 

From these considerations it will be seen that saturated steam 
must become superheated by adiabatic compression, e.g., water vapour 
at 100°C and 760 mm. pressure, when compressed suddenly to 787 mm. 
would be heated by 2‘1°C., and hence become superheated; conversely 
when the vapour at 101°C., is allowed to expand adiabatically, say from 
787 mm. to 760 mm., the temperature would fall by 2‘1°C., to98'9°C., 

and hence it would become supercooled, and partial condensation may 
occur. For certain vapours however the .work done in compressing 
the substance is not so great and the specific heat of saturated vapour 
is positive. These become superheated by adiabatic expansion. 

These conclusions were experimentally verified by Hirn in 1862. 
He allowed steam from boilers at a pressure of five atmospheres to 
enter a long cylinder fitted with glass plates at its ends. When the 
cylinder had attained the temperature of the steam, the supply and the 
exit tubes were closed, and the vapour, when viewed from the ends, 
looked quite transparent. The exit tube was next suddenly opened 
and the vapour expanded adiabatically when a dense cloud was observed 
inside the cylinder, thereby confirming the results from theory. Cazin 
employed an improved form of the apparatus and experimented with 
various vapours. The results agreed with theory. 


For the variation of latent heat we have from (19) and (20) 
dL 
dT 


dL - L Jur r T& \ _ f dv A 1 

df ~~ T + *2 p i ~ wrJwtIW/* \ arJJ * 
(dp_\ _ " 

\dT) * 


( 21 ) 


Now since 


we have 


(22: 


nv 2 -vj 

dL L . L f/9o 8 \ (dvA ] 

dT “ (v 2 -vj\[dTJ P " [W p \ ' 

The equation is also applicable to the case of melting of 
solids. It may be employed to calculate either the variation of 
latent heat with temperature or the specific heat at constant 
pressure, provided the other quantities are known. 

For example let us find the variation of latent heat of fusion ol 
ice with temperature with the help of the following data:— 

Cp t =*l (specific heat of water at 0°C.) c Pi ~0 , 505 (specific heat ol 
ice at 0°C), L~80; t/«=l; o I =l , 09; 
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0-00006 


ft - 01 


00011. 


Therefore 


= 0-64. 



i.e.y if by suitably adjusting the ex¬ 
ternal pressure ice melts at — 1 °C. the 
latent heat will be found to be 0-64 
cal. less than the latent heat at 0°C. 

11*18. Variation of La¬ 
tent Heat of Vaporization.— 
Experiments show that the 
latent heat of vaporization of 
ao -w o WR 20 3 o? a liquid diminishes continuously 
Temperature. win. temperature, and vanishes 

Fig. 19.—Variation of Latent Heat at the critical temperature (vide 

of CO* with temperature. pjg , g for qqj 

Some attempts have been made to find out whether the 
quantity MLjT( , where M— molecular weight and Tt t the boiling 
point, shows any regularity. Table 4 illustrates such an attempt. 
On the basis of the data in Table 4 Trouton enunciated his 
rule which states that the ratio of the molar latent heat of vaporisation 
to the boiling point is a constant for all substances. The rule does not 
apply to substances whose vapours are associated arid is further 
Table 4.— Illustration of Trouton’s Rule. 


. . , . Boiling point Value of AIL/Tj 

heat in calories .S, r . 

wr ±i experimentally 


pan 

BsUebh 

Baaw w 


Substance 


Helium 

Hydrogen 

Nitrogen 

Oxygen 

Hydrochloric acid 

Chlorine 

Pentane 

Carbon disulphide 

Benzene 

Aniline 

Mercury 

Caesium 

Rubidium 

Sodium 7 

Zinc 

Lead 


22 

219 

1340 

1630 

3890 

4600 

6100 

6490 

7350 

10000 

14200 

15600 

18700 

23300 

27730 

46000 


4-28 

20-4 
77-3 
90-1 
188-1 
239-5 
309-0 
319-2 
353 
457-0 
630 0 
858 
942 
1155 
1180 
1887 


5-1 

10-8 

17- 3 
18* 1 

20- 7 
19-2 

19- 75 
210 

' 20*8 

21- 9 

22 - 6 

18- 2 
-19-9 

20 - 2 

23- 5 

24- 4 
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only approximately true. Attempts 1 have been made to express 
the Trouton constant as a function of (he temperature but no 
theoretical significance can be attached to the results in view of 
the fact that the boiling point is much dependent on the pressure. 

Purely empirical attempts have *also been made to express 
L as a function of T. For water, Henning expressed the results 
of his experiments by the formula: 

L a 538*06-4-0*5996(100—/). . . . (23) 

Thiessen found that for many substances, the formula L— 
L 1 (/ e —/)s gives good results. 

11 19. Variation of Latent Heat of Fusion.— A better 
empirical formula is available for the transition solid-*liquid, for 
the melting point is not so much dependent on pressure, and the 
external latent heat can now be neglected. This is illustrated 
in Table* 5. The measurements on the tare gases were carried 
out by Clusius and his co-workers. 8 


Table 5 .—Illustration of Trouton 1 s Rule 



Melting 

Molar latent 

ML 

Crystal system 

Substance 

point 

T M in‘K 

heat ML in 



joule /g. mol. 



Na 

370-7 

2550 

6-91 ] 



K 

336 T 

2300 

6-74 

» 

Body-centred cube 

Rb 

312 

2180 

6*99] 



Cu 

Ag 

1356 

1235 

11,300 

11,300 

8-331 

9*17] 


Face-centred cube 

Zn 

Cd 

692*5 

594-0 

7500 

6300 

10*9 ] 
10-6 

* 

Hexagonal close- 
packed 

T1 

563 

6150 

10-9 j 


Hg 

234*1 

2340 

100 ' 



Ne 

24*5 

335 

13-7 ! 


Hexagonal 

A 

83-8 

1120 

13-4 

p 

Face-centred cube 

Kr 

116 

1630 

14-1 , 



H, 

13-95 

117 

8-4 

* 

d 3 

18-65 

197' 

10-5 



1 V. Wartenberg, Z.f. EJektrocbem.M ,, 444, 1914; Kendall , Jour. Amer. 
Cbem. iW.,36, 1620, 1914; Wagner, Z.f.EUktrocbem., 31, 308, 1925. 

8 Compiled from Moelwyn-Hughes, Physical Chemistry , p. 300 (C.U.P. i947)« 
8 Clusius and Hiccoboni, Ziifs. f. phys. Cbem ., 38, 81,1938. 

F. 60 
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11*20. Latent Heat curve near the critical point.-- 
Near the critical point it is difficult to determine the p-T 
curve, and find out the value of dp!(IT. We see from eqn. 
(6) Chap. VII that Jp}JT= 0/0, as both L and the difference 
v a vanish. Extrapolation curves show that dpjdT—co, 
but this is not definitely established. 


DISCUSSION OF VAPOUR PRESSURE RESULTS 


1121. Theoretical Formula for Saturated Vapour 
Pressure. —Many attempts, both empirical and theoretical, have 
been made to obtain a mathematical expression for p as a func¬ 
tion of T, but without complete success. 

It is best to start with*the equation (29) of §8* 15, 


dp L 
dT~ Tiv^-vJ 


(24) 


Neglecting v lt the specific volume of the condensed piiase in 
Comparison with that of the vapour phase, we .have 


dp Lt iVfJL 
dT = Tv 2 = RT 2 P ’ 


• (25) 


assuming that the saturated vapour obeys the law of perfect gases. 
We have on integrating 


In p = 


JL[bE +i 

r J r- 1 


■ (26) 


Unfortunately, L docs not vary with T in a sitnpie manner 
(vide eqn. 22), hence the integration has to be done only in 
approximate stages. If L is taken to be a constant, we get a 
formula given by Young (1820) : 

Inp ^ t ~ . . . (27) 


If L is put equal to L 0 —aT, which roughly represents the 
variation of L for many substances, (26) yields 


It! L> — — 


MU 

RT 


- J d±g-/nT-\-i^A -f B InT + 


T 


(\1R 


a formula originally given by Kirchboff (1858), and still used for 
small ranges. 
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After a period of stagnation the S. V. P. of substances became 
the subject of many lively discussions owing to its importance in 
rhe study of technical gas reactions. The best approach to the 
problem is from eqn. (24) of Chap. VIII which states that when 
two phases of the same substance are in equilibrium their ther¬ 
modynamical potentials have the same value in both phases. 

Instead of using the Gibbs’ thermodynamical potential 
G— U-^-pV—TS we may use the equivalent function W which 

G „ U+pV 

is given by the relation "ty — — j, = j -rp—. We have for 

equilibrium 

* cond- .(29) 

Let us now find out these quantities separately. We have 
for the condensed state 

$ = |© of dT + | dp + Lo , . . . (30) 

where S 0 is the value of entropy of the condensed phase at 
absolute zero (A. N.). Hence 


S = J T C v y + S a , 


• ( 31 ) 


iglecting I 7 ~dp = — f Va dp, as a is generally very smal. 
Jo cp J 0 


for condensed phases. Further 

d (U + pH) = C p dT + Vdp. 


Hence U + pV = f T C p dT -f f T Vdp + (U + pV) a 

Jo Jo 

™ r C P JT+ Uo . . . . (32. 

where U 0 is the energy of the condensed phase at the A. N. The 
other quantities can be neglected. Hence, we have 

V --£?+ \ T ^dT-L\pC f dT + S„ 

cond. i Jo i Jo 

= - y? +£ C r dT + J„, . . (33) 
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all quantities referring to the condensed phase. 

To calculate y for the vapour phase, we have 


U+pV = U, + C,JT, 

as given by (32) for the condensed phase. The quantities now 
.refer to the vapour phase. The value of C p depends upon the 
constitution of the molecules composing the vapour. This 
cannot be taken up generally, before we take up the subject of 
specific heat of gases (Chap. XVI). For monatomic gases, 
however, we have C p = £R. 

The value of S for vapours has been discussed in §9 *11 and 
cannot be taken up here (vide infra, Chap. XVII) *for the general 
case of any gas. But for monatomic gases, we have from (41) 
p. 391 


S , If ,--3/2 5 if* . 

‘^ == n j^(2ir«»AT) + . . . (34) 


where S 0 is the value of the entropy at the A. N. for the gas. 
Anticipating quantum theory, we put g in (34) equal to A 8 , 
where h is Planck's constant (Chap. XV). We have then, using 
pV=RT, 



In p ■ -j- In 


( 2^) 3 / 2 A 5 / 2 , 5/2 ^ 

ft 5 h R • 


/ 

Hence y/R for a monatomic gas is given by 


(35) 


R 


U 9 , 5 ^ A , , (2 imfPk 
'RT + 2 ' lnT - l* P + l *~ - -fir" 


0/2 


^ R 


. (36) 


where U* J 0 now refer to the vapour phase. 

Equating (33) and (36) we have 

hf = - ■rt + f / ” r _ f (rr 

+ fa k 5/2 + _ . . (37) 

Here Ao =(Uga«—Uoond)o = latent heat of vaporization at the 
A. N. and SS 9 stands for (Jgas—^condV 
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N.B .—The early workers assumed that the entropy of a condensed 
phase is 0 at the A.N. This, as will be shown subsequently, is true 
only when die atoms concerned can be regarded as spheres, having 
the same properties In all directions. But this assumption can no longer 
be justified, in view of the recent progress in the knowledge of the 
structure of atoms. Both the nucleus and the outer shells of electrons 
which compose the atom, may possess finite, angular and magnetic 
moment, and are therefore generally spherically asymmetrical. 

As regards the nuclei, their effect on 2 iS n ^> as they are the 
same in the solid and vapour states. As regards the electron-shell, the 
asymmetry may be, and is in general, different in the two phases. Only 
in a few cases (vide Table 6 , p. 478 and discussion there) we can 
neglect the last term. 

Now expressing A 0 and C p in calories, and p in atmospheres, 
we have the practical formula 

log/. = - 2 . 30 ^ 7 * + ^ j" lo 8 T ~ 2-30R £ fT j # (C»)co»4. JT 

+ log -6-0057+ lit . .(38) 

The term 6*0057 is log (1 • 013 x 10®) which is the value of one 
atmosphere in dynes. We have further k— 1 -34x 10“ 16 , 

(Af= atomic weight, = weight of the H-atom), fc=6-54xl0~ S7 
Using these values we get the final expression 

log p — - 4 . 57 3 j + 2 " Iog T ~ 4^573 |o ~W j 0 

-1-5885 -b | log Af, .... (39) 

prmded n>e put SS 0 ~ 0. 

Nernst was the first to insist on the importance of the 
integration constant in the vapour-pressure equation. It was called 
by him ‘The Chemical Constant . We have just now seen that 
for a monatomic substance the chemical constant C is given by 

C= -1-5885 + flog M, .... (40) 

where M — atomic weight. 

11*22. Experimental Verification of the Vapour-Pressure 
Formula. —The expression (39) for the vapour pressure of a mon¬ 
atomic substance has been subjected to a large number of experimental 
tests by a number of workers. 
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In Table 6, we have collected the available data for verifying 
(39). The equation shows that we requite measurements of the 
specific heat of the solid phase up to the A.N. In many cases, the 
value of C p is available up to 14°K or still lower, and in the case of Ne 
up to 6°K. For the lower region, the value of C p is often extrapolated. 
This process is not quite satisfactory, as the value of C p is sometimes 
found to vary in ati unexpected way, e.g., the specific heat of metals is 
found suddenly to increase at the superconducting stage, and that of He 
and many other non-metals shows a sharp and sudden rise within a very 
small temperature range. 


Table 6 .—Chemical constant of monatomic substances 


Element 

! 

A 0 in 

Kilocalories 


C c 

Co-C, 

Ref. 

He 

0-012 

-0-687 + 0-01 

—0-685 

—0 002+ -01 

1 

Ne 

0-516 

0-367 + 0-01 

0-369 

-0 002+ -01 

2 

A 

1-887 

0-792 + 0 04 

0-815 

-0-023+ -04 

3 

Kr 

2-643 

1-294 ±0-02 

1-295 

-0 001 ±-02 

4 

Na 

25-46 

0-774 + 0 1 

0-455 

0.319+ -10 

5 

K 

21-5 

1 -22 ±0-04 

0-81 

0*41 + *04 

6 

Cu 

77-5 

1*00 +0*40 

1-11 

-0-11 ±-40 

5 

Ag 

72-3 

2-40 +0-40 

1-45 

0-95 ±-40 

5 

Au 

92-2 

2-41 +0-65 

1-85 

0-56 +-65 

5 

Mg. 

34-9 

0-47 ±0-21 

0-49 

-0-02 +-21 

7 

Zn 

31-2 

1-21 +0015 

1-14 

0-07 + -15 

7 

Cd 

27-1 

1-57 +0-13 

1-49 

0-08 ± -13 

8 

Hg 

14-2 

1-95 +0-06 

1-86 

0-09 ± *06 

3 

Pb 

48-3 

2-27 +0-36 

1-38 

0*39 +-36 

9 

T1 

43-4 

i 

2-37 +0-28 

2-18 

0-19 +-28 

7 


1 . 

2 . 

3. 

4. 

5. 

6 . 

7. 

8 . 


REFERENCES 


Bleaney and Simon 
Keesom and Haantjes 
Egerton, 

Clusius, Kruis and Komnertz 
Ladenburg and Thiele 
Edmondson and Egerton 
Coleman and Egerton 
Lange and Simon 


.. Trans. Faraday Soc., 35, 1205,1939. 
.. Pbysica, 2, 460, 1935. 

.. Pros. Pbys. Soc. Lond., 37, 75, 1925. 
.. Am. d. Pbysik, 33, 642, 1938. 

.. Zeits.f. Phys. Cbemie, 7, 161, 1930. 

.. Proc. Roy. Soc. t 113, 533, 1927. 

.. Phil. Trans. Roy. Soc., 234, 177,1935. 

.. Zeits. f. phys. Cbemie , 134, 374, 
1928. 


.. Zeits.f. phys. Cbemie, 134, 1, 1928. 


9. Harteck 









§11*24] VAPOUR PRESSURE FROM KINETIC CONSIDERATIONS 479 

From the above table it appears that the best agreement is obtained 
in the case of Zn, Cd, Hg, Ne and A. In the case of other substances 
like Na, K, there is considerable discrepancy. For further discussion 
see Chap. XVII. 

11*23. Vapour Pressure Formula From Kinetic con¬ 
siderations.—Consider a liquid in contact with its vapour and 
contained in an enclosure kept at a constant temperature T. We 
can apply Maxwell’s law to the molecules in the liquid. If the 
liquid surface is flat, the work required to transfer one molecule 
from the liquid to the vapour above is XjN y where A is the latent 
heat per gram-molecule of the liquid and N is the number of mole¬ 
cules in a gram molecule. Hence considering the equilibrium of 
the liquid and vapour we have from Maxwell-Boltemann’s law 1 


*, = *, e~^ NkT ' 


.(41) 


where n g and ti\ denote the molecular density in the vapour and 
the liquid states respectively. But the vapour pressure p is given 
by 

p — tig kT. 


Hence 


p--=tilkTe-^ NkT ' 


. (42) 


It is difficult to investigate 2 the dependence of tii on T, but 
it is easy to see that the two will be inter-dependent. Further 
A also depends on T. Assuming n t to be constant, and subject 
to these limitations, we deduce 


l°g p — jjjt + log T -f const. . . . (43) 


11*24. Vapour Pressure over Curved Surfaces.— The 

foregoing conclusions hold only when the evaporating surface 
is flat. When the surface is curved as in a small spherical drop 
of radius r, the S. V. P. is much different as was first shown by 
Lord Kelvin in 1870. When some water evaporates, the surface 


1 More accurately, we should equate the number of molecules 

emitted by the surface per second to that absorbed by it. For detailed 
discussion see Muller-Pouillet, Lebrbucb der Physik, 3, part 2, 
pp. 229—233. ^ 

2 For detailed investigation see Bradford, Phil. Mag., 48, 936, 1942 
and connected papers. 
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diminishes kid this is accompanied by a decrease in the total 
surface energy of the drop. We have, mass of the drop—(4/3)flr*p. 

/. The mass evaporated — dm = ^trr^.dr.p. 

The diminution in surface area dA ~ 8-nrdr = (2 jrp) dm . 
Diminution in surface-energy 

— 5? >dA ~ (2 ?7\rp)dm .(44) 

If r is sufficiently small, this may be comparable to the latent 
heat, e.g., for water at 30°C, L = .580 cal./gm, and we have 

= 16*7x10’r. 

Hence if r^!0“ 7 cm., the contribution from surface energy be¬ 
comes comparable to L. 

When the mass dm disappears by evaporation, we have to 
add to each molecule the energy 

.... (45) 

because 23" jrp is the decrease in surface energy per unit mass, 
hence (2 3^jrp)MjN is the decrease per molecule. 

If p r now denotes S. V. P. over the drop we have from (42) 

p, ~ *,ATexp.[ -(A - ?£. lt)/mT ] =/>~ exp ( (46) 

p m denoting vapour pressure over surface o ' infinite radius, i.e., 
over fiat surface. It is the same quantity as ordinary S. V. P. 

This relation is of very great importance for the under¬ 
standing of the formation of drops which compose a cloud. 
It has been long believed that when water evaporates from the 
sea and land under the effect of the sun’s rays, air saturated 
with water vapour being lighter ascends in the atmosphere and 
in doing so, its temperature falls by adiabatic expansion. There¬ 
fore, the air becomes supersaturated, i.e., contains more vapour 
than it can hold and the excess is condensed in the form of drops 
forming a cloud or fog. 

The extensive laboratory experiments of Aitken between 
1880 and' 1890 showed that the matter was not so simple. What 
he did was to allow air within a closed vessel standing over a pool 


L/(2^/rp) = 580X4*2 X 10 ’ 




2x73 



§11'24] VAPOUR PRESSURE OVER CURVED SURFACES 481 

of water (and therefore saturated with water vapour) to expand 
suddenly to a larger volume. He found as expected that a mist 
was formed consisting of minute water droplets which settle 
down within a short time. But what surprised Aitken was that 
if this expansion and settling of clouds was carried out a number 
of times, then afterwards no cloud would be formed even when 
the expansion was sufficient to produce a sufficiently low tem¬ 
perature for condensation. 

This was traced to the fact that minute particles of dust which 
are always present in air and are considered usually as nuisance, 
are actually indispensable for the formation of drops. When the 
expansion takes place, the droplets form round the dust particles 
which are carried downwards when the drops settle, and when all 
the dust that is present in the air is removed as a result of succes¬ 
sive settling, no further drops can be formed by adiabatic 
expansion. In fact, if the air in the closed space is in the very * 

^ » f 

beginning freed from dust particles by passing it through fine 
glass-wool, no drops are formed even at the first expansion. 

An explanation of this fact is easily available from formula 
(46). According to this we get the following ratio of prfp 
for particles of different radii as shown in table 7. 


Table 7.— Values of p r jp for drops of water. 



I 1 

1 





r (cm.) 



10- 7 

HH 

io-» 

10- 4 

PrlP , 

316-2 

.. 

6-91 

3-16 

1*127 

1-012 

1-001 


Thus if a drop of radius 10” 6 cm. is to be stable, the vapour 
above it must be supersaturated to the extent of 1 * 127. If this 
supersaturation is not available, the drop will evaporate. Let us 
see how these results explain Aitken’s observations. A water 
molecule has a radius of 2X10 -8 cm. and nearly a hundred of 
them must come together if a drop of radius 10~ 7 cm. is to be 
formed. When adiabatic expansion takes place, a number of 
water molecules may come together forming a drop of 10~ 7 cm. 
radius but this cannot be stable unless the supersaturation is 3*16. 
Failing this the drop evaporates as soon as it is formed. But when 
F. 61 
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a dust particle of radius r=10~ # cm. is present, water molecules 
depositing around it form a drop of radius 1(H cm. and little 
supersaturation is required to make the drop stable. 

. Aitken’s experiments and the foregoing theoretical discussion show 
that cloud droplets cannot be formed under the conditions of our 
atmosphere unless some kind of condensation nuclei are present. In 
addition to dust particles, other condensation nuclei which are present 
in air are particles of smoke, minute particles of salt which are suspended 
in air as a result of evaporation of salty spray carried by air currents 
from over the sea surface, and probably also the sulphurous fumes from 
industrial towns which readily get oxidised, minute nitrous oxide 
particles which are formed as a result of reaction of nitrogen and oxygen 
under ultraviolet sunlight, and charged ions present in atmosphere on 
account of the ionising action of ultraviolet sunlight. 

It is not yet known which kind of nuclei play the predominant 
role in the formation of water drops constituting fogs and stratus 
clouds. But statistical observations show that the radii of these droplets 
are of the order of 20/a, 2xl0 _s cm. 

The actual tain-drops which reach the ground are however of 
larger size; observations have shown that they range in size from a 
radius of 100ft (10“* cm.) for light drizzle to drops of radius 2‘5x 10 -1 
cm. (largest rain-drops). This can be quite easily explained, for when 
a droplet of radius r is suspended in air, though subjected to free 
gravity, it falls with a steady velocity due to the viscous drag of air. 
The limiting velocity for small drops is, according to Stokes’ law, 
given by 2gr l j9r\ where ;= radius of the drop, coefficient of visco¬ 
sity. The velocity varies as r 2 , and calculation shows, that a droplet 
of lUft radius will take 20 hours to fall 1 km. B\ that time, it will 
evaporate. A drop of 3 X 10~* cm. radius falls one km. in 6 min., and 
the time is too short for evaporation. 

Though droplets of water occurring in clouds have probably all 
sizes ranging from 10“ 7 cm. to 2 5 XlO" 1 cm., meteorologists draw an 
artificial line at r==100/a. Particles of smaller radius than this are called 
cloud droplets, and particles of larger radius are called rain-drops. Most 
non-rain-bearing clouds like fog and low-lying stratus, are composed 
of cloud droplets. They evaporate without giving rain. 

This brings out the question how rain-drops are formed in our 
atmosphere, for evidence shows that when water-vapour condenses 
round nuclei, their sizes are of the order of 10“ 3 cm. radius. Such drops 
do not reach the ground. There is some other agency which makes 
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such droplets grow bigger to the size of rain-drops as compose rain¬ 
bearing clouds like nimbo-cumulus. 

When the temperature is sufficiently low, below the ice-point, the 
water vapour should condense directly into ice particles, but observa¬ 
tions show that this does not usually happen. Cloud chamber experi¬ 
ments have shown that in the absence of dust no fog is formed unless 
T is<—41’2°C. At lower temperatures, a mixture of water drops 
and ice-particles is formed, the proportion of the latter increasing with 
cooling. When some dust particles are present, this temperature may 
be as low as —32°C, but water condenses more as liquid drop than 
ice-particles. 

This is in accordance with observations made in aeroplane ascents 
which show that even when the top of a cloud is below the freezing 
level, the cloud mostly consists of liquid drops, r Such drops are ‘Super¬ 
cooled*, i.e., they convert into ice-particles when they strike against an 
aeroplane side. In fact, the phenomenon of supercooling is so frequent 
. that Langmuir thinks it is wrong to say that water freezes to ice below 
0°C. A more correct description would be that once formed, ice can¬ 
not exist above 0°C. 

Supercooled water-drops have a considerably different vapour pres¬ 
sure than ice-particles at the same temperature as is clear from table 8. 


Table 8 .—Saturated Vapour Pressure of Water and Ice, 


Temperature in °C 

0 

-10° 

-20° 

1 -30° 

i 

-40° 

-60° 

Over water in mb. 

6*11 

2*87 

1 -2C 

ox 

*189 

•020 

Over ice in mb. 

611 

2*62 

i 


•284 

•129 

•0)1 


This shows that when ice particles and water drops exist side by 
side, as in high-level clouds, the atmosphere there may be undersaturated 
with respect to water, but supersaturated with respect to ice. This 
will promote the evaporation of water drops and the growth of ice- 
particles at their expense. 

According to Bergeron, this phenomenon, also known as the 'Ice- 
crjstal effect’, is mainly responsible for the conversion of cloud particles 
to rain-drops. When the top of a cloud reaches somewhat above the 
freezing level, the ice-particles grow at the expense of liquid drops, and 
in course of time, become heavy enough to fall quickly and on 
reaching the lower levels, melt into rain-drops. In fact, according to 
Bergeron, ‘rain* is only melted snow. 
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These ideas form the basis of the methods of artificial rain-making. 
Clouds may often appear and disappear without producing rain. Even 
when the tops of such clouds extend higher up than the freezing level 
it may consist of merely supercooled water-drops. What the rain 
makers do, is to ‘seed’ the tops of such clouds with powdered dr)’ ice 
(solid COj), which brings down the temperature at places below and 
produces a few ice crystals. Once they are formed, they begin to grow 
according to the Bergeron process, and the cloud may be precipitated 
as rain. Another method proposed, and reported to be carried out 
successfully is to sprinkle tops of clouds with powdered crystals of 
Agl. Ice-particles grow round the dust of Agl and then the Bergeron 
process takes place. 1 


PROBLEMS 


1. Show that the latent heat of vaporisation of a van derWaals 

gas is given by the relation A — — a ^ -p— ~ j -f- p (V g — Vi) 

and hence show that the latent heats of two gases at corresponding 
temperatures are in the ratio of their aj'o, 

2. Use eqn. (40) to calculate the chemical constant of the 
electron. 


3. Deduce the vapour pressure formula for a polyatomic gas 

5 

assuming that for the vapour C P =■- —R-f-Q. 

4. Vapour pressure of barium is 5'34x10“® mm. at 798°K and 
6*74x10“* mm. at 973°K. Calculate its latent heat of sublimation at 
the absolute zero. 


BOOKS RECOMMENDED 

1. MQller-Pouillets— l^ebrbuch der Pbysik t Vol. 3, part II, pp. 
459-481. 

2. Glazebtook—A Dictionary of Applied Physics , Vol. 1, article 
on ‘Latent Heat’. 

3. Handbuch der Bxperimntal-pbystk, Vol. 8, Part 1, pp. 527-598. 


1 Fcr fuller details see articles in Science and Culture by A. K. Ray 
and K, R. Saha, Nov. 1948. 



CHAPTER XII 


PRODUCTION OF LOW TEMPERATURES 

12*1. Introduction.—In the early days of the study of heat 
the melting point of ice was chosen as the zero (starting point) of 
the scale of temperatures. This was done more for the sake of 
convenience than from a desire to start the temperature scale 
from the lowest temperature attainable. The study of the laws 
of perfect gases tells us that we can, at least theoretically, proceed 
on the Celsius scale 273 degrees below the melting point of ice 
and that this h the lowest temperature conceivable. This idea 
of absolute zero first deduced from the gas scale was set on a 
firmer ground by thermodynamical reasoning (Chap. VI). This 
point (—273*16°C.) is therefore taken as the zero of the absolute 
temperature scale. In our ordinary experience we have not to 
deal with temperatures much below 0°C, but in this chapter we 
shall describe the principles and contrivances by which bodies 
can be continuously deprived of heat, and the region from 0°C 
to absolute zero can be reached. 

The following methods may be employed to produce re¬ 
frigeration :— 

(i) By adding a salt to ice. 

(ii) By boiling a liquid under reduced pressure. 

(iii) By the adiabatic expansion of a gas doing external work. 

(iv) By utilizing the cooling due tp Joule-Thomson effect. 

(v) By utilizing the heat of adsorption. (Desorption 

method). 

(vi) By utilizing the cooling due to Peltier effect. This 

cooling is rather small though semi-conductor 
thermo-junctions have recently produced much more 
cooling. 

(vii) By the process of adiabatic demagnetisation. This 

is useful only in the region of liquid helium tem¬ 
peratures and has been utilized to produce the lowest 
temperatures. 
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(i) By adding a salt to ice. 

12*2. Freezing Mixtures.—Low temperatures may be at¬ 
tained by adding a salt or acid to water or ice, as was done by 
Fahrenheit. The cause of this lowering of temperature is easily un¬ 
derstood. Pieces of ice have generally some water adhering to 
them, and if salt be added to this ice, it is dissolved by the water 
and more ice melts. The necessary heat for this process, vz\., 
the heat of solution and the latent heat required to melt the ice, 
is extracted from the mixture itself whose temperature consequent¬ 
ly falls down. This is the principle of freezing mixtures which 
Table 1. Freezing Mixtures. are simply solutions or 

mixtures of this type. 
This process however can¬ 
not go on indefinitely. For 
every salt there is a corres¬ 
ponding eutectic tempera¬ 
ture (see p. 369), below 
which the temperature can¬ 
not be lowered in this way. 
If mpre salt be added, it 
no longer goes into solu¬ 
tion and hence no further 
cooling can be produced. 

In Table 1 the composi¬ 
tion of the eutectic mixture and the corresponding eutectic or ervohydric 
temperatures are given for a number of commoner salts. The amount 
of anhydrous salt, which is contained per 100 grams of the eutectic 
mixture, is given in the table. Generally hydrated salts are employed 
and in that case the corresponding quantity of the hydrated salt should 
be obtained by calculation. These euteede temperatures represent the 
lowest temperature that is possible to attain with the particular freezing 
mixture. 

This method of refrigeration by adding salt to ice is employed 
in the common ice-cream freezers. A solution containing milk and 
sugar is kept in a vessel which is surrounded by a mixture of ice and 
common salt. The vessel is then rotated rapidly for the thorough mix¬ 
ing of ice and salt and after some time the solution begins to freeze 
which is indicated by the increasing difficulty felt in the process of rota- 


Salt 

Anhydrous salt 
per 100 grams 
of mixture 

Eutectic 

Temperature 

MgS0 4 

19*0 

—3*9°C 

ZnS 0 4 

27*2 

-6-5 

ICC1 

19*7 

- 1 H 

NH 4 C1 

18-6 

-15-8 

nh 4 no 3 

41-2 

-17*4 

NaNO, 

37 

-18*5 

NaCl ' 

22*4 

—21 -2 

MgCl 2 

21*6 

-33*6 

CaCl 2 

29*8 

-55 

FeCl 3 

33*1 

-55 

ZnCl 2 

51-0 

-62 

KOH 

31 -5 

• -65 
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tion. After this has continued for some time the ice-cream is ready. A 
mechanical arrangement for quick and efficient mixing is given in 
]onrn. Amr. Chew. Soc.> Vol. 54, p. 388G (1932) by R. C. Archibald. 

(//) By the rapid evaporation of a liquid. 

12 3. Cooling by Evaporation. —Low temperature may 
be produced by the rapid evaporation of a liquid, which requires 
heat for its conversion to the gaseous state; e.g., if one gram of 
water at 100°C. is evaporated from a certain volume, 537 calories are 
needed, and if this volume is isolated, this heat will be taken from 
the volume of water, which will consequently fall in temperature. 

The amount ®f cooling which can be produced depends on 
the nature of the liquid and the rate of evaporation, besides other 
factors. The rate of evaporation can be accelerated by using 
pumps of high suction capacity, as in vapour compression ma¬ 
chines (vide infra §12’4) or by promoting evaporation by absorb¬ 
ing the vapour in another liquid or by other methods. The cryo- 
phorus described in elementary text-books, is a machine in which 
evaporation of water in one limb of the closed U-tube is promoted 
by immersing the other limb in ice. 

This principle is used widely in pure laboratory research for 
the production of low temperature, e.g., it was used by Kamerlingh 
Onnes for pushing the low temperature limit by allowing lique¬ 
fied helium (temp. 4 • 2°K) to boil at low pressure by continuously 
removing the vapour, by a suction pump. In this way, when the 
pressure was reduced to 0 013 mm. by suction the temperature 
fell to 0 -82°K. 

For practical purposes, the process has to be made quick and 
continuous. This is done in the vapour compression and vapour 
-absorption machines by special contrivances described below. 

12*4. Vapour-compression Machines. —The machine 
(Fig. 1) consists of three principal parts : 

(1) A compressor G, usually electrically driven, which is 
fed by gas boiling under low pressure from an evaporator E through 
an intake valve. 

(2) The gas is compressed adiabatically and delivered to 
the condenser • Q, which is generally a coil of copper em¬ 
bedded in a vessel through wliich some coolant (cold water 
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or brine water) is passing. Sometimes the coils are also cooled 

by fan-driven air cur¬ 
rents. The heat of 


Compressor 


i 0 1 - 


Water 


compression is carri¬ 
ed off by the coolant, 
and the vapour be¬ 
comes liquefied. 

(3) The liquid 
refrigerant now pas¬ 
ses to the reservoir 
R, from which 
Pig. 1.—Vapour Compression Machine. through an expan¬ 

sion valve V, it is delivered to the evaporator, and another cycle 


Condenser 


R 

Receiver 


3 - 


Evaporator 


V 

~CXb 


s tarts. 

The evaporator coils are embedded in the refrigerator system. 
This may be fan-driven air in air-conditioning apparatus, a refri¬ 
gerator chest, or any other system. 

Any liquid can be used as a refrigerant—water, ammonia, 
SOg, C0 2 , freon, etc., but in practice the choice is limited to a 
few. The criteria for selection of the proper liquid are:— 
(1) It should have a large latent heat of evaporation; (2) The vapour 
should have a small specific volume; (3) It should have sufficient 
vapour pressure at the temperature of the evaporator (about 5°F) 
so that atmospheric air may not be sucked in through any possible 
leakage. Further it should easily liquefy when compressed and 
cooled in the condenser (temp, about 86°F); (4) It should have 
desirable chemical properties, i.e., should be non-inflammable and 
non-toxic, should not: be explosive and should have no chemical 
action on the machinery. 

Table 2 gives the liquids which are generally used together 
with a comparison of their properties. 


12*5. Refrigerators based on Vapour-absorption. 

Evaporation of a liquid may also be promoted by quick absorption 
of its vapour in another liquid, e.g., by the absorption of am¬ 
monia vapour in water. This was the basis of a continuous 
form of freezing machine due to Carr6 which was formerly 
employed on a large scale. The working of the machine 
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will be understood from Fig. 
strong solution of ammonia 
gas in water and is heated by 
a burner. Ammonia gas is 
expelled from the solution and 
passes into the coils immersed 
in the condenser B through 
which cold water continuously 
flows. The gas condenses there 
under its own pressure (from 


. The generator A contains a 



Fig. 2.—Ammonia Absorption Machine. 


Table 2 .—Characteristics of Refrigerants. 1 


Item 

Ammonia 

Sulphur 

dioxide 

Carbon 

dioxide 

Methyl 

chloride 

Freon-12 

CC1.F* 

1. Boiling point in °C 
at atmos. pressure. 

-33*35 

—10* 1 

: 

-78-6 

-24*09 

-29-8 

2. Latent heat of eva¬ 
poration at 5°F in 
calories pet gram. 

313-8 

97-5 

63-7 

99-2 

38-6 

3. Refrigerating effect 
in calories per gram 

268-9 

78-81 

31-47 

78-20 

28-34 

4. Vapour pressure at 
—15 r C in atm./cuu 2 

2-33 

•803 

22-7 

1-42 

1-80 

5. Vapour pressure at 
30°C in atm./cm. a 

11-52 

4-52 

70-7 

6*50 

7-34 

6. Specific volume of 
vapour in evapora¬ 
tor in c.c. per gm. 

508-9 

400-6 

16-66 

282-8 

92-7 

7. Power in kw. for a 
refrigerating - effect 2 
of 50*4 K. cal./min. 

0-726 

0-742 

1-37 

0-751 

0-744 

8. Coefficient of per¬ 
formance. 

4-85 

4-74 

2-56 

1 4-67 

4-72 


1 For properties of other refrigerants see Refrigerating Data Book 
(1943-1944) published by American Society of Refrigerating Engineers, 
New York. 


* This capacity is also called one ton of refrigeration per 24 hr., or 
simply “ton” of refrigeration. For the method of calculating the 
various quantities in this table see §12*8. 

F. 62 









490 


PRODUCTION OF LOW TEMPERATURES 


[xii 


5 to 12 atm.) into liquid ammonia. The liquid ammonia thus formed 
passes through a narrow regulating valve V to the spiral immersed 
in the refrigerator C, where on account of the low pressure it 
evaporates. The valve is adjusted to maintain the desired difference 
of pressure on the two sides. Water placed round the refrigerat¬ 
ing coils C is thereby cooled sufficiently to be frozen to ice. 

The ammonia gas formed in the coils in C is absorbed by 
water or dilute ammonia solution contained in the absorber D 
and thus the pressure is kept low (about 2 atm.). The solution 
in D becomes concentrated and, is transferred by the pump P to 
the generator at the top. The heat evolved in absorption is re¬ 
moved by cooling water. Thus the supply of concentrated ammo¬ 
nia solution is kept up. Dilute ammonia from the bottom of 
the generator may be run to the absorber and concentrated. The 
cycle is thus repeated and the action is quite continuous. 

The difficulties of the machine are that it has a low efficiency, 
and the pressures are widely different in the condenser and evaporator. 
Besides it has a moving part in the pump needed to transfer die liquid 
to the generator. All these difficulties are avoided in a clever inven¬ 
tion by two Swedish engineers, von Platen and Munters 1 , which is placed 
in the market under the name Electrolux Refrigerator. In this Dalton’s 
.taw of partial pressures is used to make the total pressures in the 
condenser and the evaporator equal, maintaining at the same time a 
difference in partjal pressures of ammonia in the two chambers; this is 
accomplished by using an inert gas like hydrogen. The principle of the 

machine can be easily grasped from 
Fig. 3. b is a vertical steel cylinder 
containing ammonia solution and c 
is a tube projecting dnside 
the cylinder which can be heated 
electrically, or by a flame, d is a 
rectifier, e a water-cooled tube (con¬ 
denser) where the vapour is com¬ 
pressed to a liquid, f is the evapo¬ 
rator, g the partition blades, h the 
absorber and i, a jacket for circula¬ 
tion of cold water. 



1 Die Naturwissenschaften , 4 , 651, 1926. 
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The vapour as it rises from b passes through d, where the water 
vapour carried by ammonia is condensed and flows back to b. The 
ammonia vapour is condensed at e, and flows by the action of gravity 
to f. This vessel can withstand a pressure of 12 atmospheres and 
has circulating through it hydrogen gas in such quantity that the 
partial pressure of ammonia is 3 atmos. and that of hydrogen is 9 
atmos. As liquid ammonia enters f, it evaporates on account of its 
low partial pressure and mixes with hydrogen; this is still more facili¬ 
tated by the partition blades. The mixture is heavier than pure 
hydrogen, so it sinks down and is absorbed at the bottom of h, from 
where it passes back to b owing to the action of gravity and pressure 
produced by heating c. The hydrogen which is not absorbed passes 
up the partition blades in h and is again borne down by the main 
stream from e. Thus hydrogen is confined to the evaporator and the 
absorber and is prevented by liquid seals from entering the condenser 
or the generator, which contain pure ammonia or ammonia solution 
at a pressure of 12 atmos. On account of the slow velocity of circula¬ 
tion the total pressure throughout the system is the same, the motive 
power coming wholly from the heat applied to c. Due to this conti¬ 
nuous circulation of evaporating ammonia f is cooled and a block of 
ice grows round it. Owing to the heating, concentrated ammonia 
solution is forced up a into b while weak ammonia solution is trans¬ 
ferred from b to b. 

(Jit) Adiabatic Expansion of Compressed Gases. 

12*6. Cooling produced by the sudden Adiabatic 
Expansion of compressed gases. —If a highly compressed gas 
be suddenly allowed to expand adiabatically, it cools very consi¬ 
derably on account of the large external work it does on expanding, 
vide §2*28, p. 83 where it is shown that T , =T(p t lp)(y“ *)/r. Thus 
if C0 2 confined in a cylinder at 150 atm. is suddenly released to 
atmospheric pressure, T' — 300 (1/150)* 8 / 1 * 8 —96°K. The tempe¬ 
rature is so low, that the issuing matter solidifies and can be caught 
in a piece of cloth as solid CO* (dry ice). 

Cailletet 1 first liquefied oxygen in 1877 by this method.. He 
compressed oxygen to a pressure of 200 Atmospheres in a strong 
capillary tube cooled to—29°C. and suddenly reduced the pres¬ 
sure. A mist of liquid oxygen was formed which disappeared 


Comptes KenduSy 85, 1213 , 1270 , 1877 . 
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in a few seconds. Pictet compressed oxygen to a pressure of 320 
atmos. and cooled it to about — 110°C. by liquid carbon dioxide 
evaporating under reduced pressure. Then he suddenly reduced 
the pressure by opening a nozzle. Liquid oxygen shot out of the 
nozzle evaporating immediately. In 1884 Wroblewski obtained 
a mist of hydrogen while in 1893 Olszewski obtained liquid hydro¬ 
gen in sufficient quantities, by cooling compressed hydrogen with 
liquid oxygen and then suddenly releasing the pressure. 

The process is however essentially discontinuous and is not 
very useful for the continuous production of liquefied gases. 
Hence for commercial purposes it was almost discarded; but a 
novel way of utilizing the principle in combination with others 
was invented by Claude and Heylandt for liquefying air and by 
Kapitza for liquefying hydrogen and helium. Recently it has 
gained importance by its successful use in Collin’s liquefier for 
liquefying helium. 

We have described above two types of refrigerating machines. 
There is a third type also which utilizes the principle mentioned 
above in this section. This is called the air-compression machine 
because air is here used as the refrigerant. The working of the 
machine is explained in Fig. 4. 


Water cooler 


Air is first compressed adiabatically in the compressor P (Fig. 4.), 
the compressed gas is then passed through a water cooler C where 

it is cooled at constant pressure. 
This cool high-pressure air suffers 
adiabatic expansion in the ex¬ 
pansion cylinder E of an engine 
to a pressure equal to the pressure 
of the compressor intake and 
becomes considerably cooled* 
This cold air then traverses the 
refrigerator or the cold storge 
space R and absorbs heat at cons¬ 
tant pressure and subsquently 
returns to the compressor and 



Expansion 
angina 


Fig. 4.—Air-expansion refrigerating 
machine. 


the cycle continues. The work necessary for the compressor is partly 
obtained from the expansion cylinder E and partly from a separate 
motor M. This is the principle of the Bell-Coleman refrigerator largely 
used for the refrigeration of cold storage chambers in ships. 
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PERFORMANCE OF REFRIGERATING MACHINERY. 

12*7. Coefficient of Performance.—We define j9, the 
coefficient of performance (sometimes also called ‘cop*) by the 
relation 

Amount of Heat removed 
" Work done in running the machinery* 


Before finding out for the different machinery so far des¬ 
cribed and to be described later, let us find out the j8 of an ideal 


Carnot engine which, according to §4*5—4*8, can be worked back¬ 
wards along the route ADCBA extracting the heat £)' from the heat 
sink T', and after performance of work W on it by a compressor, 
transfers j Q — W-\-Q} to the heat source T. We have therefore 
for the Carnot engine 


P ~W’ T-T* p v * * 


( 1 ) 


where r) is the efficiency of the Carnot engine. 

It is easy to see, by following the same arguments as given 
in §4*8, that no refrigerating machine can have a higher ‘cop* 
than the Carnot engine, but Its use as a refrigerator . is precluded 
by the same considerations as given there. The machine^ would 
be too slow-acting and would require an enormous expansion 
ratio. Still, the Carnot engine is used as a standard of reference 
for comparing the ‘cop’ of other systems. 


12*8. Vapour-compression Machines.—The working of 
the vapour-compression machines is similar to that of the engines 
using steam, only working backwards. We can use fig. 6, p. 244. 
The refrigerant liquid (NHg, S0 2 or Freon) is allowed to come 
from the liquid receiver R (Fig. 1, p. 488) through the expansion 
valve V, and evaporate within the coils of the refrigerator E at 
pressure p, which is the S. V. P. of the liquid at the temperature 
at which the refrigerator is maintained (-—15°C in our example), 
and all the time absorbing heat from the body to be cooled; this 
may be flowing air (for an air-conditioner), brine or water to be 
frozen. In Fig. 6, p. 244 this is indicated by the line DC. When 
the point C is reached the vapour is adiabaricaJly compressed in 
the compressor along the p 2 th CB to the pressure which is the 
S. V. P. of the refrigerant at the temperature of the coolant water 
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in the coridenser. The heat of the compressed vapour is removed 
by water (temperature 30°C) keeping the pressure constant, till 
all the vapour has condensed to a liquid at 30°C (point A in Fig. 
6). The liquid is then allowed to flow to the receiver (point D), 
and a fresh cycle begins. 

We can apply the results of §4*10 to this case bodily. We 


have 



H c - H» 
H b - H c 


• ( 2 ). 


Let us now illustrate by means of an example, in which NH a 
is used as a refrigerant. We have To = Tc = —15°C (temperature 
at which the refrigerator is maintained), Tb — Ta — 30°C (temperature 
of coolant water or air). Then 

pc = S. V. P. of (NH„)nq at — 15 C C =2*41 kg/cm a . 
pn —- „ „ „ 30°C —11*9 kg/cm 2 . 

From Mollier’s liq. ammonia chart, 1 we can find out that 
He — 340-7, H B = 396-3, Ho = 77*2 k. cal per kg of NH 3 . Hence 


0 He—Ho 
P “ Hb-Hc 

For Carnot ideal 


263-5 


55-6 


. = 4*74. 


0 = 258/45 == 5-73. 

.".Relative efficiency =* 4*74/5-73 = "827- 
The mass-flow rate m of refrigerant per k. cal./min. of refrigerating 
effect is given by 

* - whnr - m = 3 ' 80x,,H kg/mm - • (3) 

* Work W to be done for transference of heat is given by 

1F = H b -Hc = 55-6x3-8xlO" 8 k. cal/min. . . (4) 

1-472x10-* KW. 


The required compressor capacity 

V e — 3- 8x10-* X volume of one kg of NH 3 at 
pc, Tc (condenser pressure and temperature). 

— 1-931 litres per min. 

If we have to remove 252 k. cal per min. which is nearly o tons 
of refrigeration, the power required would be 3*7 KW, and the dis¬ 
placement nearly 486*6 litres per min. 


’See Perry, Chemical engineers’ Handbook , McGraw-Hill Book Co, 
(1941). 
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N.B. The refrigeration engineers in the U.S.A. and England 
generally use the Fahrenheit scale and British Units. One British 
Thermal Unit (B.T.U.) is the quantity of heat required to raise 1 lb. 
of water through 1°F. Hence 

1 B.T.U. = 453*6 x = 252 cal. = 252 k. cal. 

The unit of refrigeration is known as the ‘Ton of Refrigeration’ 
which means removal of 2*88x10® B.T.U. per day of 24 hours or 200 
B.T.U./min. It is based upon the consideration that to melt 1 ton 
of ice would require the extraction of .2*88x10® B.T.U. 1 Ton of 
Refrigeration is thus equal to the removal of 5*04x10® cal. or 50*4 k. 
cal. per min. 

12*9. The ‘Cop’ of Gas-expansion-Engines .—These engines 
liave been described in §12*6, Fig. 4. Since the heats are taken in and 
rejected by the working substance at constant pressure the working 
of the machine can be explained by referring to Fig. 13, p. 257, the cycle 
AFCD being taken backwards. The gas which enters the compressor 
at the point F (pressure p v generally atmospheric temperature T/) } is 
compressed adiabatically to p 2 , T a (point A). The compressed gas 
is cooled at this pressure to the temperature of the coolant, 
usually water, (point D), and is then allowed to expand adiabatically 
in the expansion cylinder to the point C (p v T c ). The cold gas 
is now led through the refrigerator R from which it absorbs heat at 
constant pressure along CF, the gas reaching the state F and the 
<ycle is completed. 

We have now, assuming that a gm-molecule of the gas is in 

use, 

Q — heat given to coolant = C p (T 0 — T d ). 


<2' — heat abstracted from refrigerator = C p (Tf—T e ). 
Now, as proved on p. 258, 


( PslPi ) 


(y- i)/y 


Tc~T f ~ 


The work done, 


T m -T 4 
T f - T c * 


. (5) 


Hence 


W = Q-Q! = C V {(T a - T,)- 07- T e )}. 



1 


<PM 


(y - 0 /y — 1 


. ( 6 ) 
• (7) 


We shall illustrate it by an example. Let T/ = — 15°C, and suppose 
we have found by calculation that to maintain the space to be cooled 
at this temperature, we have to absorb heat at the rate of 2 *40x10® 
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cal, or 240 k. cal./min. Cooling water is available at 30°C. Let us 
suppose that the ratio pjpi is 5. Then we have since (5)^ O/Ys- 1 *584, 


1*584-1 
T f = 258, 


=*1-71. 


T d = 303, 


from which we calculate 


T* 


2581X *584= 408*7, T e = 


303 

1*584 


191*3* 


Weight of air to be circulates. 


2*40x10®, 
•24 (Tf~T e ) 


gm./min. = 


2*40x10® 

*24x66*7 


gm./min. 


= 14*99 kg./min. = 33*06 lb./min. 

The power needed to drive the engine is given by 
IT = & = 2*40xl0®pl/min. _ 140 k>ca i/ min . = 9*8 KW. 

(‘ KW =4^10' = 238 CaWSeC ' ) 

Such a. machine would be regarded as inefficient. The ‘cop’ of the 
corresponding Carnot engine is Tfj(T d —Tj ) = 258/45=5*73. 

"Exercise 1. Calculate the minimum amount of work necessary to 
convert 50 gm. of water at 0°C and 1 atmos. pressure into ice at the 
same temperature and pressure, using a reservoir at 30°C. 

2. What is the least amount of work, expressed in kilowatt-houts, 
necessary to convert 50 gm. of water from 30°C to ice at —10°C using 
a reservoir of cooling water at 30°C., assuming that c p of ice — 0*5 
caL/gm. deg. C and the pressure is kept constant. 

3. A vapour compression ammonia machine is used to main¬ 
tain a space at — 15°C and the temperature of the cooling water avail¬ 
able is 30°C If the machine absorbs 10 tons of refrigeration, calcu¬ 
late t h e power required, the coefficient of performance and the com¬ 
pressor displacement. (Use ammonia tables). 


LIQUEFACTION OF GASES. 

12*10. Liquefaction by application of pressure and 
low temperature.—Just about the beginning of the nineteenth 
century the number of liquids which could be used for produc- 
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tion of low temperature by rapid evaporation was extremely limit¬ 
ed. Though it was felt that many substances which occur as 
gases at ordinary temperatures, would become liquid if subjected 
to sufficiently low temperatures, and still lower temperatures 
could be produced by rapid evaporation of these liquids, the prin¬ 
ciples for liquefying gaseous substances were not clearly understood. 
It was vaguely felt that compression of gases would bring the mole¬ 
cules closer, and reduction of temperature would reduce their 
energy and the combined effect of compression and cooling would 
ultimately lead to the liquefaction of all gases. 

Faraday (1823) was the earliest to try this effect of combined 
cooling and compression, and his experiment of heating substan¬ 
ces yielding chlorine in one limb of a stout closed bent U-tube, 
and immersing the other limb in an ice chamber and thus getting 
chlorine as a yellow liquid, is a classical example of this method. 
Thilorier in 1835 was successful in liquefying CO a by the use of 
a similar apparatus. 

By applying this process Faraday and others succeeded in 
liquefying a large number of gases but some, viz., oxygen, nitrogen, 
hydrogen, etc., baffled all attempts at liquefaction, though some- 
' times enormous pressures up to 3000 atmos. were used. They 
were therefore termed permanent gases. 

The cause of these failures became apparent with. Andrews* 
discovery of the critical temperature in 1863. This subject has 
already been treated in Chap. X. Andrews* experiments first 
established clearly-that for every substance, which usually occurs 
in the gaseous form, there exists a temperature above which it can¬ 
not be liquefied however high may be the pressure to which it 
is subjected. Hence in order to liquefy a gas by this method it 
must be pre-cooled below its critical temperature. 

12’11. The principal methods of liquefying air and other 
gases are the following (1) Pictet’s cascade method which 
utilises a series of liquids with successively lower boiling points 
but the principle is the same as explained above in §12*10: (2) 
the Linde and Hampson’s methods employing the Joule-Thomson 
effect; (3) the Claude and Heylandt methods which utilise the cool¬ 
ing produced when a gas expands doing external work, and further 
F. 63 
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cooling is produced by Joule-Thomson expansion. We shall 
now consider these methods in greater detail. Of these the first 
is historically the oldest and theoretically the most efficient but 
is somewhat cumbersome and is very little used at present. 

12*12. The Principle of Cascades or Series Refrigera¬ 
tion.—This method was first employed by R. Pictet 1 in 1878. In 
principle it may be described as a number of compression ma¬ 
chines in series. Pictet employed machines containing sulphur 
dioxide or carbon dioxide and nitrous oxide for the liquefaction of 
air. Kamerlingh Onnes* later employed the combination of me¬ 
thyl chloride and ethylene for liquefying oxygen. The principle 
of the method is illustrated in Fig. 5. Machine 1 utilizes methyl 


Water 



Fig. 5.—Illustration of the Method of Cascades. 


chloride. This has got a critical temperature of 143°C. and hence 
at room temperature it can be easily liquefied by the application of 
a pressure of a few , atmospheres only. Water at room temperature 
flows in the jacket in (1). Liquid CH S C1 falls into the jacket in 
(2) which is connected to the suction side of the compression pump. 
Thus the liquid evaporates under reduced pressure and its tem¬ 
perature falls to about — 90°C. The compressor returns compres¬ 
sed CH 9 C1 gas through the tube inside jacket (1), which is shown 
straight but is really in the form of spirals. 


1 Comples Ren Jus, 85, 1214, 1220, 1878. 

* Leiden Cotnmun ., 87, 3, 1903; 14, 17, 1894. 
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Inside the jacket (2) is placed the condenser coil through 
which ethylene passes from the compressor or the gas cylinder. 
On account of the pressure and the low temperature ethylene 
liquefies in jacket (2) and then enters jacket (3) as liquid. There 
it evaporates under reduced pressure and the temperature thus 
falls to about — 160°C. Through the tube inside jacket (3) oxygen 
from a cylinder passes and liquefies under pressure. liquid oxygen 
collects in the Dewar flask D. The lowest temperature obtained 
by allowing oxygen to boil under reduced pressure is —218°C. 
which is much higher than the critical temperatures of neon, hy¬ 
drogen and helium, and hence the method of cascades failed to 
liquefy these three gases. The efficiency of the machine can be 
calculated in the manner explained in §12*8. 

The method of cascades is very useful for laboratory purposes. 
The use of the compressor can be entirely dispensed with by the use 
of suitable liquids boiling under atmospheric or reduced pressures. The 
suitable liquids can be selected from table 3 which gives the normal 
boiling point, the critical temperature and the triple point for the 

Table 3 .—Critical temperature 9 normal boiling point and 


triple point of gases. 


Gas 

B. P. at 1 atmos. 
pressure 

Critical 

temperature 

Triple point 

■s 

Methyl chloride 

—24-09°C 

143*0°C 

—102*9°C 

Sulphur dioxide 

-10*1 

15-7 

• * 

Carbon dioxide ’ 

-78*6 . 

31*0 

» • 

Nitric oxide 

-89-8 

36*50 

-102*3 

Ethylene .. 

-103*72 

+9*50 

-169 

Methane .. 

-161*37 

-82*85 

-183*15 

Carbon monoxide 

-190*9 . 

-138*7 

• • 

Oxygen 

-182*95 

-118*82 

-218*4 

Nitrogen . . 

-195*78 

-147*13 

-209*86 

Neon 

-245*92 

-228*71 

-248*67 

Hydrogen 

-252*76 

-239*91 

-259*14 

Helium 

-268*83 

-267*84 

• • 


common gases and will be found useful for the method of cascades. 
The triple point represents the lowest temperature which can be ob¬ 
tained by allowing the liquid to evaporate under reduced pressure, 
while the critical temperature represents thfe highest temperature at which 
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the liquid can exist. Thus the interval between the critical temperature 
and the triple point represents the range in which the liquid is 
available. From the table we see that with the help of suitable liquid 
baths we can reach down to — 218°C. by the method of cascades but 
cannot go lower than this. Still lower temperatures can be obtained 
by further reducing the pressure over the liquid when it solidifies. 
Thus using solid nitrogen and a good pump a temperature of about 
—224°C. can be obtained which is still above the critical temperature 
of neon and it is not possible 1 to bridge the gaps between nitrogen 
and neon, and between hydrogen and helium in this way. 

12*13. Joule-Thomson Effect (Adiabatic Throttling 
of Gases).-—Gay-lussac and Joule’s experiment which proved that 
the internal energy U is independent of the volume of the gas, i.e., 
(cU/d l/)^—0, has been described in §2*27 (p. 81). This is true 
only of perfect gases. Actually a small cooling effect was found 
for the usual gases. This shows that U depends on the volume 
occupied by the gas. 

To find out how the internal energy varies with the volume. 
Lord Kelvin in 1852, in collaboration with Joule, devised a modi¬ 
fication of the Gay-lussac-Joule experiment, which is usually known 
as the porous plug experiment. In this, a highly compressed gas 
is being continuously forced at constant pressure through a cons¬ 
tricted nozzle or porous plug. The plug, as its name implies, 
consists simply of a porous material, say cotton-wool, silk, etc., 
having a number of fine holes or pores and is thus equivalent to 
a number of narrow orifices in parallel (see Fig. 6). The gas during 
its passage through the pores becomes throttled or wire-drawn, 

the molecules of the gas are drawn further apart from one 
■another. This is always the case whenever a fluid has to escape 
through a partly obstructed passage. The gas thus suffers a 
volume expansion. On either side of die plug constant pressures 
pkt Pb are maintained, the pressure p k on the side from which 
the gas flows being much greater than the pressure J>b on the 
other side, since the plug offers great resistance to the flow of 
the gas. This expansion is of a character essentially different 
from the Joule’s expansion, where the gas expanded without 

1 Simon and others (Physka , 4, 879, 1937) claim to have reached 
with great difficulty a temperature of about 40°K. 
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doing any external work. Here it expands against a constant ex¬ 
ternal pressure and hence has, to do external work also, together 
with any internal work, while some work 1 is done on the gas as 
well. The plug is surrounded by a non-conducting jacket so that 
the process is adiabatic in the sense that no heat enters or leaves 
the. system. For such processes we now proceed to show that 
the total heat function H=U-\-pV remains constant. 

To prove this theorem let us consider a mass of the fluid 
traversing the porous plug C (Fig. 6) from left to right and assume 
that the steady state on both sides 
of the plug has been attained. Let 
pk» La, La, L t a and y>s> Lb* Lb, 

Ua be the pressure, volume, tempe¬ 
rature and internal energy of one 
mol of the fluid before and after 
traversing the orifice respective¬ 
ly. Suppose that one mol 2 of die 
gas is contained between the po¬ 
rous plug and some point M on 
the left and also between the plug 

and some point N on the right. 

. ... Fig. 6.—The Porous Plug Experiment. 

For visualising the process we may 

assume imaginary piston A at M separating . this quantity of 
the gas and that the flow of the gas is caused by the forward 
motion of the piston A. Actually however the rest of the 
gas exerts a pressure p A at M which is maintained by die source 
of supply. The gas after traversing the plug pushes forward 
the imaginary piston B whose motion is opposed by the pres¬ 
sure pB of the gas to the right of B. Thus at the beginning 
of the process the gas was confined in the space ML -occupying 
the volume V A (shown at a) and at the end of the«process the 
portion of the gas which was at M has now reached O and that 
at L has reached N, the gas being contained in ON occupying 
the volume K B (shown at b). Thus the mass of gas contained 
in MO and NL are equal but the volumes are of course unequal. 

1 In the process described in §12*6 this work was non-existent, and 
hence a large cooling was obtained there. 

8 We must consider the same mass of gas on both sides of the plug. 
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The gas during its passage through the orifices in the plug 
has to overcome friction, viscosity, etc., and loses energy. The 
escaping gas issues in tfie form of eddies and its temperature falls 
considerably just at the jet because some energy is now changed 
to the form of mass motion of the gas (this effect is spurious and 
is npt what we want). The eddies however subside after travers¬ 
ing a short distance and the temperature consequently rises. 
L.et us consider only the steady flow before and after transmission 
.hroiigh the orifice, /.<?., at points far removed from the plug where 
eddies are not present. We assume that the gas moves very 
slowly so that the energy of mass motion is small and negligible 
in comparison to the energy of thermal motions. Our initial 
system is ML containing the gas MO and the plug OL; the final 
system is ON consisting of the gas LN and the plug OL. Since 
the plug is initially and finally exactly in the same state jthe com¬ 
plicated processes occurring in it do not affect our energy equa¬ 
tion if the conditions are perfectly steady. Since the tube is sur¬ 
rounded by a non-conducting material, no heat enters or leaves 
the system. The system does not gain or lose heat by conduction 
at A and B since the temperature on the two sides is constant 
throughout the gas. Hence for this change of the system from 
MO to LN, /S.jQ—0. Some work is however done by the exter¬ 
nal forces on the slowly moving system. The force acting al 
A is equal to p^xS where S is the cross-sectional area of the cy¬ 
linder. The work done by this force upon the gas is PaxS x 
MO=/>aKa* Similarly the work done by the gas in forcing the 
piston B is PbV&- Therefore the net work done by the gas is 
pvV^phV a and from the first law of thermodynamics, since 
&O--0, the work done by the system is equal to the decrease 
in its internal energy La—Lb, 

PaVk — U K — Lb , . - • • (8) 

or La-1- ph\X .a = Lb+^bLb • • • • (9) 

Hence the total heat function H = UA r pV remains constant in the 
throttling process. 

Let us now calculate the change in temperature consequent 
on a Jotile-Thomson expansion. We have 

H— U+pV, dH==dU+pdV+ Vdp = TdS+ Vdp. 
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Since H does not change, 

(?),+} +K *- ft 

,SS\ „ /dS\ 

\W); 


Now - T [tf) r - C ” (tX = - ( : 
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( 10 ) 


Hence from (10)» we have 


C.dl 




dv 
dr' 


v'yp -= o 

T dv 

ar 


OI (^)h “Q[ J (if), 81“’) (11) 

where ^ v refer to 1 gm. of the substance and p is its density. 
This gives us the differential Joule-Thomson co-efficient p. 

If however the pressure difference be large, we have from (1 V) 

AT = lh “ ~k\l c, ^ Jp ' ' <12) 

C P is the mean specific heat and p t and p 9 are the two pressures. 
AT gives us the Integral Joule-Thomson co-efficient. 

For a perfect gas {T — V'j — 0, hence the Joule- 

Thomson effect vanishes. For a general discussion of its value 
in the case of actual gases, we take another expression for p. 

We can also write (11) in the form 


or 


c »' r --l r fel +K }^ 
C >®» — ©r"4^ 


(13) 


The first term on the right-hand side measures deviation 
from Joule’s law while die second gives the deviation irom Boyle’s 
law, and the Joule-Thomson effect is the resultant of deviations 
from both these laws. 

Now {dUldp) T is always negative, for that part of the inter¬ 
nal energy which is due to molecular attractions always decreases 
with decrease of volume, i.e., increase of pressure. Hence due 
to deviations from Joule’s Jaw alone, the Joule-Thomson effect 
will be a cooling effect. Upon this will be superposed the effect 
of deviations from Boyle’s law which is a cooling effect, if 

ls negative (i.e., N 2 before the bend in Fig. 6, p. 432), and 

dp 

a heating effect \ic{pV)jZp is positive (cf. H a orCO a after the bend). 
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12 14. The Porous Plug Experiment*.—The porous- 


plug experiment was first carried out by Joule 1 and Thomson. 



Fig. 7.—JouIe*Thom- 
son’a porous plug. 


They employed a cylindrical plug, which is 
indicated m Fig. 7. The compressed gas flows 
through a copper spiral immersed in a ther¬ 
mostat and after having acquired its tem¬ 
perature, passes through the porous plug 
W. The plug consists of silk, cotton-wool 
or other porous material, kept in position 
between two pieces ss of wire gauze and 
enclosed in a cylinder of some non-conduct¬ 
ing wood bb. The plug and part of the tube 
is surrounded by asbestos contained in a tin 
cylinder %% so that nd heat reaches it from 
the bath. The temperature drop occurring 


in the process is measured by the thermocouples as indicated. 


Joule and Thomson worked with 
air, O a , Nj, C0 2 between 4° and 
100°C., the initial and final pres¬ 
sures being 4*5 atmospheres and 1 
atmosphere respectively. 

Some of the subsequent workers 
employed plug of the “axial flow” 
type as used by Joule and Thomson, 
while some others employed a plug 
of the “radial flow” type. In the 
latter the gas flowed from the outer 
side of a hollow cylindrical plug to 
the interior and hence heat insula¬ 
tion was better. Certain others 
employed only a throttle valve or 
a restricted orifice. Among the 
recent workers may be mentioned 



Fig. 8.—Hoxton’s apparatus. 


*lt is called porous-plug experiment because Lord Kelvin carried it 
out with porous plug, though now it ca be done in different ways. 
t Joule Scientific Papers , Vol, II, p. 216. 
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Kester 1 , Hoxton 2 , Burnett®, Roebuck 4 and Eumorfopoulos and Rai 3 . 
We shall describe the experimental arrangement of Hoxton who 
measured the Joule-Thomson effect for air at various tempera- 
tures. 


The plug is shown in Fig. 8. Gas from the compressor traverses 
a pipe 8 metres in length kept immersed in a constant temperature bath. 
The pressure of the gas in the compressor is kept constant. The gas 
then flows past the thermometer bulb T 1} then enters the plug casing 
at C and travels upwards between the walls of the casing and the tinned 
radiation shield ss. Part of the gas then flows downwards, then radial¬ 
ly into the interior of the hollow cylindrical plug which was made of 
earthenware. In this process the gas suffers Joule-Thomson expansion 
and then flows past the thermometer T 2 . gg is a “guard ring” which 
prevents the conduction of heat from the support F along the mate¬ 
rial of the plug and its affecting the thermometer T 2 . Inside the 
plug is a glass tube tt which makes the lower part of the gas flow 
past T 2 . The gas escapes up the tube and is collected and compres¬ 
sed again. The other part of the gas passing through the plug above 
gg does not flow past the thermometer T a . 'The pressure drop was 
measured by a differential manometer and the change in temperature 
by resistance thermometers. Steady conditions could be obtained only 
after an hour. 


12‘15. Experimental Results and their Discussion.— 

Joule and Thomson and subsequent workers found a small cool¬ 
ing effect on expansion for the ordinary gases, as expected, while 
for hydrogen, they found to their surprise, slight heating on ex¬ 


pansion. 


For a perfect gas 



— {/ = 0, so none of the gases 


was found to be perfect, while hydrogen was found to be, to use 
the language of Regnault, more than perfect (plus que jparfait). 
Later helium was also found to show a heating effect. 

This paradox was removed after the application of the van- 
der Waals’ equation of state to the problem. It can be proved that 


1 Ptys. Rev., 21, 260, 1905. 

2 Pbys. Rev., 13, 438, 1919. 3 Phys. Rev., 22, 590, 1923. 

4 Phys. Rev., 22, 79, 1932; Proc. Amr. Acad., €0, $87, 1925. 

3 Phil. Mag., 2, 961, 1926. 

F. 64 
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fdT\ 2 a(V-b)*-bV*RT V 

\dp)x “ Krv s -2a(y-by c p 



2a h b Y-h 


1 

RT l 1 V ) 

• (H) 

Cp 

1 V.VT 1 VI 


1 

Cp 

2a .1 

_ b\ approx. . 

• (15) 


neglecting bjV and 2<?/R.Xt /r . Hence oTjcp is positive, i.e., when 
bp is negative there is cooling as long as T-<i2ajbK. 

At T greater than 2 afbR the gas becomes heated on ,suffer- 
ing Joule-Thomson expansion. The temperature given by T ( 
=2a[bR is called the temperature of inversion , since on passing this 
temperature the Joule-Thomson effect changes its sign. It will . 
be easily seen that T< = 2 afbR - (27/4 )T e approximately, where 
T e is the critical temperature of the gas. Actually the relation 
does not hold, on account of the fact that van der Waals equation 

does not hold accurately for any gas. 

For ordinary gases T< as Table 3 shows, is greater than the 
temperatures at which the JT-expansion was carried out, hence 
a cooling effect was obtained. For hydrogen and helium 
ri<300 o K, hence a heating effect was found. It was subsequently 
found that if hydrogen and helium were sufficiently precooled, 
they showed cooling on JT-expansion. 


If we do not neglect /»/I z and 2 ajRTV, which is not permissible 
at high pressures, we have, using (14), 


1 


(i - 


I — 

[RT 


6ab 
R* T 3 


p approx. 


a 


6 ) 


Further for a van der Waals’ gas C p can be shown to be approxi¬ 
mately given by (use equation 24, p. 334) 

2 a 3ab . 

RT Z P R 2 T 3 


Cp -— CpQ -j- 


Combinitig these two, we get the dependence of /* on p and T. 

Figure 9 is taken from a paper by Roebuck and Osterberg 1 to 
illustrate the actual experimental results on the JT-effeet of N 2 . The 
abscissa represents the temperatures at which the JT-effeet was carried 
out, and the ordinate the JT-cooling /i. The curves are drawn for 
different initial pressure.s. The following points may be noted:— 


1 Pb)'s. Rev., 48, 454, 1935. 




(1) For the same temperature, fi is greater at lower initial pressures 
in accordance with (16). 

(2) For a definite pressure, ju- passes through a maximum, and 
decreases to zero on both sides. There are thus two inversion tempera- 


iSuiiiui 

!■■■■■■■■! 


tuiij 

B vkSh 
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irifl 

min 


irii 
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Temperature in ”C 


Pig, 9,—Experimental values o£ the Joule-Thomson effect of nitrogen. 


Cures for JT-effect, corresponding to 



Fig. 10.—Inversion curve for N» obtained 
experimentally. 


definite initial pressure. 

From the figure it is 
seen that corresponding to 
the initial pressure of p—200 
atmos. there are two inver¬ 
sion temperatures, —120°C. 
and 225°C. The lower one 
is near T e> the critical tempe¬ 
rature of the gas, and the 
upper corresponds to 6*75X C . 

These characteristics are 
in general explained by (16) 
but not quantitatively. 

12'IS. Curve of Inver¬ 
sion.— -We have seen above 
that the temperature of in¬ 
version depends upon the initial 
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pressure. A curve giving the inversion temperature at different initial 
pressures is called the inversion curve. Fig. 10 shows such a curve for 
nitrogen and is obtained from the experimental data of Roebuck and 
Osterberg. To have a cooling effect the J.T.-expansion should be 
carried out at points to the left of the inversion curve. 

The inversion curve, is more conveniently explained by using 
the reduced equation of state of van der Waals’ (eqn. 52, p. 429). From 
this we have, using the suffix r to denote the reduced scale, 


3 l dVrlp, ' ^ + V? 



From (11) we have for the,temperature of inversion 


. (17) 


V r = 0 . . 


(18) 


(dT,ldV r ) Pr 

Combining (17) and (18) and using the van der Waals’ equation we get 

p r Vr 2 ^ 9(2 F r -1) .... (19) 


for -the curve of inversion. Using Amagat’s coordinates pfVt~y> 
p T =x, (19) yields 

f - 9(2j-.v),.(20) 

which is a parabola. Such a theo¬ 
retical inversion curve is given in 
Fig. 11 and predicts quite well the 
general trend of the experimental 
curve in Fig. 10, since p r V, can be 
written approximately as function of 
T 

12 -17. Integral Joule-Thom- 
son Effect.—The integral Joule- 
Thomson effect, i.e., cooling (T l —T 2 ) 
produced when the pressure drops from 
Fig. 1 1. Theoretical inversion curve, a t temperature T x to pressure p 2 > is 

obtained by integrating (11). We have 

lr! c ^ T -\ p ;j T m~ v )^ • • < 2i > 

Since most equations of state are not explicit in V, we can write 



At constant T this gives 

,sv\ 


( d Z\ --flK) ( d P\ 

\ st),- \ dp It \ W)„' 

! \ 


JT/ 
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. (23) 

(24) 

where C p is the mean specific heat at the lower pressure and V 2 is the 
volume at pressure p % and initial temperature T v 

The calculation of the right-hand side of (24) is somewhat difficult. 
It may be done either graphically from values of p determined in the 
laboratory, or from some equation of state (say the Beattie-Bridgcman 
equation). Dodge (p. 302) cites an example : the cooling produced 
in the adiabatic throtding of air from 215 atmos. to 1*2 atmos., initial 
temperature 0°C, was obtained from Roebuck’s experiment to be 
—42’8°C, while an application of the Beattie-Bridgeman equation 
gave —44*6°C. 

There is an extensive literature and data on Joule-Thomson 
cooling for different gases, but they do not appear to have been analysed 
critically for finding out a correct equation of state for gases. 

Exercise 1.—Prove that 

[Use the result of Problem 7, p. 336 and the relation TdS— dH 
-Vdp.) 

2. Show that the heat absorbed by a van der Waals* gas during 
isothermal expansion is 

Aj2 = “ (pj - ■pj)+* T/ Wi*V 

3. Calculate the drop in temperature produced by the adiabatic 
throttling expansion of air from 215 atmos. to 1*2 atmos., the air being 
initially at 0°C. What would be the cooling if the expansion were 
reversible doing useful external work ? 

Assume that air obeys van der Waals’ equation with <*=13*4 X10® 

atmos.Xcm # per gm. mole, b= 36*5 c.c./gm.-mole and C p = 6*95 cal. 
per gm-mole, y=l*40. [Ans. 28*7°C; 211°C.] 

4. Calculate the temperature of inversion of air from the values 
of a and b given in Ex. 3. 

12*18. Application of Joule-Thomson effect for Correcting 
the Gas Thermometer. —Equation (II) can be at once utilised 
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Further jVdp - JJ(pV)- JpdV, . . 

Hence (21) yields 

- \l\T[%)tv + \ v ^4v+ Pl v M 
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for giving the absolute thermodynamic scale from observations on an 
ordinary gas thermometer. For wc have 



where all these quantities ought to be measured on the thermody¬ 
namic scale. If however we use a gas or any other thermometer to 
measure this temperature (0), and C p ' denotes the specific heat on this 
arbitrary scale we have 



The quantities occurring on the right-hand side can be measured 
on any thermometer; all that is necessary is that the same thermo¬ 
meter should be used in all these measurements. Further these quan¬ 
tities vary with temperature, hence their dependence upon 6 should be 
experimentally known in order that the integration can be performed. 
Supposing this to be done and taking 6 t and t)., to refer to the melting 
point of ice and boiling point of water we have 


l°&s (7’icoTO — x > 

where is the value of the integral within the limits 0 and 100°. Then 
since by definition T 1W — T 0 100 we have 


i,.~ To -j- 100 _ 

log e • — : x ,- 


(27) 


which determines T 0 . Any other temperature T t can be found from 
the relation 


i T i 
lo ge r L 

* A 


i 


\dd) , 


dd 




( 20 ) 


de\ 

o ' ' \ dp 

In general however there are not sufficient data to give accurately 
the variation of Joule-Thomson effect with temperature. Hence the 
method is not of much practical use and the other method described in- 
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§1 *7 is generally employed for correcting the gas scale. We shall how¬ 
ever illustrate this method by a numerical example assuming that the various 
quantities on the right-hand side remain constant. Then (26) yields 

dT dV 

T ~ V+n ,C P ” 

or on integrating, T — a(V-\-fxC p ’), .... (29) 

where /j stands for the Joule-Thomson effect (ddjdp)ti and a is a cons¬ 
tant. This shows that T is related to V in a ’complicated way. Then 
proceeding as before we have 

t 0 _ r. K t yc; 

T 100 -T 0 100 Vm- vs 

or = . . . . (30) 

♦ 

where a denotes the coefficient of expansion (V l00 — V^)jl00V 9 . This 
determines T 0 and then with the help of (29) any other temperature can 
be calculated. 

* 

The results for a few gases have been calculated and are given 
in Table 5, For hydrogen the Joule-Thomson cooling is -0 039°C. per 

Table T>.—]oule-Thomsoti correction to the gas thermometer. 

Uncorrected 
temperature 
of melting 
ice 

fV- *l a 

273-13 
272 44 
269-4 


Correction 

term 

c' sr 


Thermody¬ 
namic tem¬ 
perature T 0 



Volume Joule- 
cofficient Thomson 
of expan- cooling 
sion a. peratmos. 


H 2 -0036613 


-0-039°( 


Air -0036706 -f0-208 


C0 2 ! 0037100 


1005 


atmos. C p —6-86 x 4*18x 10 7 ergs per °C., 1^22'4XlO 3 c.c. and 
a —0-0036613. 

. T * -039 x 6*86 x 4- 18x 10 7 \ 

'• I 10®x22*4x 10 8 / 


273 *13 (1-- 00050) = 273-0. 

For air the data are most reliable and yield the value i 0 =273T4. It 
will be seen rhat though for the various gases the melting point on 
the uncorrected gas thermometer (6 0 — 1 /a in column 4) is much differ- 
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ent, the melting point corrected by making use of the Joule-Thomson 
effect comes to about 273°C. 

LIQUEFACTION OF GASES BY JOULE-THOMSON 

COOLING 

12*19. Principle of Regenerative Cooling 1 .—The 

Joule-Thomson cooling observed for most gases is very small. Thus 
for air at a temperature of 20°C when the pressures on the two 
sides are 50 atmospheres and 1 atmosphere respectively. Joule 
and Thomson found that the temperature falls by 11 * 7°C. Even 
using a pressure of 210 atmos. the fall is only 42°C. But the 
effect is intensified by employing what is called the regenerative 
process. A portion of the gas which first suffers Joule-Thomson 
expansion and becomes cooled is employed to cool other portions 

of the incoming gas before the latter 
reaches the nozzle. The incoming gas 
becomes still more cooled after travers¬ 
ing the nozzle. In this way the cooling 
effect can be rendered cumulative. In' 
actual practice, this is secured by using 
either concentric tubes as in Linde’s 
process or by means of Hampson spirals 
(§12*21). Two or more concentric. 
tubes*are arranged in the form of spirals, 
die inner one carrying the high-pressure 
inflowing gas while the outer one the 
low-pressure outflowing gas. In the 
regenerative method a further advantage 
is gained by the circumstance that the 
lower the temperature the greater is the Joule-Thomson cooling. 

The regenerative principle is illustrated diagrammatically 
in Fig. 12, where the high-pressure gas from the compressor 
enters the spirals contained in the water-cooled jacket A. The 
gas next enters the regenerator coils at E and by expansion at the 
valve C becomes cooled by a small amount. This returns by the 

1 Pollitzer, Zeits.f. d. ges. Kalte-Ind.\ 28, 125, 1921; Linde, Zeits. 
d. Verb. d.Ind., 65, 1356, 1921; Seligmann, Zeits.f. tecbn. Pbysik, 
6, 237, 1925; Meissner, Zeits.f. Physik , 18, 12, 1923. 


Water 




Compressor 



Fig. 12.—Illustration of 
the Regenerative Cooling. 
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outer tube abstracting heat from the high pressure gas, ancl reaches 
F almost at the same temperature as the incoming gas at E. The 
gas is again compressed, cooled by A and re-enters at E. As 
time passes, the gas approaching C becomes cooled more and more 
till the Joule-Thomson cooling at C is sufficient to liquefy it, vis;., 
its temperature reaches the value at which the gas would liquefy 
under the pressure prevailing at F. A portion of the escaping gas 
then condenses inside the Dewar flask D. At this stage the, tempe¬ 
rature throughout the apparatus becomes steady and may be re¬ 
presented by the curve shown in Fig. 13. The part LM repre¬ 
sents the continuous decrease of 
temperature of the gas as we 
approach the nozzle through the 
inner tube while MN repre¬ 
sents the Joule-Thomson cooling. 

NL represents the temperature 
of the low-pressure gas which 
is less than that of the adjacent 

high pressure gas at every point Fi S- !*•- —Temperature distribution 
° , M ® , . in Regenerative Cooling, 

or. the coil. Thus the cooler 

low-pressure gas abstracts heat from the incoming stream. In the 
ideal case, the temperature of the low-pressure gas at F should 
be the same as that of the high-pressure gas at the entrance E. 

12*20. The Joule-Thomson effect was for long a matter 
of pure academic interest, but it formed the basis of a great in¬ 
dustry when Linde in Germany (1895) and Hampson in England 
(1895) almost simultaneously discovered, as stated above, that the 
JT-cooling can be used regeneratively, ultimately leading to pro¬ 
duction of temperatures low enough for liquefaction of air. The 
discoverers soon placed on the market ‘Air liquefiers 5 which, 
though they have since undergone some modifications, are exten¬ 
sively used aJI over the world. A few types of air-liquefying 
machines are described below. 

12*21. The Hampson Liquefier. —The special feature 
about it is the Hampson spiral. The high-pressure inflowing gas 
passes through copper tubes coiled in the form of concentric 
spirals arranged in layers; it then suffers the throttle expansion 
F. 65 
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and becomes cooled. This cooled air rises through the interstices 
between the layers of the spiral and thereby cools the incoming 
high-pressure gas. After some time the high-pressure gas be¬ 
comes sufficiently cooled so that on suffering the throttle expan¬ 
sion, it liquefies. The apparatus differs from that of Linde only 
in the manner of cooling the incoming gas. The apparatus was 
later improved by Olszewski. 1 The Hampson construction was 
utilized later by Dewar (Fig. 16), Onnes (Fig. 17) and Meissner 
for liquefying hydrogen and heliCun. 



Fig. 14.— Unde's apparatus for liquefying air. 


12*22. The Linde Liquefier.—Fig. 14 shows a com¬ 
mercial form of Linde’s machine; e, d, is a two, or better three-stage 
compressor, the machine e compressing the gas from 1 to 20 
atmospheres while machine d compressing it from 20 to 200 
atmos. A charge of atmospheric air is taken at e and then com¬ 
pressed by e to 20 atmos. It is then cooled by passage through 
water-cooled tubes and is delivered to the suction side of the 
second-stage compressor. The compressed gas then passes 


'Ann. a. I'fyuk, 10, 768, 1903. 
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through the stout cylinder / which contains caustic soda. This 
absorbs the carbon dioxide (if this is not done, carbon .dioxide will 
become solidified and choke the valves in the liquefier proper). 
The gas next passes through the tubes g which are cooled by a 
freezing mixture to ~2Q°C. From here it passes on through the 
metallic tubes P 2 to the inner tube of the liquefier. At a we have 
got the plug which is a throttle valve operated by the handle T. 
As the gas expands (in the first stage to 20 atmos.), the temperature 
falls to about —78°C., and the air again passes up through the middle 
tube cooling the incoming gas; it is then led through the pipe P* 
to the second stage compression cylinder, where it is again com¬ 
pressed and allowed to pass though the refrigerator g and the inner 
coils to a . After the completion of a few cycles the temperature 
of the incoming gas fails so low that the second throttle valve 
is opened. The air now expands to 1 atmosphere when it becomes 
liquefied due to Joule-Thomson cooling and collects in the Dewar 
flask, from which it can be removed by the siphon h. The unlique¬ 
fied gas goes up through the outer-most tube cooling both the 
inner tubes. Fresh charge of air is being continuously taken in 
at e, compressed and delivered along with the gas from the middle 
tube to d. The process is cyclic. 


12*23. Efficiency of Linde and Hampson Liquefier*.—Let 

us now give a brief discussion of the efficiency of these machines. We 
shall suppose that a steady state has been reached. 

As discussion in §12* 19 shows, the air at pressure p„ temperature 
T e enters the valv.e C, and expands to pressure p d , and falls to tem¬ 
perature T d . A part x is liquefied and collects at the bottom, while 
the remaining part goes through the outer coils at pressure Pf, tem¬ 
perature Tf. In the steady state p d —pf and if the interchanger is 
perfect, T f -- T/. Equating the enthalpy on the two sides of the plug 
we have 


H e =X]-x)H f + xH d , . . . . (31) 

where H e , Hf, H d are the heat functions of the gas at E, F and the 
liquid at D respectively. Or 


_ H,~H e 


• • (32) 


The state ‘D’ is predetermined because it corresponds to the 
boiling point of the liquid at a pressure of 1 Atmos. Let us suppose 
that the state ‘F is also prescribed. Then the only variable quantity 
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is the state ‘E* and x will be maximum when H e is minimum, or 

m,idp) T =o. 

,N°wsince (2jL) r -- (™ ) f (~ P»8<= 28-3), 

the maximum efficiency 'is obtained when the input pressure and 
temperature are on the inversion curve of the differential JT-effect. 
Such curves were determined for air by Hausen (1926), and p e , T e are 
accordingly adjusted. 

Actually, the problem of determining the optimum conditions 
for liquefaction of air as well as of H a and He are far more complicated, 
and the inquisitive reader is referred to original sources. 1 . 

V) ' 12*24. The Claude and Heylandt Liquefiers.—These 
liquefiers combine adiabatic expansion doing external work as 
described in §12*6 and Joule-Thorns on expansion. As one sees 
from Exerdse 3, §12*17 the cooling produced by JT-expansion, is 
much less than that produced by adiabatic expansion with ex¬ 
ternal work, but on account of technical difficulties, adiabatic cool¬ 
ing could not be made continuous. 

The main difficulty is presented by the fact that if we allow 
the compressed gas to do work, by allowing it to expand adiabati- 

cally in a cylinder, the temper¬ 
ature of the gas falls to a very 
low value and the lubricating 
oil in the moving parts of the 
piston becomes solidified and 
the piston becomes jammed. 
This was overcome in earlier 
machines by Claude by using 
some hydrocarbon such as 
petroleum ether as lubricating 
oil. This remains viscous £t 
temperatures of — 140°C or even 
— 160°C and thus acts as an 
effective lubricant upto this 
range. Thus the critical temperature of air (— 140°C) could be 
easily reached. Claude’s apparatus is diagramrnavically represented 
in Fig. 15. 



Fig. 15.—Claude’s Air-Liquefying 
Machine. 


1 The reader may consult Low Tttoperatim Physics by I.. C. Jackson, 
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By means of the compressors, air is compressed to 40 atmos. 
and passes through the heat-exchanger I where it is precooled 
by the out-flowing expanded gas to —80°C. Then it divides in 
two streams at A, a fraction x passing through the heat exchan¬ 
gers II and III to the throttle valve, and the remaining part 
(1 —a) going through the expansion engine B. The gas expands 
here to 1 atmos. sometimes through several stages, and this 
work h spent partly on driving the compressors. The cylinder is 
heat-insulated and the piston is kept gas-tight in later machines 
by a special type of impregnated leather cup which requires no 
further lubrication. The cooled gas passes through II and thus 
brings down the temperature of the fraction x of the gas traversing 
the exchanger TI to a temperature considerably lower than the 
critical temperature, but not as low as its normal boiling point. 
The fraction a on account of its high pressure and low tempe¬ 
rature condenses in exchangers II and III and then suffers J. T. 
expansion in the throttle valve to 1 atmos. A portion of the 
liquid evaporates in this last expansion on account of the pressure 
drop and the vapour returns'to the compressor via the heat ex¬ 
changers while the rest collects down as liquid. 

The Reylandt liquefier differs from Claude’s liquefier only 
slightly in matters of detail. In Heylandt liquefier the heat ex¬ 
changer I is omitted and a smaller fraction of the gas enters the 
expansion engine though its initial pressure is higher. The 
Heylandt engine is not heat-insulated and therefore ordinary lubri¬ 
cation can be used. The temperature of the air leaving the 
Heylandt engine is above the critical temperature and further 
cooling of the gas is obtained by using the Joule-Thomson effect 
regeneratively. 

It is obvious that an expansion turbine will possess several 
advantages over the reciprocating engine. ‘Recently Kapitza* has 
produced an air liquefier working on Claude principle in which 
work is done on an expansion turbine, expansion being from 
5*6 to 1*5 atmos. The machine embodies several novel features * 
and is very convenient as all danger due to high pressure is 
eliminated. 


\J. P/jjs. (U. S. S . JR.), 1 , 7, 1939; Nature, 148 , 14. 1941. 
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12*25. Liquefaction of Hydrogen.—The problem of 
liquefaction of H 2 was a long challenge to science. The method 
of cascades which was first tried proved unsuccessful. Wtoblewski 
thereupon studied the isotherms of hydrogen at low tempera¬ 
tures, and with the aid of equations (p. 407) calculated a and b, 
and thence the critical constants (p. 409). The critical temperature 
was found to be very low (—240°C) and Olszewski pointed out 
that this temperature could not be reached by the evaporation of 
liquid nitrogen, which.was the most intensive cooling agent then 
known. The physicists then turned to the Joule-Thomson method. 

The JT-expansion at ordinary temperature is inapplicable 
for the liquefaction of H s and He as stated in §12*15. Theoretical 
considerations based on the experimentally determined values 
of a and b showed that for H*, T< = 2ajbR was abnormally low, 
viz., — 73°C. It was clear that these gases had to be sufficiently 
precooled. Obszewski 1 found experimentally the inversion tem¬ 
perature for H 2 to be — 79°C For practical purposes an input tem¬ 
perature of 80° to 60°K, and input pressure of 160 Atmos was found 
satisfactory. For reaching these temperatures, precooling by 
liquid air (r=-194°C) is needed. 

By using JT-effect, hydrogen was liquefied by Dewar 2 * (1902), 
Travers* (1903), Nemst 4 * (1911), Kamerlingh Onnes 6 (1906) and 
Meissner* (1925). A typical Hj-liquefier is shown in fig. 16. 

Hydrogen prepared from zinc and sulphuric acid is compressed 
to about 150 atmos. and then passed through coils immersed in water 
in order to deprive the gas of the heat of compression. Next it passes 
through cylinders of caustic potash and some dehydrating agent and is 
deprived of its carbon dioxide and moisture. This is essential as these 
impurities would solidify much before the liquefaction of hydrogen 
sets in and choke the tubes. The gas then enters the liquefter and 
traverses the regenerative coils A (Fig. 16) which are cooled by the 


1 Nature, 65, 576, 19G2. 

3 Jour. Cbem . Soc., 73, 529, 1898; Comptes Kendus, 126, 1408, 1890; 
Chemical News, March, 1900. 

8 Phil. Mag. , April 1901, p. 411; Nature , 67, 443, 1903. 

4 Zeits. f. Electrochemie, 17, 735, 1911. 

6 Leiden Common., No. 94/ (1906). 

* Naturwissenschaften , 13, 695, 1925; Phjs. Zeits., 26, 698, 1925. 
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outgoing cold hydrogen gas, and in the final steady state, becomes cool¬ 
ed to about — 170°C. Next the gas passes through a refrigerating coil B 
immersed in liquid air and then through 
another refrigerating coil C immersed in 
liquid air boiling at a pressure of 100 
mm. This is adjusted by allowing liquid 
air from F to trickle into G and , by 
evacuating G through a pump attached 
at P. The temperature of the hydrogen 
gas thus falls to about —200°C. After 
this it traverses the coil D and suffers 
Joule-Thomson expansion at the valve a 
which is operated by H. The gas thus 
becomes cooled and this cold gas passes 
up, round the chambers G and F thereby 
cooling the coils D and C, to the chamber 
R and from there to the compressor. 

Thus after a few cycles die tempera¬ 
ture of the incoming gas at a falls 
to —250°C and on suffering further 
the Joule-Thomson expansion it lique¬ 
fies and drops as-liquid into the Dewar 
vessel V. 

Liquid hydrogen boils at —252• 76°C 
under atmospheric pressure. By causing 


From 

Supply 


To Compressor 



Fig. 16.—Hydrogen liquefying 
apparatus. 


it to boil under reduced pressure it can be frozen to a white solid. 


12*26. — Liquefaction of Helium.-— The liquefaction of 
helium forms a still more thrilling chapter than that of hydrogen, 
for it appeared to defy all known methods. Dewar attempted 
to obtain liquid helium by allowing highly compressed helium, 
which had been pre-cooled by solid hydrogen, to expand suddenly, 
but his efforts were fruitless. Olszewski’s attempts were also 
unsuccessful, but more recently Simon 1 produced appreciable 
quantities of liquid helium by this method. 

The credit for the successful onslaught on helium belongs 
entirely to Kamerlingh Onnes, for long director of the Cryogenic 
Laboratory at the University of Leiden, who proceeded in his 


1 Zeitsf. Pbysik, 81, 816, 1933; Rtv. Sci. Instr 10, 251, 1939. 
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efforts very systematically. He studied the isotherms of helium 
down to liquid hydrogen temperatures (up to —259°C) and ob¬ 
tained the critical constants for helium. He found the following 
values:— T e —5-25°K,p e ~2'26 atmos. and normal boiling point 
4*26°K. The Joule-Thomson inversion point came out to be 
about 35°K and the Boyle point 17°K. This temperature could 
therefore be reached only by pre-cooling the gas with liquid hy¬ 
drogen. Kamerlingh Onnes was thus convinced of the possi¬ 
bility of being able to liquefy helium by the Linde process, and 
finally succeeded 1 in his efforts in 1908. 


The apparatus used at the 



Fig. 17.—-Kamerlingh Onnes’ apparatus 
tor liquefying helium. 


cryogenic laboratory at Leiden for the 
liquefaction of helium is very similar 
to the hydrogen liquefier employed 
there. We shall describe the new 
apparatus 2 erected in 1922 instead of 
the old classical apparatus with which 
Kamerlingh Onnes first succeeded 
in liquefying helium in 1908. The 
former is shown in Fig. 17. As 
helium is rather costly, the arrange¬ 
ment is to be such that it can work in 
cycles. Gaseous helium, compressed 
to 36 atmos. enters at A and divides 
into the two spirals B, B'. Then 
the two streams again unite and 
again divide and pass through the 
two spirals C and C'. B and C are 
cooled by cold hydrogen vapour, 
B', C' by cold helium vapour. The 
streams again unite, and pass through 
the spiral D, which is cooled by the 
cold, hydrogen vapour, supplied from 
liquid hydrogen in H 2 , which is 
always kept replenished from the H 2 
reservoir on the left. Lastly the gas 
passes through the spiral F which is 
surrounded by the cold outgoing 
helium vapour. At K the Joule- 


1 Leiden Common ., No. 108 (1908) ; Nature, August, 1908. 

2 Leiden Common., Suppl ., 45 (1922). 
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Thomson expansion takes place and helium becomes cooled. This 
cold gas traverses round the spiral F, through the straight tube G, 
round the spirals C and B' back to the compressor. After a few 
cycles the gas becomes liquefied and passes through the tube to the 
cryostat where it is collected. 

In Onnes’ original experiment helium was obtained from monazite 
sand obtained from the Travancore coast in India. Monazite is still 
one of the best sources of helium, but later, helium has been found 
occurring in many natural gas deposits particularly in Texas. At the 
present time there are quite a number of helium liquefiers in the world, 
though until 1923 Leiden was the only place in the world having a 
helium liquetier. McLennan 1 constructed a helium liquefier at Toronto 
in 1923 and Meissner 2 at Berlin in 1925. 

12*27. — Liquefaction of Hydrogen and Helium by 
the Claude-Heylandt Method (Kapitza, Collins). —The use of 

the Claude or' Hcylandt’s method, so successful in the lique¬ 
faction of air, appeared to fail for H 2 or He, as all lubricants get 
stiff at these temperatures. But Kapitza 3 overcame this difficulty 
by discarding lubricants altogether; 

The mam feature of his engine is that the piston is loosely 
fitted in the cylinder with a definite clearance of 0*04 mm. so that 
when the gas is, introduced into the cylinder at high pressure, it 
can escape freely through the gap between the piston and the 
cylinder The expansion engine is arranged in such a way that 
the piston moves very rapidly on the expanding stroke, and the 
entire expansion takes place in such a short time that the amount 
of gas escaping through the gap is very small and inappreciable. 

The cooled gas obtained by this adiabatic expansion is then 
allowed to cool a portion of the incoming high pressure gas as 
in Claude’s air liquefying apparatus. Thus the latter becomes 
much cooled and during the final stage, the cooled gas is allowed 
to undergo Joule-Thomson expansion as in Heylandt’s method 
and becomes liquefied. 

The great advantage of this method is rhat no precooling 
with liquid hydrogen is necessary as in the Linde process, so that 
no additional liquefaction apparatus for producing liquid hydrogen 

1 Nature , 112,135, 1923. 2 Naturwissenschaften , 13, 695,1925. 

8 Proc, Roy. Soc. Loud. 147, 189, 1934; Nature , 133, 208, 1934. 
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is required and the attendant risks are thereby eliminated. The 
method has been further . developed by Collins 1 who has been 
able to place on the market a commercial machine designed to 
produce liquid helium with ease and safety of‘operation and liquid 
helium could be easily drawn off for use in external dewacs. There 
are more than seventy such machines installed in laboratories 
throughout the world making cryogenic research possible even 
in non-specialist laboratories. The Collins cycle makes use of 
expansion engines at two successive stages followed by a Joule- 
Thornson expansion at the final stage. 

Fig. 18 shows the 
flow diagram 2 of the 
Collin’s cycle. Helium 
from a gas-holder is 
compressed to a pres¬ 
sure. of about 15 at¬ 
mospheres fay a special 
, four stage helium com¬ 
pressor which has a iow 
compression ratio so 
that impurities due to 
lubricating oil are negli¬ 
gible. The compressed 
helium is cooled by 
cooling water, then 
passes through an oil 
separator and fine glass 
wooh filter, and finally 
enters the liquefier 
through (2) and traver¬ 
ses the specially designed 
heat exchangers (3). 

Fig. 18,-—Flow diagram of Collin's Liquefier These consist of a 
(Not to scaLe). cupro-nickel tube with 

rectangular copper fin wound edgewise into the tube and solder-bonded 
throughout its entire length, this fin-tube being coiled helically on 

1 Rev. ScL Jnsl. , 18 , 157, 1947. 

2 Figs. 18 and 19 and the description of Collins liquefier have been 
taken from the manual of ADL Collins Helium Cryostat with the kinc. 
permission of Messrs Arthur D. Little Inc., Cambridge (Mass.). 
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a stainless steel conical shell which is inserted into a larger shell to 
provide an annular space foi; the low pressure returning heliupa. The 
compressed helium thus flows in the fin-tube counter-current to the 
returning expanded helium, and gets thereby cooled, finally emerging 
at B at a temperature of about —150 C 'C in the steady state. Then it 
passes through the pot (4) containing activated coconut charcoal , 
powder which removes the remaining traces of impurities from the 
gas. About one-fifth of this compressed helium is expanded isen- 
tropically in the first expansion engine (5) and gets cooled to ~-193°C 
and passes up through the heat exchanger (3) cooling the incoming 
gas, while the remaining four-fifths of the high pressure gas re¬ 
enters the heat exchangers at D and continues to flow down till it 
gets cooled to about —251°C. Then it is passed through the second 
charcoal pot (6) and again divides at E into two parts; the larger 
portion (about three-fifths) suffers isentropic expansion in the second 
expansion engine (7) becoming thereby cooled to about —261°C 
and then enters the annular space of the heat exchange at F to 
combine with the outgoing low pressure helium. The remaining 
two-fifths of the high pressure helium re-enters the heat exchanger 
at G to traverse the lower end of the fin-tube exchanger and finally 
enters the Joule-Thomson heat exchanger (8) which consists of two 
concentric tubes arranged helically, the high pressure helium flowing 
through the annulus and finally expanding at the Joule-Thomson ex¬ 
pansion valve (9) which is operated by the knob (13). About one- 
tenth of this gas liquefies and collects at (10) from where it can be drawn 
off through outlet (11), while the remainder enters the low pressure 
side of the heat exchanger to join the exhaust streams from the expan¬ 
sion engines and return through (12) to the compressor for being 
recycled. Precooling by liquid nitrogen through auxiliary precooling 
coils A may be utilised to reduce the starting time and increases the yield 
of liquid helium. Other gases like hydrogen can be liquefied in an 
auxiliary cooling coil system (17) by merely cooling under ordinary 
pressure. » 

The chief part of the iiqueficr is the expansion engine which has 
to be carefully designed to meet several unusual requirements. It is 
important that the seal jbetween the piston and cylinder be good but. 
it is impossible to use a lubricant for sealing as it will freeze. This 
is achieved in the Collins expansion engine by constructing the piston 
and cylinder of nitrided nitralloy steel and leakage is controlled by the 
extreme fitting of piston to cylinder, the clearance being about 0*0005 
inches on the diameter, and the operation being completely dry. A 
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STUffING BOX 


cross-seGtion of the expansion engine is shown in Fi,g. 19. The piston 
has the customary circumferential grooves to equalise any pressure 
differences which might produce a side thrusr and thus the gas seal is 
improved and the piston kept centred. The piston is joined loosely 
to the piston rod so that the piston is self-aligning. The engine is 
arranged for single-acting operation so that the piston rod is in tension 
at all times, thereby permitting the use of a long slender rod with 
minimum cross-section to minimise heat leakage. The valves are also 

operated by long slender pull rods 
which have to overcome the 
closing force of heavy alloy steel 
springs. The piston and valve 
rods'(14) pass at the top through 
leak-proof stuffing boxes which 
are specially designed and sealed 
with neoprene and a slight amount 
of lubricating oil. The ends of 
these rods are connected to a 
cam-operated cross-head mecha¬ 
nism which serves- to regulate, 
the stroke of the piston and the 
timing of the valves: At the 
proper instant the high pressure 
helium entering the engine by 
the intake tube suffers isenlropic 
expansion at the valve and the 
expanded gas is later driven out 
through the exhaust valve dur¬ 
ing the upward stroke of the 
piston. This expanded gas together 
with the gas leaking through the 
clearance space goes out to the 
suction side of the compressor. 
Liquefiers. —Helium has also 
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Fig. 19.—Cross-section of the 
, Expansion Engine. 


12*28. Other Helium 

been liquefied by first cooling the high pressure helium gas with 
solid hydrogen and then allowing it to expand adiabatically. This 
is usually done in the Simon expansion bomb and such liquefiers 
are frequently used in Oxford for producing small quantities of 
liquid helium. 

Fig. 20 shows the detailed working of such a liquefier. Helium 
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is compressed through the tube (l) into the bomb A to a pressure of 
about 150 atm os. and i$ cooled to the temperature of the liquid hy¬ 
drogen H, kept in the external dewar, by conduction through helium 
gas contained in the metal case C at a few centimetres pressure. 
Liquid hydrogen is also introduced through the rube (3) into the box B 
which sits on A. Next the case C is highly evacuated through tube 
(2) so that A is thermally insulated, and hydrogen in B is pumped by a 
suction pump connected to (3) so that it solidities producing a tempera¬ 
ture of about ILK. By opening a valve the compressed helium is 
now allowed to expand via (1) into a gas-holder at a pressure of about 
1 atmos. The expansion is carried out slowly in about 5 to 20 minutes 
and takes place adiabatically due to the excellent heat insulation. It 
is, therefore, almost quite reversible and pro¬ 


duces considerable cooling in A so that a large 
part of the helium (about 80% of the total 
volume) remains in A as liquid. The chief 
reason for this large yield is that the density of 
the compressed helium gas is about 50 per cent 
greater than the density of liquid helium at 1 
atmos. pressure. 

For carrying on experiments helium gas at 
a pressure of about 11 atmos. is forced through 
tube (4), which is soldered to the side of A, into 
the experimental vessel D where it liquefies. D 
can be maintained at any temperature between 
1° and 4*2°K for about four hours by a single 
condensation in A. The lower parts of D and 
C may be made of glass if it is necessary to see 
the apparatus and the liquid helium in D. 

Simon desorption method— Simon proposed 
a novel method for producing temperatures 
low enough for liquefaction of He by rapid 
pumping out of gas adsorbed on charcoal 
at 14°K. This process is analogous to 



evaporation and is similarly accompanied Fig. 20.—Simon Expan- 
by cooling. The method is still useful for s» o ‘i-Bwb^Hcluim 

producing temperatures in the difficult region 


between 10°K and 4 - 2°K but is now seldom used for liquefying 


helium. 
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PRODUCTION OF TEMPERATURES BELOW 4°K 


12*29. Solidification of Helium.—Ivamerlingh Onnes tried 
to solidify helium by reducing pressure, but though he claimed to 
have reached 1 • 15°K -in 1910, helium still remained a fluid. In 1921 
he again tackled the problem and by employing a battery of large 
diffusion pumps he reduced the vapour pressure to 0 013 mm. 
and the temperature to 0*82°K, but helium still remained fluid. 
After the death of Onnes, his collaborator and successor. Dr. Keesom 
succeeded in solidifying helium by subjecting it to an enormous 
pressure. Helium was compressed in a narrow brass tube under 
a pressure of 130 atmospheres, the tube itself being immersed 
in a liquid helium bath. It was found that the tube was blocked 

indicating' that part of 
the gas had solidified. 
If the pressure was 
reduced by 1 or 2 
atmospheres, the tube 
became clear again. La¬ 
ter experiments showed 
that helium at 4*2°K 
solidified at 140 atmos¬ 
pheres while atl*i°K 
it solidified only under 
23 atmospheres. The 
solidification curve of 
liquid helium was obtained by Keesom and others and is shown 
in Fig; 21 in which all portions are not on the same scale. 
It gives the corresponding pressures and temperatures at which 
solid helium is in equilibrium with liquid helium. Simon 1 
has extended the curve to 5600 atmos., the melting point 
rising to 42° K, the solid and vapour thus being in equili¬ 
brium above the critical point. Solid helium can hardly be distin¬ 
guished from the liquid; it is a transparent mass having almost 
the same refractive index as the liquid. 

Pursuing the vapour pressure curve down to lower tem¬ 
peratures it is seen that the gas and the liquid continue in 



Fig. 21.—-Phase diagram of helium (ordinate not 
to scale.) 


1 Zeifs. f. Phys. Cbm . B, 6 , 62, 1929. 
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12-30. Liquid Helium 
II.—In course of his classical 
investigations on helium, Ka- 
merlingh Onnes and Boks 1 
(1922) had found that liquid 
helium appears to show certain 
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equilibrium down to the absolute zero of temperature i.e., the 
three phases solid, liquid and gas are never found to coexist. This 
is an extraordinary thing and 
shows that helium is a unique 
liquid. The vapour pressure 
data have already been discussed 
in §1*24. 
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Fig. 22.—Variation of density of liquid 


helium with temperature. 

discontinuities in its density when it is cooled by evaporation to 
about 2*18°K (Fig. 22). The density rises by about 20% as T falls 
from 4*2°K to 2*19°K, reaching a maximum of 0* 1462 at 2‘f9°K, 
and then decreases with decrease, of temperature. Keesom® found 
discontinuities in the dielectric constant and the specific heat of 
liquid He in equilibrium with its saturated vapour (Fig. 23). The 



Fig. 23.—Specific Heat of liquid helium (saturated) at different temperatures. 


temperature of 2-19°K at which the discontinuity appears is called 
die lambda point on account of the shape of the specific heat—tem¬ 
perature curve. When liquid helium is being evaporated rapidly 

1 Leiden Commun ., No. 170 b, 2 lbid, y Nos. 192rf. 219tf, 22 W. 
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by fast pumping, it gets cooled and boils vigorously. But as soon 
as the lambda point is reached (Fig. 21) according to Wilhelm, 
Misener and Clark working at Totonto, boiling stops and the liquid 
appears to be absolutely quiet. This led to the postulate that a 
new liquid phase of helium, now called He II, is formed below 
the lambda point. Keesom and Clusius 1 observed the cooling of 
helium by placing a certain quantity of it in a liquid helium bath 
in which the temperature could be lowered progressively. By 
adjusting the pressure in the sample, they could find out the 
cessation of boiling at definite pressures, and thus the p/T-curvc 
He I to He II (called, the A-line), was obtained (Fig. 21). It 
meets the He I (liquid)/ He (solid) curve at T = 1*743, p — 29*09 
atmos. where the solidification curve shows a bending. The point 
of intersection of the two curves is a triple point where He solid. 
He I liq. and He II iiq. can coexist. The lambda line liq. He 1/ liq. 
He II is continued from this point to the lambda point (T — 2* 19°K, 
^>=0*0508 atmos.) w here He I, He II and vapour of He co-exist. 

We have considered above some of the thermal properties 
of liquid.helium II. The most remarkable properties of helium 
II are however exhibited when it is flowing and not when it is 
stationary. These dynamical properties along with the nature of 
liquid helium II are discussed later in Note 17. 

12*31, Thermodynamics of A-transition.—We have des¬ 
cribed above some of the thermal properties of liquid helium I 
and liquid helium IL The shape of the specific heat curve in fig. 23 
is similar to that observed in the case of ferro-magnetic subs¬ 
tances near the Curie point where the ferromagnetism disappears 
or in the case of alloys where an ordered arrangement changes into 
disorder. This is ascribed to the fact that below 2* 19°K liquid 
helium is in a more ordered state than above that temperature. The 
latent heat of vaporization of liquid helium has been determined 
by Dana and Kamerlingh Omies and is found to show no sudden 
jump at 2*19°K. These considerations show that the A-transi¬ 
tion is not an ordinary phase transformation of the first order 
which is accompanied by a discontinuous change in entropy and 
specific volume (Sec. 8*16). It will be noticed that here the deri- 


1 Leiden Commun ., No. 216 b. 
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vativcs of entropy with respect to temperature and pressure i.e., 
specific heat and coefficient of thermal expansion a 8 at the satu¬ 
ration vapour pressure change discontinuously. The A-transidon 
is therefore called second order phase transition . 

Applying the theory developed in §8’16 for second-order phase 
transitions we have, as proved there, 

d P _ Cp *~ Cp i 

dT Tv(a z —aj) • • • • { ' 

aad jf = . (34) 

Taking the experimental values for He I and He II, C P ^ = 1*2, Cj> 2 — 


2 9 cal./gm. deg,, a x = 02, a a = — 0*04 degr 1 ^=^=6-84 em’/gm., 
T=2 19 0 we get from (33) dp/dT =—78 atm./deg. which agrees well 
with the experimentally observed value —81*9 atm./deg. Using the 
equation (34) we get for the change of compressibility the value —6*2 
X1(H* which is too small to be measured accurately. 

12*32. Properties of Bodies at Liquid Helium Tem¬ 
peratures. —The properties of material substances undergo very 
interesting changes at liquid helium temperatures. For example, 
K. Onnes 1 found in 1911 that at about 4°K.many metals appear 
to lose completely their electrical resistance, and become super¬ 
conductors.* This is illustrated in Fig. 24 which' represents the 
variation of the resistance of mercury 
with temperature. The resistance does 
not absolutely vanish but fells by about 
a million times so that if a current be 
induced in a coil of the solidified metal 
placed inside such a bath by bringing 
a magnet near it, the current does not 
immediately die out, as in ordinary 
electromagnetic induction, but may conti¬ 
nue to flow for days together. This is 
because the current induced in a coil 
decays according to the law 
where R is the resistance of the coil and L its self-induction. 
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Fig. 24.—Resistance of 
mercury near the absolute 
zero. 


* Leiden Cotnmun. Nos. 122 b, \2Ac, 1911. 

1 For a good account of superconductivity, see Superconductivity 
by D. Shoenberg, Cambridge University Press (1952); or Theory of 
Superconductivity by M. von Laue, New York, Academic (1952). 

F. 67 
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Generally L/R is extremely small, say one hundredth of a second, 
but near the absolute zero, R suddenly diminishes million times 
while L which depends only on the geometry of the coil 
remains unchanged, hence L/R becomes about 10 6 sec. Hence 
the current takes several days to die out completely. 

Besides this, it has been found that near the absolute null point, 
the specific heat, the heat conductivity etc-., seem to vanish. On 
account of the interest created by these discoveries, attempts have 
been made in recent years to reach closer to the absolute zero and 
investigate the thermal, electric and magnetic properties inten¬ 
sively over an extended range of temperatures. This has yielded 
some very interesting results and has increased considerably our 
knowledge of the nature of these phenomena. For details see 
Squire, Low Temperature Physics (1953). 

MARCH TOWARDS ABSOLUTE ZERO 

12*33. Cooling produced by Adiabatic Demagneti¬ 
sation of Paramagnetic subs¬ 
tances. —Up to 1925 the only 
method available for producing 
temperatures lower than 4°K was 
the boiling of liquid helium under 
reduced pressure. Using this me¬ 
thod Keesom reached 0*726°K in 
1932 by using a battery of diffu¬ 
sion pumps of high sucking capa¬ 
city. (The vapour pressure of 
helium was in this way reduced to 
3*6x 10 -3 mm. of mercury). It 
was found almost impossible to 
push much further down with 
this method, as the sucking power 
needed increases exponentially 
with decrease of pressure. 

In 1926, Giauquc 1 and 
Debye 2 showed theoretically that 



1 Jour. Amer. Cbem, Soc., 49, 1864, 1870, 1927. 
a Ann, d. Physik ,, 81, 1154, 1926. 
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temperature lower than the helium limit can be produced by the 
adiabatic demagnetisation of paramagnetic salts, and Giauque 
shortly afterwards demonstrated the cooling experimentally. Fig. 25 
illustrates the experimental procedure. This is as follows : 

(a) The paramagnetic salt, say Gadolinium sulphate 
Gd 2 (S 04 ) 3 . 8H 2 0 is taken in the form of a powder and is first 
pressed into the form of a cylinder or prolate spheroid. It is then 
suspended on silk or nylon fibres inside a cylindrical chamber 
which is surrounded by a liquid helium bath and the latter 
vigorously pumped so that a temperature of about 1°K is obtain¬ 
ed. During the pumping the salt is cooled down to the bath 
temperature by the exchange gas (helium at a pressure of about 
0 * 1 mm. Hg) which had been introduced previously inside the 
cylindrical chamber. The bath itself is within the poles of an 
electromagnet. ' 

(b) The magnetic field is now switched on, and the heat 
of magnetisation is conducted away by gaseous helium in the 
chamber to the He-bath outside. 

(c) The chamber is now evacuated by a powerful pump to 

the highest vacuum, and the specimen is thus thermally isolated. 

* 

(d) The field is now entirely switched off, or reduced. 

The temperature of the sample now falls. This fall in temp¬ 
erature is measured by determining the change in the paramag¬ 
netic susceptibility of the sample. To measure this quantity, the 
sample is surrounded by a close-fitting coaxial solenoid and the 
self-inductance of the coil is measured with the Anderson bridge. 
The value of the inductance gives the susceptibility. 

Various modifications of the simple arrangement described above 
have been used in different laboratories. For the cryostat usually 
silvered glass dewars are used but some laboratories have metal cryo¬ 
stats. The separation of the magnet and cryostat after the demagne¬ 
tisation is usually done by mounting the magnet on rails and wheeling 
it away after demagnetisation. Sometimes if the magnet is too big, 
the cryostat itself is moved out. The design of the cryostat depends 
upon the method adopted for producing liquid helium. Depending 
upon the nature of the experiment, the specimen is used as a single 
crystal ground in ihe desired shape or as a powder compressed to 
approximately the crystalline density or as small crystals loosely packed 
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in a container. The sample tube may be made of metal or glass. This 
tube is either mounted on a thin-walled glass pedestal or suspended 
from taut fibres inside the chamber. For determining the suscepti¬ 
bility it is more usual to measure the mutual inductance either by 
a ballistic bridge or an A.C. bridge. In both of diese a null method 
is utilised and the secondary voltages are balanced out by a variable 
mutual inductance. For relative merits of these modifications the reader 
may consult Gorter, Protest in how Temperature Physics, Chap. XIV. 

A complete theory of the phenomenon is rather complicated; 
the following is only a preliminary sketch: 

According to the Curie-Langevin theory of paramagnetism, 
a knowledge of which is essential for the understanding of the 
phenomenon, a paramagnetic crystal like FeCl 2 consists of Fe H ‘ 
-ions, each of which is a small atomic magnet surrounded by two 
Cl~-ions, which are diamagnetic and can be left out of account. 
The Fe++-ions, and Cl~-ions ate arranged in a crystal lattice, whose 
form is given by X-ray analysis. Normally the total heat energy 
of the crystal consists of vibrational energies of the ions (we may 
call this the lattice-energy), but when the crystal is put in a magne¬ 
tic field, a new factor is introduced. The Fe^-ions, which are 
small magnets with definite magnetic moment, and are, in the 
absence of the field, oriented at random, now tend to align them¬ 
selves parallel to the field Stif, and thus produce a resultant mag¬ 
netic moment P? per c.c. Working on the classical theory, Langevin 
deduced that the susceptibility X, is given by 


X= 


J? _ Uft / 

&r\ 


coth 


~kT 



approx.. 


(35) 


where /a is the magnetic moment of each paramagnetic ion, n~ 
number of ions per c.c., X—susceptibility per c.c. 

The energy of magnetisation is given by f XiST 2 per unit 
volume. The total energy of the system is now made up of the 
lattice energy plus the energy of magnetisation. 

Langevin, thus, gave a theoretical proof of the law discovered 
by Curie from his experimental studies that for many paramag¬ 
netic substances X—C/T where C is a constant, called Curie cons¬ 
tant. One of the best studied substances is the rare earth element 
Gadolinium whose salts were investigated by K. Onnes and his 
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collaborators upto 1'3°K, and were found to obey the law X—C/T. 
But generally a modified law due to Weiss X=C/(T— 0) is found 
to give better accord with experiments, and in the case of Gd, 
up to 1-3°K. 

Langevin’s classical theory has been profoundly modified 
later, on account of the discovery of directional quantisation of 
ions, but for a fuller account see Saha and Saha, Treatise on Modern 
Physics, Chap. XV. 

From what has been said it is clear that the thermodynamical 
behaviour of a paramagnetic crystal placed in a magnetic field 
depends, in addition to p and V, on the magnetising field iJ^ also, 
The usual thermodynamical relation 

8j2 = dU+pdV, 

is now to be replaced by 

3j2 = dU+pdV- STd^/ , .... (36) 

because —is the magnetic work done by the substance, 
being the work done by the field in magnetising the subs¬ 
tance. is the intensity of magnetisation per gram molecule, 
hence, where X is the susceptibility per c.c. From 

the second law the change in entropy dS is given by 

TdS = dU + pdV-&?d.J? - . . . (37) 

Besides p and V, we have now to use two more variables 
.9? and {—3V) may be taken to play a role similar to that 

of />, and that of volume. We have now 

dU = TdS + 3i?d K srf—pdV ,.... (38) 

and just as in Chap. VII, p. 323, if x, andj are a pair of indepen ¬ 
dent thermodynamical variables, we can deduce from the condition 

d*U a a u 

dxdy dydx * 

the general relation 

*w> _ a {p,v) 

H x >.y) * y) ~ W>.yY 

In these experiments on. magnetisation the change in volume 
is negligible. We can therefore assume dV = 0, and V constant 
approximate!)'. We have therefore 

3(T, s ) _ d(&r, % sr K 

o(x, yj «F(x, y) 


(39) 

(40) 


. ( 41 ) 
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From lius general equation, it is possible to deduce six thermo- 
dynamical relations by choosing two out of the four variables 
T, S t .9?', ^ as independent but of these only two are important. 
These are obtained by putting (1) J=T; (2 )x~.9if\ y~S 

respectively. They are 

( dS \ { d^T\ (dT\ _ _ (C^r\ (47 , 

(■§3p),‘ _ vw)&”wr‘s~' \ds)&r\ * ( 

Both relations will be used later, but for the present, we deduce 
from the second 1 

i /’ \ M.<n 

1== ~\Tt)m l dTlS/S K > 


(SL \ , 

\c9fh 


\~dTJsr~ \ dTJ&r j 

Now T(| the s P eciflc heat of {he substance 
under constant field. Hence we have 

• •<«> 

which gives the change in temperature during adiabatic magne¬ 
tisation or demagnetisation. This phenomenon is sometimes 
called the magnelocaloric effect 

This equation can be at once applied to our case. We have, 
on integration, 

r&f 1 


T :d^r 


Ts — 






j C ^ 

\~wr) 






(45) 


Here T/~ final temperature, T* — initial temperature,. 

are the initial and final fields. Since .S/ — X3PV t w- have on 

piitting X — CjT (Curie’s law), 


T t - 



C H T 


(45) 


replacing Cu within the integral by its average value Ci-f. This, 
though not justified, enables us to understand the course of events. 
Suppose we have ^ 0. The fall in temperature is now given by 


CV 


—AT ~ Tf — 7 / — Tyf 'Y’ i 

2 iC H 


(47) 


1 This can be written down directly from eqn. (12) it we assume 
that dV 0 in (38) and --&? plays the role of p, and ^ tliat of l r . 
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Table 6 shows the temperatures obtained by Giauque and 
Mac-Dougall on a sample of Gd 2 (S0 4 ) 8 .8H«,0 in a first series ol 
experiments. T1 * 36°K. 


Table 6 .—Cooling produced by adiabatic demagnetisation of 
Gadolinium sulphate. 


in gauss 

4575 

6200 

6860 

7929 

Tf 

0*492 

0 346 

0-315 

0*258 

i 

!> 

\ 

•868 ' 

i 1*014 

1*045 

1*102 

CGT/^ t - 8 )xlO*.. 

, 1-— « 

4* 15 

2*64 

2*22 

1*76 


N. B. Actually \ aties with T and , and the procedure 
given here is only rough. 


The measurement of the temperature in this region is a matter 
of great difficulty. What is actually done is to assume the validity 
of Curie’s law, and calculate from the measurement of the susceptibility 
of the sample a Curie temperature (also called magnetic temperature) 
T*—CjX. From the Curie-temperature the, thermodynamical tempera¬ 
ture T is determined by methods explained later. 

Actual Results. —The method was tried by Giauque and Mac- 
Dougall 1 2 3 on Gd-sulpliate who using a field of 8,000 oersteds, registered 
a fall to 0 ‘25°K, starting from an initial temperature of 1 *5°K. Since 
then a large number of experiments have been carried out at the cryo¬ 
genic laboratories of Leiden (de Haas, Wiersma and Kramers 8 ), Oxford 
(Kurd and Simon*). The lowest recorded Curie temperature is that by 
de Haas and Wiersma 4 (1935) who used mixed crystals of 1 chromium- 
potassium alum -J-14’4 aluminium-potassium alum and a field of 24,000 
oersteds; and starting with an initial temperature of 1 - 29°K, they could 
go down t© 0*0044* (Curie temperature) which is found to be equal to 
0 0034°K. More recently de Klerk, Steenland and Gutter 6 in Leiden 
working with powdered mixed crystals of chromium alum and alumi¬ 
nium* alum reached the Curie temperature T*—0*033 which according 

1 Pbys. Rev., 43, 768, 1933. 

2 Nature, 131, 719, 1933; Thy ska, 11, 175, 1933. 

3 Nature, 133, 907, 1934; Ply ska, 3, 1107, 1934. 

4 Physica, 2, 335, 1935. * Physica, 15, 649, 711, 1949. 
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to them corresponds to T— 0'0029°K but according to Oxford workers 1 
it corresponds to 0 010°K. 

12*34* Conversion of Magnetic Temperature into Kelvin 
Temperature* —Various methods have been suggested for converting 
the magnetic temperature T* into the Kelvin temperature K. A 
method used by Kiirti and Simon 2 and others is as follows 

From eqn. (37) if the change in volume is negligible, as usual, 
we have 

6j2 = TdS = JU-,%r d^, . . . . (48) 

provided, of course, that the process is reversible. If in addition, it 
is carried out at zero field (J& =0), we get 



Therefore, if we measure both U and S as a function of T* we can cal¬ 
culate the corresponding Kelvin temperature T from the relation 

■ ■ (50) 

This is accomplished by performing three experiments. 

(1) First at a fixed liquid helium temperature of above l°K, 
whose actual Kelvin temperature is measured with the help of a helium 
vapour-pressure thermometer, the paramagnetic substance is slowly 
magnetised. During this reversible isothermal magnetisation the entropy 
increases from 3* at T = T*, — d to Sj at T = T t -, Srif = £%? f . This 

increase can be measured by determining the heat A Q evolved in the 
process since Ai? — T(.f<—J*). It can also be calculated with the help 
of the second TdS equation (See Problem 7, p. 336) if we remember that 
p and v occurring therein have to be now replaced by and . 
Thus 

TdS = Cjj dT -J-’T -j » * (51) 

and for the isothermal process 



1 Daniels and Kurti, Proc. Roy. Soc. London, 221, 243, 1945; Gardner 
and Kurti, Ibid. , 223, 542, 1954. 

2 Proc. Roy. Soc. 149, 161, 1935. See also Keesom, J. de Physique, 

5, 373, 1934. 
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rjence from a measurement of the susceptibility the increase in entropy 
Si—S b can be calculated for any ,5^. This is shown in Fig. 26 
by the line AB. 

(2) Next the substance 
is demagnetised adiabatically 
from the state Si at T* and 
Stffi to the state Sj corres¬ 
ponding to zero field with 
the resulting magnetic tem¬ 
perature Tf. As the process 
is isentropic. (BC in Fig. 26), 

Sf—S{. Thus we know Sf~St 
for a certain value of Tf 
and — 0. Using different 
initial fields Srifi, the quantity 
Sf—St can be found for 
different Tf and the results 

plotted (Fig. 27), from which q can be calculated. 

(3) In the third step the heat Q required to raise the temperature 
of the paramagnetic salt from Tf at = 0 to some other T* is mea- 



Fig. 26.—Reversible adiabatic demagnetisation 
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Fig. 27. _Entropy and heat content of iron ammonium alum plotted 

against magnetic temperature. 


* ( 53 ) 


sured. Then from (48), since 

U&r) - {-—) = c%=o • ' • 

Three methods have been used to heat the salt: (i) heating by y rays 
employed by Kurd and Simon, (ii) heating due to the small ferromagnetic 

F. 68 
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hysteresis possessed by paramagnetic salts at very low temperatures 

employed by de Klerk, (iii) induc¬ 
tion heating. Thus knowing 8jQ 
and dTj* y the quantity (dUJcTj*) 
or C/ f * is found out. 4 Sub¬ 
stitution. in (50) then gives the 
corresponding Kelvin temperature. 
Fig. 28 gives such a correlation 
curve for iron ammonium alum and 
such correlations have now been 
obtained for a number of paramag¬ 
netic salts down to 0 004°K. 

12*35. Temperatures below 
IQ -2 ojk—The problem of attain¬ 
ing still lower temperatures is like that of the man who borrowed a 
shilling on condition that on each day he will repay half the amount 
of the outstanding debt. It is obvious that though every day his debt 
will diminish, if he makes payments it will never be wholly wiped off. 
Similarly it may be possible to reach lower temperatures by abstraction 
of thermal energy by any new methods which may be discovered but 
the mathematically absolute zero cannot theoretically be reached. 
But every step in the attainment of successive negative powers of ten 
degrees (10“\ 10~*, 10 -# ) will probably call for new methods, and, for 
any tiling we know, each region may be crowded, with unexpected ex¬ 
perimental discoveries. 

It appears that the method of adiabatic demagnetisation cannot 
take us much beyond 10"* °K, but probably much lower temperatures 
of the order of 10" 4 °K may be obtained by making use of “Nuclear para¬ 
magnetism.” _ A crystal like that of Cu or Na is perfectly diamagnetic, 
but the nucleus of copper or sodium has been shown to possess magnetic 
moment of the order of 1/1836 times the ionic magnetic moment. 
Eqn. (44) shows that much higher values of Sdf jT are required 
to produce appreciable cooling since the nuclear magnetic moment 
is so much smaller. Calculation shows that with the highest magnetic 
fields at present available, say 50—100 kilogauss, the starting tempera¬ 
ture for nuclear demagnetization must be of the order of 1/100°K. It 
has therefore been suggested by Simon 1 and others that for producing 

1 Kurd and Simon, Pros. Roy. Sot., 149, 152, 1935; See also Goiter, 
Phys. Zeits.y 35, 923, 1934; Simon, Report of Strasbourg Conference, 
1939, “Le Magndusme”, Vol. 3, p. 13. 
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cooling by adiabatic demagnetization of a nuclear paramagnetic, a two- 
ftage demagnetization must be used. In the first stage an electron 
paramagnetic such as iron ammonium alum kept in thermal contact 
with a nuclear paramagnetic such as copper by means of a thermally 
conducting rod is adiabatically demagnetized producing a temperature 
of the order 1/100°K. Next the thermal contact between the two spe¬ 
cimens is broken and the nuclear paramagnetic also demagnetized when 
temperatures of the order 10“ 6 °K will be produced. • The greatest diffi¬ 
culty in these experiments is the provision of a make-and-brake thermal 
contact at 1/100°K. A superconducting thermal switch has been pro¬ 
posed which utilizes the property that the thermal conductivity of a 
superconductor is vanishingly small at the lowest temperatures but is 
increased by a magnetic field to the same value as in normal metals. 
Such a thermal switch has been recently 1 utilized in two-stage demag¬ 
netization experiments using electron paramagnetism in both stages, 
but all the difficulties for the nuclear demagnetization stage has not 
yet been successfully overcome. The nuclear paramagnetism has been 
however successfully utilized 2 for the nuclear alignment of the radio¬ 
active nucleus Co w at about 0‘01°K by a suitable magnetic field and 
the alignment effect measured from the anisotropy of the emitted y-rays. 

j Exercise .—20 grams of a paramagnetic substance obeying Curie’s 
law is placed in a magnetic field of 10,000 oersteds and a temperature 
of 3°K. What would be the temperature change if the field is reduced 
reversibly and adiabatically to zero. Assume the Curie constant per 
gram to be 0‘05 and the specific heat at constant field to remain constant 
and equal to 0*10 cal. gm.” 1 deg. -1 (Ans. —-0'20°K.) 

LIQUID AIR AND ITS USES. 

12-36.—Low Temperature Technique.^-The problem of stor¬ 
age of liquid air and other low temperature liquids, and of handling 
them was solved by Dewar by the discovery of the flask known 
after him. 

The Dewar flask (shown in Fig. 29, p. 540 together with a siphon) 
consists of a double-walled glass vessel, the inside walls being silvered. 
The air is completely evacuated from the interspace between the walls 
which is then sealed. If some substance be now placed inside such a 

1 Darby, Hatton, Rollin, Seymour and Silsbee, Proc. Phys. Sec. 
London , 64, 861, 1951. 

2 Daniels, Grace and Robinson, Nature, 168, 780, 1951; Gorter, 
Poppema, 1 Steenland and Beun, Physica , 17, 1050, 1951. 
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vessel and the top closed, it is perfectly heat-insulated, except for the 
small amount of heat which may creep in by conduction along the 

sides. The stiver coatings pro¬ 
tect the inside from radiation, 
and the absence of air prevents 
the passage of heat by con¬ 
duction through the walls. If 
the substance be hung by thin 
wires inside the flask and the 
latter evacuated by a pump and 
sealed, the insulation is com¬ 
plete'. Such an arrangement 
was used by Nernst in his low 
temperature calorimetry (§2'21). 
Dewar flasks are now sold in the market under the trade name “Ther¬ 
mos'flask.” They have been made entirely of metal with a long neck 
of some badly conducting alloy like German silver. For keeping liq. 
H 2 and He a further radiation shield is used. 

Low Temperature Siphons .—For transferring liquid air from one 
vessel to another, special types of siphons are used. One such siphon 
is shown in Fig. 29, connected to the Dewar flask. It is formed of a 
double-walled tube silvered inside, the space between the walls being 
evacuated. On the application of gentle pressure to the rubber com¬ 
pressors A or B, liquid air rises up the siphon and can be transferred 
to a second vessel. 

Cryostats .—For low temperature work constant temperature baths 
or cryostats are necessary. The substance to be investigated is kept 
immersed in these baths. From table 3, p. 499 it will be easily seen that 
baths of liquefied gases ate available in the range —24° to -218°C, 
the latter being the triple point of 0 2 (triple point pressure — '2 cm.). 
There are however gaps between — 218°C and — 253°C, which is the 
boiling point of H 2 at atmospheric pressure, and between the triple 
point ofH a (— 259*i4°C, p — 5-07 cm.) and the normal boiling point of 
liq. He (-268 •83°C). The first gap is bridged by a hydrogen vapour 
cryostat due to K. Onnes and Crommelin in which hydrogen gas is 
circulated at the temperature required, and the second gap can be 
bridged by a suitably designed He-vapour cryostat. 

12*37. Use of Liquid Air and Other Liquefied Gases.— 

Liquid air has been, since its first manufacture in 1895, a commodity 
of great industrial importance. Most important cities have liquid air 



Fig, 29.— Dewar flask. 
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plants and bottles of liquid air can now be obtained in any important 
modern town at a comparatively small cost. We shall give some of 
the important uses to which liquid air-has been put. 

(/) Production of High Vacuum. —High vacuum can be obtained 
by using liquefied gases with or without charcoal. For instance, if a 
vessel is first filled with a less volatile gas than air, say sulphurous acid 
or water vapour, and be then surrounded by liquid air, all the gas inside 
becomes solidified and thus high vacuum is produced. If the vessel 
contains air, liquid hydrogen may- be employed to condense it. This 
process is greatly assisted by charcoal which possesses the remarkable 
property of occluding gases at very low temperatures, and the lower 
its temperature the greater is the adsorption. Further also the adsorp¬ 
tion is selective; as a general rule it may he said that the more volatile 
gas, the less it is adsorbed. 

We shall give a numerical example. During a certain experi¬ 
ment a vessel containing air at a pressure of 1*7 mm. at 15°C when 
cooled by charcoal immersed in liquid air, gave a pressure of 4 * 7 X 10~* 
mm. in an hour and using liquid hydrogen as the cooler the pressure 
was reduced to 5’8x 10~* mm. 

(/V) Analytical Uses of Air. —Liquid air is of great use in drying 
and purifying gases. Water vapour and the less volatile impurities are 
easily removed by surrounding the gas in question (say Ha) with liquid 
air and for this purpose it is now a common laboratory reagent. 

(Hi) Preparation of Gases from Liquid Air. —Oxygen is now 
prepared commercially from liquid air by fractional distillation. Since 
the boiling point of nitrogen is — 195*8°C, and that of oxygen is 
— 182‘9°C, the fraction to evaporate first will be rich in nitrogen while 
that evaporating last will be rich in oxygen. A few fractional distilla¬ 
tions will suffice to separate these completely. Several rectifiers have 
been devised to effect this separation. In Linde’s rectifier (1902), liquid 
air trickles down a rectifying column where it meets an upgoing stream 
of gas. The temperature at the top of the column is slightly below 
—194°C (B. P. of liquid air) while at the bottom it is — 182°C (B. P. 
of oxygen). The rising gas at the bottom comes in contact with the 
down-coming liquid and thereby some oxygen of the rising gas is con¬ 
densed, while some of the nitrogen in the down-coming liquid evaporates 
and the liquid also becomes warmer. The process continues till the 
liquid reaches the bottom when it contains nearly pure oxygen, while 
nitrogen passes off as vapour at the top. This oxygen is almost pure 
but the nitrogen contains about 7 % of oxygen. More efficient recti¬ 
fiers have since been devised by other workers. For a description of 
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these rectifiers and a discussion of their efficiency see M. Ruhemann, 
The Separation of Gases , Chaps. VI, VII and VIII. 

We have so far treated air as a binary mixture. In reality however 
it contains a number of gases, the composition in percent by volume 
being as follows :— 


Table 7 .—Composition of Atmospheric air. 


N a 

78'03% 

h 9 

i xio- 2 

o 3 

20-99 

Ne 

1-5X10 - 3 

A 

0-933 J 

He 

5 X 10 ~ 4 

CO* 

0-03 

Kr 

1*1Xio~* 



Xe 

o-sxio- 5 


Liquid air niay thus be separated into two fractions—the less 
volatile part consisting of O a , N 2 , A, C0 2 , Kr, Xe and the more 
volatile part consisting of He, H a , Ne. Hence in the rectifier described 
above the gas going up will contain, in addition to nitrogen. He, 
H s and Ne. The nitrogen is removed by passing the gas through 
a dephlegmator and hydrogen may be removed by sparking with 
oxygen. Thus a mixture of He-Ne is obtained which is called ‘tech¬ 
nical neon’ and is used commercially. Neon is removed by cooling 
the mixture with liquid hydrogen and in this way Meissner obtained 
iome quantity of helium for laboratory purposes. From the liquid 
collecting down in the Linde rectifier A and Kr are commercially ob¬ 
tained by first removing oxygen by chemical means, and then A and 
Kr may be obtained by fractional distillation. For details of these 
methods see Ruhemann, The Separation of Gases , Chap. IX. 

(ip) Calorimetric Applications .—Dewar constructed calorimeters of 
liquid air, oxygen, and hydrogen. He employed pure lead as the 
heater, and the volume of the gas evaporated by the application of 
this heat was measured. These calorimeters have the advantage that 
a large quantity of gas is formed which makes it possible to detect as 
little as ;T 50 calorie with liquid hydrogen. In this way the specific heat 
of lead and other substances may be investigated at low temperatures. 

(t>) Use of Uquid Gases in Scientific Research .—The extremely low 
temperatures which are. now available to us by the use of liquid air 
and liquid hydrogen and helium have opened for the investigator a 
new and vast field for research. This lias made a liquid air plant essen¬ 
tial for every modern laboratory. Most of the important properties 
of* matter have been investigated at low temperatures and have yielded 
results of far-reaching importance. 
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(w) Industrial Uses of Liquid Gases. —Liquid air is used commer¬ 
cially for the preparation of oxygen as has already been discussed. For 
submarines and aeroplanes it may be found useful to store liquid air or 
liquid oxygen for respiration but the low thermodynamictefficiency in¬ 
herent in the Linde machine prevents the use of. liquid air in a heat 
engine on any large scale, though mixtures of liquid O a and H 2 have 
been successfully used recendy as a highly efficient light-weight fuel 
for jet-propelled aero-engines. Liquid oxygen is employed on a small 
scale for preparing explosives, for when mixed with powdered charcoal 
and detonated, it explodes with great violence. It is quite safe if it 
misfires since it evaporates quickly. O z and H 2 are now used for 
welding and other metallurgical industries on a huge scale. Hydrogen 
purified from coke oven gas by rectification is now used for hydroge¬ 
nation of oils, while hydrogen from water gas and nitrogen from air 
are used on a huge scale for the manufacture of artificial ammonia 
fertiliser. 

PROBLEMS 

1. Find the minimum amount of work needed to extract 100 
calories of heat from a body at the temperature of —5°C when the tem¬ 
perature of the surroundings is 40°C. 

2. Show that the ‘free expansion’ or Joule coefficient 
rj—(dTjdp) u and the Joule-Thomson coefficient jx are connected by the 
relation 

v{c p - (^P) r j = + (-| P) T . 

3. Saturated water at one atmospheric pressure undergoes 
throttling expansion to a pressure of 4 atmos. Calculate tine quality of 

the resulting mixture (Use Steam Tables). 

* 
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Co. Ltd., London. 

2. M. and B. Ruhemann, 1j>w Temperature Physics (1937), Camb¬ 
ridge University Press. 

3. Burton, Smith and Wilhelm, Phenomena at the Temperature of 
Liquid Helium (1940), Reinhold Publishing Corporation, New York. 

4. W. H. Keesom, Helium (1942), Elsevier, Amsterdam. 

5. M. Ruhemann, The Separation of Gases, (1940), Clarendon Press, 
Oxford. 

6. Glazebrook— A Dictionary of Applied Physics, Vol. I, article*} 
on ‘Refrigeration’ and ‘Liquefaction’. 



544 


PRODUCTION OF LOW TEMPERATURES 


7. B. F. Dodge, Chemical Engineering Thermodynamics (1944), 
McGraw-Hill Book Co., New York. 

8. Handbuch der Phjsik, Vol. XI, Chap. VII. 

n. 9. Handbuch der Experimental-Physlk, Vol. IX, Part I, pp. 47—186. 

10. Robinson and Dickson, Applied Thermodynamics (1947), 
Pitman & Sons, London. 

11. C. F. Squire, Loin Temperature Physics (1953), McGraw-Hill 
Book Co. New York. 

12. C. J. Gorter, Progress in horn Temperature Physics (1955), North- 
Holland Publishing Co. Amsterdam. 

13. Low Temperature Physics —four lectures by Simon, Kiirti, 
Allen, Mendelssohn (1952), Pergamon Press Ltd., London. 

14. H. G. B. Casimir, Magnetism and ‘Aery Low Temperatures (1940), 
Cambridge University Press. 



CHAPTER XIII 


THERMAL EXPANSION 

13*1. The size of all material bodies changes on being 
heated. In the majority of cases, the size increases with rise in 
temperature, the important exceptions being water and some 
aqueous solutions in the range 0° to 4°C., the iodide of silver (reso ¬ 
lidified) below 142°C and some nickel-steel alloys. We shall first 
consider the expansion of solids. 

EXPANSION OF SOLIDS 

13*2. The cubical expansion of solids is somewhat difficult 
to measure directly (a method is given in §13*20), and is gene¬ 
rally calculated from the linear expansion. Hence experiments 
on the expansion of solids generally consist in measuring the 
linear expansion of bars or rods of the solid. For isotropic bodies 
whose properties are the same in all directions, the expansion is 
also the same in all directions. To this class belong amorphous 
solids (<?.£., glass) and regular systems of crystals (e.g. f rock salt). 
Metals may also be included because though they are composed 
of a very large number of small crystals, these crystals are oriented 
at random and die average properties are independent of direction. 
In anisotropic bodies which include crystals, the expansion is 
different in different directions and may be even of different sign. 
We shall first consider isotropic bodies while anisotropic bodies 
will be considered later. 

Isotropic Solids 

13*3. Linear Expansion.— If a bar of length / 0 at 0°C has 
a length 4 when raised to /°C, 4 is given by 

4 =/ tf (l-|-J a <&).(1) 

If 4 is expressed as a linear function of t of the form 

4 - l 0 (l+A/),..(2) 

A is called tile mean linear coefficient between the temperatures 
0° and t°C and is a very small quantity. When the difference between 
the initial and final temperatures is small, A differs very little from a. 
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The mean coefficient of expansion, A is found to vary with 
temperature. Thus its value A* at any temperature is given by 

Af = /'o-Hi*+Aa* a +. • • •, • • • • (3) 

in which the constants A 0 , X 1 and A 2 are in decreasing order of 
magnitude. 

From (1), (2) and (3) we get 

/,= /„(1+M)=/ 0 (1+A/) 

= ^o{l"f^(Ao+Ai^+A 2 ^ 2 )} 

- 4{H-/0i+2V+3A,^*} 
at = A 0 +2A 1 /4*3A 2 / 2 , ...... (4) 

Equations (3) and (4) give the relations between the variations of 
true and mean coefficients of expansion with temperature. In 
most cases both the constants A x and A 8 are positive, the value of 
the coefficient of expansion increasing with temperature. 

134. Earlier Measurements of Linear 'Expansion. —The 
linear expansion of solids is very small : a bar of iron one metre 
long when heated from 0°C to 100°C, increases in length by 1*2 
mm. To measure such small changes in length accurately, special 
devices are necessary. The increase of length can be measured 
with the help of optical levers, travelling microscopes, interfero¬ 
meters and also iby photo¬ 
graphing the X-ray diffrac- 
^ tion patterns at different 
temperatures. 

The first accurate deter¬ 
mination of linear coefficient 
of expansion of solid bodies 
was made in 1782 by 
Pig. 1.—Apparatus of Laplace and Lavoisier. Lavoisier and Laplace. 1 In 
the instrument used by them the change in the length was converted 
into a change in the angle by means of a lever arrangement and the 
rotation was measured by using a scale and a mirror or a telescope. 
The principle of this apparatus is indicated in Fig. I. One end A 
of the experimental bar AB is fixed while the other end B pushes 



1 Bot. Traite de Physique, Tom. 1, Paris, 1816. 
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against a vertical lever OB attached at tight angles to the axis of a 
telescope LL, which is itself pivoted at O and is focussed on a 
distant vertical scale CC\ The bar AB is first placed in melting ice 
and the scale division C seen through the telescope is noted. Next 
the bar is enclosed in a hot-water bath. The rod AB expands to B' 
thereby tilting the telescope LOL to the position L'OL' and the scale 
division C' is now seen through the telescope. The expansion BB' 
is equal to OB'xOC'/OC. 

Paschen employed a combination of the micrometer screw and the 
lever. The expansion was multiplied in the ratio 1 : 5 by the lever and 
this magnified change in length was measured by the micrometer screw. 

In 1785 Roy and Ramsden devised a method in which an object- 
glass fixed at one end of the experimental bar and a micrometer eyepiece 
fixed at the end of a similar bar placed by the side of the experimental 
bar were used to measure the small increment of length with the rise 
of temperature. The experimental bar was five feet long and was 
placed in a trough between two similar bars placed parallel to and on 
the opposite sides of the experimental bar. The image of two vertical 
wires fixed near the end of one of the outer bars formed by the object- 
glass fixed at the end of the experimental bar was seen through the 
micrometer eye-piece fixed at the end of the third bar, the centre of a 
cross hair in the eye-piece being brought into coincidence with the centre 
of the image. When the experimental bar was heated to 100°C by boiling 
water, the object glass shifted and by shifting the micrometer eye-p ; ece 
the image of the wires was again brought into coincidence with the 
cross hair as before. From this shift of the micrometer eyepiece, that 
of the object glass could be determined by noting previously how 
much shift of the image in the micrometer eyepiece was equivalent to a 
shift in the object glass through a distance equal to the distance between 
the two vertical wires. During the experiment, the two outer bars were 
kept coveted with melting ice and so their length remained constant. 

13*5. Standard Methods. —At the present time the stan¬ 
dard methods employed for measuring linear expansion ate:— 

(1) Comparator Method, (2) Henning’s Tube Method, 
(3) Interferometric Method and (4) X-ray method. Methods (1), 
(3) and (4) are direct while method (2) Is indirect. 

13*6. Comparator Method. —In this method the substance 
in the form of a bar about a metre long is placed horizontally in 
a trough by the side of a standard metre placed parallel to the 
former and kept at a constant temperature. The experimental 
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bar is provided with a fine mark at each end. Two microscopes 
provided with micrometer eyepieces are fixed vertically in rigid 
horizontal supports projecting out from stout pillars, the distance 
between the microscopes being about one metre. First the fine 
marks on the bar are viewed through the two microscopes and 
their positions are noted in the micrometer. The standard metre 
is then brought below the microscopes and the two extreme marks 
of graduation are viewed through the microscopes. From the 
change in the micrometer reading the length of the bar at the 
lower temperature is obtained. The experimental bar is then 
heated by keeping it immersed in a bath at constant temperature 
and the marks are again viewed through the micrometer eyepiece. 
The increase in length is determined from the change in the 
micrometer reading. For measurements at low temperatures, the 
experimental rod is placed in a tube which is immersed in a suitable 
liquid bath 1 (e.g., liquid air). 

For measuring the expansion over a wide range e.g.. from 
—150°C to 650°C, the above method can be modified. 2 Instead of 




Fig. 2.—Comparator method of measuring linear expansion. 


1 Scheei and Heuse, Verb. d. D. Pbys, Ges. t 9, 449, 1907. 

2 Gray, Chem. and Metallurg. Eng., 21, 307, 1919. 
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putting fine marks at the ends of the bar a lightly stretched verti¬ 
cal fine wire can be attached at each end of the bar and the dis¬ 
tances between the wires at the lower and higher temperatures 
can be measured with a comparator. 

If the expansion at a still higher temperature is required 
the method devised by Holborn and Valentiner 1 is suitable. The 
material is taken in the form of a thin strip about 25 cm. long, 

1 cm. wide and 0*2 mm. thick and clamped between two clamps K x 
and K 2 (Fig. 2, p. 548), K x being fixed while K 2 can be moved by 
means of the pulley and Weight G. The positions of two marks 
at its two ends are noted through two microscopes M x , M 2 
fixed on invar stand N. The strip is then heated by passing 
electric current through it and the temperature is measured with 
an optical pyrometer. The change in its length is measured with 
the help of the two microscopes. 

13*7. Henning’s Tube Method 2 of 
Measuring Relative Expansion. —In this me¬ 
thod, the experimental and the comparison bodies 
are together brought to the same temperature 
and the differential change of their lengths 
is measured. The comparison body is so 
chosen that its expansion in the temperature 
region is accurately known and, if possible, 
is also very small. Fused silica serves this 
purpose well. Inside a long vertical tube made 
of some well-defined glass (fused silica, Jena 
glass), there is a ground point, molten and drawn 
out of the same glass at its lower end. Upon 
this point rests the experimental rod R (Fig. 3), 
about 50 cm. long and having both of its end 
faces ground plane. Upon the upper surface 
of R rests a pointed end of another glass rod S 
made of the same glass as the outer wider tube. Fig * Apparatu^^ 
To the upper end of this rod as well as of the 

1 Ann. d. Pbys., 22, 12, 1907. 

2 Ann. d. Phjsik , 22, 631, 1907; Holborn and Henning, Zeiis. f. 
Insirkde.y 32, 122, 1912; Simon and Bergmann, Zeiis. f. Phjs. Cherny B, 8, 
255,1930. 
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outer tube, are attached end-pieces carrying scales. The whole 
tube up to half of the height of the rod S is immersed in a hot 
or cold bath and the relative shift of the end-pieces is measured 
with a microscope provided with a micrometer eye-piece. The 
shift gives the relative expansion of the experimental rod against 
a glass tube of equal length. This is so on the assumption that 
the temperature of the rod and of the outer tube is the same at 
the same height. For high 1 and low 2 temperatures suitable baths 
may be employed. 

13*8. Fizeau’s Interference Method.—Fizeau 3 devised a 
method in which a small change in length produces a shift in New¬ 
ton’s rings and by measuring the shift, very small change in length 
can be measured. In his original experiment, Fizeau used the subs¬ 
tance B (Fig. 4) in the form of a slab about 1 cm. thick with two of 



Fig. 4 .—Fizcau’s interference method for measuring linear expansion. 


its opposite plane fates parallel and polished. It was placed with 
one of these faces horizontal on a metal plate A supported by three 
levelling screws S,S. These screws projected upward through the 
metal plate a little beyond the upper face of the slab B. A convex 


i Holbom and Day, Attn, d. Physik, 2, 505, 1900; 4, 104, 1901. 
Holbom and Valentiner, Ann. d. Pkysik, 22, 1, 1907. 

3 Gruneisen and Goens, Zeits. f. Physik, 29, 141. 1924, Linde- 


mann, Phys* Zeits., 12, 1197, 1911. 

» Am. Cbm. Phi. (4), 2, 143. 1864; 8, 333, 1866; Pogg. Am., 


123, 515, 1864; 128, 571, 1866. 
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lens L having the lower surface of very large radius of curvature 
was placed on these screws so that a thin film of air lay between 
this surface of the lens and the upper polished surface of the slab. 
With the help of a mirror M and a right-angled prism P placed 
above the lens, horizontal rays of light from a sodium flame F 
were sent in a vertical direction to illuminate the air film and the 
- rays reflected repeatedly at the surface of the slab and the lower 
surface of the lens proceeded vertically upwards and were again 
reflected by the right-angled prism. When these rays were 
received by a horizontal telescope T, Newton’s rings could be 
seen through the telescope. 

The difference in the thickness of the film at two successive ' 
bright rings is A/2, where A is. the wave length of the light used. 
Hence when the thickness of the film changed due to expansion 
of the slab and of the three screws supporting the lens the rings 
appeared to pass across a mark in the lens. Since one-tenth of the 
distance between successive bright rings could be measured the 
change in length of the order of A/20, i.e., about 0*00002944 mm. 
could be measured. 

When the arrangement producing the thin air film was 
enclosed in a heating chamber the thickness of the film changed 
and the shift of a bright ring from its original position was noted. 
These observations gave the difference in the expansion of the 
projecting portion of the supporting screw and of the slab along 
its thickness. If the former expansion were known die latter 
could be found out In order to find the expansion of the screws, 
the slab was removed and interference rings were produced by 
reflections at the lower surface of the lens and the polished surface 
of the metal plate through which the screws projected. 

Abbe 1 and Pulfnch® improved Fizeau’s apparatus by replacing the 
screws by quartz ring as shown in Fig. 5, p. 552. The specimen of which 
the expansion is to be measured is taken in the form of a cylinder 
about 1 cm. long with both its faces polished and plane parallel. It 
is placed on a quartz plate G and is surrounded by a quartz rin g 
R cut so as to have its axis parallel to the optic axis in the walls of 
the ring. The ring his three projecting portions on which a quartz 


1 Wkd. Am.y 38, 453, 1889. 

2 Zeits. /. Instrkde.y 13, 364, 1893. 
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plate D, having both of its plane faces polished, and parallel to each 
other, is placed. The total height of the ring is slightly greater 

than the length of the 


*]? Geissler 
0 tube 


J1 






3 


*■ «, 

* 





Fig. 0. 


■ Quartz rings of Abbe. 


Fig. 6.—Apparatus for measuring 
expansion of crystals by Fizeau’s 
method. 



cylindrical specimen and 
the ring is so cut that 
the lower face of the 
quartz plate D and the 
upper face of the specimen 
encloses a wedge shaped 
air film, the angle of the 
wedge being very small. 
This arrangement is 
placed in a container im¬ 
mersed in suitable bath or 
heater for investigations 
at low or high tempera¬ 
tures. 1 The air film is 
illuminated normally as 
shown in Fig. 6. Light 
from a Geissler tube con¬ 
taining mercury and hy¬ 
drogen or mercury and 
helium is focussed on the 


inclined face of a right-angled prism placed at the focal plane of an 
object glass. The rays reflected at the prism surface are converted 
into a parallel beam by the object glass and these are deviated down¬ 
wards by the two prisms P, P. After suffering reflection at the two surfaces 
of the air film they travel through the prism and the fringe systems for 
different wave-lengths are formed at different heights in the focal plane 
of the object glass. Thus the frihge system due to a red line consists 
of a row of short parallel vertical fringes and those due to a green line 
form a similar row below the former one and separated from it. By 
turning a screw any of these rows can be brought in the field of view 
of the micrometer eyepiece through which the fringes are viewed. The 
lower surface of the upper quartz plate D is provided with a mark of 
reference and the number of the fringes crossing this reference mark 
due to the change in thickness of the air film with the rise of temperature 
of the system containing the specimen can be measured with the help 
of the micrometer eyepiece. Actually the numbers of fringes of 


1 Scheel, Ann. d. P&ysiM, 9, 887, 1902. 
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wavelengths Aj, A 2 , A 3 etc. crossing the reference mark are 

, etc., where x lt x 2 , x 3 etc., are whole numbers and 
f j, | 9 , | 8 , etc. are fractions and only these fractions , | 2 , | 3 , etc., 
are measured accurately with the help of the micrometer. The values 
of , x 2 , x z , etc., are derived in the following way :— 

The difference of path at the successive bright fringes being 
A x /2, the total change dl in thickness of the air film at the mark is 
(A I /2)(x 1 -blt) if the number of fringes of wave length A, passing 
through the mark due to expansion be bhc: same change in 

thickness causes x 2 -(-| 2 fringes of wave-length A 2 to cross the mark. 

Hence dl = ~ (* g +£*) = ^ (*a*r&) ““.> 

or *i = lx- l 2 etc., . . . (5) 

A t A a 

In order to calculate x 2 we give different whole number values 
to x t in (5) and find out for which value of x lt x» becomes a whole 
number with the values of and | 2 determined experimentally. A 
knowledge of the approximate expansion of the specimen helps in 
determining the order of magnitude of x 2 . For details of calculation 
see Handbttcb dcr Pbysik, Yol. 10, p. 88. 

13*9. Priest’s Fringe Width 
Dilatometer. —In the last method 
the change in length was found 
from observations on displace¬ 
ment of the fringes. Priest 1 de¬ 
vised a dilatometer in which 
changes in length can be obtained 
from the change in width of the 
interference fringes. The appa¬ 
ratus is indicated in Fig. 7. 

The air film is enclosed between 
the lower surface of the cover plate 
and the upper surface of the base 
plate, both of which are optically 
plane and enclose a wedge-shaped 
space (0*1 to 0*3 mm. thick). On 
looking down in the direction GO, a 
system of interference fringes will be 



Fig. ?.•—Priest's Fringe Width 
D'lfliomMer. 


1 Bull. Bur. of Stand ., !*>. l b9, 1920. 

F. 70 
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seen (as shown in the plan) appearing to lie in the plane bb so that die 
fringes and the reference lines ss and xx on the mirror can be simultane¬ 
ously focussed. The sample ends at the top in a fine point X upon which 
rests the cover plate. The sample, on expanding tilts the cover plate and 
thereby changes the thickness of the air film and consequently the width of 
the fringes. The number of fringes between the lines ss and xx are obser¬ 
ved both initially and finally, and from this the expansion can be calculated. 

The calculations can be readily made. If D is the perpendicular 
distance from X to kxute-edge SS, A the relative expansion of the 
sample with respect to a piece of equal height made from the material 
composing the base plate, then the change <}> in the angle between the 
planes bb and ec measured in radians is given by 


<f> 


A 

D * 



since (f> is small. 

Again if the number of fringes between the marks ss and xx changes 
by x-\~(; and d denotes the perpendicular distance between ss and xx and 
A the wavelength of the light employed, then the change in angle is 
also given by 



2 


Combining (6) and (7) we get 


A = —(*+*). 


(7) 

( 8 ) 


Knowing A> the coefficient of expansion can be calculated. 


13*10. Recording Interferometric Dilatometer.— 
The interferometric dilatometer designed recently by Nix and 
MacNair 1 , incorporates in itself an interferometric arrangement 



, Snrrr *_„ 

[_-,1.;:-j $ 

Fig.8.—Interferometric Diiato- 
meteraf Nix and MacNair. 


for the measurement of the change of 
temperature as well. The section view 
of the arrangement is shown in Fig. 8 
at S while the plan view of the fringes 
is shown at P. 

Three small pyramids of the material 
each of height about 4 mm. rest on a silica 
disc of diameter about 27 mm. The upper 
surface of the disc is optically flat and 
polished, but only a small portion of the 
lower surface near the edge is polished. 


1 A ev. Set. Inst., 12, 66, 4941. 
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These two surfaces form a wedge which, when illuminated 
normally by a parallel beam of monochromatic light, forms a 
system of fringes. When the temperature of this plate changes, some 
fringes will pass through a fiduciary mark. From a knowledge of the 
temperature dependence of the refractive index of silica and th<i thickness 
of the wedge, it is possible to calculate the temperature difference corres¬ 
ponding to a definite number of fringes crossing the fiduciary mark. The 
upper silica plate is about 10 mm. in diameter and its upper and lower 
faces are optically fiat and polished. These form a wedge having an 
angle of 15° so that no disturbing interference pattern is formed by 
reflection of the normally incident light at the two surfaces. The 
lengths of the three small pyramids of the material to be investigated 
are so adjusted that when the upper plate is placed on them, the lower 
surface of the upper plate and the upper surface of the lower plate 
form a wedge of a very small angle, and only 2 fringes are produced when 
the wedge is illuminated normally by monochromatic, light in the visible 
region. This fringe system and that produced By the silica thermometer 
are formed side by side as shown in the plan view of the fringes at P in die 
figure. By using a half-silvered mirror inclined at an angle of 45° with 
the incident rays the fringe systems can be photographed* with-a camera. 

13*11. Discussion of Results. —Table 1 below gives die 
mean coefficient of expansion A of several substances between 0 
and 100°C. 


Table 1 .—Coefficient of Linear Expansion of Substances, 


Substance. 

Ax 10* 
in °C.- 1 

Substance. 

Ax 10* 
in °C- 1 

Aluminium 

23*8 

Nickel 

13-0 

Copper 

16*66 

Platinum 

8-86 

Cadmium 

31*59 

Palladium 

1104 

Chromium 

8-4 

Silver 

19-68 

Lead 

28*0 

Tungsten 

4*50 

Magnesium 

26-0 



Manganese 

22-8 

Quartz glass 

0*51 

Molybdenum 

5-20 

Jena glass 

808 


But as already mentioned in §13 * 3 these values change appre¬ 
ciably, if the final temperature is different from 100°C. The mean 
coefficient A is a function of. the temperature. As the final tem¬ 
perature is lowered, the coefficient decreases. Gruneisen 1 has 


1 Am, d. Pbysik ., 26, 211, 1908. 
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found the value of the quantity Xt — j- ^ for very low tem¬ 
peratures and has developed an important law connecting the 
coefficient of expansion and the specific heat. Grtineisen’s law 
states that for a metal the ratio of the coefficient of linear expansion to its 
specific heat at constant pressure is constant at all temperatures. 

The law can be tested by determining the values of true 
coefficients of expansion and specific heat of a substance .at different 
temperatures. Several investigators have shown that: the law 
holds good in the case of a large number of metals. The results 
obtained by Nix andlMacNair 1 with their improved interferometric 
dilatometer for Cu, Al, Au, Ni and Fe show that the Jaw holds 
good very accurately in the temperature-ranges from —185*5 °C 
to 500* 1°C in the case of Cu, from — 187°C to 729*8°C for 
Au and from —191 °C to 393*8°C for Al. In the case of Ni and 
Fe, however, there are deviations in the high temperature regions. 
The results for gold and iron are reproduced in Fig. 9 and Fig. 10 



200 ' 400 600 800 1000 0 200 400 600 800 1000 


Temperature in Degrees Kelvin Temperature m Degrees Kelvin 

Fig. 9 .— Thermal expansion of gold. Fig. 10.—Thermal expansion of iron. 

respectively. Attempts have been made to develop the theory 
of the solid state and to deduce Gruneisen’s law theoretically. 
For details see Seitz, The Modern Theory of Solids (1940), Chap. X. 

13T2. X-ray Method. —As mentioned in §13*2, some crystals 
belonging to the cubic system and metals can be regarded as isotropic 
solids. In the case of single crystals of such substances a parallel beam 
of X-ravs is reflected by a set of planes of indices h, k, l when the glanc- 


3 Pbys. Ret;., 60, 597, 1941. 
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iag angle 9 made by the rays with the plane satisfies the Bragg r relation 

2sin 9 — n\, . . . (9) 

where d hk i is the spacing of the planes, i.e., perpendicular distance 
between the adjacent members of the set of planes, A is the wavelength 
of X-rays used and n is an integer. These spacings are determined at 
two different temperatures f C and t 0 ° C with a Bragg spectrometer in 
the case of single crystals or with the help of a Debye-Scherrer camera 
in the case of a crystal powder or a fine metallic wire which consists of 
small crystals oriented at random. If dt and d 0 be the spacings at tem¬ 
peratures /°C and t 0 ° C and 6 and 9 0 be the corresponding Bragg angles 

& = .( 10 ) 

d 0 sin 9 


The mean coefficient of expansion 

d t —d 0 sin 9 0 —sin 9 


d 0 (/—to) (t—t 0 ) sin 9 


. ( 11 ) 


In the case of a Debye-Scherrer pattern the reflections from different 
planes take place from crystals oriented at the proper Bragg angles 
in all azimuths around the incident beam, and when these reflected 
X-rays are photographed on a plane photographic film, rings around 
the central spot due to the incident beam are observed. The diameter 
of the ting diminishes if the spacing of the plane is increased due to rise 
in temperature. The patterns obtained in the case of platinum wire at 
two different temperatures are reproduced in Fig. 11. 



Fig. 11.—Debye-Scherrer patterns of platinum wire at two temperatures. 


13-13. Expansion of Silica Glass, Invar. —Silica glass 
(quartz which has been fused and resolidified into the non-ciystal- 
line form) is now commonly employed for the construction of 
thermometers. Several experimenters, have investigated its ex- 
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oaosion and a summary of these results has been given by Kaye* 1 
The expansion of silica is very small (A — 0* 5 X 1(H) and is very 
conveniently determined by Fizeau’s method. Hence vessels made 
of this material can be heated without any fear of breaking. The 
curve connecting the coefficient of expansion and temperature is 
a straight line between the room temperature and 1000°C, but at 
both limits it bends. The coefficient is negative below —80°C. 

Invar is another special substance, being an alloy of nickel 
and steel. Its coefficient of expansion at ordinary temperatures is 
almost zero and hence it is generally employed for making secon¬ 
dary standards of length, and in the manufacture of precision 
clocks and watches. 

13*14. Surface and Volume Expansion.—The change 
in area and volume can be easily calculated from a knowledge of 
the coefficient of linear expansion. A rectangle of sides / and b 
will, on being heated, have sides of lengths /(1-j-Ar) and #(l-j-A/), 
and its area will become $(1-1-A/) 3 . If the initial and final areas 
be A* and A we have 

A = Ao (14-2A/) approx. . . . . (12) 

since A is small. Thus the coefficient of surface expansion is 2A. 
Similarly the coefficient of volume expansion can be shown to 
be 3A. 

Anisotropic Bodies 

13*15. It was first observed by Mitscherlich 8 that the 
angles between the cleavage faces of a crystal of Iceland spar 
change when the crystal is heated. He gave the correct expla¬ 
nation of the phenomenon, that the expansion of the crystal 
is different in different directions and this is the cause of the change 
in angle. Such substances are called anisotropic or non-isotropic. 
Most crystals belong to this class. 

For most crystals, however, there can be. found three mutually 
perpendicular directions, such that, if a cube is cut out of the crystal 
with its sides parallel to these directions and heated, the angles 
will remain right angles though the sides will become unequal. 
These directions are called the principal axes of dilatation and the 
coefficients of expansion in those directions are called fat principal 

1 P°gg- Atm., 41, 243,448,1867. 


i Phil. Mag., 115,723,1910. 
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coefficients of expansion. Denote these by A*, A,,, A z . Such a cube 
of sides ^ will, on being heated to f C, become a rectangular 
solid whose edges will be given by 

4 = 4(1 -FA*f)i 4 ~ 4Gd~AyO> 4 — 4(1 -FA*/), • • (13) 

and volume by 

4 4 4 =4* [l+O^rhAy+AaJ/J. ... . (14) 

The volume coefficient of expansion is thus A^-j-Ay-f A r . 
In the case of crystals which possess an axis of symmetry, there 
are only two principal coefficients—one along that axis and the 
other perpendicular to it. 

The coefficient of expansion in any direction can be easily 
calculated in terms of the principal coefficients. It can be shown 1 
that the coefficient of expansion of a line whose direction cosines 
relative to the principal axes of dilatation are /, m 9 n is given by 
/ a a l +JW 2 «a4' / * aa s where a lt a # , <% are the principal coefficients. 

13*16. Experimental Methods and Results. —Crystals 
are best investigated by the interference method. Fizeau's appa-, 
ratus, or better still, Pulfrich’s modification of Fizeau’s apparatus, 
may be employed. The crystal is cut in the manner desired, into a 
plate with parallel faces from 1 to 10 mm. thick, and is placed 
between the glass plate and the metal disc. The details of these 
experiments have already been given. 

When the expansion along the various axes of different 
crystals is investigated very interesting results are obtained. In 
the hexagonal system^ for optically negative crystals, the expansion 
along the axis is always greater than that along an axis at right 
angles to it; while for optically positive crystals the reverse is the 
case. Thus for Iceland spar there is expansion parallel to the axis 
while contraction perpendicular to it. The contraction is always 
much less than die expansion so that the volume coefficient 
remains positive. 

13*17. Results of X-ray Investigations.—As explained in 
§13*12, the spacings of different sets of parallel atomic planes of a crystal 
can be determined by measuring the glancing angles which a parallel 

1 For a proof see Glazebrook, A Dictionary of Applied Physics. 
Vol. I, p. 876. 
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beam of X-rays of known wavelength makes with these planes when 
reflection takes place. If d^ and d 0 be the values of the spacings 
of these planes at t° and 0° C, the value of a, the coefficient of expansion, 
is given by 

dt = 4>(1 4«t) .(15) 

In the case of isotropic crystals such as rock-salt and of metallic 
wires in which the sniall crystals are oriented at random the value of 
a determined by measuring the spacings of any set of atomic planes 
is the same as that obtained from any other set of planes. In the case 
of anisotropic crystals, however, the coefficients of expansion along 
the three adjacent edges of the unit cell of the lattice are not the same. 
Hence the ratio of the increase in the spacing to the original spacing 
is different lor different parallel sets of atomic planes in such cases. 
Graphite is a typical example of such a case. This crystal belongs to 
hexagonal system and Nelson and Riley 1 have observed that the spacing 
or planes (0006, 0004) perpendicular to the hexagonal axis increases 
with temperature rapidly as is indicated by the gradual shifting of the 
0006 doublet in Fig. 12 (Plate I) towards the low-angle end of the 
film with rise of temperature. The spacings of the sets of planes 
(1120, 2020) parallel to the hexagonal axis however remain almost 
constant with the rise of temperature. For other planes, the expansion 
increases as the direction of expansion (via., normal to the atomic planes) 
becomes more nearly parallel to the hexagonal axis (1122, 1124, 1015). 

For Zn 2 , BP and quartz 4 crystals which also are hexagonal, the 
expansion in a direction parallel to the hexagonal axis has been found 
to be different from that in a direction perpendicular to it. For bismuth 
Jay observed that the coefficient of expansion is constant upto 75°C, 
then it suddenly rises and again remains constant upto 240°C, showing 
the existence of an allotropic modification at 75°C. Similarly quartz 
showed a discontinuity at 579°C. 

Most of the workers have found that the coefficients of expansion 
obtained by the X-ray method closely agree with the results found from 
ordinary macroscopic observations made upon single crystals of 
these substances. In other words the expansion law of the lattice is 
the "same as that of the crystal as a whole. Results given-in table 4 
(p. 561) illustrate this clearly. 

1 Proc. Phys . Soc. London, 57, 477, 1945. 

2 Owen and Yates. Phil. Mag., 17, 113, 1934. 

3 Jay, Proc. Roy, Soc., 143, 465, 1934.' 

4 jay, Proc. Roy. Soc., 142, 237, 1933. 
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There are some workers 1 who hold the opposite view. Recently, 
however, Austin, Saini Weigle and Pierce 2 have observed that the, 
measurements by the X-ray and optical interferometer methods on the 
same specimen of calcite gave values which are the same, within limits 
of experimental error. They further observed that the expansion is 
different for different samples of calcite. 


Table 4. —Coefficient of expansion of some crystals in the range 0°—1C0°C. 


Substance 

Microscopic 

Macroscopic 

Parallel to 
axis 

Perpendicular 
to axis 

' 

Parallel to 
axis 

Perpendicular 
to axis 

Zn 

14-3 XlO- 6 

60-8X10- 8 

141 Xl0~ 8 

63*9 X10~ 6 

Bi 

16 9 

11-9 

16 * 3 


A g 

19T 


19*1 

11*8 

Pt 

8-68 


8-94 



EXPANSION OF LIQUIDS 


13*18. In case of liquids we have to consider only the 
cubical expansion. As before, the volume can again be expressed 
as a function of the temperature; thus 

V — f'o (1 *f*®i/4* . ... (16) 

or approximately, V = K 0 (l +a/). . . . . (17) 

The expansion of liquids is much greater than that of solids, 
yet it is more difficult to measure, for it is complicated by the 
expansion of the containing vessel. The expansion observed is 
called the apparent expansion and is a resultant of the two effects, 
vi^.y expansion of the liquid and of the containing vessel. It can 
be shown that the coefficient of absolute expansion of the liquid is 
approximately equal to the sum of the coefficients of expansion 
of the containing vessel and the coefficient of apparent expansion 
of the liquid. Thus the former can be determined if the latter 
two quantities are known. 

There are three well-known methods for determining the 
apparent or relative expansion :— 

(i) The Volume Thermometer method, (ii) the Weight 

Thermometer method and (iii) the Hydrostatic method. 

1 Goetz and Hergenrother, Phjs, Rev ., 40, 643, 1932. 

2 Phys. Rev ., 57, 934, 1940. 

F. 71 
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13*19. The Dilatometer or Volume Thermometer Me¬ 
thod. —The volume thermometer consists of a bulb to which a graduated 
stem is attached. It is nearly filled with the experimental liquid whose 
levels on the stem are observed at temperatures 0° and /°C. If the liquid 
stands up to the mark * 0 on the stem at 0°C and up to the mark x L at 
/°Q and if the volume of the bulb at 0°C is V 9 and of each division of 
the stem v 9i then the volumes of the liquid at the two temperatures are 

* / oH~*bv# and (^o+^o) 0 +y4 

y being the expansion of the containing vessel. The volume at 
is also equal to 

(1-fa/), 

where a is the coefficient of absolute expansion of the liquid. Equat¬ 
ing we have 

* . ( 18 ) 

Knowing y the true coefficient a can be calculated, or if y is not known, 
the relative expansion a—y can be evaluated. 

13*20. The Weight Thermometer Method. —A more accurate 
method, depending upon the determination of weights and not of volumes, 

is furnished by the weight thermometer. The 
thermometer is of the shape shown in Fig. 13 
and is made o£ glass or fused silica. It is 
first weighed and then completely filled with 
the liquid by alternate heating and cool¬ 
ing with the open end dipping in a cup of 
the liquid. Some air often adheres to the neck 
of the thermometer; to remove it completely 
the liquid in the thermometer is boiled until 
half of it is evaporated and then cooled. The 
process may be repeated. The experiment 

consists in weighing the thermometer filled with 
Fig. 13.—The Weight ..... 6 * 

Thermometer the liquid at two temperatures. 

Let represent the weights of the liquid filling the thermometer 

at temperatures t x and t % respectively. If V t , V z are the volumes of the 

vessel at the two temperatures and p v p 2 the corresponding densities of 

the liquid, then 

Wj s= Fj pj, — Fj pa. ...» 0-0 

But if a and y denote expansion coefficient of the liquid and the 
vessel respectively, then 

V* __ \ "by** P* _ 14-q/i 
V\ , 1+yV pi 




56S 


§13 *22] ABSOLUTE EXPANSION OP LIQUIDS 


Hence from (19), 


»i i+r* i 

w 2 ~ 1 +yh 


_ 1+g (/ 2 —/|) 
1 -fa t x 1-|-y 


approx. 


Multiplying out we obtain 

w \ = w i *i)l* 


. ( 20 ) 


whence a—y — W \ - . (21) 

Knowing y, the absolute expansion a can be calculated. 

The thermometer can also be employed to find the cubical 
expansion of solids indirectly by enclosing the specimen inside the 
thermometer. 1 


13*21. Hydrostatic Method.—This consists in finding the 
apparent weight of a solid when immersed in the liquid at two tempera¬ 
tures / ls / 2 respectively. The loss in weight of the solid ts by Archi¬ 
medes’ principle equal to the weight of a volume of the liquid equal 
to that of the solid; denote this quantity by w. Then 

/>i, 


where denote the volumes of the solid at 

tures t v t t respectively. Then 

Vx _ 1-fy/i Pj_ _ 1 +a^2 

V 2 1 +y^2* P2 1 * 

and proceeding as before, 


a —y — 




the two tempera- 


( 22 ) 


13*22. Absolute Expansion of Liquids. —As already men¬ 
tioned, the three foregoing methods may be employed to find the 
absolute expansion of a liquid provided the cubical expansion of the 
containing vessel (or of the immersed solid in §13 21) be known. 
One way of finding the latter is by calculating it from the linear 
expansion. This is, however, open to objection for the linear 
expansion is determined from experiments with bars of the material 
and it cannot be assumed a priori that the physical proper ties of 
the material do not change when it is annealed and worked into 
a vessel of some shape. For this reason it is best to select vessels 
of fused silica for which the volume coefficient is extremely small 
(about 0*0000015). 


1 See CJlazebrook, A Dictionary of Applied Physics, Vol. 1, p. 878. 
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13*23.. Hydrostatic Balance Method. —There is only one 
direct method of determining the absolute expansion of a liquid 
which was first given by Dulong an.d Petit. 1 It depends on the 
hydrostatic balancing of two liquid columns at different tempera¬ 
tures. Dulong and Petit employed a simple U-tube for the 
purpose. Regnault brought the upper ends of the tube close 
together, an improvement which made it easier to observe the 

difference in height of the two columns. The diagram (Fig. 14) 

serves to illustrate the principle of the method. A glass or metal 

tube, bent as shown in the figure, con- 

□ tains mercury. The vertical columns AB, 

B CD. C'D' are surrounded by melting 

J ice and are thereby maintained at 0°C, 

| while the column A'B' is surrounded 

^ by an oil bath maintained at any tem- 

i perature /°C. Suppose that AA' is 

j horizontal. Let H, H\ h, h' denote the 

l, heights of mercury in the various columns 

^ as shown, and p, p 0 the densities of mercury 

Fig. 14 —The Hydrostatic a * /°C and 0°C. Then, since the pressures 

Balance Method. _ , , . , . 

at D and D are equal, we have by equating 

the two expressions for the hydrostatic pressure at A 

h'p 0 -\-H'p = jFJjooh Vo ...• (23) 

But /»=Po/( 1 +^)> 

where c is the coefficient of absolute expansion of mercury. Hence 

JL+h’^-H+h, .... (24) 

1 -\-ct 

from which c can be calculated. 

If the columns H, h, h f are not at 0°C, but at temperatures t lt 

/ 2 , / 3 respectively, we shall get 

H* V H h ( 25) 

1-f -ci 1+^*1 A 

where the quantities c (l , c h denote the mean coefficients of 
expansion between the ranges 0— t ly 0—/ 2 an< ^ 0—4 respectively. 
These can be determined by performing three experiment? in which 

'Am. ChimTpbjs (2), 7, 127, 1818. 
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the column A'B' is maintained at temperatures t x> / 2 and t z respec¬ 
tively. If the height of A' above A is h x , a corresponding term 
can be added to the right-hand side. 

Regnault’s observations, though carried out with great skill 
must be corrected for various sources of error and hence, cannot 


yield results of high accuracy. Callendar and Moss 1 repeated 
the experiments aiming at a high degree of accuracy. Instead of a 


single pair of hot and cold columns 1 *5 m. 
long employed by Regnault, they used six 
pairs of hot and cold columns each 2 m. 
long and connected in series as shown 
diagrammatically in Fig. 15. The hot and 
cold columns are marked H and C respec¬ 
tively. The difference in height of the first 



and the last columns (w^., ab) is six times Fig. 15.—Arrangement of 
that due to a single pair. Ca “t^, Mosa ’ s 

In the actual apparatus ef, gh,... were 


doubled back so that all the columns marked C were one behind 


the other; and similar was the case with the H columns. All the 


H columns were placed in one limb of a rectangle and all.the C 
columns in one limb of another rectangle, while the other limbs of 
these rectangles contained electrically heated oil and ice-cooled 
baths respectively. These were kept circulating by means of an 
electric motor and their temperatures were determined by a long 
‘bulb* resistance thermometer. Experiments were performed in 
the range 0 to 300°C. An accuracy of 1 in 10,000 was aimed at. 
For this various precautions had to be taken. For full details see 
Dictionary of Applied Physics, Vol. I, p. 880. Chappuis 2 also 
found the absolute expansion of mercury by the same method. 


13*24. Results for Mercury.—The experimental results for 
mercury have been collected together by Harlow.* Among the more accu¬ 
rate determinations are those by Callendar and Moss by the hydrostatic 
balance method, those by Chappuis and Harlow 4 by the weight thermo¬ 
meter method and that of Chappuis by the hydrostatic balance method. 


1 Phil. Trans., 7 , 674, 1929. 

2 Trav. et Mem. du Bur. Int., 16, 1917. 

3 Phil. Mag., 7, 674, 1929. 

1 Pros. Phys. Soc. Lond., 24, 30, 1911. 
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Harlow has also made accurate determinations with the help of a weight 
thermometer of silica and aimed at an accuracy of i in 18 , 000 . The con¬ 
cordance of results with bulbs of different shapes showed that silica 
was quite isotropic. The results of Chappuis by both methods and of 
Harlow agree among themselves and hence, appear to be more accurate 
than those of Callendar and Moss. According to Chappuis the mean 
coefficient of expansion of mercury between 0° and 100°C is 0*0001820. 

13*25. Expansion of Water. —It is well known that the 
expansion of water is anomalous in the region 0° to 4°C. When 
water at 0°C is heated it goes on contracting as long as the tem-. 
perature is below 4°C. Above 4°C it expands on heating. 'This 
anomalous behaviour is explained on the assumption that there 
exist three types of molecules H a O, (H^O)^ (H 2 0) 8 , which have 
different specific volumes and are mixed in different proportions 
at different temperatures. The total volume occupied is assumed 
to be the sum of the specific volumes, though there seems to be 
scanty justification for such an assumption. 

13*26. Expansion of Gases. —The expansion of gases at 
constant pressure and at constant volume has been treated in 
Chapter I and forms the very basis of the system of thermometry 
adopted. The subject has again been dealt with in Chapter X 
and will not be considered further. 


13*27. Effect of Pressure on the Coefficient of Ex¬ 
pansion. —Since the volume of a substance is affected by a change in 
pressure it is obvious that the volume coefficient of expansion must 
depend upon the pressure. The exact dependance can be easily deduced. 
Assuming that the volume of the substance at a certain temperature and 
pressure is always the same and is. independent of the manner in which 
the change is brought about, it follows that dv is a perfect differential, i.e., 

d ( \ _ a \ 

ar \ dp ) T ~$~p\~W) P 

01 ~ (It)»“(%),• • • ■ ; (26) 

where a and k denote the coefficient of expansion and compressibility 
of the substance respectively. Thus if the compressibility increases 
with rise of temperature, the coefficient of expansion will decrease with 
increase of pressure. In case of mercury from Bridgman’s data’we have 


( gf) ~ 7x10“® atmos. per deg. 
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| ^ =s 7xl0“ f per atmos. 

Thus, the effect of pressure on expansion is very small. If a at 1 
atmosphere pressure is 1 • 82 X 10~ 4 , then at 10 atmospheres pressure a 
will be equal to 1 • 8207 X lO”" 4 . 

PROBLEMS 

1. The expansion of a platinum wire 1*5 mm. in diameter is 
studied with a Fizeau’s apparatus. When the furnace containing the 
wire is heated from 30°C to 280°C, it is found that 12*5 fringes of the 
mercury green line 5461 A. U. shift across the cross-hair in the field 
of view. Calculate the average coefficient of linear expansion of 
platinum. 

2. With Mo K« X-rays of wave-length 0*7078 A. U. incident on 
a certain set of atomic planes in tungsten at 30°C, a Bragg glancing 
angle of 65°6' was observed. When the tungsten was heated to 230°C, 
the g lancing angle became 65*0'. Calculate the coefficient of expansion 
of tungsten. 

Books Recommended. 

1. Glazebrook./4 Dictionary of Applied Phjsics, Vol. 1, pp. 872-900. 

2. Muller-Pouillets, hehrbucb der Pbysik, Vo!. 3, Part 1, pp. 301- 
310. 


3. Handbucb der Pbjsik, Vol. 10, pp. 52-59. 
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CONDUCTION OF HEAT 

14*1. Methods of Heat Propagation. —When a bar of metal 
is heated at one end and held at the other by the hand we feel the 
sensation of heat. Heat travels from the hot end along the bar and 
produces this sensation in the hand. The power of transmitting 
heat in this manner is possessed by all substances to a varying 
degree and this phenomenon is called conduction of beat. In the 
process of convection , heat is transferred by the actual motion of 
heated particles of matter whether liquid or gaseous. This is best 
illustrated by placing gently some crystals of potassium permanga¬ 
nate at the bottom of a beaker containing water and heating 
the beaker at the bottom. Heated water rises up and curls down 
forming a closed path which is rendered visible by the red colour 
imparted to the water. In conduction, heat is transferred ‘by con¬ 
tact* and there is no apparent transfer of matter. 

In both the above processes, the intervening medium takes an 
active part in heat propagation, but there is a third process in which 
the intervening medium takes no part. If we stand near a coal 
furnace, we feel the sensation of heat. If we are in the sun, we feel 
warn*. Here the source of hear is the coal furnace or the sun, and 
in the latter case it is at an enormous distance from us. There is 
absolutely no material medium in the space between us and the sun 
excepting the thin atmospheric layer, still heat from the sun con¬ 
tinues to reach us. This phenomenon is called Radiation. The 
processes of conduction and convection are necessarily slow due 
to the action of the intervening medium but radiation, as we shall 
see later, travels with the enormous velocity of light. In this 
chapter we shall consider only the conduction of heat. 

14*2. Definition of Conductivity.—A precise definition of 
conductivity was first given by Fourier in his memorable Tbiorie 
analytiquc de la cbaleur (1822). We shall first discuss the flow of 
heat inside a bar heated at one end. Consider a thin wall of the 
material with parallel faces such that heat flows in a direction 

568 
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perpendicular to the faces. Let 0^ 0 2 denote respectively the tem¬ 
peratures of the near and the distant face, / the thickness of the wall 
and A the area of each face. Then it can be shown experimentally 
that the amount of heat Q flowing out through the wall from the 
near face to the more distant face in a time /, when the temperature 
at every point of the bar is steady, is directly proportional to 
(i) the temperature difference ($ 1 —8^), (ii) the area A of the surface, 
(iii) the time / and (iv) inversely proportional to /. *We have 
therefore 


Q-KA 




• 0) 


The coefficient & is a quantity depending upon the nature of the 
substance and is called its thermal conductivity. From this relation 
conductivity may be defined as the quantity of heat flowing per second 
through a unit area of plate of unit thickness , when the difference of 
temperature between the faces is unity. In analogy with the electrical 
resistance, the inverse of K may be called the thermal resistance of a 
unit cube. 

Now imagine the thickness of the plate to be diminished inde ¬ 


finitely. The limiting value of 


^ ~ 


or 


is 


de 

/ v* | 1 Y“ «. 

/ dx 

The quantity ddjdx denotes the temperature gradient at the 
point in question directed ialong the normal to the surface. The 
minus sign has been used before ddjdx because the symbol d 
always stands for the increase. Hence the quantity of heat dQ 
flowing in the positive direction of x in time dt across the isothermal 
surface of area A at any point x is given by 


dQ = —KA ^ dt. 


and the thermal current is 

da 


de 




dO 

ip* 


( 2 ) 


(3) 


where '*P‘ may be called the thermal resistance. (3) is analogous to 
Ohm’s law in electricity. 

Equation (2) is of fundamental importance in the theory of 
heat conduction. The units in which conductivity is measured on 
the C.G.S. system are the calorie per second per square centimetre of 
F. 72 
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area fora temperature gradient of l°Cpercm. (cal. cm. -1 sec. 10 C k) 
It may also be expressed in watts per cm. per degree. 

CONDUCTIVITY OF METALS 

, We shall nowj give^the various methods 1 of determining the 
thermal conductivity of metals. Methods I to IV employ stationary 
heat-flow while in V a stationary periodic flow of heat and in VI a 
variable* aperiodic flow,is employed. 

I. Conductivity from Calorimetric Measurement 

14*3. Conduction in Rods with negligible or no lateral 
leakage.—The definition of conductivity from equation (1) provides 
a simple method of determining the conductivity of a substance. 
We need have only a slab of the material of known cross-section 
heated at one end and measure the amount of heat that flows out 
at the other end in a known time, as well as the temperature of 
the two faces. Thus all the other quantities except K inequa¬ 
tion (1) is known, and hence K can be evaluated. 

The method though simple presents some experimental diffi¬ 
culties. It is found difficult to measure accurately the temperature 
of the two faces of a slab of metal. This is best achieved by keeping 
embedded in the surface the junction of a thermocouple, the use of 
mercury thermometer or resistance thermometer being inconvenient 
or impossible. Some early experimenters used steam to heat the slab 
at one end and ice or water to cool it at the other end, and assumed 
that the temperature of the end faces of the slab was that of steam 
and water respectively. But if proper precautions be not taken, 
this procedure is liable to give absurd results because a thin film 
of fluid, always at rest, is formed in contact with the surface, and 
this has a large temperature gradient. Hence it is essential that 
we should observe the temperature inside the slab itself by means 
of thermometers. There are many apparatus based on this method 
and one due to Searle is described below. 

Fig. 1 shows the apparatus diagrammatkally. One end B of the 
rod AB is enclosed in the steam-chamber S while the other end A projects 
into another chamber C through which cold water circulates as indicated, 

1 For a brief survey of the various methods in practical use see E&er 
Griffiths, Proc. Pbys. Soc. Lottd., 41, 151, 1928. 
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the temperatures at entry and exit being T 3 and T 4 respectively. Tem¬ 
peratures at two points along the bar are measured by thermometers T, 



Fig. 1.—Searle’s Apparatus. 

and T a ; let these be T x and T 2 . The whole rod is wrapped round with 
some non-conducting material like wool, felt, cork shaving, etc. In the 
steady state if m grams of water flow past the cold end of the bar per 
second, the heat conducted by the bar per second is m(T 4 —T s ), and 
this equals KA (T^T^/d, where d is the distance between the thermo¬ 
meters T x , T a . Thus the conductivity K is determined. 

14*4. The Guard-ring Method.—In the foregoing expe¬ 
riment some heat was lost by radiation from the sides of the bar. 
This is a source of error and is very easily eliminated if the bar be 
surrounded with some material at the same temperature as the 
adjacent portions of the bar. There will be no flow of heat 
perpendicular to the length of the bar as no temperature gradient 
exists in that direction. This surrounding material prevents the 
flow of heat and is usually referred to as the ‘guard-ring*. 

Berget 1 utilised this guard-ring method for determining the 
conductivity of various substances such as copper, iron, brass and 
mercury. A vertical cylindrical column of mercury is surrounded by 
an annular ring of mercury. In both the upper surface of mercury 
is heated by steam while the lower surface rests on a metal plate 
cooled by ice. Thus the temperature gradient as well as the 
temperatures at the same level in the experimental column and 
the surrounding annular ring are identical. Under these conditions 


i Journ. de Pfos. f 7, 503, 1888. 
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there can be no lateral flow of heat and the annular ring serves 
as a ‘guard-ting*. The lower end of the experimental column 
projects into the bulb of a Bunsen icc-calorimeter and the heat 
flowing out at this end is found from the indications of the mercury 
thread. The difference of temperature between several points 
along the column is determined by four differential thermocouples. 
The conductivity K can be calculated from the formula 


K = 


j2. * 


(4) 


At ^-0, . 

The guard-ring method is very simple and convenient and at 
the same time accurate, and has consequently been employed by 
various workers. A suitable form of apparatus was employed 

by Donaldson 1 in which the heating is 
done electrically. His apparatus is 
shown in Fig. 2. 

The experimental rod A has its lower end 
placed in contact with the electrically heated 
body B while the upper end projects into a 
continuous-flow water calorimeter C. The 
amount of heat flowing axially along the 
rod was obtained from a knowledge of the 
difference of temperature between the inflow¬ 
ing and outflowing water as indicated by 
the thermometers T x , T 2 . The experimental 
rod was completely surrounded by a cylindri¬ 
cal concentric guard-ring G made of the same 
material but separated from it by an air¬ 
space. The guard-ring also *had its lower 
end placed in contact with the same heater B 
while its upper end facing the calorimeter was 
cooled by another current of water at the 
same temperature as the inflow water of the 
calorimeter. By regulating the flow of water 
and with the help of the thermometer T # ,it 
was so arranged that the temperature gradient 
in the guard-ring was exactly the same as in 
the experimental rod. Thus the temperatures 
at the same level in the rod A and the guard-ting are identical and 



Kg. 2.—-Donaldson's 
Apparatus. 


1 See Jakob, Zeits. f. Metallkde 18, 55, 1926, 
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there will be absolutely no loss of heat from A sideways. The tempe¬ 
rature gradient along the bar is obtained from the readings of the 
thermocouples p, q, r which have their junctions fixed in the rod. The 
whole apparatus is thermally insulated by the cover M. The calcu¬ 
lation is similar to that in Searle’s experiment. 

14*5. Again the amount of heat passing through the ex¬ 
perimental rod can be known electrically. Electrical energy is 
supplied to a separate heating body from which it is allowed 
to flow along the rod. The energy supplied can be calculated 
from the values of the current and the voltage. This method 
was given by Lees 1 and others for finding die conductivity of 
badly conducting solids and liquids. Using this method Lees 2 
found the conductivity of metals down to liquid air temperatures. 
Jakob* designed an apparatus which was originally meant for 
determining the conductivity of liquids, but is also suitable for 
measuring the conduc¬ 
tivity of metals pro¬ 
vided die heater is 
properly designed. 

Such an apparatus is 
shown in Fig. 3. 

Heat is generated in 
the electrical heater H x , 
and passes axially down¬ 
wards through thevertical 
experimental cylinder L 
and then through the 
iron block E to the cool¬ 
ing water. This water 
can be maintained at 
any temperature between 
0° and 100°C by cooling Pig* 3*—Jakob’s apparatus for finding conductivity, 

with ice or heating by means of the electrical heater H r The same 
water is maintained in circulation through O.GjO^GjC)^ and back again 
to Oj, by means of a small pump. R is a metal cap which serves as the 



1 Pbil. Tram., 19, 399, 1898. *Pbil. Trans., 208, 381, 1908. 

8 Zei(s. d. Vtr. d. lag., 66 , 688, 1922; Wiss. Abb. d. Pbys. Tecbn . 
M.eicksanst., 6 , 137, 1923. 
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6 rst mantle against loss of heat by radiation from the heater. The tem¬ 
perature of H z can be maintained constant. The vacuum mantle J is a 
second protection against heat loss. At B x and B 2 temperatures T lt T a 
are measured by two thermo-elements. The amount of energy Q added 
can be obtained from the electrical energy given to the heater minus the 
heat lost. The heat loss can be obtained from auxiliary experiments. 

Certain modifications of the method have been made by some Japa- 



Fig. 4.—The two-plate 
system. 


nese workers. Honda and Simidu 1 have em¬ 
ployed the well-known “two-plate” method 
for determining the thermal conductivity of 
metals. The arrangement of the “two-plate” 
system employed by them is shown in Fig. 4. 

P x and P 2 are two exactly similar plates 


made of the experimental material. Between these is symmetrically 
placed the electrical heater H in which the heat Q is generated. For 
perfect symmetry two cold plates K, K, maintained at the same tem¬ 
perature, are placed at the other ends of these plates. Thus the amount 
of heat flowing through each plate is jg/2. 


14*6. Measurement of Conductivity at Very Low Tem¬ 
peratures. —As already mentioned, Lees used the rod method for mea¬ 
suring the conductivity of many metals throughout the temperature range 
18°C to —170°C The experimental rod was heated electrically at one 
end, its other end being fixed to the base of a hollow, closed, cylindrical 
shell of copper which completely surrounded the rod. The outer cylinder 
was immersed in liquid air or heated electrically and thus the desired 


temperature of experiment was attained. 
Knowing the electrical energy spent and the 
temperature at two points on the rod the 
thermal conductivity can be cairulated. Some 
corrections are however necessary which are 
difficult to evaluate accurately. 

Since 1930 thermal conductivity measure¬ 
ments have been extended to liquid hydrogen 
and liquid helium temperatures by W, J. 
o.e Haas 2 and his coworkers. Fig. 5 shows the 
essential features of de Haas’ apparatus for mea¬ 



suring the thermal 
um temperatures. 


conductivity at liquid hell- rig. o .—ue Haas' appara- 

tus for conductivity at 
lhe experimental substance liquid Helium temperatures. 


1 Set. Reports, Tohoku Univ., 6, 216, 1917. 

2 De Haas and Bremmer, Leiden Commun. No. 214, p. 45, (1931). 
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is in the form of two rods R x , R 2 mounted between the copper 
yoke C and the two reservoirs A and B containing liquid helium. The 
whole apparatus was enclosed in a chamber kept at the desired 
low temperature, the chamber itself being highly evacuated. Heat 
was generated electrically in the heating coil placed in the res¬ 
ervoir A, this heat being trans¬ 
ferred almost wholly by con¬ 
duction through Rj, C, R 2 
to B. The reservoirs A and B 
formed part of two vapour 
pressure thermometers so 
that their temperatures could 
be measured and kept cons¬ 
tant by regulating the current 
in the heating coil in A 
and by pumping off the 
vapour in B thereby causing 
the liquid in B to boil at 
the proper rate. The con¬ 
ductivity could be easily cal¬ 
culated from a knowledge 
of the heat generated in the 
yoke C. 

The results of de Haas for lead are shown in Fig. 6. The thermal 
resistance begins to decrease as the temperature is lowered below 
50°K reaching a minimum at about 9°K and thereafter again increases 
rapidly. Similar results are obtained with several other substances. 



coil, and the conductivity of the 


II. Conductivity from Temperature Measurement— 

Indirect Method. 

14-7. Rectilinear flow of heat. Mathematical Investiga¬ 
tion—Consider a metal rod heated at one 
end, the isothermal surfaces being parallel 
planes perpendicular to the length of 
the rod, and let the axis of x be normal 
to these planes. Let $ be the tempera¬ 
ture at a distance x from the hot end 

(Fig. 7) and ^ be the temperature gradient. Consider a layer of 

thickness dx at this point. The amount of heat j2i, which enters 


0 6 


Qr 


T-0 

Heater 


p+3*" 

Q* 


Fig. 7.—Flow of heat in a rod. 
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the layer per second is —KA ^ (from equation 2), the heat 

which leaves the layer at the face x-\~dx is 

... d /. . dd . \ 


-KA 


{*+»■ 


since 6 -\.-j—dx is the temperature of that face. Hence the gain 
of heat by the layer is equal to 

~ KA ^~\^ KA i{ B + ^ ^ 3x * d *’ 

Now before the steady state is reached this amount of heat raises 
the temperature of the layer of thickness dx. Let p be the density 
and c the specific heat of the material per unit mass, and let the 
rate Of rise of temperature be denoted by ddfdt. The mass of the 
layer is pA dx. Hence if we neglect the heat lost by radiation from 
the surface 

KAj~dx = fAdx.*£. .... ( 5 ) 

d$ K ,fi6 

dT^^'dA^^ • * * * (6) 

where h—Kfpc. h is thus equal to the thermal conductivity divided 
by the thermal capacity per unit volume, and consequently deter¬ 
mines the rapidity with which temperature changes take place in a 
given rod. This constant has been called diffuswty by Kelvin and 
thormomttric conductivity by Maxwell; the former term is more 
commonly used. 

If, in addition, the sides of the bar are allowed to lose heat by 
radiation, this must be taken into account. If £ is the emissive 
power of the surface, p its perimeter and $ the excess of the tem¬ 
perature of the surface over that of the surroundings, this radiation 
loss Jg* assuming Newton’s Law of cooling to hold true, is equal 
to EpBdx. Hence we should rewrite (5) as 

J%fk JQ 

KA j^dx = pA dx.cjj- 4* Ep6 dx, 

d6 r fiQ 0 m 

or £j- — n ^5—pa, . • • \*J 


where 



§14-8] 


rNGEN-HAUSZ’s EXPERIMENT 


577 


This is the standard Fourier equation for one-dimensional flow 
of heat and any problem in thermal conduction along a rod con¬ 
sists simply in the solution of this differential equation for specified 
boundary conditions. 

Steady State .—A state is said to be steady when the temperature 
at every point of the rod is stationary, /.<?., dd(dt~ 0. We have 
then 


where 


d 2 8 _ fid 

T 




. ( 8 ) 


If the radiation losses from the sides 
equation further reduces to 


dW 
dx 2 


= 0 . 


can be neglected, this 


The solution of this differential equation yields 

0 = Ax -f B, 

where the constants A and B can be determined from the boundary 
conditions. Let these conditions be (1) 0=0 O at x—0, 0 O being 
the temperature of the soured; (2) at x=/. Then 


where 6 is the temperature at any point x. 

If radiation losses are not negligible, the solution will be 

different. Let us assume that in this case 6—e nx is the solution. 
Hence by substitution 

n z = «r 2 , or « = ± m. 

Therefore the complete solution is 

8 = AS»* .... ( 9 ) 

where A, B are constants. 

14*8. Ingen-Hausz's Experiment.—A method of com¬ 
paring the conductivity of different substances based on this deduc¬ 
tion was employed by Ingen-Hausz as early as 1789 and is gener¬ 
ally shown as a demonstration experiment. Bars of different sub¬ 
stances are coated with wax and have their one end immersed in 
a hot bath of oil. The wax melts to different lengths along different 
bars. Before the steady state is reached the temperature at any 
F. 73 
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point depends both on the thermal capacity and the thermal 
conductivity as indicated by equation (7). This is why initially 
the temperature wave is observed to travel faster along bismuth 
than along copper, for the low thermal capacity of the former 
• more than compensates for the larger conductivity of the latter. 
When the steady state is attained however, the wax is found to melt 
on the copper over a greater length. 

Let 4» / a .... denote the lengths along which the wax has mel¬ 
ted, 0 O the temperature of the bath measured above that of the 
surroundings, and 0 1 the temperature of melting wax similarly 
measured. If the bars are long enough the temperature at their 
other ends is the same as that of the surroundings, 0=0. The 
complete solution of this problem is represented by equation (9). 
The boundary conditions for all the bars are (;) 0=0 at x—co; 
(ii) 0=0 O at *=0; (Hi) 0=0! at x—l. By substitution in equation 
(9) condition (*) gives A—Q. Condition (it) then gives B~6 0 . 
The solution then becomes 

0 = 0 O e -™*. 

Condition (Hi) then yields 

.( 10 ) 


or 


0 « 


ml « log, ^ . 

Since log, (0 o /0,) is the same for all the bars we have 
%4 = = m % 4 = • . . = constant, 

‘which from the definition of m implies that 




7? 


« constant. 


. < 11 ) 


provided the different bars have the same cross-section, perimeter 
and coefficient of emission. In order to secure the same coeffi¬ 
cient of emission the bars are electroplated and polished. Thus 
we have 


*t_ 4 
“ 4 3 ’ 


Therefore the conductivities are in the simple ratio of the squares 
of the lengths along which the wax has melted, and if the conduc¬ 
tivity of one of the bars be known the conductivity of the others 
can be calculated. This is an indirect method. 
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14*9. Experiments of Despretz, Wiedemann and Franz.— 

Despretz 1 as early as 1822, compared the conductivity of two substances 
by finding out three temperatures at equal distances. The bars were 
heated at one end and were provided with a number of equidistant holes 
throughout their entire length. These holes contained mercury in winch 
the bulbs of mercury thermometers were immersed for recording the 
temperature. The theory of the method is as follows :— 

Let the temperature of the bar at distances x, x-j-a, x-j-2a be 9 U 
0 3 , # 3 respectively. The solution of this problem is given by equation (9). 
We have by the given conditions: 


6 1 — Ae™* 4 - Be"" 9 
6% = AM ***| -f _&-<*(*+«> 

0 3 = /l e m&±ia) Jfo-mx+M 

Therefore by division 

a « n 

• 1 T ' * — + r ma = 2a (say), 

"a 

whence e™ = n -f */ a 2 — 1, 


or ma = log, (a + */ » a -1). 

The negative sign before the radical is impossible since we observe 

experimentally that >1, hence n > 1, but if wc put a negative 

sign before the radical, the term on the right-hand side becomes less 
than 1 while e™ is necessarily greater than 1. 

If the two bars have the same perimeter, cross-section and coeffi¬ 
cient of emission, and if a be the same for both of them. 


/Si = lo 8 (»« + 

* ^2 log (ftj_ -f* \/ 1) 


. (13) 


Hence if we know the three temperatures d v $ 9 for each bar we can 
find and « a and thence the ratio of the conductivities of the two 
bars. Wiedemann and Franz 2 following the same principle devised 
a more accurate apparatus. 

HI. Conductivity by a Combination op the Steady and 

Variable Heat Flow. 


14*10. Forbes’ Method.—One of the earliest methods of 
determining the absolute conductivity of a substance-is that due to 

1 Ann. Cbim. Pfys., 19, 97, 1822; 36, 422, 1827. 

2 Ann. de Chimie , 41, 107, 1854. 



580 


CONDUCTION OP HEAT 


[xtv 


Forbes 1 . Though simple in principle, it is exceedingly tedious 
in practice. One end of a long bar (Fig. 8) was heated by being 
fixed into an iron crucible containing molten lead or silver. A 
number of thermometers, with their bulbs immersed in holes 



Fig. 8.—Forbes’ apparatus. Statical experiment. 


drilled into the bar, were employed to indicate its temperature 
throughout its entire length. After about six hours the tempera¬ 
tures at all points become steady and are read on the thermometers. 
The temperature distribution is indicated by the dotted line in 
Fig. 8, and will follow the law 0= 6 0 r™*. This is called the 
statical experiment since it deals with the steady state of heat flow. 

To obtain the heat flowing across a particular crossrsection 
Forbes determined the amount of heat lost by radiation by the 
portion of the bar lying between the cross-section and the cold 
end. These two quantities are obviously equal in the steady 
state since no heat flows from the cold end, this being at the room 
temperature. Forbes achieved it by performing the dynamical 
experiment , so called because the temperature in this case is chang¬ 
ing. For this purpose a bar only 20 inches long but in all res¬ 
pects exactly similar to the previous bar was used. First a high 
uniform temperature is communicated to this bar which is then 
allowed to cool in exactly the same surroundings as the statical bar, 
and a cooling curve plotted for it (Fig. 9). 


1 Trans. Roy. Soc. Edirt., 23, 133, 1864 ; 24, 73; 1867. 
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— Adx. pc 


dt ’ 


Let us now calculate the amount of heat lost by the statical bar from 
the point x — x lt to the end 
of the bar (x — /). The 
amount of heat lost per 
second, by radiation from 
the surface of the bar from 
x to x-\-dx in the steady 
state, must be equal to 
dd 



dx. 


. Fig. 9.—Temperature curves in Forbes’ bar. 

where p is the density of 

the material, c its specific heat and — dOJdt the rate of cooling of that 

element. It is so because that very loss of heat produces this cooling of 

the element by — ddjdt. Hence the total heat lost by the portion of the 

bar from *=*•, to x~l in a second is 

**/ 

A \ dd 

- Apc \ T, 

We suppose that the bar is long enough so that its other end is at 
the room temperature and hence no heat escapes from the other end. 
Hence the above expression will be equal to the hea t crossing the sur¬ 
face at x=x t per second, that is, 

-“(£U 

Equating these two quantities we have 


JC 

pc 


(-) = f 

\ dx /* = *! J 


dd 

dt 


dx. 


(14) 




For calculating ddjdt the dynamical experiment is performed on an 
exactly similar specimen with same exposed surface. 1 The observations 
are plotted as shown in Fig.. 9 which is self-explanatory. The 0 , x and 
8 , t curves are drawn from actual observations while the values of —ddjdt 
corresponding to various values of 8 are computed from the 0, t curve 
and plotted as indicated. Equation (14) yields - 

K „ , _ 

tan = F, .... (15) 


where <j> and F are indicated in the figure. The area F of the shaded 
portion can be measured by means of a pltfnimeter and hence K calculated 
from (15). 

1 The slight increase in exposed surface due to the presence of 
two extra end surfaces produces a negligible • effect. 
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There are several sources of error in Forbes* method. The speci¬ 
fic heat does not remain constant for different temperatures as assumed by 
Forbes. Further the distribution of temperature inside the bar in the 
statical and dynamical experiments are different. Forbes’ method lias 
been improved by Callendar, Nicholson and Griffiths and others. The 
method is however of little practical value and is mainly of historical 
and academic interest. 

IV. Conductivity from the Electrical 
Energy Spent on the Body. 


14*11. A very good method of directly determining the ratio 
of the thermal to the electrical conductivity was given by 
Kohlrausch 1 and the method was experimentally worked out 
by Jaeger and Diesselhorst. 2 From a knowledge of this ratio and 
of the electrical conductivity, the thermal conductivity can be found. 
The theory of the method is as follows :— 

When an electric current flows through a straight metallic bar 
it is heated, and according to Joule’s law, the amount of heat 
generated per second is i 2 R watts. This heat will flow sideways, as 
well as longitudinally, but we suppose that loss of heat from the 
sides is prevented by the guard-ring or some other device and 
the two ends of the rod are maintained at definite temperatures. 
Then the flow may be supposed to be parallel to the axis of the rod. 

The temperature will be a maxi¬ 
mum at some intermediate point 
O and will fall off to the tempera¬ 
ture of the bath at the two ends. 
Let us find out two points A and 
B on opposite sides of O where 
the temperatures are the same, 
and let the potential fell between 
A and B amount to &E (Fig. 10). 
Let the difference of temperature 

Fig. 10.— Temperature distribution in between O and A be AT. Then 
a rod carrying an electric current. 

it can shown that 



K 1 (AB ) 2 
o~ B &T 


* (16) 


1 Zeits.f. Instrkde., 18, 139, 1898; Ann. d. Pbysik ,, 1, 132, 1900. 

2 Wiss. Abb. d.Phys. Tech. ReicksanstaU , 3, pp. 273-290. 
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^ AB, A I" and o (electrical conductivity) are measured, K can be 
calculated by means of this relation. 

Equation (16) can be easily deduced. Let us take an element of thick- 
ness dx\ then the gain in heat in this element due to beat conduction is 1 

Avr 

AK ~ dx. 
dx 2 

The gain in heat due to the electrical energy supplied is 

/ijR. as* Aq ^ j dx. 


(17) 


for 


dx dB a 

R = /= - -f. Ao. 

Ao dx 


(18) 


In case there is no loss of heat from the sides due to radiation, 
we must have in the steady state, the sum of these quantities of heat 
equal to zero, vh. 


Now 


d*T 

dx 2 ' 


dx 2 

£T 

dx 

d*T 
dB * 


0. 


(19) 


dT dE_ 

~dE' dx' 


(dE \ 2 , dr / d 2 E\ 
\<*J + dB l dx 2 r 


Now since the current i is constant throughout the specimen, and A 

dB 

is also constant it follows that a is constant at all points on the bar. 
* dx 

Further, if we neglect the variation of o with temperature and hence 

dB d 2 E n rr . .. „ 

with x also, we have = constant, or = 0. Hence equation (19) 

after substitution yields 


d * T , Z -0 
S5 + T- 0- • 

Solving the differential equation we get® 
~ T — - IJ5* +-4B" + B ,.. 

a 

where A and J5 are constants of integration. 


( 20 ) 


( 21 ) 


1 If we take into account the variation of 1C with temperature and 
hence with x in this case, this expression will be modified into 

AV d*r , 4 dK dT. 

AK -r-z dx -f- A -7— j— dx. 
dx 2 . dx dx 

2 If we take into account the variation of both K and <r with tem- . 
peraturc we would get instead of ( 21 ) the equation 

-dT * ~ %E 2 + Ah +JB. 
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This enables us to find the value of Kja provided we measure die 
potential and the temperature at any three points along the bar. Let 
Ep Eg, E 3 denote the potentials and T 1} T& T 3> the corresponding 
temperatures. Then by substituting these three sets of values in (21) we 
get three equations from which on eliminating A and B we get 

K 1 (E 1 — E 2 ) (Eg — E 3 ) (Ea — E t ) 

o 2"* T t (E 2 - E 8 ) + T 2 (E 3 - E,) +T 3 (E 1 - Eg)‘ / V 

Equation (21) shows that the curve connecting T and Eis parabolic 
(Fig. 9), vt^.y that the temperature is maximum at a certain point and falls 
off sy mmetri cally on both sides to the temperature of die bath. There is, 
however, a constant potential gradient along the bar. If we further choose 
die intermediate point midway between the extreme points so that 
E a = (E 1 +E 8 )/2 and putting &E and 


(r 2 - rj + (r a - Tg) = at> 

equadon ( 22 ) reduces to 

K_ 1 (A-E) 3 

a 8* AT * 

If the intermediate point coincides with the point having the maxi¬ 
mum temperature, this relation is identical with (16). 

In the original apparatus of Jaeger and Diesselhorst, the 

experimental rod was surrounded by a constant-temperature jacket, 

hence the expression (16) was corrected for the radial-flow of heat 

from the wire. 

a 

Simidu 1 modified the apparatus in such a way that this correc¬ 
tion was rendered unnecessary. His apparatus is diagrammatically 
shown in Fig. 11. S is the experimental rod at both ends of which 
the copper wires a ly a 2 are soldered. B x> B 2 are two water-baths. 

M is a guard-ring con¬ 
sisting of a brass tube 
having a heating spiral 
H in its middle, arid 

Fig. 11.—Simtdu’s apparatus for finding K/<r. . , ^ -r, ■ 

two baths B a , Jd 4 at its 

two ends. V is a vacuum mantle. The whole apparatus is kept 

inside a woodeti chest. 

Simidu regulates the temperature of B 3 , B 4 and the heating 
current in the coil wound over the brass guard-tube in such a way 

1 Set. Reports, Toboku Utiiv., 6 , 111, 1917. 
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that at the three points I, II, IH,where the temperatures are measured 
there is no radial flow of heat. He measures the temperatures at 
I, II, III on the rod, as well as on the inside of the guard-ring by 
thermo-elements. For a carbon rod the heating current amounted 
to 10-20 amperes, and the temperature difference varied from 10 ° to 
30°. Masumoto 1 carried out the same experiments with thin rods 
of aluminium, magnesium, etc. The method has been extended by 
Meissner 2 to very low temperatures (20°K). 

A modification of Kohlrausch’s method has been employed by Men¬ 
denhall, Angell 8 and Langmuir 4 for measuring conductivity at high 
temperatures. Angell passed the electric current through a hollow cylin¬ 
der. Now through a short portion near the centre of the cylinder the 
axial temperature gradient is very small and the heat flow is only radial. 
An expression for the conductivity may be obtained by equating the 
electrical energy supplied to the radial loss of heat by conduction. 


V. Conductivity from Periodic Flow of Heat, 

14*12. General Discussion.—Uptill now we have consi¬ 
dered a steady flow of heat with or without guard-ring. Now we 
shall discuss the case when one end is periodically heated and cooled. 
Let us first assume that the temperature at the hot end varies in a 
simple harmonic manner and the bar is surrounded by a non¬ 
conducting material or guard-ring. 

The Fourier equation (7) reduces to 


<!0 

dt 


h dx*' 


We shall solve the problem by putting 

0 =.- u -f v, 

where u and v satisfy the relations 

dH 


dx 2 


= 0 , 


. (23) 



and 


, d*v dv 


(25) 


From these equations it will be seen that u is a function of x and is 
independent of t f while v is a function of both x and t. 


1 Set. Reports TSboku Univ., 13, 229, 1925. 
* Ann. d. Pbysik, 47, 1001, 1915. 

» Ptys. Rev., 33, 421, 1911. 

F. 74 


4 Phjs. Rev., 7, 151, 1916. 
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Let us solve (25). If the variation of temperature is given by 
a simple harmonic function of time, we can assume as solution 1 

‘ v~ v 0 <r ax e (wt+M .(26) 

It can be readily seen that this represents a damped progressive wave. 
A progressive wave having the wave-length A and period T is. 
given by 

x 

If the wave is damped and the amplitude diminishes according to 
the exponential law along the x-axis, 


v= v 0 sin 2?r^ 



v— sin — ^+ej. . . . (27) 

Expressions (26) and (27) are equivalent but (26) is preferred in 
solving the equation for the sake of mathematical convenience. 
Comparing these two equations we get 

2 w 2 rr 0 

T 5 ‘Y 


and velocity of the wave 



Thus to is determined by the periodic time of heating. To find 
a and /3 occurring in equation (26) we must substitute the value 
of v given by (26) in equation (25). We have 


dv 

rr mv ' 


dv 

dx 


=(-a-f -ipyv. 


dffv 

dx 2 


( —o-f-z/S) 8 v. 


Hence ito = h(a—i\ 3) 3 — h(a 2 — /Si 3 — 2ra/3). 

a 3 = p 2 , and w ~ — 2/ta/i. . . . (28) 

Or a—±p. 

Now the product a/3 = — toj2h is negative, hence a and )S 
must have opposite sign. Thus a — — /3. 


Since /3 = — 2rrf\, a — 2irf\. Further 



1 For discussion of the solution see Ingersoll and Zobel, Mathe¬ 
matical Theory of Heat Conduction , p. 38. 
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The fluctuation of temperature at any point is given by 

* = v<r*' , ’ tl>T si" % (‘~2V§jT + ') • ’ (2?d> 

At any instant the form of this temperature wave is as repre¬ 
sented in Fig. 12. At a yj 
particular point along 
the bar (yi%., x = cons- @ 

tantl 6 varies harmoni- * 

* * #• _ 

cally with time, the 0 
period being that of the ; 

source. The equation pjg [2.—Temperature wave at a particular instant, 
also shows that the 

amplitude of temperature oscillations at any point diminishes 
exponentially as the distance x of that point along the bar increases. 

The solution of (24) gives the steady temperature at any point, 
and hence also the mean temperature. We have 



*=0,- 

where 9 lt B t denote the mean temperatures at the ends of the bar. 
The complete solutionis 

0 = 0, - x + e, sin 2-jt (-L- ~ ) . (30) 

From equation (29) we can evaluate h and hence the conduc¬ 
tivity of the bar, if we measure A experimentally and determine T. 

14-13. Angstrom’s Experiments.—Angstrom was the first 
to determine the conductivity of a bar by periodically heating and 
cooling it. In his later experiments the end of the bar was enclos¬ 
ed in a chamber through which steam and water at any tempera¬ 
ture could be alternately passed. The bar was heated for 12 minutes 
and codied also for the same time, the periodic time being 24 minutes. 
Temperatures were observed every minute at two points along the 
bar by means of two thermocouples. 

In this case, since there is no guard-ring, the Fourier equa- 
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The heat applied is only periodic and not simple harmonic, hence the 
foregoing treatment will not do. However it can be shown that the 
function representing temperature at any point in a bar can be 
expanded into a Fourier series of sine and cosine terms. Hence the 
general periodic solution 1 of (7) is 


8 ~ , A n t sin (ttuyt 

»* 0 

Substituting this value of 6 in (7) we get 




fttl) 

2h 


-RJ ~ Jt 

Pa h 


. (31) 



from which a„, /3» may be determined and hence the complete 
solution obtained. 

To find the constants A„, y n) the temperatures at two points 
x and x-\-l are determined as a function of time as already men¬ 
tioned. From (31) these can be expressed as 


0SQO 

0* = B* sin (nu »/+S«) 

0 = 0 

l 

o 

and *“N+*irOi 

*=0 


where B n> B/, 8*, 8 n ' ate constants for the two places and are 
given by 

B g —A„e ~ ***, B.'=As ~ °» 

8„ ~ 8 n — y„ . 

a n ^ — 1 °& W “ 8 * } 


Hence 

and 

But from (32) 


(*,'-*) V>g.(2W) 

a *Pit — • 

O jt. 

~ ~2A AT 


A *a 


07T/» 


7(8. - V) log, (b„/b:) 


(33) 


1 See Car slaw, The Conduction of Heat y p. 42. 
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Thus the diffusivity and hence the thermal conductivity can be 
calculated if we know 8/ and B m B„'. Hence we get as 
many independent values of h as there are terms in (31). Usually 
the first two or three terms are important as the coefficients diminish 
rapidly. 

The evaluation of the constants B„, B n ’, 8„, 8„' is quite easy though 
somewhat tedious. From the above we have 

& x = -f* sin "f $i) 4* sin (2a>/ -f 8g) -}- ... 

|j I+r B x sin id dt = iTB t cos 8 1 ~ S, (say); 

q* cos (jjtdt = |T B 1 sin 8+ — S e (say). 

These results can be easily verified if we perform the integration term 
by term. Hence 

Bp = p(V+«i tan 8,= |. 

To find the values S, of the integrals, first the curve between 
$ x and t is plotted from which a second curve between 6 X sin tot and /, 
and a third one between 9 X cos <ot and t are drawn. In these curves the 
area lying between the curve and the /-axis for values lying between 
/=»/ x and /—/ x -}-T is measured with a planimeter giving S t and S,. 

To find any other constant B n> $„ we have to multiply by sin mot , 
and cos *a>t and proceed as before. The same process has to be 
applied to 

A modification of Angstrom’s method was employed by King. 1 
One end of the rod is electrically cheated, the heating current being 
varied in a simple harmonic manner by means of a cam. The 
conductivity is determined from observation of the velocities of 
two waves of different periods. For details and the theory of the 
method, the original paper may be consulted. 

These investigations have got an important application 
in determining the extent to which variations in temperature 
at the earth’s surface penetrate into the interior of the earth 
(see § 14-33). 

_ ~ 1 Phjs. Rev., II, 6, 437, 1915. 
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VI. Conductivity by Aperiodic Variable Heating 
(Non-stationary Flow). 

14 * 14 . This method is originally due to Neumann. 1 He heated 
one end of a rod and then allowed it to cool. The conductivity can 
be determined by measuring the variation with time of temperatures at 
the points x—o and x—l. The formulae are somewhat complicated. 

Kirchhoff and Hansemann 2 extended the case to a cube. But the 
theoretical calculations as well as experimental procedure have been 
much simplified by Schulze 8 , Gruneisen 4 and Giebe 6 . These investiga¬ 
tors introduced one end (x—o) of the bar in a hot water bath at tem¬ 
perature 0 O and observed the rise in temperature at tvso points on the bar. 
If we neglect the loss of heat from the sides, we have the equation 


(34) 

dt~ dx* ‘ * ■ * * * K > 

let us introduce 8 the variable £—x/2\/ht. Then it can be easily 
shown that (34) reduces to 

The solution is easily seen tc be 


0 = 



d- const. 


Now on a rod,- 0=0 O at x—0 and 0=*O at x— co, and at /~0, 0=0 
everywhere, excepting at x—0. These enable us to find out the constants. 

We have f 2 ft 

0 = .... ( 35 ) 

The value of the integral will be found in tables. 

Now we know 0 O , and we find the value of 6 at the point x at 
the time t. . Substituting these values of 0, 0 O in equation (35) we 
get the value of the second term inside the. curl brackets, viz., the 
Gaussian error function and then look for the corresponding value 
of £ from the table. Knowing £ we can calculate h from the relation 

x and / being already known. This method can be utilised 
for determining the age of the earth (§14*33). 


1 Ann. de' Chim. tt de phys ., 66, 183, 1862. 

2 Wied.Ann., 9 , 1, 1880; 13 , 406, 1881. *Wied. Ann 66 , 207, 1898, 
8 Ann. d. Physik , 3 , 43, 1900. 6 Verb. d. D. Phj. Ges. t 5 , 60, 1903. 
6 For the method of solving such equations the reader is referred 

to Carslaw, The Conduction of Heat , Chap. Ill, or Ingersoll and Zobel, 
Mathematical Theorj of Heat Conduction , Chap. VII where^ many more 
cases of aperiodic heating are discussed. 
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14* 15. Relation between the Thermal and Electrical 
Conductivities of Metals : Wiedemann-Franz Law.—A table 
of thermal conductivities is given on p. 611. The table shows 
unmistakably that all good conductors of electricity are also good 
conductors of heat, and even before any theory was proposed, 
Wiedemann and Franz 1 gave the empirical law that the ratio of the 
thermal and electrical conductivities at a particular temperature is the 
same for all metals. Lorentz 8 extended the law and showed that 
this ratio is proportional to the absolute temperature. 

Drude 3 attempted to explain this remarkable result by assum¬ 
ing that free electrons are responsible for both the thermal and the 
electrical conduction in metals. He further assumed that the free 
electrons inside the metal behave like gas molecules and since they 
collide and are in equilibrium with the atoms of the metal, they 
will have, from the law of equipartition, the same energy per 
degree of freedom as the atom inside the metal. 

Let us consider the conduction of electricity in a metallic wire. 
If the electric intensity along the wire is X every electron in the 
metal is acted on by the force Xe and possesses the acceleration 
Xejm, where m is the mass of the electron. Let A be the mean free 
path and d the mean velocity of the electrons corresponding to 
the temperature T°. The electron is accelerated between two 
collisions but parts with its acquired velocity on collision with the 
atom. Thus the velocity at the beginning of the path is zero. 


\ Xe 

that at its end is — ,•— and hence the average drift velocity 

, c m 

u may be put as mean of these two, u — \ — 


m 


The number of electrons crossing unit area per second is nu 
where n is the number of free electrons per unit volume. The 
current per unit area becomes equal to neu. Therefore 


; A Xe 

t =zne. i - —.• 
3 m 


(36) 


Thus the electrical conductivity a of unit length and unit 
cross-sectional area is given by 

i __ ne z X _ w 2 Ag 

a ~X~~ wc~ ( $Fr> * • 


(37) 


8 Pogg. Ann., 147, 429, 1872. 


1 Pogg. Ann., 89, 497, 1853. 

8 Ann. d. Physik , 1 , 556, 1900. 
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since *v*=3£T, if we neglect the difference between the mean 
velocity and the square root of the mean square velocity and assume 
the validity of the equipartition law. 

The thermal conductivity K for the electron-gas expressed in 
calories is (see Chapter III, p. 173) 

K = *~J* 7T = * ~T k> * 38 

since E=%kT, if the electron is assumed to possess only the trans¬ 
lational energy and no rotational or internal energy. 

Hence from (37) and (38) we get 

sr = j(i) ,=a,nst - • • • • < 39 > 

which gives the laws of both Wiedemann and Franz, and of 
Lorentz. 

The above equation was put to rigid experimental test by 
various workers especially by Jaeger and Diesselhorst 1 and by 
Lees.® The results show that at ordinary temperatures equation 
(39) is satisfied for pure metals but at lower temperatures the value 
of KjaT fells off. In. equation (39) K is in calories per cm. per 
degree and a in absolute electromagnetic units. Then we have 
K 3 /l^xlO^V _ • 

<rT 4'2xl0 7 \1 • 59x 10“®°/ 

If however K be expressed in watts/cm. X degree and ct in 
reciprocal ohms, then 

-£ = 5*3x4*2x10-» = 2-2x10-«. , 

C fl 

The values for KfoT obtained experimentally are given in 
table 1, p. 593. The values actually found are thus seen to be 
larger at ordinary temperatures than that given by the law. 

The experiments of Meissner* and of Onnes and Holst 4 also 
support the view that the value of KfoT fells with the fell of tem¬ 
perature. Now at low temperatures both the thermal and electrical 
conductivities are found to increase. Hence it follows that the 
thermal and the electrical conductivity do not increase in the same 

1 Berlin-Sit%mgsfcr, 38 , 719, 1899. 

® PM. Trans., 208, 381, 1908. 

* Ber. dent. pbys. Get., 12, 262, 1914. 

4 Leiden Commun., No. 133 c (1913). 
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Table L—Values of (KjaT) X 10 8 . ’ ' 


f 

Metal 

From Lees* experiment 

Jaeger and 
Diesselhorst 

-i 7 o°C. 

r 

-ioo°C. 

o°C. 

i 8 °C. 

| 8 °C 

ioo°C 

Aluminium 

1-50 

1*81 

2 09 

2*13 

2*19 

2-27. 

Copper 

1*85 

2*17 

2*30 

2-32 

2*29 

2-32 

Silver 

204 

2*29 

2*33 

2*33 

2*36 

2*37 

Zinc 

2-20 

2*39 

2*45 

2*43 

2*31 

2*33 

Cadmium 

2-39 

2*43 

2*40 

2*39 

2*43 

2*44 

Tin 

2*48 

2*51 

2*49 

2*47 

2*53 

2*49 

Lead 

2*55 

2*54 

2*53 

2*51 

2*46 

2*51 

Iron 

3*10 

2*98 

2*97 

2*99 

2*76 

2*85 

Brass 

2*78 

2*54 

2*45 

2-45 

, , 

* * 

Manganin 

5*94 

4*16 

3*41 

3-34 

i 

3*14 

2*97 


ratio as the temperature falls, the electrical conductivity increasing 
much more rapidly. In fact die latter appears to become infinite 
for pure metals at the absolute zero but for impure metals it attains 
a certain limiting value a, independent of the temperature. A 
part of the variation of KjaT with temperature has also to be 
attributed to the fact that the thermal conductivity of metals is not 
entirely due to the electrons but takes place by a process similar 
to heat conduction in insulators. 1 

i 

14-16. Theories of Conductivity.— The frce-deetron. theory 
of Drude was carried to its logical conclusion by Lorerite 3 who 
performed an accurate and detailed analysis the problem from 

classical statistics. He determined the modification of the Maxwell- 
Boltzmann distribution law due to the presence of electric field and 
temperature gradient, and obtained more precise values of the ther¬ 
mal and electrical conductivities. He got z, instead of 5 , in eqru (39), 
and the agreement with experimental* results thus became worse than 
in the simple Drude’s theory. 

The two major objections to tire theory, however, were (1) the 
specific heat difficulty, and ( 2 ) trie existence of large mean free path at 
low temperatures. 


x bee dc Haas and oe Nobel, Pbyiica , 5, 449, 

8 S$e H, A. Lorentz, The Theory of Electrons (1923) for a discussion 
of this work 

F. 75 
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According to the law of equipattition the average energy of the 
electrons is eqoal to that of the atoms, but it is found that the atomic 
heat of conductors and non-conductors is the same, showing that the 
electrons do not contribute anything to the atomic heat. This difficulty 
was cleared by Sommerfeld 1 who assumed that the electrons inside die 
metal behave as a degenerate gas at ordinary temperatures and the distri¬ 
bution of energy amongst the electrons is not given by the Maxwell’s 
law but by the F-D statistics (see Chap. XVII) and hence the contri¬ 
bution to the atomic heat by free electrons comes out to be negligible. 
Sommerfeld modified Lorentz’s treatment by applying Fermi-Dirac 
statistics instead of classical statistics, and obtained tt 2 /3 in place of 2 
of Lorentz in eqn. (39), thus getting a better -agreement with experi¬ 
mental results. 

Many of the outstanding difficulties were solved by the Lorentz- . 
Sommerfeld free-electron theory of metals, but the mean free path 
difficulty remained. In this model it is difficult to explain the existence 
of large mean free paths at low temperatures which must evidendy occur 
since the resistance is observed to decrease with decrease of temper-*' 
ature. In fact since resistance vanishes at absolute zero, the electronic 
mean free path must become infinite. Houston 2 and Bloch*, discarding 
the free-electron theory, considered the interaction between electrons 
and lattice ions of the metal on a quantum-mechanical basis and showed 
that inelastic electron-lattice collisions are of primary importance in 
determining the resistance. They showed that in a perfect non-oscillat¬ 
ing lattice the mean free path of the electron would be infinite but on 
account of the thermal oscillations of die lattice the electrons are scat¬ 
tered giving rise to a finite resistance and a 
finite mean free path which thus varies with 
temperature. For details of calculation and 
comparison with experimental results sec 
Seitz, The'Modem Theorj of Solids, Chap. XV. 
More recent experiments with aluminium, 
cadmium, iron and other metals show that 
the thermal conductivity K can be represent¬ 
ed by the relation 

1 A 

Fig. 13.—Conduction in V~ T 4"-®T 2 . . . . (40) 

three dimensions. v 

.. -_— -.. 

1 Zeits. /. Physik, 47, 1 , 1927; see also Reviews of Modem Physics, 3, 
1,1931, and F. Seitz, The Modern Theory of Solias, Chap. IV (1940). 

2 Zeits, f. Physik, 48, 449 , 1928. 

3 Zetts. f. Physik, 52, 555, 1928; 59, 208, 1930. 
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Such an expression has been theoretically justified by Makinson 1 and 
by Sondheimer 3 . The first term on the right in (40) is the thermal 
resistivity due to scattering of the electrons by impurities in the metal 
while die second term is due to the scattering by the lattice vibrations. 

14*17. Heat Conduction in Three Dimensions.—Till now 
we have considered the flow of heat in one direction only, generally 
along bars of great length of small width and thickness. We 
shall now consider the conduction of heat in three dimensions 
inside an isotropic body. Let us choose three mutually perpendi¬ 
cular axes of reference OX, O) 7 , OX and consider a small 
rectangular parallelepiped of edges Sx, 8y, §£ (Fig. 13) and denote 
the temperature at the centre of the element by 9. The temper¬ 
ature gradient d6jdx over this infinitesimal thickness may be 
assumed constant. Hence . the temperature of the inner face Is 

^3 

0 — i— Sx, that of the outer face is 9- j-1 ox. The heat flowing 

dx dx 

in at the inner face per second in the positive direction of x-axis is 


and that flowing out at the other face is 

*“)***- 

Hence the difference equal to 




remains lodged in that element of volume. Similarly for the 
propagation of heat along the_y and the % axes we get terms 

K ~$xfy&z and X —-8x8?$*. 

Hence the total amount of heat lodged in that element is 


T , / d*6 , d 2 6 . (P9 \ 


<ps 


(41) 


equal 


This heat produces a rise of temperature of the element 
to dOJdt per second and hence must be equal to 


* Proc. Cmb. Phil. Soc., 34, 474 , 1338 . 

* Proc, R O’j. Soc. London, 203, 75, 1950. 
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pc. ddjdt. where p is the density of the material and c 

its specific heat. Therefore 

d*0 . d*0 . d*0\ dO 


„ / d*v . d a v , a*v \ av 

K \Z? + 7F + J?)- pc Ti ; 


ot h V s ® ~ > • • • ' • • (42) 

where h is the diffusivity. This is the Fourier equation of 
heat conduction in general and we can solve it when the initial 
conditions are given. The particular case of one-dimensional 
flow (equation 6) may be obtained from this. Equation (42) is 
of great importance in studying problems on heat conduction. 


Conductivity of Poorly Conducting Solids. 

14*18. In finding the conductivity of poor conductors 
the substance cannot be employed in the form of long bars or 
rods as was the case with metals, for the heat loss from the 
sides would be considerable compared with the heat actually 
conducted away through the substance itself. For this reason, 
the substance is generally used in the form of a thin plate, sphere 
or cylinder. To this class belong all non-metallic bodies. Cork, 
asbestos, day, wood, bricks, etc., are among the many substances 
of common occurrence. The conductivity of these varies from 
0*01 to 0*00008. We shall now give the important methods of 
finding the conductivity of these substances. 

Some investigators have employed the method of measuring 
the thermal energy applied to the substance. Among these may be 
mentioned Pedet, Wologdine 1 , Goerens and others. But the 
method is less common and will not be considered here. In the 
. methods commonly employed for finding conductivity energy is 
supplied dectrically to a separate heating body, and die flow of heat 
through the experimental substance investigated. 

14*19. Spherical Shell Method.—The simplest case of 
heat conduction in three dimensions is that of a sphere. If the 
source of heat is placed at die centre of the sphere the isodiermal 
surfaces will be spherical surfaces described about the centre. 


1 Rev. de Metallurgy 1909, p. 767. 
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The method was employed by Nusselt 1 and others. Nusseit's 

I ^ 

apparatus is shown in Fig. 14. 

The external hollow sphere A 
is 30 cm. in diameter and made of 
copper. Inside It and concentric 
with it, is another hollow sphere 
C ot' aluminium, 15 cm. in dia¬ 
meter. The spheres can be split 
into two and reunited. The space 
between the spheres is filled with 
the material B under test, such as 
asbestos, powdered cork, charcoal, etc. An electrically heated body 
D is placed at the centre of the sphere inside C and electrical 
energy is supplied at a constant rate. Temperatures are determin¬ 
ed by means of thermocouples placed in B at different distances 
from the centre and along one or more radii. Knowing the 
electrical energy spent and the radii of the shells,, the conductivity 


can be calculated. 

We can deduce the equation for this case from the general relation 
expressed in ( 42 ) by replacing x,y, % by a single variable r when we shall 



We shall however solve the problem from elementary principles. On 
account of the symmetry about the centre the isothermal surfaces are 
spherical. The flux of heat across a spherical surface of radius r out¬ 
wards in unit time is —K^nr* This must equal the amount of elec¬ 
trical energy j 2 supplied pet second to the heating body. Hence* 

dQ 

Q=-4irK.r*j r l 



dd~- 


i2 dr 


or “ 4^’ 

Since j Q is independent of r we have on integrating ( 44 ) 

6 

where A is a constant of integration. 


Q 1 JLA 

4 rrK' T +A ’ 


(44) 


(45) 


1 Zeits. d. Vtr. deutsch fog., 52, 906, 1908; Forseb. Vtr. d. fog., 63, 
and 64, 1909. 

* We can also proceed as in Sec. 14 . 6 . 
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If the two surfaces of the shell of radii r ls r 2 acquire temperatures 
& 2 in the steady state, we have 


e '=£k-7 l +A ’ 9 ^£k-7+ A; 


whence 


i 2 = 


^7tK (Oj O.j) ^ 1^*2 
__ 


(46) 


Knowing Q, 8 lt 0 2 and r lt r 2 as in the above experiment the conductivity 
K can be calculated. Again solving the simultaneous equation for Q 
and A, and substituting these values of j 2 and A in ( 45 ) the temperature 
distribution in the material can also be found, and is given by the ex¬ 
pression 


f 2~ r il T J 


(47) 


14*20. Cylindrical Shell Method.— Let us consider the 
radial flow of heat in a cylinder which has an electrically heated 
wire along its axis. By suitably transforming equation (42) we 
can get the equation for this case. We shall, however, as before, 
deduce it from elementary considerations. Since the cylinder 
is symmetrical about its axis, the isothermal surfaces are cylindrical. 
The amount of heat Q flowing per second across such an iso¬ 
thermal surface is 


AO 

Q. — ~ ZTtrl. K. ~j~, .... (48) 

where / is the length of the cylinder. Now Q must remain constant, 
being equal to the electrical energy supplied per second. On 
integrating between the inner and outer radii of the cylindrical 
shell with corresponding temperatures 9 lt 0 2 , we have 


znlK (6 t - 0 2 ) = J Q log (r 2 /r,). 


or 


X 


o. iog« 


(49) 


2 »/' .* ‘ 

The temperature 6 at a distance r can be shown to be given by 


0 * birkfc) [^ i log r * “ 02 log ~ ^ “ 6 *> log r ] • • ^ °) 

Niven 1 devised a method of determining coductivities based on 
this principle. The cylinder of the material is formed by filling the 
space between two hollow concentric cylinders with that material. 
Heat is supplied by a wire carrying an electric current along the 


1 Proc. R oy. Soc. Lottd., 76, 34, 1905. 
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axis of the cylinder, and when the steady state is reached, tempera¬ 
tures at two points within the material are observed as well as 
their distances from the axis. Knowing the electrical energy spent, 
equation (49) gives the conductivity. 


The method was employed by Clement and Egy 1 , and Rinsum . 2 
Rinsum took into account several corrections, such as the flow of heat 
along the tube by conduction, etc. A modified form of apparatus has 
been employed by Stephens 8 in which a hollow cylinder made of the 
experimental substance is immersed in a constant temperature liquid 
bath. The rate of rise of temperature of a mass of liquid contained 
in the cylinder is observed. 

From this the conductivity 
could be calculated. 

A simple laboratory experi¬ 
ment based on this method 
may be devised for finding 
the conductivity of rubber and 
glass in the form of a tube. 

For rubber the arrangement 
shown in Fig. 15 is most con¬ 
venient. Steam from the boiler 
A traverses through a rubber 
tube B, a length / of which is 
immersed in a weighed amount of water contained in the calorimeter 
C. The radial flow of heat Q from the tube to the water in C is 
given by 

mKl{d x ~e^) 



Fig. IS.—Apparatus for finding 
cqpduetivity of rubber. 


a = 


lo ge Q'J r l) * 


hi) 


where 0 t represents the temperature of steam, and 0 a the mean of 
the initial and final temperatures of the calorimeter. This heat can 
be calculated from the rise in temperature of the calorimeter and its ther¬ 
mal capacity and hence equating these two quantities we get K, provid- 
ed r v r a are known . 4 

For glass the arrangement shown in Fig. 16 is convenient. The 
glass tube C has a spiral wire along its axis and is surrounded by a 

'Phjs. Rev., 28, 71, 1909. 

3 Forschungsarbeiteti Ver. d. Ing., 228, (1920). 

* Phil. Mag., 15, 857, 1933. 

4 For experimental details see Worsnop and Flint, Practical Physics. 
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steam jacket, whi3e a steady current of water flows through the tube. 
The method of calculation is similar to the preceding one. 



Fig. 16.—Apparatus for finding ronductivity of glass. 

14*21. Disc Method.—This method is most suitable for 
finding the conductivity of substances which can be had in the 
form of a disc or plate. It was first given by Lees. 1 An 
improved apparatus employed by Poensgen 2 is shown in Fig. 17. P l5 
P 2 are two similar plates of the substance to be investigated. Hp is a 
square-sized plate heated electrically and surrounded completely on 
all sides by H, which is also made of the same material. Kj, K a 
are two plates which are cooled by water and are separated from the 

plate by bolts. The whole is 
enclosed in a chest K filled with 
badly conducting substance (cork- 
shavings, etc.). The tempera¬ 
tures 9 ly 0 a of the heating body 
and the cold plates respectively are 
measured by thermo-elements fixed 
to the surfaces. The tempera¬ 
tures of H p and H r can be kept 
equal by regulating the electric 
current. The flow of heat from 
H p is now quite perpendicular to 
the plates P x and P a , the radial 
loss of heat being prevented by the 
guard-ring H,. The conductivity 
is given by the formula 

K = * * * (52) 

1 Mem. and Prefc. Manchester Soc. t Vol. 43, 3, No. 8 (1898-S9). 

2 Porschungsarbeiten , berausgeg , Ver. d. Ing., 130, -25, 1912; Zests, d. 
Ver. d. Ing. } 56, 1653, 1912. 
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where Q is the amount of - heat added in time /, / is the 
thickness and A the area of the plates P t or P a . The method 
is very suitable for the investigation of conductivity of badly 
conducting substances particularly of materials used in buildings. 

Jakob 1 2 has modified the apparatus in which only one plate is 
used. For details see Handbuch der Physik, Vol. XI, p. 106. 

• The divided bar method, explained in §14*23 has also been 
employed by several workers with good results. 

The periodic heat-flow method has been employed by Heyn, 
Honda and Sato and by Tadokoro , 3 but is less common. 


CONDUCTIVITY OF CRYSTALS. 

14*22. Senarmont’s Work.—We have so far c< idered 
isotropic bodies for which the conductivity is the same in all directions. 
But the conductivity of crystalline and anisotropic bodies is different 
in different directions. Thus Tyndal found by Despretz’s method that 
the conductivity of wood was greatest along the fibre and least in the 
direction perpendicular to the fibre and the ligneous layers. Jannettaz 
found for laminated rocks that the conductivity was best parallel to the 
planes of cleavage and worst perpendicular to them. 

The first systematic and extensive investigation of the conducti¬ 
vity of crystals was carried out by De Senarmont.® A thin plate with 
parallel faces was cut from the crystal in any desired direction and the 
two faces were thinly coated with wax. Heat was applied at one point 
in the plate in any of the following ways. Either the sun’s rays were 
concentrated by a short focus lens to a point on tbe surface of the plate 
or a wire passed through a hole in the plate and was heated electrically. 
In some experiments a fine silver tube passed through the hole and was 
heated by a flame. As portions of the plate became heated the wax on 
them melted. Finally in the steady state the bounding line of the melted 
wax represents an isothermal line corresponding to the temperature of 
melting point of wax. The conductivity in different directions can be 
calculated from the lengths along which the wax melts, much in the same 
way as in Ingen-Hausz’s experiment 

1 Zeits. d. Ver. Itig., 66, 688 , 1922 ; Zcits. f. Instrkde 44, 108 , 1924 , 

2 Set. Reports , Tohoku XJttiv., 10, 339 , 1921 . 

8 Am. de Chime et de Physique, ?>e, 21, 22, 23 , ( 1847 - 48 ). 

F. 76 
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Senarmont obtained very interesting results. For isotropic subs¬ 
tances, such as glass and cubic crystals, the isothermal curve was always 
a circle, while for other crystals in general it was an ellipse. The iso ¬ 
thermal surfaces round the heated point were in general a system of con¬ 
centric triaxial ellipsoids. The axes of these ellipsoids which are called 
the thermic axes of the crystal coincided with the crystallographic axes of 
symmetry in case of a very symmetrical crystal. In the rhombohedral 
system the isothermal surface is an ellipsoid of revolution about the axis 

of the crystal which is the 
only axis of symmetry. For these 
the isothermal curves were found 
to be circles in plates cut perpen¬ 
dicular to the axis and ellipses 
in plates cut parallel to the axis. 
Fig. 18 shows such curves for a 
quartz crystal cut perpendicular 
and parallel to the axis. The rule was found to hold for all crystals. Later 
experiments confirmed these conclusions. A theory of conduction of heat 
in crystals was given by Stokes 1 which explains completely the results of 
experiments. For details sec the original papers. 

14-23. Absolute Conductivity of Crystals.—The absolute 
conductivity of crystals was investigated by I,ees by a method suggested 
by Lodge. A thin plate of the crystal was joined at both of its faces to 
brass rods of the same cross-section. One end of this compound or 
divided bar was heated by steam and the other cooled by water. Tenv 
preatures were measured at several points along the bar by means of thermo¬ 
couples and thereby the temperature of the two faces of the crystal was 
known. If the conductivity of brass is known, the conductivity of the 
crystal can be easily calculated. 

Eucken 2 used a modification of Less’ disc method.. Tbe crystal 
was placed between two plates of copper, the lower one of which was 
heated by a known amount of electrical-energy supplied to a wire wound 
on it. The lower plate rested on pine wood supports and it was so 
arranged that nearly all the heat flowed upwards through the crystal. 
Knowiag the electrical energy spent and the temperature distribution 


1 G. G. Stokes, Collected Papers, Vol. 3, p. 203, or see Preston, 
Theory of Heat, pp. 671—67G. 

•Am. d. Physik , 34, 185, 1911. 



v . Fig. 18.—Isothermal surface in quartz 
cut (1) perpendicular (2) parallel 
to the axis. 
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the conductivity can be calculated. Corrections must be applied for 
loss due to radiation ai>d conduction through the pine wood. 


Eucken’s experiments 1 were carried down to —252°C. He dis¬ 
covered an important law, the thermal conductivity of these crystals is 

inversely proportional to the absolute temperature . A theoretical explana¬ 
tion of this result was given by Debye 2 who worked out the kinetic 
theory of the transfer of heat in dielectric solids by considering it as a 
propagation of elastic waves in a continuous medium. These waves 
were regarded as scattered by a stationary system of density variations 
in the solid produced by the whole set. of waves. Pauli 8 showed that 
the atomic nature of the solid lattice must be taken into account when 
the scattering centres move with the same order of velocity as the 
waves themselves and Peierls 4 worked out the theory for this case 
and showed that the thermal conductivity of a crystal latt ice will increase 
with decreasing temperature. For a crystal of finite size at sufficiently 
low temperatures the free path of the elastic waves becomes comparable 
with the dimensions of the crystal and then effects due to scattering oi 
the waves at the boundaries will increase the resistance to the flow of 
heat. Casimir 6 has shown that the resistance due to scattering at the 
boundaries will produce a thermal resistance varying as T 3 which he 
confirmed from the experimental measurements of de Haas and Bier- 
masz* in the range 2 to 4 °K. 


CONDUCTIVITY OF LIQUIDS 

The determination of the conductivity of a liquid is com¬ 
plicated by the presence of convection currents, if we heat 
a column of liquid at the bottom, the liquid at the top receives 
heat both by conduction and convection. The laws governing 
convection currents are complicated, hence it is preferable to 
eliminate them. This is accomplished either by taking a column 
of liquid and heating it at the top, or by taking a thin film of 
liquid. 


1 Verb. d. D. Phys. Ges., 13, 329, 1911; Phys. Zeits ., 12, 1005, 1911. 

2 Debye, Wolfskehl-Vortriige ecu Gottingen , Leipzig, 1914 . 

8 Verb. d. deuts. phys. Ges6 , 10, 1925. 

4 Ann. d. Physik, 3, 1055, 1929. 5 Physica, 5, 495, 1938. 

4 Physica, 5, 320, 619, 1938. 
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14*24. Column Method.—The column method was em¬ 
ployed by Despretz long ago. The liquid at the top was kept 
heated and temperatures along the axis of the column were 
observed by mercury thermometers. He found that Fourier’s 
equation already derived for a bar holds true in this case also, 
and hence the conductivities of two liquids can be compared with 
the help of equation (11). Weber 1 surrounded the column with 
a guard-ring and used as the source of heat an electrically heated 
oil bath. The bottom of the column was cooled by a copper plate 
standing in ice. The heat conducted away was found from the 
amount of ice melted. Knowing the temperature distribution 
along the column the absolute conductivity can be calculated in 
the same manner as for mercury in Berget’s experiment. 

14*25. Film Method.—This was employed by Lees, 2 Milner 
and Chattock 3 and by Jakob. 4 We shall describe the apparatus 
used by Lees, which is simply a modification of his disc me¬ 
thod for finding the con¬ 
ductivity of poor conduc¬ 
tors. The liquid L under 
test is enclosed in an ebo¬ 
nite ring E (Fig. 19) and 
placed between copper 
blocks Cj, C 2 . To deter¬ 
mine the quantity of heat 
flowing through the liquid 
a glass disc G is inserted 
above which another cop¬ 
per plate C 3 is cemented with a layer of shellac. Above C 3 and 
insulated from, it by mica is placed a flat spiral coil of heating wire 
W which is held down by another copper plate C. The whole 
pile is varnished and enclosed in an air-bath. Temperatures are 
recorded by thermocouples soldered to the faces of the copper plate. 
The calculations can be easily made. 

1 Ann. d. Physik, 11 , 1047, 1903. 

2 Phil. Trans., 191, 418, 1898. 

a Phil. Mag., 48, 46, 1899. 

4 Ann . d. Physik, 63, 537, 1920. 



Fig. 19.—Lees’ apparatus for finding 
conductivity of liquids. 
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Let S v S z , S 2 , Sg denote the emitting surfaces of C lt C 2 , G,, and 
G respectively, k their emissivity and T v T 2 , T 3> the temperatures of 
the copper discs. If the heat leaving the lower surface of G is J2> that 
entering the upper surface must be 

o+Sb h h+l*. 


The heat passing through the glass disc may be put equal to the mean 
of the heat entering and leaving it. Hence the heat passing through it is 


Q+Sg h 


T a ±T 2 
4 


and this must equal 


AK g 


r a -r 2 

d G • 


Hence the heat leaving the lower surface of G is 

a 

4 


Q = AKo 


Ts-T, 


S G hr 


Of this an amount T s S 2 h is lost by radiation from the sides of C a and 
the remainder, 

j 2, = AKg - So - VA • ( 53 ) 

is transmitted through the liquid and the ebonite. The heat transmitted 
through the liquid is K 1 .A 1 (T 2 — T^jdi,, and that through the ebonite 
may be put equal to jB(T 2 —Tj), where the suffix L stands for the liquid, 
and B is some constant. 

••• = R. Ag . . (54) 

The constant B can be determined by performing an experiment in 
which the liquid was replaced by air whose conductivity was known. 
Then the above expression gives JCl, the conductivity of the liquid, since 
other quantities involved there are determinate. 


14*26. Hot-Wire Method. —Goldschmidt 1 employed the “hot¬ 
wire’' method of Andrews and Schleiermacher, the theory of which is dis¬ 
cussed in §14*20. The liquid was contained in a silver capillary tube 
2 mm. in' diameter and heated by a wire running jalong its axis. 

Coaxial Cylinder Method .—The iiquid is here enclosed in the annu¬ 
lar space between two concentric cylinders. The method was used by 
Winkelmann 3 who placed the concentric cylinders in a water-bath and 
observed the rate of change of temperature inside the internal cylinder. 

* Pogg. Am., 153, 481, 1874. 


1 Phys. Zeits ., 12, 417,1911. 
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Bridgman 1 .supplied the heat energy by means of an electrically heated 
wire passing along the axis of the cylinders and observed the tempera- 
tares at the surfaces of the two cylinders. He investigated the variation 
of conductivity with pressure. 

Flow Methods .— Graetz first employed the flow method. Callendar 2 
however devised a better apparatus. A long platinum tube was heated 
electrically by a current and a continuous stream of liquid was allowed 
r .o flow through it. Knowing the rate of flow of the liquid and the 
temperature gradient along the tube as well as the temperatures at the 
surface and on the axis of the tube, the conductivity could be calculated. 
For details see the original papers. 

Nettleton 8 forced a slow stream of mercury up a vertical glass tube 
whose top was heated by steam and bottom cooled by ice. The middle 
part of the tube was surrounded by a constant temperature bath. 

CONDUCTIVITY OF GASES 

14*27. The determination of the conductivity of gases is 
difficult for it is so small that it is generally masked to a large extent 
by the accompanying radiation and sometimes convection also. 
Kundt and Warburg 4 found that the rate of cooling of a thermometer 
immersed in air remained constant for pressures lying between 150 
mm. and 1 mm. They concluded that loss of heat by convection 
was negligible in this region, and heat is lost only by conduction 
and radiation. To determine the radiation loss, the air was ex¬ 
hausted as completely as possible, and then the rate of cooling was 
found to be independent of the size of the enclosure, showing that 
the effect of conduction was negligible and heat was lost only by 
radiation. Subtracting this radiation loss, we get the heat lost by 
conduction alone. For finding the conductivity of a gas at pressures 
higher than 150 mm. the gas may be exhausted to this pressure 
(between 150 mm. and 1 mm.) and its conductivity determined. 
Now since the conductivity of a gas is independent of the pressure 
(see Chapter III, Sec. 3 • 39) this will give the required conductivity. 
Another procedure consists in taking a thin film of gas and heating 
it at the top when convection will be absent. 

1 Pros. Amet\ Acad., 59, 140, 1923. 

2 Phil. Tram., 199, 110, 1902. 

8 Phil. Mag. 19, 587, 1910; Pros. Phys. Soc., 22, 1910; 25, 1913. 

4 Togg. Ann., Vols. 155 and 156; jotw. de Physique, 5, 118, 1876. 
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A very simple experiment described by Andrews' and Grove 1 2 3 
shows qualitatively that hydrogen 
is a far better conductor of heat 
than any other gas. A fine pla¬ 
tinum wire was supported inside a 
glass tube (Fig. 20) which couid be 
filled with any gas. The wire could 
be heated by an electric current 
and made to glow. Two such 
tubes were arranged side by side, 
one filled with air and the other with 

hydrogen. The same electric current Fig. 20.—Apparatus to show the better 

... a . til conductivity of hydrogen, 

was allowed to now through both 

the wires. The wire in the air-tube can be seen glowing while the wire 
in the hydrogen tube does not glow at all. The glass tube*containing 
hydrogen also becomes hot. Heat is very quickly conducted away by 
hydrogen and hence the wire is not raised to the temperature of incande¬ 
scence. Replacing hydrogen with air restores the incandescence. 

The different methods 3 of finding the absolute conductivity of 
a gas are the following :— 

(1) Hot-wire Method, (2) Cooling Thermometer Method, 
(3) Film Method. 

14*28. Hot -wire Method.—This method, first given by 
Andrews, was employed by Schleiermacher 4 for determining the 
absolute conductivity of a <j;as. An electrically heated wire is 
surrounded by a coaxial cylinder of glass or metal, which is filled 
with the experimental gas.- The temperature of the wire is known 
from its resistance, and the amount of heat flowing across the 
curved surface of the cylinder is found from the rate of energy 
supplied to the wire. Convection and radiation effects are 
eliminated as pointed out in Sec. 14*27. The conductivity can 
be calculated from equation (49) where r v r 2 now denote the radii 
of the wire and the tube respectively. 

1 Proc. Roy. Irish Academy , 1, 465, 1840. 

2 Grove, “ Baker i a ft LecturePhil. Trans. 1847; Phil. May., Vol. 27 
p. 445. 

3 For a summary of the methods, see Trautz and Zundel, Zeits.f. 
fechti. Pfysik, 12, 273, 1931. 

* Wied. Ann., 34, 623, 1888. 
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Weber 1 improved the apparatus and considered the various correc¬ 
tions more fully. The lateral lieat transfer through the gas is radial 
only for a limited central portion of the tube and the principal correction 
to be applied is for the heat conducted longitudinally by the wire. To 
minimise this a long thin wire is used and the resistance of the central 
isothermal portion of the wire is measured by attaching two very fine 
potential leads to the wire. In this way Taylor and Johnston 2 deter¬ 
mined accurately the thermal conductivity of a number of gases. 
Kannuluik and Martin , 3 however, employed a thick wire and corrected 
for the end effect almost exactly by a rigorous application of the theory. 
Corrections have also to be applied for the temperature gradient across 
the wall of the cylinder, for the temperature jump effect (p. 214) at the 
surfaces of the wire and the tube and for the heat lost by radiation, etc. 
For full details the original papers may be consulted. 

Gregory and Archer 4 * * employed two tubes, one long and the other 
short but otherwise identical, usually called compensating cells. The 
differential measurements then refer to the central portion of the longer 
tube, where radial flow conditions hold. 

This method has been utilised by Senftieben® and his pupils for 
studying a number of physico-chemical reactions amongst which may 
be mentioned the determination of the percentage of H 2 gas atomised by 
Franck and Cario’s 8 method. Atomic hydrogen has greater conductivity 
than the molecular species, hence a measurement of the change in conduc¬ 
tivity of the gas subject to Franck and Cario’s treatment gives the per¬ 
centage of molecules atomised. Later he also measured by the same 
method the change of thermal conductivity of paramagnetic gases like 
0 2> NO when these are placed in a magnetic field. In this case accord¬ 
ing to the quantum theory these molecules, having a definite magnetic 
moment, are expected to be oriented along certain definite directions as in 
Stern and Gerlach’s experiment. The conductivity was therefore expected 
to change. Senftieben found experimentally that the thermal conductivity 
of paramagnetic gases is reduced by the action of magnetic fields, the 
effect depending, upto a limit, upon the pressure and temperature of the 


1 Ann. d. Phjsik., 34, pp. 325, 437, 481, 1917. 

2 J. Chem. Phys., 14, 219, 1946. 

3 Proc. Roy, Soc ., 144, 496, 1934. 

4 Proc. Roj. Soc., 110, 91, 1926. 

6 Phjs. Zeits., 31, 822, 691, 1930; Ann. d. Phjsik, 16, 907, 1933. 

8 See Ruark and Urey, Atoms, Molecules and Quanta, p. 508 (1930). 
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gas and the field strength. He found empirically that the decrease 
—&K in conductivity can be expressed by the relation 

— &v 2 

e K 1 -\-bx-\-cx v 

where x — H */ T/p. 

As the formula shows, at first e varies with H in a parabolic fashion, 
then « changes linearly, and ultimately a saturation value is obtained. 
The exponent of T varies between | and 1. 

14*29. Cooling Thermometer Method.—This method was 
employed by Kundt and Warburg. 1 They observed the rate of cooling of 
a thermometer when its bulb was placed in an enclosure filled with the 
gas under test. The convection effect was eliminated and radiation 
effect determined as described above. Then knowing the thermal capa¬ 
city of the bulb, the conductivity of the gas can be deduced. 

14*30. Film Method.—The film method, originally used 
by Todd 2 , has been employed by Hercus and Laby 8 . The principle 
underlying it is the same as in Lees* experiments (Sec. 14*25). The 
thin film of gas under test was enclosed between two copper plates 
B and C (Fig. 21), the latter of which was cooled by a current of 
water. The upper plate B was made up of two sheets of copper 
clamped together with a heating coil between th6m. To prevent 



Water 

Fig. 21.—Apparatus of Hetcua and Laby. 


loss of heat by radiation from the upper surface of B, there was 
another plate A above it at the same temperature and a guard-ring 
D surro undin g it. All the plates A, B, D contained separate heating 
coils and thermocouples and were kept at the same temperature. 
The whole apparatus was made air-tight. The temperature of A was 

1 Pogg. Ann. Vols, 155, 156; Jour, de Physique, 5, 118, 1876. 

* Pros. Roy. Soc. Load., #3, 19, 1909. 

• Pros. Roy. Soe. Loud., 95, 190, 1918; see also Hercus and Suther¬ 
land, Pros. Ray. Soc., 145, 599, 1934. 

F. 77 
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generally kept a little above that of B in order to eliminate any pos¬ 
sibility of convection. This however necessitated a small correc¬ 
tion. The radiation correction was determined by a separate ex¬ 
periment on a silvered Dewar flask and was very small. Convec¬ 
tion effects ate entirely absent since the gas is heated at the top. 
The energy spent in B was known electrically and subtracting from 
it the heat lost by radiation, the heat transmitted to C by conduction 
through the air film was found. Knowing the temperature of C 
the conductivity of the gas can be calculated from equation (4). 

14*31. Results. —The thermal conductivity of a number 
of substances is given in table 2. The value of K is given in 
calorie cm, -1 sec. -1 degree -1 . 


Table* 2 .—Thermal Conductivity of different substances. 


Substance 


Conductivity 


Substance 


Metals ( 0 °C) 



Aluminium 

Cadmium 

Copper 

Iron (pure) 

Lead 

Mercury 

Nickel 


0-48 

Cork (pssa-16) 

0*23 

Paper 

0-93 

Ebonite 

0 16 

Mica 

0-085 

Paraffin wax 

0-025 

Pine wood 

0-14 

Rubber 


Silver 


1*0 


Platinum 

Tin 

Zinc 


.. 0*17 

.. 0*155 

.. 0*265 

Alloys (0°C) 


Water (20°) 
Alcohol (25°) 
Glycerine (25°) 


Brass 

Constantan 
Manganin 
German silver 


0-23 

005 

005 

0*06 


Poor Conducting Solids (18°C) 


Crown glass .. 2*5xl0 “ 3 

Flint glass .. 2 


Hydrogen 
Helium • 
Argon 
Air 

Oxygen 

Carbon dioxide 


Conductivity 


0-6x10-® 

0-5 

0*11 

03 

0-42 

1*8 

0-6 

0*4 

0-45 


Liquids 


14*3x10-* 

4-3 

6-8 


Gases (0°C.) 


31-8x10-® 

33-9 

3-89 

5-40 

5-63 

3-07 


1 Taken partly from Landolt and Bornstein, Pbysikalisck-Chcmischen 
Tabellen and pardy from Kaye and Laby, Tables of Physical and Chemical 
Constants. 
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Relation between Thermal Conductivity and Viscosity of Gases .— 
We have already shown in §3 • 39 that the thermal conductivity 
K and coefficient of viscosity v) of a gas are connected by the 
relation 

K — er)C v 

where c v is the specific heat of the gas at constant volume and 
€ a constant equal to f (9y—5), y being the ratio c p jc v . This 
relation is very important and agrees with experimental results 
(p. 175) 

Variation of Conductivity with Pressure. —Again since for gases 
K~€7}C V) and the variation of c u is small, while vj is independent* 
of pressure except at very high and very low pressures (p. 170), 
it follows that the thermal conductivity of a gas is independent 
of th:; pressure over a wide range. This was experimentally verified 
by Stefan 1 and others. 

14*32. Temperature Variation of Conductivity. —An 

expression for the variation of thermal conductivity of gases with 
temperature is obtained from the kinetic theory. Sutherland’s 
expression (p. 172) for the variation of viscosity with temperature 
should also hold for the conductivity of a gas. This has also 
been shown by Eucken 2 who finds that for several gases the ratio of 
the conductivity to the viscosity is constant for temperatures lying 
between — 80°C. and 100°C. This would give, for the variation of 
conductivity, the expression 

*+273 /T\3/2 
k t ~k 0 b + T , 

which agrees only approximately with experimental results. 

14*33. Some Practical Applications 8 . —The phenomenon 
of heat conduction has got various important applications which 
a;re treated in works on General Physics and Engineering. Only a 
few of them are given here. 

(i) Equation (1) is of great help in die construction of cold storage, ' 
furnace, boiler, etc. As an example consider the flow of heat through 

1 Sits^k Akad. Wiss. Wien,, 65, pp. 2, 45, 1872. 

2 Phys. Zsits., 12, 1101,1911; 14, 324, 1913. 

8 A very good account of the various applications of heat conduc¬ 
tion is given in Ingersoll and Zobel, Mathematical Theory of Heat Conduction, 



612 


CONDUCTION OF HEAT 


[xrv 


the walls of any chamber. If the walls have a total area of 1000 sq, 
metres and conductivity 0*00057 (granite) and are 30 cm. thidc, while 
the temperatures inside and outside are 0° and 30°C. the amount of heat 
entering the ice chamber per second from outside is 

0 0QQ 36 ~~ X 1000=0*57 cal. 

which will melt ice at the rate of 25 grams per hour. 

If the wall is made up of a number of materials of thickness **, x 2 
and conductivities K lt K z joined together, the amount of heat J2 flowing 
per second per unit area becomes 

^ *1 *2 .’ 

K x K 2 

where 0 V 0 3 are the temperatures of the intermediate surfaces. If $ v 6„ 
ace the temperatures of the extreme ends 



Hence the heat flowing through the composite wall can be easily 
calculated. 

{it) Conductivity of the Earth*s Crust, Underground Temperatures. —The 
periodic flow method (Sec. 14*12) is very suitable for finding the con¬ 
ductivity of the earth’s crust. . The earth’s surface is heated by day and 
cooled by night. This alternate heating and cooling travels into the 
interior of the earth in the form of a heat wave {diurnal wave) and gives 
rise to the diurnal variations in temperature inside the earth’s crust. 
Again the earth receives a larger amount of heat in summer than in 
winter and this causes a second heat wave having the period of one year 
{annual wave) which is also propagated into the interior of the earth. 
Assuming the waves to be simple harmonic as a first approximation (the 
annual wave in particular departs considerably from this ideal state), 
let us find how they progress into the earth. The problem is that of an 
infinite wall heated and cooled at one end, or that of a bar periodically 
heated and cooled at one end and provided with a guard-ring. The 
solution of the problem is given by equations (23) to (30). Now if a 
number of thermometers ate embedded in the earth at different depths 
the progress of the temperature wave inside the earth can be investigated. 
Knowing the wavelength, the diffusivity can be calculated from (29), vt\., 

A* 
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The same treatment can be utilized for solving the geological prob¬ 
lem, vt'z-t the penetration of the daily and annual changes of temperature 
within the earth’s crust. From p. 537 the fluctuation of temperature at 
any point is given by 

$= 0 e e~*‘'/ ,r l AT — x • • ■ (27 a) 

when the temperature fluctuation at * *= 0 is given by 

8 — 8 0 sin 2 nt[T. 

Hence the range of amplitude R at any point * is 

R = 28^^^, .... (56) 

the velocity of propagation 

V = ly/ZhjT, .(57) 

and wavelength A — 2y/irhT. .(58) 

The “lag”, the time / which any temperature applied at the 
surface takes to travel to a point x is given by 



We shall now apply these results to the propagation of heat inside 
the earth’s crust. For the daily wave T—24 hours=86400 sec. Taking 
ft=»0*0049, the value for ordinary moist soil, we have 

A=73cm.; K=8 , 4xl0"' 4 cm./sec; a = l/ll‘-6. 

Supposing the maximum temperature is 45°C at 2 P. M. and 
the minimum is 25°C. just after sunrise, the amplitude of temperature 

variation being 20°C This variation will diminish as at a 

depth *. For *=10, r* 711 * 6 =-42, for x=30, #~* /U * 6 =*076, for 

*=100, •00018. Thus at a depth of 1 metre the temperature 

variations will be scarcely noticeable. 

The slow velocity of penetration of the daily heat wave must 
have been familiar to all observant minds in a tropical country. 
Here the house-roofs ace exposed to the scorching heat of the sun 
and at 2 P. M. the temperature may be as great as 60°C. But this 
temperature travels inward at the extremely slow rate of 91 xl0~ 4 
cm./sec. or 6-4 cm. per hour in a mass of concrete. 1 Hence to pene¬ 
trate a wall depth of 30 to 40 cm. which is the usual thickness of walls, 
a period of 5 to 6 hours is needed. The inside of the room, provided 

1 For concrete h may be taken to be 0*0058. 
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the windows are shut, therefore reaches its maximum temperature at 
about 7 or 8 P. M. when the walls become intolerably hot and begin to 
radiate. Most people must have experienced that it is found impossi¬ 
ble to sleep indoors at this time. The minimum at the top of the room 
is reached at about sunrise. So the rooms are found to be cool from 
i I A. M. to about 2 P. M. when the outside is blazing with heat. 

Annual wave. —Besides the diurnal fluctuations the surface of the 
earth is also subject to an annual period of 365J, days owing to the 
different amount of surface heating in winter and in summer. This amount 
is variable in different countries, but in desert countries it may amount 
to as much as 60 W C. in the sun in summer and 0°C. in winter. 

In the case of the annual wave 

A=73/v/365/1 = 73 x 19 • 1=14 metres. 

K=8-4 x 10-V / !/365=4-5 x 10~ 6 cm./sec. 

~ 3*9 cm. per da). 

‘ i [~T i 
a “ li*6 V 365 & 220' 

Thus the annual wave will penetrate a depth of about 1 • 2 metres 
in a month. At a depth of x=A/2=7 m. the times of the year are 
interchanged. The amplitude of temperature variation will be reduced 
by the fraction e~ 1<,0/ * w = *64 at 1 metre depth and by 
= •011 at 10 metres depth. Thus the annual wave is able to pene¬ 
trate to a depth which is //365/1 = about 19 times greater than the daily 
wave. Most of these conclusions have been verified experimentally. 1 

(Ill) Age of the Earth. —From the geological point of view the 
age of the earth is counted from the time when its surface had 
cooled to a state of sufficient solidity from the fluid magma. Corres¬ 
ponding to this all-fluid state, Kelvin assumed a temperature of 3900°C. 
throughout. He made an estimate of the age of the earth from its 
conductivity and the present temperature gradient on its surface. The 
problem is to find how the earth would take to cool from its initial 
temperature 6 0 for the present geothermal gradient to be attained, its 
surface being kept constantly at a temperature of 0°C. approximately. 
The equation is 

dO d & 0 

Tt ~ 


1 MacDougal, 
Ibid., 83, 269, 1905; 


Monthly Weather Review, 33, 375, 1903; 
Rambaut, Phil. 'Irons., 395, 235, 1901. 


Tamara, 
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with the boundary conditions 

.x—0, 0=0; x — oo, 0=0 O ;/=0, 0—6 9 . 

The solution, as on p. 590, is given by 

2 CZ _« 

9 “ "« v'”' ).* 1 * • ' ' 

X 

where 0 is the temperature at any point and £ — • 

On differentiation 


(60) 


*0 




VrrA/ 


(61) 


and at x=o. 


whence 


(—) 

#0 

\ dx Jo 

rrht 


V 

i 

dd \ 2 

SrA( 

dx L 


. (62) 


\ /o 

1 V 

Kelvin put % = 3900°C, ft - 0-01178, (-jjjj-) = and got a 

value of 100 million years for the age of the earth. Even allowing 
much possibility of error in the assumed values, this estimate falls short 
of the value given by geologists. This is due to the presence of radio- 
active bodies inside the earth, which continuously generate a large amount 
of heat by spontaneous disintegration. This retards the cooling of the 
earth and the estimate of its age as given above has to be completely 
revised. 1 


PROBLEMS 

L In the periodic flow method a rod of iron is heated at one 
end with a heating cycle of 4 minutes. It is found that a temperature 
maximum travels on the rod from one thermocouple to another at a 
distance of 6 cm. in 1 minute. Assuming that density of iron = 7-8 
gm. per c.c., and its specific heat is 0*11 cal. per gm. per °C, calculate 
its thermal conductivity. . 

2. Steam at 100°C. is passed through a rubber tube, 14*6 cm. 
length of which is immersed in a copper calorimeter of thermal 

1 For further discussion see Ingersoll and Zobel, Mathematical 
Theory of Heat Conduction , §87-90 (1913)« For discussion of age of rocks 
from radioactive data, see Saha and Saha, A. Treatise on Modern Physics ; 
Vol. 1, p. 168. 
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capacity 23 cal. containing 440 gm. of water. The temperature cf 
the water and calorimeter is found to rise at the rate of 0*019°C every 
second when they are at the room temperature (22°C). The external 
and the internal diameters of the tube are 1*00 cm. and 0*75 cm. 
respectively. Calculate the conductivity of india-rubber. 

hook; Recommended 

1. Ingersoll and Zobel, Mathematical Theory of Heat Conduction 
(Ginn, 1913). 

2. Handbuch der Physik, Vol. XI, pp, 42—155. 

3. Handbuch der Experimental-physik, Vol. IX, Pan I. 

4. Cats law. Introduction to the Mathematical Theory of the Conduction 
of Heat in Solids (Macmillan, 1921). 

5. Carslaw and Jaeger, Conduction of Heat in Solids (1947), Claren¬ 
don Press, Oxford. 

6. McAdams, Heat Transmission (McGfaw-Hill, 1942), 

7. Boswotth, Heat Transfer Phenomena (John Wiley, 1952.) 



CHAPTER XV 


RADIATION 

15 * 1 . Introduction.—Even when a heated body is placed 
in vacuum, it loses heat. In this case no heat can be lost by con¬ 
duction or convection since matier, which is absolutely essential 
for both these processes, is absent. In such cases we say that: 
heat is lost by 'Radiation’. Tc differentiate this process from 
conduction/it is enough to note that copper and wood, which are 
so much different in their conducting powers, cut off radiation 
equally well when placed between the hot body and, the observer. 

Now heat has been shown to.be a form of energy, and the 
propagation of heat by radiation consists merely in a transference 
of energy. But the radiant energy in the process of transference 
does not make itself evident unless it fails on matter. When it 
falls on matter and is absorbed, it is converted to heat and can 
then be detected by the use of suitable methods. 

Let us . now study some of the properties of radiant energy. 
For this purpose we must have some instrument to measure it. 
Leslie, one of the earliest workers, used 
a differential air-thermometer . 1 Melloni 
was the first to introduce thermopiles 
for the measurement of radiant energy. 

In its original form, Mellon j’s thermopile 
consisted of a number of bismuth and anti¬ 
mony rods, placed alternately with their ends Fig. i.—MtllonTs thermopile, 
joined, as indicated in Fig. 1. The left face 

is biackeaed and forms the hot junction, while the right one is the 
cold junction. Radiant energy falling on the hot junction heats it and 
thereby produces an E. M. F. which sends a current through the circuit, 
and this is recorded by the galvanometer G. 

The sensitiveness of these thermopiles depends not only on the 
couple used, but also upon the sensitiveness of the. galvanometer. 

1 The differential air-thcrmouieier consists of a U-tube with a bulb 
at each end of the U. The bend contains a coloured liquid. When 
heat energy falls on one of the bulbs, the air contained in it expands, 
and forces the liquid on to the other side. 

617 
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The latter must be a low resistance, voltage sensitive galvanometer. 
The sensitiveness also depends upon the number of thermo-junctions, 
but this cannot be multiplied indefinitely as the external resistance 
increases. The best procedure is to have the piles as light as possible 
and to choose a number so that the total resistance of the junctions 
is equal to the galvanometer resistance. For further discussion see 
$15-39. 

As the source of radiant energy, any hot substance may be used. 
Leslie used a hollow metal cube or sphere filled with hot water. The 
surface of the cube can be coated with those substances whose emission 
or absorption is to be investigated. 

15*2. Properties and Nature of Radiant Energy. —With 
the aid of these simple apparatus, it can be demonstrated that 
RADIANT ENERGY and LIGHT obey identical laws and 
have identical properties. We mention some of the points of 
resemblance :— 

(1) Radiant Energy, like light, travels in straight lines, and 
forms shadows when obstructed, according to the laws of geome¬ 
trical optics. 

(2) It travels very quickly like light,—for the obstruction 
of the radiant energy coming from the sun by clouds or other 
means is immediately accompanied by a fall of’ temperature. 

(3) It can travel through vacuum, for we are able to receive 
heat from a hot electric glow lamp though the filament which 
is the source of radiant energy is in vacuum. 

(4) The intensity of radiant energy follows the law of inverse 
square, like light. 

(5) Radiant energy obeys the two laws of reflection of 
light. This can be easily verified by placing two parabolic mirrors 
with their concave surfaces facing each other and their axes in 
the same line. If a luminous source be placed at the focus of one 
mirror, an image is formed at the focus of the other. If we 

, replace the luminous source by a hot substance and put a piece 
of tinder at the other focus, the tinder is ignited. This shows 
that heat and light rays travel along the same path and hence 
obey the same laws. 

(6) Radiant energy suffers refraction like * light. * A spec¬ 
trum may be obtained by refraction through a prism. 
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(7) Thermal radiation can be polarised in the same way as 
light by transmission through a tourmaline crystal ot nicol. 
The polarised heat wave may be transmitted or extinguished by 
another nicol suitably arranged. This may be easily verified by 
means of a thermopile. 

15"3. Identity of Radiant Energy and Light—Continuity 
of Electromagnetic Spectrum.—All these observations lead us 
to the conclusion that radiant energy is identical with light. 
As we shall see presently. Radiation or Radiant Energy is the 
general and more expressive term; light (or rather visible light) 
being only a kind of radiant energy which has the distinctive 
power of affecting the retina of the human eye, and thus produc¬ 
ing the sensation of colour. Like other kinds of radiant energy, 
light is also converted into heat when it is absorbed by matter. 

The identity of light and radiant energy can further be seen 
from the following experiments :— 

(t) When we produce a spectrum of the sun by means of 
a prism, it appears to be terminated on one side by the red, and 
on the other side by the violet. But it can be easily seen that 
these limits are only apparent, and are due to the fact that the 
human eye is a very imperfect instrument for the detection of 
radiation. W. Herschel (1800) placed a blackened thermometer 
bulb in the invisible part beyond the red, and found that the ther¬ 
mometer recorded a rise in temperature. The rise in temperature 
was observed also when the thermometer was placed in the visi¬ 
ble region. Thus W. Herschel discovered the infra-red part of 
the solar spectrum, and showed that it was continuous with the 
visible spectrum. Ritter showed that the part beyond the violet 
(ultraviolet) has great photographic activity. 

The source of radiation in this case is the sun, which may 
be regarded as an intensely hot body. But it may be substituted 
by any sufficiently hot substance say a piece of burning coal, the 
positive crater of the carbon arc, or a glowing platinum wire. 
In these cases the intensity of radiation is not so great, and the 
spectrum does not extend so much towards the violet. 

(ft) Production of Light by Heating .—A very simple experi¬ 
ment will suffice to bring out the point which has been just men¬ 
tioned. Suppose we take a piece of blackened platinum wire in a 
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dark room and pass through it an electrical current which serves 
to heat the wire. The magnitude of the current is gradually 
increased. After some time the wire becomes warm and sends 
out radiant energy. If a thermopile be held near it, the galvano¬ 
meter connected to it shows a deflexion. When a slightly stronger 
current is passed the wire begins to glow with a dull red light. 
This shows that the wire is just emitting red radiation of sufficient 
intensity to affect the human eye. Accurate observations show 
that this takes place at about 525°C. (. Draper point'). With increas¬ 
ing temperature, the colour of the emitted radiation changes from 
dull red to cherry red (900°C.), to orange red (1100°C.), to yellow 
0250°C), until at about 1600°C. it becomes white . Thus the tem¬ 
perature of a luminous body can be estimated from its colour. 
Such a colour scale of temperature is given in the chart on 
pp. 46-47. 'Ibis shows that shorter waves are emitted by a heated body 
in sufficient intensity only with increasing * temperature. Vice versa 
we may argue that when the temperature of the wire is below 
rhe Draper point, it is emitting waves longer than the red, but 
tn-se waves can be detected only by their heating effect. 

Radiant Energy or Radiation is thus a more general name 
for Light. It can be of any wavelength form Oto w as illustrated 
in the chart on the following pages. Light forms less than f-ths 
of an octave on the scale. 

Explanation of the Chart .—We are using here the logarithmic 
scale, /.!?.» log A is plotted along the vertical line. Thus (—5) on the 
scale indicates that the wavelength is 10“ 6 cm., (2) indicates that A=10 8 
cm. As shown in the chart, visible light extends from 7x 10“ 6 cm. 
(red) to about 4x 10“ 5 cm. (violet). The infra red part was discovered 

by W. Her sc he 1 and the extension towards the longer wavelength 

side is chieflv due to the rest-strabhn method of Rubens and Nichols 

(see §15 ■37). These rays are detected chiefly by the thermopile, for 

ordinary photographic plates ate not sensitive’ beyond the green. Beyond 
green, pan-chtomMic plates may be used, but they ate also not sensitive 
beyond 8,000 A. U. Beyond this, plates dipped in dycyanine or 
tieocyanine may be used up to 10,000 K. IL In recent years rays as 
long as A---12000 A. U, have been photographed. 

The rest-strahlen method gives us rays as long as 50 p. The 
longest heat ray was isolated by R. W. Wood hy the method of focal 
isolation Lorn ? quartz mercury lamp. 
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The Hertzian waves are produced by purely electromagnetic 
methods (due to oscillation of current in an inductance-capacity circuit 
having a spark gap) and were first discovered by Hertz in 1887. 
Marconi applied them for wireless transmission (1894). Waves used for 
this purpose are generally 10—500 metres in length, though waves 
of about 10 km. length were used in the past. Electromagnetic 
waves are now almost exclusively generated by triode valves of proper 
design, and are used for broadcasting in three ranges :—long waves 
above 100 m. in length for short-range transmission, medium waves 
from 30 m. to about 100 m. for medium range and short waves from 
30 m. to 10 m. for long-range transmission. These long electro-mag¬ 
netic waves differ from the light waves only in their wavelength and 
attempts have been made to get shorter and .shorter waves by purely 
elecromagnetic methods so that one can pass continuously to the long 
infra-red rays. The limits successively reached are due to Lebedew, 
Lampa, Sir J. C. Bose (4 mm.), and the gap between electromagnetic 
waves and heat waves has been completely bridged by the work of 
Nichols and Tear, Arcadiewa and others. 1 

During World War II, the technique of production of waves of 
length from a few metres to a few centimetres has undergone a complete 
revolution, due to the discovery of magnetron and klystron tubes. 
Tubes handling powers of the order of 10* watts for very short period 
have been used for Radar (Radio Direction and Range Finding).. The 
sensitivity of detecting methods have also increased 10® times. With 
this 10 15 fold increase in power, the centimetre range of e.m. waves 
has proved an extremely potent instrument for investigation in micro- 
wave spectroscopy, nuclear physics, meteorology and so forth. 

The ultraviolet part (rays shorter than the last visible A---3800 A.U.) 
was discovered by W. Ritter in 1802. He found that a photographic 
plate was affected even beyond the visible limit. Glass spectrographs 
usually give lines as far as A=3400, after which either uviol glass (limit 
A=s2800), or quartz prisms should be used. At about A—2200, the 
gelatine used in the photographic plates begins to absorb. Schumann 
was the first to prepare plates without gelatine and open up what is 
called the Schumann region. Below A--=<*1850 A. U. quartz begins to 
absorb heavily, and Schumann therefore used fluorite spectroscopes. 
Beyond A=1400, air absorbs heavily, and the whole operation of pro¬ 
ducing light and photographing the spectrum must be done in vacuum. 

1 Nichols and Tear, P/ys. Ret:., 21, 587, 1923; Arcadiewa, Zei/s. 
/. Physik, 24, 153, 1924. 
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The pioneer in ibis field was Th. Lyman of Harvard, who was able to 
photograph lines as far as A—600. In this region gratings have to be 
used for producing the spectrum. 

X-tays were shown by M. von Laue in 1912 to be light waves of 
extremely short wavelength of the order of 10 -s cm., /.<?., about 1000 
times shorter than ordinary light. He used a crystal as a diffraction 
grating. The shortest X-ray measured by the crystal method has the 
wavelength A--= • 05 A. U. 

y-rays—The term y- rays is generally confined to e. m, rays 
emitted by the nuclei of atoms, and the ugh generally they are of a 
shorter wavelength than X-rays, they can be sometimes of longer 
wave length (e.g., y-tay from Ra D). y-rays are generally denoted by 
their energy content (vide p. 647), which is usually expressed in million 
electron volts. The wavelength of soft y-rays can be found by X-ray 
methods, but for more energetic y-rays, photoelectric methods, and 
Compton effect are utilised. Still more energetic y-rays split up into 
a positron and an electron on passing past a nucleus (Pair-production) 
and their energy is calculated from the sum of the positron and electron 
energies. 

The gap between the Lyman region (600 A. U., and the soft X-ray 
region (about 20 A. U.) has been gradually bridged by the works of Mil¬ 
likan and Bowen, Compton, Thibaud* Siegbahn and his pupils Eckcfors, 
Edlen and Ericson, and others. Millikan and Bowen used ordinary 
vacuum spectrographs with diffraction gratings. Their source of light 
was condenser! vacuum spark. For wavelength in this region, crystal 
gratings have their grating spaces too small, while the ruled gratings 
liave their spaces too large. Compton instituted the method of obtain¬ 
ing spectra in this region with the aid of coarse gratings at glancing 
angle (sec Saha and Saba, loc. (it. p. 273). 

Since radiant heat and light are identical, all the law? and 
theorems of Optico and Spectroscopy can be applied to the study 
of radiation. But in this chapter, we shall deal with only those 
branches of the subject which are not studied in optics and are 
conventionally studied under heat. We shall first enter into a 
preliminary discussion regarding the passage of radiation through 
matter. 

15*4. Passage of Radiant Energy through Matter.—In 
Optics we are accustomed to classify substances as ‘transparent", 
‘opaque’ pr ‘coloured.’ Substances arc transparent , if they allow visible 



§15*4] 


PASSAGE OF RADIANT ENERGY 


625 


radiation to pass through them; otherwise, they are opaque . If only one 
particular colour is allowed, we say that the substance is coloured. 
With respect to radiant energy, the corresponding terms are *diatherma- 
nous’, i.e. t allowing the passage of radiant energy, and < athermanoas’ 
obstructing the passage. 

Simple experiments show that substances which are usually transpa¬ 
rent to visible radiation may be opaque to the long infrared radiation 
emitted from moderately heated bodies. Thus if glass is interposed 
between the platinum filament heated to 1G0°C— 500°C and the 
thermopile, the galvanometer deflexion at once fells, showing that most 
of the radiation has been cut off. The best diathermanous substances arc 
rocksalt (NaCl), sylvin (KC1), quartz, fluorite and certain other crystals. 

But the terms “diathermanous” or “athermanous” lack in scientific 
precision. Every substance ought to be defined, so fer as its transmit¬ 
ting or absorbing properties are concerned, with respect to a particular 
wavelength. We have therefore to tteat the whole phenomenon from 
a more rigorous standpoint which' is usually done in optics under the 
heading ‘dispersion’. 

Wb radiation fells on matter, it may be partly reflected, partly 
absorbed, and partly transmitted. We thus put 

1 = r. . . . • (1) 

where r = fraction of total energy reflected, 

a — „ , „ absorbed, , 

t ~ „ „ „ transmitted. 

r 

The value of r may be different for different wavelengths. In this 
case we use the subscript r x . Thus r A denotes the reflecting power of a 
substance for the wavelength A,. absorption coefficient for light 
of wave-length A. 

From our common experience, we can define certain substances 
with limiting properties as regards their behaviour towards radiant 
energy. 

(1) Perfectly Black Bodies. —For such bodies, r=0, /=0, a— 1. 
Lampblack is the nearest approach to such a body. Apparently, it 
neither reflects nor transmits the light which fells on it, absorbs all, 
and hence appears black. But the perfectly black body is only an ideal 
conception, for even lampblack is found to transmit light of long wave¬ 
length. It absorbs about 96% of visible light, platinum black absorbs 
about 98%. 

F. 79 
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(2) Perfectly White Bodies .—Bodies are said to be perfeedy white 
when r—1, /=0, «=0, and the surface is such that the reflection is diffuse. 
A piece of white chalk approximates, as far as the visible radiations are 
concerned, to a perfeedy white body. 

15*5. Theory of Exchanges (Ptevost—1792).—Prior to 
1792, the ideas regarding radiant energy were very much con¬ 
fused. People used to talk of hot radiations and cold radiations. 
A block of ice was supposed to emit cold radiations because it 
produced a sensation of cold. Prevost of Geneva was the first 
to recognise that this was a loose way of talking. He taught 
that substances at all finite temperatures emit c radiant energy ,* 
but the amount increased with the temperature and is not affected 
by the presence of surrounding bodies. The rise or fall of tempe¬ 
rature which is observed in a body is due to its exchange of 
radiant energy with surrounding 'bodies. This is known as 
Prevost's Theory of Exchanges. 

Thus when we stand near a fire, we have the sensation of 
warmth because our body, which is also a radiator , is receiving 
more energy from the fire than it is losing by its own radiation. 
When we stand near a block of ice, we feel a sensation of cold 
because our body being at about 37°C loses more energy by 
radiation than it receives from the ice, which is at a much lower 
temperature, 0°C These considerations are quite general 
and may be applied to all similar phenomena. 

15*6. Emissive Power of Heated Bodies—Preliminary 
Experiments. —When we have clearly recognised that every substance 
emits radiation by virtue of its temperature, it now becomes necessary 
to study how the radiation varies with temperature and properties of 
the body. We shall first consider the effect of the nature of the surface 
upon the emission and absorption of radiation. Very simple apparatus 
suffices for demonstrating the fundamental laws in this connection. As 
an emitter of radiation, we can take a Leslie cube filled with water at 
100°C, and allow the radiation to fall on a concave mirror which focusses 
it on a thermopile. The sides of the cube may be coated with different 
substances to find out how the efnissivity varies with the properties of 
these substances, provided the temperature is kept constant. It is 
found that at the same temperature a perfectly black surface emits 
the maximum energy, while a polished surface emits very little energy. 
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If the deflexion due to the black surface is put 100, the deflexion due 
to the polished surface may be as little as 8. Between these two limits 
may be found substances having all intermediate values. It was early 
recognized that radiating and absorbing powers vary together. Good 
absorbers are good radiators , while poor absorbers are but poor radiators . Subs¬ 
tances like glass or polished metals which absorb very little, are also 
found to emit very little radiation. 

These ideas were first grasped by Balfour Stewart but it was 
Kirchhoff who made them more precise. Before proceeding further 
it is however necessary to define the concepts used in Radiation with 
more rigour. We now proceed to do this in the next section. 


15*7. Definitions and Fundamental Relations. —If a body 
is heated, it emits radiation from its surface in all directions, 
which comprises waves of all lengths. The nature of the radiation 
depends on the physical properties of the body. Let us denote 
by e x d\ the amount of radiation 1 of wave lengths lying between 
A and A-+-<A, expressed in ergs and emitted per unit area of the 
body per second normally in unit solid angle in the direction 
determined by. the axis of that solid angle. We may call e x the 
emissive power of the body. In other words 

, A *A 

x " At. do. dA * 


where u x dX denotes the energy radiated normally by the elemen¬ 
tary area dA in the elementary solid angle do in the element 
of time dt. Similarly if dQ x be the amount of radiant energy 
falling on the body in the form of radiation (A to \-\-d\) and a 
fraction a x djQ x of it is absorbed by the body and converted into 
heat, then. <i x is called the absorptive power of the body for these 
rays (A to A-fi JA). For black bodies a x — 1 for all wavelengths, 
but for other substances a x depends on the physical nature of 
the body. 

Total emission or, one side. —Let us' now find the total emission 
from a small surface element dA of a black body on one side of it. The 


1 The radiant intensity of a source in a particular direction, in 
analogy with the luminous intensity, is defined as the emergent flux 
from the source through a unit solid angle whose axis lies in that 
direction. The steradiancy of a source is defined as the radiant intensity 
per unit projected area of the surface, projected perpendicular to the 
direction of emission. 
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amount of radiation emitted per second in a solid angle dm in a direction 
making an angle 9 with the normal to the surface is, from Lambert’s 
cosine law, 1 equal to dA e A dX cos 6 dm. 

The elementary conical pencil emanating in the direction lying 
between 6 and 9-\~dd and <f> and <f>-\-d<f> (see Fig. 9, p. 136) encloses 
the solid angle sin 6 d&d<f> and hence the emission in this direction is 

dA e A d\ cos 0 sin 0 d$d<f> .(2) 

The total emission on the upper side of dA is therefore 

dA f 2 " d<f> f T 2 S in e cos Odd*** e x dX dA , . . (3) 

* ! a ‘'o 

and the emission per unit area is rte x dX. 

Mutual Radiation between two small black Plates .—Let us now find the 
mutual radiation between two small black plates dAj dA ' (Fig. 2) 

separated by a distance r and so 
oriented that the normals to the surfaces 
make angles 9 and O' respectively with 
r. The solid angle subtended by dA' 
at dA is dA' (cos tf')/r a . The energy 
emitted per unit solid angle from dA in the direction r is dA e A cos 6 dX 
and hence the energy emitted from dA and falling on dA' is 

t k cos 9 cos 9' dA dA' dX /AS 

~i ... 

APPLICATION OF THERMODYNAMICS TO 
RADIATION 

15*8. Temperature Radiation.—Since material substances 
at all temperatures are found to emit radiation, it becomes possi¬ 
ble to apply the laws of thermodynamics to the problems of 
temperature radiation. The expression “ Temperature Radiation ” 
should be clearly understood, for matter can be made to emit 
radiant energy in ways other than by raising it to a high tempera¬ 
ture, e.g. t by passing an electrical discharge through it when in 
a gaseous state, by chemical action as in flames, or by subjecting 
to other sources of light (phosphorescence arid fluorescence). 
But KirchhofPs law that e A ja ? ~E Ai the emissivity of a perfectly 
black body, holds only for temperature radiation. For radiation 
produced by other methods, the law cannot be applied. 

1 This law is experimentally found to hold for black bodies and 
can be deduced as a corollary of KirChhoff’s law. Non-blacltbodies 
show large deviations from this law. 


dA y^ - 

Fig. 2,— Mutual radiation 
between two plates. 
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For these cases, the problem of finding out e x and a A has 
to be attacked by other methods. In the case of simple atoms 
and molecules, the problem belongs to Atomic Physics, and is 
successfully tackled by quantum mechanics. Sometimes the 
question arises whether the conditions under which luminescence 
is produced approximate to those of perfectly black bodies, 
e.g., when the spectrum of an element is produced in the flame 
or in an electric arc; in other words, whether we can talk of the 
temperature of the flame or of the arc. For example an experi¬ 
ment is recorded by Paschen in which he measured the intensity 
of the D x and Do lines of sodium in a Bunsen flame, and compared 
it with those of the blackbody radiation within the same wave¬ 
length region. The temperature of the flame was recorded by 
an accurately calibrated thermocouple. He found that the D 
lines of sodium were twice as intense as the corresponding radi¬ 
ations from the black body. But this only proves that the flame 
cannot be regarded as a blackbody radiator and the emission 
of the D-lines under these conditions is due, at least partly, to 
causes other than temperature. The question is far too compli¬ 
cated to be discussed here. 

15*9. Exchange of Energy between Radiation and 
Matter in a Hollow Enclosure (Hohlraum). KirchhofPs 
Law. —Let us now take an enclosed space and let its walls be 
opaque to radiation of all wavelengths. The walls are first 
imparted a uniform temperature and then thermally insulated 
from the surroundings. Let us study what takes place when 
we place substances having widely different physical properties 
within this enclosure. 

In the first place, the whole space is filled with radiation 
which is being emitted by the walls. This radiation arises out 
of the heat energy of the walls, and should therefore be regarded 
as a part of this heat energy. If we now place a small material 
body A inside the enclosure, it is easy to see that whatever the 
initial temperature of A might have been, it will ultimately acquire 
the same temperature as the walls. 1 This can be proved by the 

1 This may be easily seen for in the equilibrium state the entropy 
will be maximum and this can occur only when all temperature differ¬ 
ences cease to exist. 
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method of reductio ad absurdum , for suppose that in the equili¬ 
brium state the temperature of A is different from that of the 
walls. Then a Carnot engine may be used to transfer heat 
reversibly from the walls to A until A had the same temperature 
as the walls. During this process a certain amount of heat will 
be converted to work. But A would again be reduced automati¬ 
cally to a different temperature as, according to our assumption, 
this is the stable state of affairs. Hence the difference of tempera¬ 
ture can be again utilized for the conversion of heat to work. 
We thus see that if the body were to assume a temperature differ¬ 
ent from that of the walls, we have at our disposal a means of 
continuously converting the heat of a single body to work with¬ 
out maintaining a second body at a lower, temperature. This is 
against the second law, and hence we conclude that all material 
bodies placed in the enclosure would ultimately have the same 
temperature as the walls. 

Let us now suppose that a body of heterogeneous com¬ 
position is placed within the enclosure. Then the different parts 
of the body have different emissive and absorptive powers. 
The total energy absorbed by the body will be equal to the energy 
it emits, since its temperature remains constant in the equilibrium 
state. Now the energy emitted by the body remains always the 
same from Prevost’s law, whatever the position or the orientation 
of the body with respect to the enclosure. It follows therefore 
that the total energy absorbed by the body remains the same 
even if its position or orientation with respect to the . enclosure 
is changed. And as the different surfaces of the body have 
different coefficients of absorption, this can be the case only when 
the radiation travelling inside the enclosure in different directions 
is identical in quantity as well as quality (/>., isotropic). 

We shall now prove that the radiation inside the hollow 
enclosure is independent of the nature or the geometrical shape of the 
walls of the enclosure or of any body placed inside it. Suppose a 
body of emissive power e x and absorptive power a x is placed 
inside it at a large distance from the walls. The amount of energy 
emitted by an area dA of the body is (from eqn. 3) equal to 
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since the limits of integration extend for all wavelengths from 0 
to oo and throughout the whole solid angle. 

For the whole body this is 


rr^dA) r 
Jo 


e x dA. 


(5) 


Again the amount of energy absorbed by an element dA 
of the body is 

dA cos 9 


11 a x E x cos 9‘ dA dA' 


where r is the distance between an element of surface dA' of the 
enclosure and dA of the body, E x the emissive power of the 
enclosure and 6' the angle made by the normal to dA with the 
direction of emission. The above expression is equal to 

dA cos 9' 


11 ' 


a x E x dA. dA cos 9. 


- 11 - 


E± dAdA cos 9 dw 


r°° 

~ i t dA I a x E x dA t 

J 0 

and for the whole body, the absorption is 

ir('2,dA)[ a x E x dA. . . . . (6) 

JO 

Hence equating (5) and (6) we get 

pOO poo 

I 6£ d\ — | ^A - » • • (7) 

Jo Jo 

Now this equality must hold for each portion of the spec¬ 
trum, because if for any part of the spectrum it did not hold, /.<?., 
the absorbed part be not equal to the emitted part, there will be 
a continuous increase or decrease of radiant energy of that parti¬ 
cular wavelength at the expense of energy of other wavelengths, 
and hence E x would increase or decrease with time. This is 
contrary to our definition of E x . Hence for each wavelength 

..... ( 8 ) 
Now if we place the same body in another enclosure main¬ 
tained at the same temperature but having different shape and 

nature of walls, we shall have 

e x — a x JBj . 

since e x> a x depend upon the nature of the body and its tempera¬ 
ture and not upon the surroundings. Hence 

E x — E x . 
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From equation (8) we easily see that if we place a black 
body (a x — 1) inside the enclosure, E x is equal to the emissive 
power of this black body. Thus we see that the radiation inside 
a hollow. vessel is independent of the nature and shape of the 
walls and is identical in every respect with the radiation emitted 
by a black body at the same temperature as the enclosure. 

We can now readily deduce the relation between emissive 
power and absorptive power (Kirchhoff’s law). From equation 
(8) we have 



at any temperature the ratio of ihe missive power to the absorptive 
power of a substance is constant and equal to the emissive power of a 
perfectly black body. This is Kirchhoff’s law and has been proved 
here from thermodynamical considerations. We have proved 
the law here for bodies inside the enclosure. A little considera¬ 
tion will show that, since the emissive and absorptive powers 
depend only upon the physical nature of the body and not upon 
its surroundings, the law will hold for all bodies under all condi¬ 
tions for pure temperature radiation. 


A simpler but less rigorous proof of Kirchhoff’s law is obtained 
by omitting the geometrical considerations mentioned above. Imagine 
the enclosure to be filled with radiation having wavelength lying between 
A and A+</A, and let a body be placed inside it. Then equating the 
energy emitted by the body to the energy absorbed, we have 

e A dX — a A d£, 

where d£) is the energy of the incident radiation. Or 

- e A - 
a x d\' 

In the case of a perfectly black body of emissivity E x wc have 
(since a x —\\ 

E x dX = l.dQ. 



Hence 
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15*10. The Black Body.—The considerations put for¬ 
ward in the last section enable us to design a perfecdy black body 
for experimental purposes. We have seen that if an enclosure be 
maintained at a constant temperature it becomes filled with 
radiation characteristic of a perfectly black body. If we now 
make a small hole in the wall and examine the radiation 1 coming 
out of it, this diffuse radiation emerging out of the hole will be 
nearly identical with radiation from a perfectly black emissive 
surface. The smaller the hole, the more completely black the 
emitted radiation is. Thus a correction 2 has to be applied for 
the lack of blackness due to the finite size of the hole. This is 
due to the feet that some of the radiation coming from the en¬ 
closure is able to escape out and the state of thermodynamic 
equilibrium as postulated in the last section does not hold. 
Further the escaping radiation should consist of as little direct 
emission and reflection from the wall' as possible. This is almost 
completely avoided in the particular type of black body due to 
Fery (Fig. 4). So we see that the uniformly heated enclosure 
with a small cavity behaves as a black body towards emission. 

Again such an enclosure behaves as a perfectly black body 3 
towards incident radiation also. For any ray passing into the 
hole will be reflected internally within the enclosure and will be 
unable to escape outside. This may be further improved by 
blackening the inside. Hence the enclosure is a perfect absorber 
and behaves as a perfectly black body. 

Though Kirchhoff had proved in 1858 that the radiation 
inside a uniformly heated enclosure is perfectly black, it was long 

1 This radiation is made up of single, double, treble etc. reflection 
from the walls. Thus if the reflecting power of the surface of the wail 
is r while the emission from the surface is e, the total radiation escaping 

€ 

out is e-\-er-\-er* -f- .. .. j~ZTr~' From Kirchhoff’s law e—Ea—E 

from (1) if the walls are assumed to be opaque and impervious to radia¬ 
tion (/=0), E being the emission from a black bbdy. Hence the total 
radiation escaping out is simply, equal to JE, the emission from a black 
body. 

2 See Wien and Lummei, Wied. Atm., 56 , 451, 1895; Buckley, 
Phil. Mag., 6, 447, 1928. 

* Kirchhoff defines a black body as one “which has the property 
of allowing all incident rays to enter without reflection and not allow¬ 
ing them tc leave again. ,l ' See Planck, Wdmestrahlung. 

F. 80 
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afterwards in 1895 that Wien and Lunimer utilised this concep¬ 
tion to obtain a black body for experimental purposes. 

The black body of Wien consists of a hoilow cylindrical 

Air Space 


I ,y / 'fss/,'//s//S/rsSS//,sVSSSr/S/S//S////, V, 



|; ' ,f : ,J :' / '"A 

| | r/ .y_r/s ; f _y. -//^r/S/JS/SsJsTsMASsT^fsTs^ 

| '/SS.'S, rtf SS/SS/SSS/SSs ss SS/SS/Sf///" S/S/SS/Sf r/sss/s '/tty ' SS/JTSSAfSS/f' OV^/v ,,.s f ,//S/-. Sf/S, S s f->SSS -' ^ ■ ■- 1 ~ ' .-, 


Concentric Porcelain tubes 


—\/VWWWV- { 

Rheostat 

Fig, 3.—The black body of Wien, 


metallic chamber C (Fig. 3) blackened 1 inside and made of brass 
or platinum, depending upon the temperature that it has to stand. 
The cylinder is heated by an electric current passing through 
thin platinum foil as indicated by thick dashes. The radiation 
then passes through a number of limiting diaphragms and emerges 
out of the hole O. The cylinder is surrounded by, concentric 
porcelain tubes. The temperature of the black body is given by 
the thermoelement T. This is the type of black body now com¬ 
monly used. 


. Another type due to Fery is .shown in Fig. 4, Note the 
conical projection P opposite the hole O. This is to avoid direct 

radiation from the surface opposite 
the hole which would otherwise 
make the body not perfectly black. 

A striking property of such an 
enclosure is that if we place any sub¬ 
stance inside it, the radiation emitted 
rom it is also black and independent of 

the nature of the body. Thus all bodies 
/ ... * . ’ . . . 
Fig. 4.—Black body due to Fery. inside the enclosure lose their distinctive 



•vi.ll reflect the black radiation 


properties For a mirror placed inside 
from the wall and hence the emitted 


•lie 


i he walls, however, need not be black. Blackening merely enables 
equilibrium state to be reached quickly. 
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radiation is black. Any substance, if it absorbs any radiation trans¬ 
mitted from behind, must emit the same radiation in consequence of 
Kirchhoff’s law, and the total radiation leaving it must become identical 
with that from the walls, i.e. t of a black body. 

15*11. Applications of Ktrchhoff’s Law.*—The law em¬ 
bodies two distinct relations, a qualitative and a quantitative one. 
Qualitatively, it implies that if a body is capable of emitting certain 
radiations it will absorb them when they fall on it. Quantitatively, 
it signifies that the ratio is the same for all bodies. 

Various experimental proofs and observations may be cited in support 
of the qualitative relation. If a piece of decorated china is heated in a 
furnace to about 1000°C. and then taken out suddenly in a dark room, the 
decorations appear much brighter than the white china, because they being 
better absorbers, emit also much greater light. If we take a polished 
metal ball and have a black, spot on it by coating it with platinum 
black, then on heating the ball to about 1000°C and suddenly taking 
it out in a dark room, it will be found that the black spot is shining 
much more brilliantly than the polished surface. Again take the 
case of a coloured glass. We know, that green glass looks green because 
it absorbs red light strongly and reflects or transmits the green 
(red and green being complementary colours). Hence when a 
piece of green glass is heated in a furnace and then taken out, it is 
found to glow with a red light. Similarly a piece of red glass is found 
to glow with a green light. A more decisive example illustrating 
selective action is that of erbium oxide, didymium oxide, etc., which 
when heated emit certain bright bands in addition to the continuous 
spectrum. If now a solution of these oxides is made and continuous 
light is passed through it, the very same bands appear in absorption. 

15-12. Application to Astrophysics.— Besides these applica¬ 
tions Kirchhoff’s law was in a sense responsible for the birth of two en¬ 
tirely new branches of Science, Astrophysics (Physics of the Sun 
and the Stars) and Spectroscopy. We shall recount here briefly how these 
develpoments grew out of Kirchhoff’s law. Newton had shown in 1680 
that sunlight can be decomposed by means of a prism into the seven 
colours of the rainbow, (see Fig. 5(zz)), but Fraunhofer, who repeated 
the experiment in 1801 with better instruments, found to his surprise 
that the spectrum was not continuous, but crossed by dark lines (Fig. 
5 (A)). Th ei r number is at present known 4 to be about 20000, but 
Fraunhofer noticed about 500 of them, and denoted the more promi¬ 
nent bands by the letters of the alphabet:—A, B, C. For a com- 
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plete list see .Revision of Rowland’s Preliminary Table of Solar Wave 
lengths issued by the Mount Wilson Observatory. 

Fraunhofer never understood how these dark lines originated, 
neither did any of his contemporaries. But he realized their great 
importance, measured them and catalogued their wavelengths. He 
examined the light from stars and showed that their spectra were also 
crossed by dark lines just as in the case of the sun. A typical stellar 
spectrum is shown in Fig. 5 (<?). 

In the meantime, however, other sources of light were examined 
by the spectroscope and some knowledge was obtained of their spectra. 
It was found that a glowing solid gives a continuous spectrum, but a 
flame tinged with NaCl gives a pair of intense yellow lines on a dark 
background. Jt was found that if an electric discharge was passed 
through a glass tube containing gas at low pressure, a large number 
of emission lines was obtained on a dark background. For hydrogen 
these are shown in Fig. 5 (d). 

But still the dark lines of Fraunhofer remained unexplained. 
Some physicists, notably Fizeau, observed that if the spectrum of the 
sun is examined side by side with the spectrum from a sodium flame, 
the yellow lines appear in the same place as the D-band of the Fraun¬ 
hofer spectrum. Similar is the case with the hydrogen spectrum. In 
Fig. 5 (r) and (d) we see the emission spectrum of hydrogen side by 
side with the Fraunhofer spectrum. It is clearly seen that some of 
the dark lines in the latter occur in the same place as- the bright lines 
in the former. 

The explanation given by Kirchhoff not only completely solved 
the problem but was jfer-reachiug and extremely fruitful- in its conse • 
quences. < He supposed that the central body of the sun consists of a 
glowing mass which erhits a continuous spectrum without black lines. 
But this light has to pass through a cooler atmosphere surrounding 
the central mass. In this atmosphere, which is at a very high tem¬ 
perature, all the elements like Na, Cu, etc., exist in the gaseous fo r m. 

We have seen how the early workers studied the phenomenon of 
radiation with simple apparatus and had arrived at some very general 
laws. Everjr substance when heated emits radiation, light. Every 
substance has again got the power of absorbing light Kirchhoff 
arrived at the same law from thermodynamic reasoning (§15-9) and 
applied it to explain the dark lines as follows :— Sodium can emit the 
D-lines when it is excited; hence when light falls on it, it: can absorb 
also the same light, and allows other light to pass through it unmolested. 
The gases in the outer cooler mantle round the sun therefore deprive 



Plate II 


Continuous Prismatic Spectrum 



Emission Spectrum of hydrogen showing Balmer lines 


Spectrum of a-Auriga (G 0 type) 



Comparison of the flash spectrum (1905) with Rowland Atlas (Flash photograph 
enlarged six times and Atlas reduced to five times). The spectrum was 
photographed by S. A. Mitchell. 



Fig. 6 

Rgs* 0)> OX OX 0) have been reproduced from Knowlton, Physics for College 
Students t (e) from Muller-Pouillets, Lsbrbucb der Pbysik, Vol. IV and (/) from 
Handbucb der Astrophysik> Vol. IV. 
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die continuous spectrum from the central mass, of the lines they them¬ 
selves can emit, and give rise to the black lines. The D-bands (ab¬ 
sorption spectrum of sodium) in the Fraunhofer spectrum therefore 
prove that there is sodium in the sun’s atmosphere. Similarly the 
other dark lines testify to the presence of their respective elements in 
the atmosphere of the sun. 

The correctness of Kirchhoff’s explanation is seen further from 
flash spectrum results; We have supposed that the atmosphere of the 
sun contains Na. Now if we could observe the spectrum of the 
atmosphere apart from that of the central glowing cote (the photo¬ 
sphere), the lines would appear bright. We cannot ordinarily doit 
because the solar atmosphere is so thin that we cannot cover up the 
disc properly, leaving the atmosphere bare; the scattered sky-light 
which is due to the scattering of the sunlight by the molecules and 
dust particles in the atmosphere completely obscures the spectrum 
outside of the disc. But during a total solar eclipse, the solar disc 
is completely covered, and the sky-light is also reduced by the moon’s 
shadow. To any ont observing the sun through a spectroscope, the 
solar atmosphere will be laid bare at the time of totality and the dark 
lines will flash out as bright lines. This was found actually to be 
the case by Prof. Young in 1872. Fig. 5 (J) shows a flash spectrum of 
1905 eclipse which is placed side by side with Rowland Atlas for the 
sake of comparison. The lines of the flash spectrum are thus found 
to be due to the elements in the sun’s atmosphere. 

But Kirchhoff's discovery is of much more far-reaching impor¬ 
tance than the mere success in explaining the Fraunhofer bands would 
indicate. It clearly asserted for the* first time, that every different type 
of atom , when it is properly excited, emits light of definite wavelength which 
is characteristic of the atom. Just as a man is known by his voice, or a 
musical instrument by the quality of its note, so each atom can be 
recognised by the particular lines it emits, ITius was born the subject 
of Spectrum Analysis, which aims at identifying elements by their 
characteristic lines, and forty new elements were added with its aid 
to the list already known. The different atoms are regarded as so 
many different types of instruments, each capable of producing its 
own characteristic etherial music. 

15-13. Quantitative Proof of Kirchhoff’s Law- Pfliiger’s 
Experiment.— A quantitative proof of Kirchhoff’s law has 
been provided b y the experiments of PflflgerJ He measured 

1 Ann . d. Vhysik , 7, 806, 1902. 
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the emission and absorption due to a thin tourmaline crystal for 
both the ordinary and the extraordinary rays. His apparatus is 
diagrammatically illustrated in Fig. 6. 

S t is a source of light, radiation from which is concentrated by 
means of the lens L x on a very thin tourmaline 
*\ 1 plate T (the plate is so thin that it may not 

j \ absorb the ordinary ray). The light is again 

V / 1 concentrated by the lens L a to fall on the slit of 

the collimator C 1} and then falls on a Lummer- 
T Brodhun spectrophotometer. This consists of a 

! \ cube W, prism P and telescope F. The cube is 

' > • 2 prepared by cutting any cube diagonally and sil¬ 

vering the diagonal surface. The intensities of 

1 . light reflected and transmitted by the silver film 

are equal. S a is a standard source of light for 
jpji comparison and C a a collimator. Light coming 
P/HJ ^ from S 2 and reflected from the film, as well as 

J f-ry 2 direct light from S t enters the nicol N. 

' The tourmaline plate T is first maintained at 

1 any desired temperature and the emission from it, 

v N when Sj is removed, is compared with the light 

from S 2 for any particular wavelength as given by 

Fig. 6.— Pflfiger’s ^ p r j sm p. The nicol N enables the comparison 

experiment. A L 

to be made for both the ordinary and the extra¬ 
ordinary rays. Next S x is placed in position and comparison effect¬ 
ed. Lastly T is removed and the light from S x directly compared. 
To facilitate this a rotating sector was placed in front of S r to 
transmit only a part of the light. 

The calculations can be easily made. Let I denote the intensity of 
the incident beam, then a fraction r of it is reflected at the first face of 


IQs, 


m 


Fig. 6.—Pflfiger’s 
experiment. 


the crystal r is equal to where /a is the refractive index of the 

crystal for r the particular ray. The remaining fraction (1 — r) is available 
for transmission. Let the fraction of light reaching the other face be 
1—r—</, a being the absorption coefficient. The fraction transmitted 
through the crystal is 1 —r—a^t. The amount transmitted — It — 
7(1-r—*). Now the observations give E ot E e the emission from the 
crystal corresponding to the ordinary and extraordinary rays, I 0 , the 
intensities of the light emitted from the source S 1 ; and E 0 -j- 1 0 t 0i 
E,+I e t e when both Sj and T emit light. From these t 0 and /„ can be 
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determined and hence also a 0 , a e since r 0y r t can be calculated from a 
knowledge of p 0 and /* r 

Pfliiger found that a 9 ja 0 — 0*650 and E t jE c — 0’641. These 
are very nearly equal, hence E e ja e — E 0 ja 0 , or the ratio of the emis¬ 
sive and absorptive powers is the same for both the ordinary and 
the extraordinary rays. This proves Kirchhoff’s law quantitatively 
for each polarised component. 

The ratio E[a— constant holds for temperature radiation only. 
For coloured substances possessing a selective absorption without 
corresponding emission Eja — 0, and for luminous gases showing 
no absorption Eja—o o. But in these cases Kirchhoff’s law cannot be 
applied since there is no true temperature radiation. 

OTHER PROPERTIES OF RADIATION 

Pressure of Radiation 

15-14. General Ideas. —As radiation has been shown to be 
identical with light, it possesses all the properties which are ascribed 
to light. One of the properties of light most important for ©ur 



Fig. 7.—Tail of the comet 


present purpose is that it exerts a small but finite pressure on sur¬ 
faces on which it is incident. Though this property was in fact sus¬ 
pected by philosophers for a long time since the days of Kepler, who 
arrived at the conclusion from the observation that, as the comets 
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approach the sun, the tail of the comet continuously veers round 
so as to be always opposite the sun (Fig. 7, p. 639). This he tried to 
explain on the assumption that solar light exerts pressure on all ma¬ 
terial bodies exposed to it, but the pressure increases in importance 
only when the size of the particle is reduced. As painstaking 
experimental investigations failed to show the existence of light 
pressure, the view was abandoned for a long time, but Maxwell 
propounded in 18.70 his Electromagnetic Theory of Light, and 
showed that light should exert a pressure, but this is very small, 
being equal to the energy density of light for a parallel beam. 
For a proof of this theorem from the electromagnetic theory 
of light see Planck, WSrmestrahlmg, Part II, Chap. I. Thus we 
see that in order to find the pressure due to incident radiation 
we first find out an expression for the energy density of radiation. 

It can be easily shown that in the case of a parallel beam the 

energy density p of radiation is equal to J/r where I is the intensity 

of radiation and c the velocity of light. 

For, by definition, I is the amount of 

radiant energy incident per second on 

a unit area held perpendicular to the 

Fig. 8. —Eneigy density in a incident beam. This radiation will 

parallel beam, 

travel in a second a distance c and will 
consequently fill a cylinder (Fig. 8) of unit base area and of height 
and hence of volume c. The density of radiation p is simply 
the amount of radiation contained in unit volume, and is therefore 
equal to Ijc. Now by the above theorem. 



We may now give some idea of the magnitude ot the pressure 
exerted by sunlight. The solar constant, amount of beat received 
by 1 cm. 2 of a black surface exposed to solar rays is found to be, 1*94 
calories per minute. Hence 

I=1-94 x 4-2x10 7 /60 e rgs per sec. per cm. 2 
p^zljc—A • 5 x 10~ 9 dynes/cm. 2 

Thus the pressure exerted by sunlight on 1 sq. cm. is equal to 
the weight of 4-6xl0~® grams of matter. 
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15*15. Energy Density and Pressure of Diffuse 
Radiation.—In the case of diffuse radiation however the relation is 
not so simple. Let us find the density of radiation inside a uni¬ 
formly heated enclosure of any shape, lake a very small element 
of volume v inside the vessel at a large distance from the walls. 
All the radiation inside v may be assumed to come from a sphere 
described about any point 
O inside v, the radius r 

being very large compared 

with the dimensions of v. Let 
the* radiation coming from a 
surface element dA of the 
vessel traverse along the radius 
(Fig. 9) and intersect v in a 
length /. Describe an element¬ 
ary cone with a point in dA as 
the vertex and the radial line 
as the axis. The solid angle of 
suchan elementary coneis fjr 2 

where / is the area of the cross-section perpendicular to the radius. 
The radiation will take a time t—lfc in traversing the volume v 
and hence the amount of radiation contained in v due to this 
elementary cone is, from (4) equal to, since 0 is always nearly zero, 

K dA ~i = 

r l r*c 



where K is the specific intensity of radiation, i.e., the amount of 
radiation proceeding in a particular direction per unit solid 
angle across unit area per unit time. 

The total amount of radiation coming from dA and contain¬ 
ed in v is found by summing over all the elementary cones, 
and is therefore equal to 


!*■ dyi. .i_ 

~a* & J l 


K dA 


v. 


c r* e f* 

The total energy contained in u due to the entire enclosure 
will be found by summing the above expression over all elements 
dA of the sphere. Hence it is equal to 

Kv * A A Kv 


\~\ dA 


4w, 


F. 81 
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since dAjA represents the solid angle subtended by the element 
dA at the point O. Hence the energy density of radiation inside 
the enclosure is given by 

«=M_. (10) 


It can now be easily shown that the pressure due to this diffuse 
radiation is u\ 3. Consider a surface AB (Fig. 10) on which radiation 
is incident in a direction making an angle 6 with the normal. The 
density of radiation in the enclosure due to radiation coming from 



is also the total force on AB. 
AC cos 0. Hence the pressure 
to radiation incident on it in 


the direction enclosed in a very 
small solid angle is K du>. This 
may be treated as linear. Hence 
the pressure on AC due to the 
radiation coming from the direc¬ 
tion 0 y <f> is K daifc where d<a— 
sin 0 dO d<f>. The total force exert¬ 
ed on AC, is (K do>fc). AC, which 
Its normal component is (Kdo>fc) x 
on AB normally per unit area due 
the direction 0 } <f> is 


K AC cos 0 

•••"— aw. — t ro"" 
c AB 


K 


cos 2 0 dw. 


V X t 

Integrating over the entire hemisphere we get the total pressure 
p ~ | r ~ cos 2 8 sin 6 d$ d<l) = $. 2n 

The energy density u in the space is given by u—2ttKIc. Hence 

.( 11 ) 


13*16. Bartoli’s Proof of the Existence of Pressure of Radia¬ 
tion.—We shall now. give the thermodynamical ^ 

proof of the existence of radiation pressure due 
to Bartoli. He conceived an imaginary process in X 
which he takes a cylinder with perfectly reflecting sur¬ 
faces, and closed by two perfecdy conducting black 
plates G, D (Fig. 11). These plates are placed in 
contact with two heat-reservoirs of infinite capa¬ 
city kept at temperatures T, T', so that their tempera¬ 
tures are maintained constantly at T and T' (T>T). 

A and B are two perfectly reflecting diaphragms, 

and B is provided with a valve. Suppose that, to pbragtns etc. 
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start with, the valve in B is open, and A is in the position shown, so that 
the space AB is filled up with radiation in equilibrium with a black 
body at temperature T, the small space AD is filled with radiation 
which is in equilibrium with a black body at temperature T'. Then 
we close the valve, and" move B upwards thereby compressing the radia¬ 
tion imprisoned in the space AB to a very small volume so that the den¬ 
sity of radiation in space AB' (B' is the final position of B) is much larger 
than in AD. If now A is pulled aside, the space in B'D will contain 
much more radiation than can remain in equilibrium with-the black body 
V. This excess energy will therefore be absorbed by T' till equilibrium 
is reached. In this process, the net result is that we have transferred 
heat from a colder body to a hotter body, but from the second 
law this will be rendered possible only by the expenditure of work. So 
we must have done some work in moving B upwards. Hence we con¬ 
clude that as B moves upwards, it must be opposed by a pressure, and 
this can be due only to radiation. 

— S 

15*17. Analogy between Black Radiation and a Perfect 
Gas.—The ideal process described above brings out clearly the 
close analogy between black radiation and perfect gas which proved 
rather far-reaching in its consequences, and resulted in the discovery* 
of the laws of temperature radiation. In the Kinetic Theory, we 
picture a perfect gas as being an assembly of particles in perfect 
chaos, /.<?., having all velocities from 0 to oo, and moving in all 
directions. We observe that black radiation, /.<?., radiation in an 
enclosure, is also proceeding in all directions, and is composed of 
waves of all lengths. In the case of a perfect monatomic gas, the 
pressure exerted is 2/3rd the energy density; the factor 3 in the deno¬ 
minator being due to the fact that only the component of motion 
/ 

perpendicular to the wall is effective in producing the pressure. 
In the case of light also, the light waves carry momenta and exert 
pressure when they are incident on the walls. When these are 
perfectly absorbing no wave is reflected, and pressure of radiant 
energy is equal to 1/3 density of radiation. If the walls are per¬ 
fectly reflecting, the pressure is again equal to 1 /3 the total energy 
density of radiation. 1 

1 The difference in the two cases viz. 2/3 for molecules and 1/3 
for photons (radiation) is simply due to the high velocity of photons 
and is easily explained from relativistic mechanics, the two phenomena 
being exactly similar. 
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The analogy can be further worked out. We can regard 
the black radiation as a thermodynamic system and calculate its 
energy as well as entropy. Later developments allowed the analogy 
to be pushed still further. Radiant energy is now regarded as 
atomic in structure, consisting of discrete particles called photons 
which retain their total stock of energy unimpaired throughout 
their flight in space, and may only be broken up on their en¬ 
counter with matter. 

In a blackbody chamber the photons may have all energies 
between 0 and oo, and may be moving in all possible directions. 
Just as in the kinetic theory of gases we have to find out how many 
molecules at a given temperature have a definite range of energy 
(Maxwell's law of distribution, p. 132), so also in the theories of 
radiation we have to find out how many quanta of frequency v are 
contained in a black radiation chamber. This is treated in 
Chap. XVII. 

15.18. The Quantum Theory of Light.—This concept of 
light, which appears to be diametrically opposed to the view that light 
is a wave motion, is nevertheless forced upon us by a number of facts 
which came to light about the beginning of the present century. It 
will suffice to take only one phenomenon, *•/£., Photoelectricity? It was 
found that when ultraviolet light fell on an insulated metallic plate, the 
latter became positively charged. This is due to the fact that light, 
when it falls on a metallic plate and gets absorbed, releases electrons which 
escape into the surrounding space and leave the plate positively charged. 
The velocity of these electrons is measured as usual by the method of 
crossed electric and magnetic fields, and is found to vary from a 
maximum value to zero. 

In course of further investigation on the subject, certain sur¬ 
prising facts came to light. It was found that photoelectrons were 
emitted only when the plate was illuminated by light rich in ultraviolet 
rays, but no photoelectron was emitted when the plate was illuminated 
by red light, however intense this might be. Lenard pursued the subject 
further; he illuminated the plate with light of one colour (monochro¬ 
matic) and measured the maximum velocity with which the diectcons 
are emitted. This was done for five or six different rays. Einstein 

1 The photoelectric phenomenon was actually discovered by 
Hertz, but the gradual clearing up of the ideas is due to Hallwachs, 
Righi, and Lenard. For further information, see A Treatise on Modern 
Physics by Saha and Saha, pp. 186—188. 



§15-18] 


THE QUANTUM THEORY OP LIGHT 


645 


showed in 1905 from Lcnatd’s experimental results that if the energy 
E with which the electron is emitted is plotted against the frequency 
of the illuminating light a straight line is obtained. We have 

B = a(v— v 0 ) .(12) 

where a is a constant. 

This shows that if the plate be illuminated with light of frequency 
less than i» 0 , no electron can be emitted. v 0 is known as the photoelectric 
threshold frequency. 

It is easily seen that this equation is contradictory to the usual 
conceptions of light propagation or absorption. According to the 
classical conception, light as it is propagated in space from a central 
source goes on thinning itself in the manner given by the inverse 
square law. Thus if we have a source emitting Q units of energy 
per unit time, then the amount flowing through unit surface at distance 
r is given by j2/4«r a , and if r be large enough, jJ2/4*r a may be as small 
as we please. 

Now to return to the case of release of electrons from metallic 
surfaces. The electron may be supposed. to be held to the parent 
atom by a certain force of attraction, and when it receives a certain 
minimum amount of energy from outside, it will leave the atom. It 
can receive this energy from light only by absorption. The energy 
absorbed by an atom in the metal is 


a 

4ttT 2 


a.A.t, 


(13) 


where ^4=area of the atom exposed to light, /=the time for which 
light is incident and a is the absorption coefficient. 

But a little consideration shows that in photoelectric emission 
light cannot be absorbed according to this process. For if this were 
the case, we can obtain photoelectrons by illuminating a metal plate 
with red light for a sufficiently long time. This is never found to 
be the case; red light, however strong, never releases a single photo- 
electron, however long the metal plate may remain exposed to it. On 
the other hand, violet light, however feeble it may be, releases the 
electrons instantaneously. 

N. R. Campbell has cited a specific case which illustrates this point 
clearly. In a certain experiment die intensity of the spark light was so 
much diminished that, according to equation (13), 45 minutes are required 
before an atom can absorb sufficient light for the ejection of an electron. 
In this case, A was taken—10 -ie sq. cm. But the ejection was found 
to be instantaneous. 
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These facts can be explained only by abandoning the ideas sketched 
above as regards propagation, and assuming that light is atomic in 
structure. Each atom of light retains its total energy-content intact 
as it flies through space. 

• With this conception Einstein explains the photoelectric pheno¬ 
menon in the following way. Let us suppose that the amount of energy 
contained in g cell of light is proportional to v, and may be put equal 
to hv. When the cell of light (or Photon) falls on the atom and is 
absorbed by it, a part of the energy is spent in releasing the electron 
from the parent system, the remaining part is converted to the energy 
of the photoelectron according to .the law of conservation of energy. 
We have 

B -j- A =» hv , 


(Energy, of ejection) (energy of Release) 

£ = *(„-„„). .... (14) 

The constant ‘k’ is generally known as Planck's miversal constant , 
because Planck was the first to arrive at the quantum theory of light 
from his investigations on black body radiation. Its value is 6*54x 
10~ 87 ergs x sec. Equation (14), generally known as Einstein’s Photo¬ 
electric equation, has been extensively verified by the experiments of 
Millikan. 1 

The theory of light-quanta indeed effected a revolution in our 
conception of Physics. We have therefore introduced it at an earlier 
stage than is usually done. It may, howevet, be remarked that the 
quantum theory does not supersede the wave theory entirely, but 
rather supplements it. A synthesis of the two views has been affected 
by' de Broglie, Heissenberg and Schrfidinger in what is now called 
“Wave Mechanics”. 

Planck’s law that the energy-content of a radiation-quanta t=kv, 
enables us to characterise radiation by its energy-content. We have 

€^hv~hcj\ 

so that the energy-content of a wave of length A A units is given by 


6*54xl0~ 27 x3xl0“ 10 
«= -- ergs 


1 *96x10”® 


10-A-*■- A “ g \ (,5) 

It is the usual practice to express e in another unit, viz. the 
electron-volt. This is the energy acquired by an electron in felling 

4*80 XlO -1 ® 

through 1 volt and is therefore equal to-— 


= l’60xl0~ 12 


1 Phys. Rev., 7, pp. 18, 355, 1916. 
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ergs. We see easily that a radiation quantum having the wavelength 
A A. U. will have the energy of y electron volts, where 


J = 


Arx300 


12340 


A X 4 ■ 80 x 10 -10 x 10~* 


- ( 16 ). 


12340 


Thus the D 1 -light from Na has the energy of =2*2 e.v.. 


12340 


the Ka-lineofCu (A— 1 *53 A.U.) has the energy ~ -- =8000 e.v., a 


y-ray 1 *23x1O -11 cm. in wavelength the energy of 1 million electron- 
volts, y-rays having an energy of 2’66 m.e.v. are emitted by ThC*', and 
in nuclear reactions, y-rays having the enormous energy of 17 m.e.v. 
have been found. 


15*19. Pressure of Light from the Quantum Theory.— 

The pressure of light can be deduced from the Quantum Theory also. 
Let us consider a photon hv moving with the velocity e. According 
to the Theory of Relativity, mass and energy are identical, being connected 
by the relation 1 E=*mc z . Hence a photon of energy-content hv, moving 
with the velocity c, may be supposed to possess a mass m = hv\c % . 
The photon therefore carries the momentum mc—hvjc. If it is incident 
normally on a black surface and is absorbed by it, it exerts an 
impulse=Av/r. The totalpressure exerted = 2 hvjc, where the summation 
extends over photons of all frequencies incident on the plate per unit 
time. 2 hv is clearly equal to I, the intensity of light. Hence we have 
the theorem p r —ljc where l is the intensity of incident light. 

For diffuse radiation it is easy to see, as in the corresponding case 
for gases, that 

. _ i i. 

* ~ T" V 

15*20. Experimental Proof of the Existence of Radiation 
Pressure. —The pressure of radiation is so small (vide p. 641) that for a 
long time it baffled all attempts to measure it. The difficulties were over¬ 
come only in 1900 when Lebedew,* and a little later Nichols and Hull,* 
successfully demonstrated its existence. The straightforward way is 
to mount a pair of vanes A composed of absorbing or reflecting sur¬ 
faces, on the arms of a glass cross, and suspend it by means of a thin 

1 This theorem is due to Einstein. A. H. Compton has given an 
experimental demonstration of the momentum carried by photons 
(Compton-effect). See Pbys. Rev., 21, 483, 1923. 

2 Ann. d. Physik, 6 438, 1901. 

* Jour. Amer. Acad., April; 1903; Pbys. Rev., 13, 293, 1901; Hull, 
Pbys. Rev. May, 1905. 
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quartz fibre / within a bell-jar (Fig. 12). A mirror m is attached 
to the suspension and the deflection is measured by the lamp and scale 
arrangement as for galvanometers. Light from a 
strong source is focussed on one of the vanes, and 
the resulting deflection is measured. If the constants 
of die suspension are known, the pressure can be 
easily calculated from the deflection, and compared 
with the theoretical value l\c. The value of 1 is 
determined calorimetrically by substituting a black 
copper block of special design at the position occu¬ 
pied by the vane and allowing the light to fall on it. 
The block is so designed that it absorbs all the light 
which falls on it. The rise in temperature of the block 
is noted, fro'm which I can be easily determined. 

In such experiments the disturbing factors have 
Fig. 12. — Apparatus been found to be due to three distinct causes:— 
t0i ZEffiT (1) Tta Radiometer action , which causes a rota¬ 
tion of the vane due to the unequal heating of its 
two sides. This is proportional to the pressure of the surrounding 
gas and to the temperature difference, and is in general much greater 
than the true radiation pressure. 

(2) Convection Currents , due to the rush of air towards the parts 
warmed by the passage of the pencil of rays. 

(3) Rocket action , due to the escape of particles of gas from the 
surface of the vanes when these are heated by the incident light. On 
account of this the vane experiences a recoil. 

It is seen that the factors mentioned in (1) and (2) are eliminated 
by suspending the vanes in the highest vacuum and taking as thin a 
strip for the vanes as possible. Lebedew used very thin strips of 
platinum and worked at extremely low pressure. Nichols and Hull 
used rather higher pressure (about 16 mm.) where the radiometer action 
was found to be minimum, and eliminated it by differential readings 
from the two sides. The receiving glass disc had one surface silvered, 
so that this silvered surface was always heated whether the radiation 
was incident on this surface or on the other surface. When the radial 
tion fell on the silvered surface, the radiation pressure and radiometer 
action assisted each other while , in the other case they were opposed. 
Hull later placed the silvered side of a thin cover glass in contact with 
the blackened side of a similar glass and the whole was enclosed in a 
cell of two thin glass plates w’hich were separated from these by air 
space. Thus both the surfaces of the cell were equally heated and the 
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radiometer action was practically eliminated. Rocket action was 
eliminated since no gas left the cell. The senior author and Chakravarti 1 
devised a simple arrangement on similar lines. Their vanes were 
constructed as follows :—The silvered sides of two thin circular glass 
slides (as used for microscopical studies) were put one upon the other 
and connected to each other by a trace of canada-balsam on the fringes, 
thus enclosing a thin film of air in between. When light, previously 
filtered of all rays capable of heating glass, is allowed to fall on one 
side of this vane, the two sides of the film are instantly raised to the. 
same temperature (because it is extremely thin), and hence the radiometer 
action is eliminated. Two such vanes were suspended on the opposite 
arms of a torsion balance which is suspended by a thin quartz fibre 
(Fig. 12) having a mirror m inside a vessel that can be evacuated. On 
account of the low pressure convection currents ate absent. The rocket 
action L also eliminated since the liberated gas remains inside the system, 
and the action and reaction being equal, the net effect is zero. 

If p is the pressure exerted by radiation on a vane, A the area of 
the vane, 2d the distance between the two vanes, the turning moment 
exerted by the radiation is pAd. This must equal fid where fi is the 
torsional couple per unit twitt and 0 the steady deflection produced. 

Ur n 

Hence p — 0. 

fi can be obtained from observations of the period of free oscil- 
■ lation of the system if its moment of inertia be known, and 6 is 
measured by the lamp and mirror arrangement. It was found that the 
pressure was approximately equal to Ifc , i.e., the energy density 
of incident radiation; 

15*21. Total Radiation from a Black Radiator. The 
Stefan-Boltzmann Law.—In 1879 J. Stefan deduced empiri¬ 
cally from the experimental data of Tyndall and of Dulong 
and Petit that the total radiation from any heated body is pro¬ 
portional to the fourth power of its absolute temperature. In 
1884 Boltzmann 2 gave a theoretical proof of the law based on 
thermodynamical considerations. He showed that the law applies 
strictly to emission from a black body. The law is therefore 
generally known as the Stefan-Boltzmann law, and may be formally 
enunciated as follows :—If a black body at absolute temperature T 

1 Journal of Asiatic Society of Bengal, 14, 425, 1918. 

2 Wed. Ann., 22, 291, 1884. 

F. 82 
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be surrounded by another black body at absolute temperature T 0 , the 
amount of energy E lost per second per square centimetre of the former is 

E — a('i' 4 - T 0 4 ).' (17) 

For proving this law, we consider radiation in a black body 
chamber, and try to apply thermodynamical laws to the radiation. 
Let u denote the energy density of radiation inside the enclosure, 
V its total volume and p the pressure of radiation. Then both 
u and p are simply functions of the absolute temperature T. We 
have further the total energy U of radiation —uV. 

We apply 1 equation (15) of p. 329 connecting 17, V and p. 
We have 



dU __ ■ _ * 

and u t p ^ * 

since the radiation is diffuse (equation 11). 

Hence equation (18) reduces to 

T du u du dT 

u ~ T dT “ T* ° r T ~ 4 T ; 

or ...... (19) 

where V is a constant, independent of the properties of the body. 

This gives us the density of radiation in the enclosure. The 
amount of energy lost through an aperture of unit area per second 
is, from equations (19) and (10), given by 

H=ttJC= -^T 4 = cr'I' 4 .(20) 

V is known as Stefan’s constant. The value of V has been 
found to be 5*7x 1(H ergs sec.- 1 cm.- 8 °K -4 . 

15*22. Experimental Verification of Stefan’s Law.— 
The law was subjected to experimental test by various investi¬ 
gators. Lummer and Pringsheim 8 investigated the emission 
from a black body over the range of temperature 100°C to 

1 Boltzmann deduced the law by imagining the radiation to perform 
a Carnot cycle. He utilised the conceptions of Bartoli. This is however 
unnecessary here for we have shown black radiation to be analogous to 
a gas and we can proceed directly to apply the general thermodynamical 
laws to black radiation. 

8 Wied. Asm., 63, 395, 1893. 
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1260°c and found the law to hold true within experimental 
errors. We give below a brief account of their apparatus and 
arrangement. 

A is a hollow vessel containing boiling water (Fig. 13) which acts 
as the standard source of radiation for calibrating the bolometer B 


farm 


Fig. 13.—Lummer and Pringsheim’s apparatus for verifying Stefan's Law. 

from time to time. The black body C, employed for the range of tem¬ 
peratures 200°C to 600°C consisted of a hollow copper sphere blackened 
inside with platinum black, and placed in a bath of a mixture of sodium 
and potassium nitrates which melts at 219°C. This salt bath could 
be maintained at any desired temperature. The temperature could 
be measured with a thermo-element T. 

For temperatures between 900°C and 1300°C the black body shown 
in Fig. 14 was employed. D is 
an iron cylinder coated inside 
with platinum black and en¬ 
closed in a double-walled gas 
furnace. The temperature in¬ 
side the iron cylinder was 
obtained by a thermo-element 
enclosed in a porcelain tube 

passing through the furnace. pjg. 14 ,— -Black body for temperatures 

The measuring instru- between 000° and 1300 e C. 

ment shown at B was the 

surface bolometer of Lummer and Kurlbaum. A description of this 
as well as the method of connecting it will be given later in this chapter. 
Besides, there are a number of water-cooled shutters so that radiation 
can be stopped or allowed to fell at will. 
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The procedure adopted was as follows The bath was heated 
up to the desired temperature and maintained steady, and then the 
shutter was raised to allow radiation from C to fall on the bolometer 
and the maximum deflection registered by the galvanometer noted. 
The bolometer was kept at -different distances from the black body 
and the inverse square law verified. Next observations were taken with 
the black body at different temperatures. The observations were all 
reduced to a common arbitrary unit depending on the radiation from 
the black body A at 100°C and at a distance of 633 mm. If d represents 
the deflection of the galvanometer needle, T the absolute temperature 
of the black body, 290°K the temperature of the shutter protecting the 
bolometer, then 

d = a (T 4 -290«) 

from Stefan’s law. a was found to be constant whose mean value for 
the instrument was 123*8 x 10 -10 . Hence the truth of Stefan’s law 
is established. 

15*23. A Simple Method of determining a. —Kuss- 
mann 1 has given a laboratory method of determining a by making 
use of the radio-micrometer. His apparatus is diagrammatically 
represented in Fig. 15. 

A is the black body whose temperature is given by the thermo¬ 
couple T , h > S is a shutter, and D a water-cooled diaphragm. Radia- 



Fig. 15.—Kussmann’s apparatus for determining a. 


tion from A travelling through G falls on R which consists of a very 
thin blackened strip of manganin or constantan. The strip .becomes 
heated and acquires a steady final temperature. It also emits radia¬ 
tion which is concentrated by the lens L and falls on the radio-micro¬ 
meter 2 M, producing a steady deflection. Next the radiation from the 

1 Zeits. f. Phjsik y 25, 58, 1924. 

2 This instrument is described in detail in sec. 15*41. 
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black body is cut off and the strip heated electrically 1 by means of the 
battery B. The electrical power supplied is so adjusted as to produce 
the same deflection as before. Then we can equate the amount of 
energy supplied to the strip by radiation from A to the electrical energy 
supplied.' Thus if i be the current in amperes through the strip, jR its 
resistance, T lf T 2 the temperatures of the black body and the shutter, 
A l , A. z the areas of the strip and the diaphragm respectively, r the 
distance between the diaphragm and the strip, then the energy received 
by the plate by. radiation 

EA-i-A-2 (t 4 t i. 

where a is a correction factor necessitated by the diffuse reflection from 
the strip, atmospheric absorption etc. 

Equating this to the electrical energys supplied to the plate we have 

Z 2 R = ^4* (T\ 4 - Tf)a. 

TIT* 

/*R. jjt 2 watts 

” " " A x AffC- T a *)= (cm*) (degree) 4 ’ ’ ' 1 

As a result of numerous determinations Kussmann gives the correct¬ 
ed value of a as 5‘79xl0“ la watts/cm. 2 °K 4 . 

15-24. Critical Review' of the Experimental Work on the 
Determination of the Stefan Constant. —The value,of the Stefan 
constant has been determined by a large number of workers; We may 
mention here a few of them, vi%., Lummer, Kurlbaitm, Valentiner^ 
F^ry, Gerlach, Coblentz and Mtiller. A very good account of their work 
will be found in Handbuch der Expertmntal-pbysik. t Vol, 9, pp. 423-455. 
We shall consider bery briefly the work of G^blentz and Miiller for 
they took great care and obtained good values. 

Coblentz 2 employed as a receiver of radiation a modified Angstrdm 
pyrheliometer containing a thin blackened manganin strip, behind 
which but close to it a thermopile was placed. The incident radiation 
was absorbed by the strip which in turn, radiated to the thermopile 
producing a deflection. Next the strip was heated electrically to produce 
the same deflection, in this way a could be calculated. Coblentz 
employed various corrections and got the value a= 5-72X 10~ 12 watts. 

1 The idea of determining by comparison of radiant energy 
with electrical energy was first given by Kurlbaum who however used 
a bolometer. He got the value tr — 5*32xl0“ 12 watts which is too low. 

2 Bull. Bur. of Stand. , 12, 503, 1916; 15, 529, 1923. A good account 
of this work as well as of other determinations will be found in 
A Dictionary of Applied Physics, Vol. 4, article by Coblentz. 
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Mullet 1 performed a series of experiments with great care and 
•dairas an error of less than *5% for his result. He employed rather 
large-sized plates of Ni or Pt as receiver Which was placed at the centre 
•>; a hollow hemisphere as in the Angstrom pyrheliometer. Thus the 
L*£.diation was received under almost perfect black-body conditions. 
I he strip in turn radiated to a surface bolometer. Due to the large 
size of the plate, the uncertainty in its determination was reduced to 
i minimum. The compensation method was employed to determine 
the energy received by .the plate in absolute measure. Corrections 
were applied for the lack of blackness of the radiator, for the imperfect 
absorption of the receiving strip, for the loss of radiation due to water 
vapour and carbon dioxide in the air, etc. He got the mean value 
from a number of determinations to be 5-774x1O'" 13 watt cm" 2 °K~ 4 . 

It is rather unsatisfactory to find that the values obtained by different 
observers vary tatner widely from 5-32X 10“ 12 to 6*15 xl0“ 18 . Some 
Investigators 2 have even expressed doubt as to whether a can be regard¬ 
ed as a constant over the whole range of temperature. Birge 8 has given 
a critical discussion of these experimental works and adopts the mean 
value 5-672 x 10~ 12 . The results of the most reliable direct determinations 
have been compiled by R. Ladenberg 4 and are given in Table 1. La¬ 
denberg in 1933 put down the mean value as 5-767. Wensel* from a 
critical examination of the direct determinations arrives at the value 
o=5 • 69 x 10" 12 . 

Table 1 .—■Recent determinations of v. 
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DISTRIBUTION OF ENERGY IN THE SPECTRUM 
EMITTED BY A BLACK BODY 

15*25. Adiabatic Expansion of Radksion. Wien’s Dis¬ 
placement Law.—We have seen that the radiation emitted 
by a body is hot confined to a single wavelength but is spread 
over a continuous spectrum. We shaii now consider how energy is 
distributed over the different wavelengths. Considered from 
the quantum theory of light, the problem reduces to finding out 
how many quanta having the energy value between e and e + de 
(frequency v and v-\-dv) are contained per unit volume in a black 
body chamber at temperature T. The problem is thus analogous 
to that of distribution of energy amongst molecules, but it did 
not present itself in this form to the early workers before the rise 
of the quantum theory. They worked on the fines of classical 
thermodynamics and the electromagnetic theory of radiation and 
arrived at a complete solution of the problem in several stages in 
a somewhat laborious fashion. The first step was taken by Wien 1 2 
who showed in 1893 that E x dX, /.<?., amount of energy contained 
in the spectral region included within the wavelengths A and 
X-\-dX emitted by a black body at temperature T, is of the form 

.( 22 ) 

whete A is a constant and J(XT) is a fimetion of the product (AT). 

(/) This expression was obtained from purely thermodyna¬ 
mical reasoning. For this purpose let us think of an imaginary 
experiment (Gedanken versuch) performed with a spherical 3 en¬ 
closure having perfeedy reflecting walls which are made of elastic 
material and are capable of slowly moving outwards. Let 
the enclosure be maintained at some temperature T and let a small 
speck of black body (carbon) of negligible heat capacity be placed 
inside it. In a short time the radiation inside the enclosure wifi 
be in equilibrium with the black body. Now we take out the 

1 BerL Ber. (1893), p. 55; Wied. Ann., 52, 132, 1894. 

2 By an extension of these arguments it can be shown that these 
results will hold for an enclosure of anv shape whatsoever. See Planck, 

Wdrmestrahlung. 
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black body so that the enclosure remains filled up with diffuse 
radiation at T°. 

Next allow the black radiation within the enclosure to ex¬ 
pand adiabatically. This may be -brought about by supposing 
that the walls suddenly begin to move outwards slowly with the 
uniform velocity v When the volume has expanded to a 

certain extent (V r ) the temperature will fall say to T' and the quali¬ 
ty of radiation may also change. But it can be proved that the 
radiation remains black radiation characteristic of the lower 
temperature T'. 

If this were not the case, let us assume provisionally that the 
energy, though of the same density, is not of the same quality as 
the black radiation at temperature T'. For fixing our ideas we may 
suppose that the red is in excess and the blue is in defect. Now let 
us insert substances A and B, absorbing red and blue rays respec¬ 
tively. Then A will be more heated, and B will be cooled. By 
working a Carnot engine between them we convert excess heat 
in A to work and can bring the quality to that of full radiation. 
The temperature will be lowered below T' because some energy 
has been converted to work. Now remove the red and the blue 
bodies and compress the enclosure adiabatically till it attains the 
original volume. The temperature at the end of this process will 
be less than T. Again by the previous supposition we do not 
have full radiation, and 'by inserting absorbing bodies and working 
a Carnot cycle, the temperature can be lowered tiii the quality is 
full (black). Hence finally the original volume becomes colder 
' while some work is obtained during the whole process. Thus 
we are able to get work continuously by using the heat of a 
single body (the reservoir) without having to maintain any 
body at a lower temperature; this is against the second law. 
Hence the assumption upon which the deduction is based is 
not true. We must suppose that full radiation after adiabatic 
expansion remains full, characteristic of the lower tempera¬ 
ture. 

(it) Next we; must calculate the change in frequency due to 
Doppler effect which every wave will suffer on reflection at the 
moving wall. The waves inside the enclosure will be incident on 
the walls at all angles. In the case of normal incidence we know 



§15.25] 


wien’s displacement law 


657 


that’ a particular wave of frequency 1 v will be changed, according 
to Doppler principle, to v(\—v}c) on reaching the wall. The 
frequency of the reflected wave is again decreased in the ratio 
1 : 1/(1 -f- l'/Q, for now the source itself is in a state of motion. 
The resultant frequency 


v\-dv =-= 

p(l —vjc) 
(1 +vfc) 


. . . (23) 

Since v[c is small, or 




dv 

2v 

dX 2v 

. (24) 

ZJX — - J 

V C 

or —. 

A Cr' 


When however the wavefront is incident obliquely so that 
the normal to it makes an angle d with the normal to the surface, 
(Fig. iS) the effective part cf v is that perpendicular to the wave- 
front, i.e. t v cos 6, and therefore 


dX = 


2v cos 6 
c 


X. 


(25) 


WaveS will be incident on the walls of the surface in all 
possible directions and will suffer a change in wavelength. Con¬ 
sider a wave of length A incident at an angle 6 with the normal. 
At each reflection the change in wavelength is given by (25). 
Between successive reflections the wave travels a distance 




Fig. 16 .—Oblique incidence. Fig. 17 .—Change in wavelength 

on reflection at the wall. 

2 r cos 6 (Fig. 17) and hence the number of reflections per second 

1 We can dedace the same expression from the Quantum Theory 
of Radiation. Consider any photon incident upon the walls of the 
enclosure. The moment of a photon — hvjc. The number of photons 
striking the moving reflector per second per unit area of its surface 
■a n(e-~ v ) where n is the number of photons per c.c. in the incident 
beam. 

F. 83 




658 RADIATION [XV 

is **/2r cos 8. Hence the change of wavelength per second is 



where v—8r the distance traversed in 1 sec. 

(jit) The temperature of the enclosure is also changed. For 
we started with a given amount of energy, but this energy is now 
distributed over a larger volume and a part of it is spent in doing 
external work (t.e., the work done by the pressure of radiant energy 
upon the walls). Since the process is an adiabatic one we have 

ZQ^dU+pdV^ 


where dU is the total change in internal energy and pdV is the 
work done by radiant energy. Now XJ^uV where u is the density 
of radiation and V the volume of the sphere. Also p~uj3. 
Hence 


or 


d\*V) + yJV = 0, 

/ 


du , 4 dV 
u + 3 V 


0 . 


On integration, we get 


^constant. 


. (27) 


This can also be written in the form constant for 

an adiabatic process. Thus radiation behaves like a gas having 
its y=*4/3. 


let the initial frequency of radiation be v and the final frequency 
i/. Therefore the change in momentum suffered by a photon = 
(hfi) (v-j-y'). Hence the pressure p exerted on the wall, which is equal 
to the change in momentum per second, is equal to (hje) (v-j-v r ).v(£’—v). 
Therefore the work done per second on the moving wall, /a, energy 
imparted by the n(c—v) photons—pv=(hlc)(v-\-v r ). tt(c—v). v. Hence 
the work done by each photon = (hje) (v-\-v)v. This will produce 
a change in the energy of the photon. Hence 


h(v — f) = — ~ 

>■ c 


Or 1-f 


2v 


v —v 


c _ dv _ 2v _ 2v 
v* v ~~ c' 
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Now u— 
yields 

Therefore 


aT 4 from Stefan’s law and V~ £ wr 8 . Hence (27) 


rT=const. 
dT _ dr 
T ~ F* 


. ( 28 ) 
. (2 8a) 


Combining with (26) we get 

dX _ dT 

X ~ T~’ 

AT= constant. . . . . . (29) 


Thus if radiation of a particular wavelength at a certain tem¬ 
perature is adiabatically altered to another wavelength, then the 
temperature changes in the inverse ratio. 

(tv) We shall next prove that u x A 6 = const. the density 
of radiation is changed inversely as A 5 in the above process, 
for suppose we isolate waves of wave-length lying between 
A and A-f/A in the spherical chamber, and subject these alone 
to an adiabatic expansion. The work done in the adiabatic 
expansion is iu x dX. A V y and this should be equal to the decre¬ 
ment in the total energy content, vh^. t —A(*a V). Hen$e 


£u x . dX./Sy — — A( a » dX.V). 


Now dX changes in the same way as A, hence 
and Vcc A* from (26). Hence rearranging 1 , we have 

5AA + A** _ 0 ^ 


a<a_aa 


or u x A 8 = constant = u x A' 6 , . . . (30) 

where u x is tne density of the radiation A' to which A has been 
transformed by the expansion. This will correspond to the equili¬ 
brium radiation-density at the temperature T'—AT/A'. 

Obviously u x must be a function of T, hence the constant 
in (30) must involve T. But the constant is such that it remains 
constant throughout such adiabatic alteration of wavelength. We 


1 The steps are:— 

\ u x dX/SV —— A*a dX.V~u x AdX.V — u x dX./\V. 
• Dividing by u x V. dX we have 

i AV _ A*„ AdX AV 

3 ~V u x dX V * 

A^_3AA AdX _ AX 
V ~ X y dX ~ X * 


Now put 
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have seen above that the quantity AT is a constant for this process. 
Clearly therefore this constant is a function of the product AT. We 
can therefore put 


u x dX — 


■•/(AT)WA. 


If the frequencies v and v-\~dv correspond to the wave¬ 
lengths A and A-f-VA and u v dv represents the energy in this fre¬ 
quency interval* we have 

u v dv — u x dX, 


Combining these with (31) we get 

u v d v = Bv s *f> [f)dv, .(32) 

We can also write 

u x dX = AT* F(XT) dX, 
where F(AT) = (AT)" 6 /(AT). 

The emission B x is proportional to the energy density u x . It 


follows that 


E* _ (T_y 
2/ \ T'Y 


<•-x— 

•*—.-X 


It is now apparent that if the distribution at any temperature 

T be given the distribution at a second 

A higher temperature T' can be obtained 

graphically, by shortening the abscissa 
k in the ratio of T/T' (Fig. 18) and in- 

j\ creasing the corresponding ordinate in 

| \ the ratio (T'/T) 5 . The wave interval 

| \ dX also becomes shortened in the ratio 

j \ T/T'. The curve now becomes higher 

| \t' but more closed up and the total area 

which represents the intensity is 
s' | changed in the ratio (T'/T) 4 . Corres- 

~ ponding to point P of maximum emis-* 
~~~ x , . sion in the first curve there is-a point 

18.—Cormpondeiute of .... 

ickbody craves for two P\ of maximum emission m the 
tempssatute*. , 7 . 

' second such that 


Fig. 18.—Cormpondeiute of 
blackbody cuivts (os two 
temseratstea. 


A m T = X„'T'=.l> 


const, 


■ (34) 
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where X m is the wavelength corresponding to the maximum 
emission. The constant b is the root of the equation 



We obtain for the corresponding emissions the relation 



15-26. Experimental Verification.—These important deductions 


from Wien’s displacement 
law were subjected to a 
series of experimental tests 
by Paschen, 1 Lummer and 
Fringsheim, 2 Rubens and Kurl- 
baum. We give below a short 
description of the experiment 
and- results of Lummer and 
Pringsheim (1899). They used 
radiation from an electrically 
heated carbon tube and pro¬ 
duced the spectrum by refrac¬ 
tion through a fluorspar prism. 
Corrections were applied to 
convert the prismatic spectrum 
into a normal one by means 
of the known dispersion curve 
of fluorspar. The distribution 
of energy was measured by 
means of a Lummer-Kurl- 
baum linear bolometer which 
was enclosed in an air-tight 
case for diminishing the ab¬ 
sorption due to water vapour 
and carbon dioxide. The 
distribution of energy in the 
spectrum for various tempe¬ 
ratures between 621 and 
1646°K. was obtained and 



curves plotted (Fig. 19). The Fig. 19 .—Distribution of energy in the 
___ spectrum of a black body 

1 Wied. Anti., 60, 662, 1897; Ann. d. Pbysik, 4, 277, 1901. 

2 Verb. d. D. Phys. Ges., 1 , 213, 1899. 
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ordinates represent emissive powers and the absciss* wavelengths. 
The full lines denote the curves obtained experimentally while the 
dotted lines represent the curves calculated from Wien’s Distribution 
Law (sec. 15*29). The total radiation at a temperature is represented 
by the area enclosed between the curve and ar-axis, and varies as T*. 
The small patches of shaded area represent the absorption bands 
of carbon dioxide and water vapour. The absorption of fluorspar 
begins at 6/x where the curves are seen to end abruptly. Of any 
two curves that corresponding to the higher temperature always lies 
outside that corresponding to the lower temperature. The wave¬ 
length of maximum emisssion shifts towards the origin as the tempe¬ 
rature rises. From these curves the values of 15^ and A p could be read 
The experimental results are given in Table 2. 

The table shows clearly the validity of the results (34) and (35). 
If the value of b or E m T~* be known these laws enable us to 
determine the temperature of any substance (assumed to be a black 
body) if A* or E„ can be found from experimental work. The value 
of b is seen to be 0*294 cm.x degrees and that of JB^T -6 to be 


Table 2. Experimental Verification of Wien’s Displacement Lav. 


Temp. 

°K 

A* in p *s 

Em 

KTi» 

micron-degrees 

E m T ~» 
XlO 1 * 

1646 

1*78 

270*6 

2928 

‘ 2246 

1460*4 

2*04 

145*0 

2979 

2184 

1259*0 

2*35 

68*8 

2959 

2176 

1094*5 

2*71 

34*0 

2966 

2164 

998*5 

2*96 

21*5 

2956 

2166 

908*5 

3*28 

13*66 

2980 

2208 

723*0 

4 08 

4*28 

2950 

2166 

621*2 

4*53 

2*026 

2814 

2190 


Mean=2940 2188 


2 • 18&x 10~ 14 ergs x degree. More accurate experiments described in 
§15 ‘37 show that b =* 0*288 cm. x degree. 

This furnishes us with a simple method of determining the 
temperature of all radiating bodies including those in the heavens. Thus 

*288 

for the moon, A fll =t4/t and hence T— ~ x ' f0~ * ~ Similarly 

we can calculate the temperature of the sun (see §15*55). 
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Investigation on the form op /(AT). Complete Law 
of Spectral Distribution of Energy. 

15*27.—Nothing further can be obtained from thermodyna¬ 
mical considerations in trying to determine the form of/(AT), since 
all the thermodynamic conditions are satisfied by any continuous 
function /. Hence, as in the determination of the law of distri¬ 
bution of velocities of a perfect gas, pure thermodynamics is of no 
ftbther use in solving the problem and we must invoke the help of 
other principles. Some of the earlier attempts are described below. 

15*28* The Rayleigh-Jeans Law.—The first attempts on 
^classical lines in this direction were made by Lord Rayleigh and 
were completed by J. H. Jeans. 

At the time when Lord Rayleigh took up the investigation, 
the prevalent idea was that radiation consisted of vibrations in an 
all-pervading continuous medium called “tether” (luminiferous 
aether) whose motions were governed by Maxwell’s equations 
connecting the electric and magnetic vectors (equations of aether). 
Maxwell had shown, with the aid of these equations, that light is an 
electro-magnetic vibration in this medium, the electric and 
magnetic vectors being perpendicular to each other, and perpendicu¬ 
lar to the direction of the ray. This result comes out as a solution 
of the Maxwell equations, arid will be found in any text-book 
on Electromagnetism 1 . Let us now. see how this conception of 
radiation can be applied to the present investigation. The black 
body chamber is filled with diffuse radiation of all frequencies 
between 0 and oo, and the first problem before Lord Rayleigh was 
to find out the number of the possible wave-motions of sether 
having their frequency between v and v~Mv. 

A very simplified way of doing this is as follows:—Consider 
a black body chamber in the form of a rectangular paralielopiped 
having the sides p, q> r with perfectly reflecting walls, and let us 
place inside this a black particle. In course of time the enclosure 
will be filled with stationary waves of all lengths, for the particle 
emits radiation which is reflected back by the walls. The reflected 
and incident waves interfere and stationary waves are formed. 
This is clear from an acoustic analogy. If we have a wire fixed 

1 See for example, Jeans* Electricity and Magtetisw* 
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at both ends and pluck it at one point, waves run to and fro and 
ultimately stationary waves are formed whose nodes are at the fixed 
ends. The wire may vibrate in one segment producing the funda¬ 
mental tone or it may vibrate in ^several segments producing 
overtones (wavelength 2//«) where n is any positive integral number. 

We can apply the same analogy to the waves of radiant 
energy which run perpendicular to the walls of the parallelopiped. 
Here also stationary waves are formed whose nodal 1 planes ate the 
boundary walls and planes parallel to them and separated by a 
distance A/2. 

But in general the radiation is diffuse, i.e.* the rays can be 
inclined at any angle to the rectangular axes. Let us take a ray 
incident on the mirror as indicated in Fig. 20 and having the 
direction cosines a, fi, y. We have 

a 2 -H8 2 +y 2 =L • • • (36) 

By reflection at the several walls the ray will be transformed into 
eight reflected rays having the direction cosines 

Let us first treat the reflection on the surface YOZ. The 

interference of the incident and reflected 
waves will produce a system of sta¬ 
tionary waves. 2 The distance between 
successive nodal planes is given by 

x = A/2a. 

This formula readily follows from 
Fig. 20. The two waves interfere at 
the point A and if A is a node, we have, 
remembering that O is a node, the 
relation 

Fig. 20.—Pormatioa of ,\ 

stationary waves. . OA _-— ~ ~—• 

2 cos 0 2a 


1 For electro magnetic waves, assuming metallic reflection, there 
will be a node of the electric vector JS at the walls. For the following 
computation it is immaterial whether there is a node or antinode at the 
wall, depending upon the nature of the wall. 

2 This can be easily shown from the electromagnetic theory. 





§ 15-281 


RAYLEtCH-JEANS LAW 


665 


If the opposite surface x — p is a nodal plane* we have 


P= 


n x A 

2a' 


(37) 


where ft x is an integer. 

In the same way wc can prove that for reflection at the 
surfaces perpendicular to OY and OZ we have 

. (37*) 


A 

20 




# 3 A 

w 


Every possible system of waves in the parallelopiped is given 
by a combination of the three integral numbers which gives us the 
number of nodal surfaces perpendicular to any co-ordinate axis. 
The electric and magnetic field which characterise the state of the 
oscillations is given by expressions of the form 


COS | 

(fi x nx\ 

cos , 


COS 1 


sin ' 

l P ) 

sin ’ 

l q l 

sin' 

\ r ) 


X. {* cos 2 Ttvt a' sin 2-trvt). 


It was shown by Jeans 1 that these expressions are solutions 


of Maxwell's equations which satisfy the boundary conditions in 
the black body chamber. 

When we form the total expression for the electric and mag¬ 
netic field of oscillations, we obtain two solutions which represent 
the two states of polarisation perpendicular to each other. There¬ 
fore every combination of integral values of » a , n ti % gives us 
two characteristic oscillations having the common frequency v. 
Combining (36), (37) and (37*) we get 



* (38) 


Equation (38) represents an ellipsoid with n ly n z in place 
of x,y y x as the co-ordinate axes. Any combination of n %i n 2 , n z 
will represent a mode of vibration. Since n Xy # 8 , » 3 can have only 
integral values it is evident that all possible combinations of these 
will be simply given by the number of points formed by the 
intersection of the parallel lines drawn through successive integral 
values of n Xy * 3 . These points clearly occur at the rate of one 
per unit volume, hence their number will be simply given by the 
volume of the ellipsoid. Further as only positive-values of n lt n 3 
are permissible and these occur only in one out of the eight octants. 


1 See jeans, Electricity and Magnetism. 
F. 84 
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the possible modes of vibration of frequency lying between 0 and v 
are given by l/8th of the volume of the ellipsoid which is 
(47r/3) X SpqrX v z j^. Similarly the number of vibrations between 
the frequencies v and v+dv is . equal to 1/Bth of the volume of the 
ellipsoidal shell formed between the parameters v .and v-\-dv and 
is equal to 


"I ]*“" AnV "pr dv > • * * ^ 

where V—pqr—v olume of the enclosure. Thus the number of 
vibrations per unit volume is 


AiTv l dv 


(39 a) 


and is independent of the volume of the enclosure. We have 
proved this result with respect to a rectangular enclosure but it 
was shown by Weyl that so long as the Wavelength of the vibra¬ 
tion is small compared with the size of enclosure the foregoing 
result holds whatever be the shape or size of the enclosure. 
Bom proved the same result for a crystalline body. 

As mentioned above the waves in aether are transverse and 
can be polarised, and each polarised component is independent 
of the other, we must therefore double the number. Hence the 
required number is 

$TTV 2 dv ,1(xh\ 

—5—.W 


Converting frequency into wavelengths (since v=r/A), the 
number becomes (87r/A*)<A per unit volume. ^ 

The argument by which we have counted up the number 
of independent free vibrations holds for any elastic medium. 

The number of independent free vibrations in aether being 
counted up, the problem of finding out the partition of energy 
becomes quite simple. For from the dynamics of the medium, 
the energy of each vibration is given by expressions of the type 


E £a<f> 2 + £ 

where a and b are constants and <f> represents the displacement. 
Each vibration thus contributes two squared terms to the energy 
of the whole system. The energy of each vibration is therefore 
equal to AT from the equipartition law, where k is the Boltzmann 
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constant and T is the temperature of the radiation. This tempera- 

l 

ture is the temperature of a material body say a gas which would 
remain in equilibrium with that radiation. Hence the energy 
density of wavelength lying between A and A-f-^A in the enclosure 
is given by 

u x dX = ^kTd\. . . . . (40) 

and the intensity of emission 

• ■ (40a) 

15*29. Wien’s Radiation Formula. 1 — Wien 2 on the other hand 
made some arbitrary assumptions regarding the mechanism of emission 
and absorption. He assumed that the radiation inside a hollow enclo¬ 
sure may be supposed to be produced by a resonator of molecular di¬ 
mensions and that the frequency of the wave emitted is proportional 

to the kinetic energy of the resonator; i.e., 

\ l 

\mv z =av= ac/X, 

where a is a constant and v is the frequency of the light emitted. It is 
further assumed that the intensity of radiation of any particular wave 
is proportional to the number of resonators which have got the requisite 
energy, i.e., 

E x = e~ ^ kT x f(v) = <?" avlkT X 0(t>), 

where ^(v) is a function of the energy of the molecular resonator and 
hence of its velocity alone. It is therefore a function of the wavelength. 
We have, therefore, comparing with Wien’s displacement law, 

E x d\=*^e~ c * ,kT dX. .... (41) 

15*30. Comparison with Experimental Result.— Paschen 
working with short waves verified Wien’s formula, but Lummer 
and Pringsheim, working with long waves and high temperatures, 
found considerable deviations from it The value of c 2 is found 
to vary considerably with A. This equation makes E vanish for 
A=0 or A=oo as it should do, but it makes E finite for ^T==oo.' 
Lord Rayleigh argued that it is unlikely that E should be finite for 
infinite values of T. 


1 This formula must be carefully distinguished from Wien’s Law, 

2 Ann. d. Physik, 58, 662, 1896. 



668 


RADIATION 


[XV 


The radiation law of Lord Rayleigh is based upon two theo¬ 
rems, (1) the theorem of equipartition of energy, (2) the theorem 
of stationary waves in a hollow space. Jeans 1 and Lorentz showed 
later on that this was the only law'consistent with the principles 
of classical dynamics. But it is quite evident that this law also can¬ 
not be true for, if we plot’the spectral distribution of energy curve, 
it runs to infinity and gives no point of maximum emission. 
The total emission 


1 e ^ = ^ t £v = I^t[a7-at]’ 

where A x and A 2 are the upper and lower limits. As the upper limit 
we take infinity, then in order to make the expression finite, we 
have to assume that there is a limit to the shortness of the wave 
which can be emitted by a black body. The equation also shows 
that most of the energy is contained in the short waves. Now all 
these deductions are, as Rayleigh himself pointed out, against 
experimental evidence. In fact he remarked that the law could 
be expected to hold only in the case of emission of long waves. 
This was verified by Lummer and Kurlbaum who found that when 
A was large, Rayleigh’s law agreed with experimental results. 

15*31. Planck’s Law of Radiation. —The most satisfac¬ 
tory formula both on theoretical and experimental grounds is that 
of Planck which can be written as follows :— 


n t dX = 


8 irhc 


(42) 


IT' 

This equation agrees with the energy curves obtained by various 
investigators. We can readily show that both Wien’s law as well 
a& Rayleigh’s law are simply particular cases of it: a 

Thus if AT is small, Exp. (hcfXkT) 1 and accordingly 1 in 


8 vhc heWkT 

IF' 


the denominator of (42) can be neglected. We get u x 
which is Wien’s law. 

If AT is large, Exp (kcfXkT) may be expanded by the ex¬ 
ponential theorem, and we get u x = (8tt/A 4 ) kT which is the 
Rayleigh-Jeans law. 


1 Phil. Mag., 10, 91, 1905, 
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15*32, Deduction of Planck’s Law.—There are various 
ways of deducing Planck’s Law. If we start from the considerations 
given on p. 656 in which a chamber containing black radiation is 
considered to be full of photons in molecular chaos, the present 
problem simply reduces to the task of finding out the law of dis¬ 
tribution of energy amongst the photons. The problem was at¬ 
tacked in this way in 1923 by S. N. Bose 1 {vide Bose-Einstein Sta¬ 
tistics (Chap. XVII), but when Planck began his investigations, the 
quantum theory of radiation was unknown (in fact it was Planck’s 
investigation on black radiation which gave rise to it) and in 
radiation problems the notion of temperature could He introduced 
only by considering the energy exchanges between matter and radi¬ 
ation. For this purpose Planck imagined that a black radiation cham¬ 
ber is filled up not only with radiation, but also with the molecules 
of a perfect gas. At that time, the exact mechanism of generation 
of light by atomic vibrations or of absorption of light by atoms 
and molecules was unknown and so radiation and gas molecules 
of the classical kinetic theory could not be assumed to exchange 
energy directly.* Planck therefore introduced resonators of mole- 

4 

cular dimensions as the via media between radiation and gas 
molecules. These resonators absorb energy from the radiation, 
and transfer energy partly or wholly to the molecules when they 
collide with them. In this way thermodynamical equilibrium 
is established. The process is rather roundabout, but this was the 
only one possible at the time, and besides leading to the law of 
distribution of energy, it yielded other results of the highest 
importance in Physics. 

The resonators introduced by Planck were dipole oscillators 
which may be described as Hertzian oscillators of molecular dimen¬ 
sions. He deduced that* 

Sir v* — 

Up — ~fi~~ (43) 

whe u v denotes the density of v-radiation and E„ the mean 
energy of a resonator emitting v-radiation. 

-- 4 - 

1 Zeits. f. Pbysik, , 26, 178, 1924. 

2 Assuming the atoms to exchange energy with radiation by emis¬ 
sion and absorption according to the laws of quantum theory, Einstein 
gave a proof of Planck’s law in 1917 (see Phys* Zeits., 18, 121, 1917) 

2 For a proof of this see Note 10. 
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But according to classical ideas, E„ = kT, as the resonator 
collides frequently with the molecules, hence its energy is given 
by the law of equipartition. We have therefore 

u, = ^kT, . . . . (44) 

c 

which is again the Rayleigh-Jeans law. 

As the procedure did not yield a formula consistent with ex¬ 
perimental data, Planck abandoned the hypothesis of continuous 
emission of radiation by resonators, and assumed that they emit 
energy only when the energy absorbed is a certain minimum quan¬ 
tity « or some integral multiple of e. Thus a resonator which has 
an energy (r+ 0)e, (r= whole number, 0— a fraction) will remain 
quiescent until the energy absorbed amounts to (r-j-l)e when the 
energy e may be emitted and the resonator may revert back to the 
state with the energy re. Thus radiation of energy e can be ob¬ 
tained from resonators having the energy content e, 2 e s ... re ... 
Let us now see what is the mean energy of these resonators. 

This can be done by classsical methods, using Maxwell’s for¬ 
mula 1 , according to which the probability that a resonator will 
possess the energy E is Exp. (—EjkT). Now let N 0 , N lt 
N z , ... N fy .... be the number of resonators having the energy, 2 

0,. e, 2 e,_ re _etc. Then we have 

JSf = Ng-f-Nj -}-#... . 

E = e (Nj+2N a 4- 3N S .+ ....). 

N r — N 0 Exp. ( — rejkT). 

We obtain, by adding up, and putting y — Exp. (—e/^T), 


N. 


N — x> ° - E — N« — r 
i -y °*(i -j ) 2 

Hence the mean energy of a resonator is 

E __ Ve _ e 

N ~ ■- j}*x_x • * 


(45) 


1 This law of partitioning of energy was shown in Chap, IX 
to hold for any system of particles, oscillators etc. obeying classical 
statistics. 

2 According to wave-mechanics the possible energy values for 
a harmonic oscillator are (n+\)hv and not nhv (see §16 * 11). For the 
average energy of the resonator we then get expression (45) together 
with an additional term \hv which is called the null-point energy (see 
§16-12). 
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Thus we see that the mean energy 1 of the resonators is hot 

kT, as given by the equipartition law but equal to \ 

according to the quantum law. 

Hence equation (43) for energy density inside the enclosure 
becomes 


u v dv = ——.-Tvs?— dv. .... (46) 

f 3 e ^ kT — 1 

Comparing with Wien’s displacement law (32) we see that e 
must be proportional to v. Hence we write <-—hv where the con¬ 
stant of proportionality has been put equal to h. h is called the 
Planck’s constant. We therefore obtain 


, 8irh>tP 1 

My dv = — . ekf jkT_X 


dv ; 


. (47) 


or, since 



u x d* = 


87 t%c 

~>F' 


1 

e ch\\kT 


d\ 


(48) 


which is Planck’s law. This gives the energy-density for wave¬ 
length A in the spectrum of a black body. The law has been veri¬ 
fied by numerous experimenters. The experiments of Lummer 
and Pringsheim have already been described. For a more rigorous 
experimental test, see p. 673* 

We have given a rough sketch of one of the ways in which 
the law of distribution of energy was arrived at by Planck. The 
method is not at all simple, is full of inner contradictions and con¬ 
tains assumptions, e.g.> discontinuity of emission in quanta of e 
which were quite foreign to the ideas then prevalent. But con¬ 
trary to expectations, the ideas came to stay and led by degrees 
to the most interesting developments in photo-electricity (Einstein 
1906), to theories of spectral emission (Bohr 1913), and ultimately 
to the development of atom-mechanics as a whole. 

1 We may multiply this mean energy by the number of waves - ^ 8 dv 

(p. 666) pet unit volume and thereby obtain the expression (46). The 
procedure is however not rigorous. 
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15*33. Further Deductions from Planck’s Law.— 

Equation (42), which has been found by extensive experiments 
to be the correct law of distribution of energy in the spectrum 
of a black body contains only one new constant, vi%., h. From 
this equation it is possible to derive the other constants of the 
theory of radiation. This is done below. 

(1) Stefan’s Constant a. From definition, we have 

u = j/fy dv — aT A . 

Taking the value of u v as obtained from (47), wc have 


8 vh f fPdv __ 8 irk*T* f x 3 dx 

ai ~ 7* J J 


where x—kvjkT. Hence we have 


a = 


8w^ 4 f 3, / — 2 * , .-r*, \ 48r^ 4 7T 4 

"1^ j * dx \ e + * + ** 4 ‘ , ‘ ]“ 


7 6 ' '“°°1 ir 4 

'because ]*%-*—and Zj, =* go* 

o fcl 


Since a—ai j4 i we have 


2 

IS 


. (48) 


IF/Wr Constant b .—According to Wien’s law (p. 660) 

A m r = k 

where A m is the wavelength for which the emitted energy is maximum. 
A w is obtained from the equation dE x /dX~0. 


Taking E x =* j- s /(AT), we find that this condition leads to the 


equation 

where 


\ m T ~ 5 f(XT)lf'(\T), 
V 


. m 


r *■ 


e(Aiy 


Now from Planck’s law, /(AT) = where c % ~ch(k. 

Put A W T =a .v. Then we find that (49) leads to the equation 

5 (l - *-*/*). . . (50) 
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5 15 * 35 } 

This is a transcendental equation, but it can be easily seen that x 
is very nearly equal to (^5. Actually x= Cj/4-9651. Hence -we have 

* • • ( 5l ) 

We shall now describe how the constant c z can be experimentally 
determined. 

Experimental Verification of Planck’s Law. 

15*34. We have already given a brief description of the ex¬ 
periments undertaken by Lummer and Pringsheim and by Paschen. 
After Planck had shown that the results of these experiments can 
be explained by his law, it became necessary to subject the formula 
to a more rigorous experimental test. 

For this purpose, it is sufficient to show that the constant 
c % remains constant over all possible range of values of A and 
of T. Assuming the validity of Planck’s law, two important 
methods have been developed for finding out the value of and 
showing its constancy. 

15*35. The Isothermal Method.—This is the same in princi¬ 
ple as that used by Lummer and Pringsheim. The temperature of the 
furnace is kept constant and the intensity of radiation in different 
parts of the spectrum is measured. If absolute measurements be 
required, the thermopile or bolometer employed has to be calibrated 
in terms of radiant energy received. Corrections must also be made 
for the finite width of the slit and of the bolometer. 

There are two ways of obtaining from the isothermal measure¬ 
ments. In the first, the isothermal spectral energy curve is drawn, 
from which the wavelength A*, corresponding to the maximum emission 
of energy is noted. Then r a *=4'9651 A^T, where X is the temperature 
_ at which the experiment is carried out. In actual practice, it is found 
rather difficult to locate exactly the wave of maximum emission from 
the rounded top of the energy curve. Paschen therefore used a method, 
called the “method of equal ordinates ” by means of which the constant 
c % can be calculated without finding out A*. A line is drawn parallel 
to the abscissa cutting the curve at the two points A x and X z . Wc have, 
using Wien’s equation, 


fr. „ - ij/A 2 T 
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from which we obtain after some work 

e t = . . (52) 

If however the range of the experiment be too wide for Wien’s 
formula to hold good, Planck’s law must be used. It can be proved 
from Planck’s law that we have in this case 

T R 1 -'”*)/(■ 1 -''**)]• (53) 

An approximate value of c 2 is substituted on the right-hand 
side and then the method of successive approximation is employed. 

. In Table 2 we reproduce the results of an experiment with 
the black body, at the temperature 1442°K. The wavelengths 
Ajl, A a having the same intensity of emission are given in the same 
vertical column, and the different vertical columns represent different 

Table 2.—Value of c 2 from the Isothermal Method. 


c 2 , Wien’s law 
c z , Planck’s law 




0-83 

7-22 



14860 

14390 


pairs of wavelength having the same intensity. All the wavelengths 
are expressed in /u. It will be seen that the value of c 2 calculated from 
Planck’s law is constant to about 5%. 


15*36. The Isochromatic Method.—The isothermal method 
suffers from a serious disadvantage since the different regions of the 
spectrum are differently absorbed on their passage through the dis¬ 
persing prism or through the lenses in the system. On this account 
the isochromatic method is sometimes preferred, especially when the 
absolute value of t 2 is required. As the name suggests, the emissions 
from a black body heated to different temperatures are compared for* 
the same wavelength. Since the same wave is to pass through the 
prism, the emission at the two temperatures is absorbed in the same 
proportion, hence the ratio is unaffected. Rubens and Kurlbaum em¬ 
ployed the residual rays frpm rocksalt (51‘8g), quartz (8 • 944fi) and 
fluorite (22*3p). Writing out the equations from Planck’s law we 


get 





(~ ^i) 

-Exp. (--fj/AT,)' 


( 54 ) 
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Warburg determined the value of the constant c % by . using 
the method of isochromatics. A Lummer-Kurlbaum open radiator 
was heated to the temperatute of 1337°K (melting point of gold) 
and 1575 •2°K (melting point of nickel), and emissions at these tem¬ 
peratures were compared for the waves (A =0*6563/i, 1*132/1, 
1*329 /*, 1*588 |u,, 2*172 p,) and c 2 was calculated from the formula (54). 
He produced the spectrum by means of a quartz prism. 

Wensel 1 has given a full discussion of the values of radiation 
constants determined by different methods and adopts the value r a = 
1*436 cm. deg. For purposes of the international temperature scale the 
value of c z is taken to be 1 ■ 438 cm. deg. as the radiation constants 
can be determined more accurately from the values of the atomic 
constants [Vide equations (48) and (51)]. 

15*37. Experiments of Rubens and Michel. —About 1919 
W. Nernst and Wulf pointed out that instead of the law (45), pfy. t 

v Ev~ hvfce?— 1), 

where x^hvjkT a law of the form 

JlV 

■Ek = 0 “* tt )» * * * * (■*■*) 

where a is a small variable fraction, satisfies better the older experi¬ 
mental results. On account of the great importance of Planck’s 
formula for modern developments in Physics, Rubens and Michel 
undertook a redetermination of the value of c t =chjk over a wide range 
of temperatures in order to find out whether Nernst and Wulf’s hypo¬ 
thesis was correct. These experiments constitute the most thorough¬ 
going test of Planck’s law and are described below:— 

The experimental arrangement is shown in Fig. 21, p. 676. K 
stands for a blackbody radiator. Four different radiators were used :—(/) 
consisting of a copper cylinder with a narrow orifice, the inside 
being blackened by lampblack; this was used from liquid air tem¬ 
perature to room temperatures; (it) from room temperatures to 550°C; 
this was also a copper cylinder with the inside blackened by copper oxide; 
(Hi) from 550°C to 1400°C; it is identical with the one described on 
p. 634; (iv) from 1400°C to 1900°C ; it was of the same type as (Hi), hut 
the tube consisted of blackened magnesia. The radiation coming out of 
K passed through the water-cooled diaphragm D, of 1 cm. diameter, then 
fell upon the silvered plane mirror M x and from thence on the reflecting 
mirror H by which it was concentrated on the slit Sj which could be 


1 Bull. Res, Bur. Stand., 22, 375, 1939. 
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closed by a diaphragm Q. The spectrometer was of the reflecting type 
used by Wadsworth. The prism used was of fluorite for 4* 5/* to 7/*, rock- 
salt for 9 fL to 12/* and sylvine for 12/* to 16/*. The concave mirrors H x 
and H a were of 5 cm. diameter and 35 cm. focal length. A small strip 
of the spectrum fell upon the second slit S 2 , the radiation then fell upon 



Fig. 21.—Experimental test of Planck’s Law using a prism spectrometer. 

the plane mirror M e from which it was reflected on to the concave mirror 
H a which formed an image of the slit S 2 on the thermo-element of the 
radio-micrometer T. The sensitiveness of the instrument was such that 
a Hefner lamp at a distance of 5 metres gave a deflection of 280 mm. on 
a scale placed at a distance of 5 metres and the null point remained con¬ 
stant to within 0* 1 mm. The whole apparatus was enclosed in an airtight 
chamber. For short waves a window of rocksalt and for long waves 
a window of sylvine were used. Quartz window was used for measure¬ 
ment with rocksalt rays. For very long rays from 22/* to 52/* the method 
of residual rays 1 (Fig. 22) was used in which reflecting plates of fluorite 



Fig. 22.—Method of Residual Ray*. 

or rocksalt were employed. For the first black body, temperatures were 
produced by suitable baths whose temperature was determined. For 
(it) temperature was determined by a resistance pyrometer and for (Hi) 
and (tv) by standardised Le Chatelier thermo-elements. The experiments 


• 1 For the method of residual rays, see Baly, Spectroscopy. 
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showed no deviation from Planck’s law from liquid air temperature to 
183»°K. 

15*38. Radiation from Solid Bodies. —Up to this time, not 
much investigation has been carried out to find how emission from bodies 
other than black varies with temperature, except in the case of metallic 
filaments and a certain number of oxides. The problem can be solved 
if we proceed from Kirchhoff’s law 

^ ^• . • • • 

and then find out an expression for a x in terms of T, and the physical 
properties of the substance. For metals, the electromagnetic theory 
of light enables us to calculate a x in terms of the specific electrical resis¬ 
tance p. It was shown by Drude that 1 

, A = O' 365 (S-f+0-0666 (-£■) +.( 57 ) 

Equation (57) was found by Hagen and Rubens to hold good for long 
waves for a number of metals over a large temperature range. Now 
putting Planck’s value of E x in (57) we have, as a first approximation, 

< A =0* 365 y P i * •• * ( 58 > 

and the total radiation 

* = [i A d\ = r(4*5)x0*365 p i T 4 * 8 . . (59) 

J c i ' 

i.e. y if p be supposed to be constant, the total emission should vary as 
T 4 * 8 . Let e c denote the emission coefficient, i.e., the ratio of emissivity 
of the metal to that of the black body. Then 

«, = O'365 ^E2^O'5760 > T) 1 . . . (60) 

where F(ft) denotes a gamma function. 

If on the other hand, we suppose that the resistance varies as abso¬ 
lute temperature, i.e., p*=p 0 Tf 273, we find that 

. e e = 0*0349 p 0 */T. .... (61) 

Equation (60) should hold for substances like constantan which have a 
small temperature coefficient of resistance and (61) for pure metals like, 
platinum. 

It can also be easily verified that 

A„, T = const. 

but this constant is generally less than the Wien’s constant b~Q * 288. For 
Pt it is found to be 0*263. 


1 Vide Drude, Pbysik des Aethers. 
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The value of e c in the case of metals steadily rises with temperature. 
Davisson and Weeks investigated the emission from Pt between 300°K to 
1000°K,and found that e e varies from 0*0359 to 0*192. For tungsten, which 
can be heated to a temperature of 3500°K, e 0 rises from 0*10 at 1000°. to 
0*40 at 3500°. The oxides are found to be much better radiators. The 
emission coefficient of oxidised steel amounts to as much as 0*787 at 873°K. 

It is however more instructive to meaSure the spectral emission 
coefficient i.e. t the ratio eJE x rather than the total emission coefficient. 
The data 1 for tungsten, the most thoroughly investigated substance, 
are as follows:—At A>2*5/t the values for the emission coefficient as well 
as its variation with A and T are closely given by Drude’s relation (58) 
but for A<2’5/4 this relation totally fails. At A>l*27/x the emission 
coefficient increases with increase in T but below A=l*27#*it decreases 
while at A=T27/t it does not vary at all. At a fixed temperature the 
emission coefficient varies with the wavelength. Thus for tungsten 
at 2450°K the emission coefficient is 0 * 47 at 0 • 5ft, 0 • 40 at 1 • 0/x, and 0 • 26 
at 2* 0/t. Further the wavelength A w for maximum emission is T160fi 
while for the blackbody at the same temperature it is 1 • 182ft. 

The foregoing characteristics of a non-blackbody enable us to 
define a ‘colour temperature* T e for most non-blackbodies. The colour 
temperature T e for a non-blackbody at the temperature T is that temper¬ 
ature at which if a blackbody were maintained, it would emit radiations 
of such intensity that the ratio e x> y/E^, y„ («., ratio of spectral emission 
from non-blafckbOdy at T° to emission from blackbody at the temperature 
T e ) is constant for the visible and near infra-red regions. It is 
obvious that under these conditions a match in colour between the 
black and the non-black sources will be obtained. The colour temper¬ 
ature of tungsten at 2450°K is 2500°K the emission ratio being constant 
at about 0*358 in the required region. The colour temperatures of most 
incandescent metals is found to be greater than their true temperatures, 
but the difference is generally very small. Hence the temperature of 
substances is often measured with the help of colour-match pyrometers 
in which the colour of the incandescent source is matched with the colour 
of the light from a calibrated tungsten lamp. 

For detailed information, the report by H. Schmidt in the 
Ergebnisse der exakttn Natumissenschaften, Vol. 7. p. 342, or Heat by Worth¬ 
ing and Halliday (1948), Chap. XIII, published by John Wiley and Sons, 
may be consulted. 

1 For data on emissivity etc., see McAdams, Heat Transmission, 
McGraw-Hill Book Co, 
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RADIOMETERS 1 

We shall now describe a few instruments which are used for 
the measurement of radiation. 

15’39. Thermo-elements.—The principle of these instru¬ 
ments has been already described. In radiation measurements, we 
have sometimes to deal with very minute amounts of energy (e.g., 
radiation from stars) and hence the apparatus must be extremely 
sensitive. In the design of thermopiles, the following considera¬ 
tions have to be borne in mind (1) metals used should give large 
thermo-E.M.F.; (2) junctions should be as thin as possible; 
(3) connecting wires should be thin so as to minimise the loss of 
heat by conduction; (4) hot junction should be coated with lamp¬ 
black so that all the heat falling on it may be absorbed; (5) it 
should be mounted in vacuum, so that there is no loss of heat 
by convection, and the deflections remain steady. 

These conditions are fulfilled in a thermopile designed- by 
W. Wd Coblentz 2 which was used for measurement of radiation from the 
planet Mars. The thermopiles consisted of: 

1. 60 Au 40 Pd 1 (Sensitiveness) 

2. 90 Pt 10 Rh . 2*85 ** 

3. 95 . Bi 5 Sn 3*65 

4. 97 Bi 3 Sb 5-35 

Strips were 0*02 to O’025 mm. thick. The other arm was of silver. 

The elements were enclosed in a glass globe provided with rock- 

salt window. By mounting in vacuum, the sensitiveness was increased 
only by 50 to 100%, but the null point remained perfectly steady. 

The galvanometers should be of low resistance type with high 
voltage sensitiveness. It is not unusual to be called upon to measure 
voltages which are as small as 10^ 4 volts. The galvanometers usually 
employed are the Broca, the Paschen, and sometimes Thompson 
galvanometers. These are all of the suspended magnet (astatic) type, and 
are therefore very much susceptible to external magnetic disturbances. 
They have been successfully used only by very skilled observers. 

The suspended coil type galvanometers are not generally found 
to be sufficiently sensitive on account of their high resistance. Moll 

1 For various other instruments now used for measuring radiant 
energy see Measurement of Radiant Energy by W. E. Forsythe, published 
by McGraw-Hill Book Co. (1937). 

2 Bull. Bur. of Standards, 9, 7,1913; 11, 131, 613,1915; 17, 725,1922. 
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and Burger 1 have however devised a method of magnifying deflec¬ 
tions of coil galvanometers by a relay arrangement and this has been 
used for radiation measurements. 

The apparatus is shown in Fig. 23. AB and CD are thin foils of 

constantan 0 5 mm. broad, BC is a similar manganin strip. The foils 

arp mounted in a glass vessel, which is perfectly evacuated. If now 

a thin line of light falls at the 

middle point of the manganin 

strip, no thermo-current is 

produced. If however the 

thin line of light is shifted on 
Fig.23. Molt and Burgee's(pWanometet rday. si(kj thc wo j unction8 

are unequally heated, and a thermo E. M. F. is generated. This can be 
measured by a highly sensitive coil galvanometer of low resistance. 

In actual practice, radiation is allowed to fall on a vacuum ther¬ 
mopile. This is directly connected to a Moll galvanometer. This gal¬ 
vanometer is so constructed, that it has practically no lag, and has its 
zero-point absolutely steady. Light from a single filament four-volt lamp 
is allowed to fall on the galvanometer mirror, and is then focussed by 
means of a cylindrical lens on the thermo-element ABCD, which is then 
connected through the highly, sensitive second galvanometer. In this 
way a magnification of about 300 has been secured. 

15*40. The Bolometer.—The bolometer is now much less 
used, being superseded by modem types of thermopile. It was 
invented by S. P. Langley 2 and depends for its action on the change 
of resistance of platinum wires when heated. 

The sensitiveness of the bolometer depends (1) on the sensi¬ 
tiveness of the galvanometer; (2) on the thinness of the strips, 
because the thinner the strips the larger will be the rise in tempera¬ 
ture and the increase in resistance for a given amount of incident 
radiation. 

Two types of bolometers have been used in radiation 
measurements: (1) the surface bolometer for total radiation 
measurements; (2) the linear bolometer for measurement- of 
distribution of energy in the spectrum of the black body. 

The surface bolometer consists of exceedingly thin strips of plati¬ 
num, 1 to 2 x 10”* mm. thick joined together in series. The method of 

1 Zeits. f. Pbysik, 32, 575, 1925. 

2 Proc. Amer . Acad. Arts and Sciences, 16, 342, 1881. 
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Fig. 24 and 25.—The surface Bolometer. 


constructing such a thin conductor is as follows :—-A sheet of platinum 
is welded to a thick sheet of silver and the composite sheet is rolled. 
The sheet is then punched out as shown in Fig. 24. and attached to a 
f hollow frame of slate. The silver is then dissolved off in hitric acid, the 
end joints being protected by 
a coating of varnish. The 
strips are then coated with 
platinum black. Fig. 25 
shows a front view of such 
grid. A grid so construc¬ 
ted has a resistance of 
about 60 ohms. 

For experimental purposes 
four such grids, similar in all 
respects to each other, are 

connected in the form of a wheatstone bridge. The method ot 
connecting the grids is shown in Fig. 26. The grids 1 and 3 are in opposite 

arms of the wheatstone bridge and 
are so arranged that the strips in (3) 
receive the radiation passing bet¬ 
ween the strips in (1) and so the 
effect is doubled; 2 and 4 are similar- 
^ ly arranged but are protected from 
radiation. The whole , is enclosed 
in a box. In the absence of incident 
radiation the galvanometer shows 
no deflection. When radiation is 
incident on grids 1 and 3 a deflec¬ 
tion is produced. 

„„ _ . . , „ . „ In the linear bolometer a single nar- 

Fig. 26.—Connections of the Bolometer. ° 

, row and thin strip of platinum is used 

and one such strip is arranged in each of the two arms of the Wheat 
stone’s bridge. Many improvements have been made by Abbot in the 
construction of the bolometer as a result of which it' has become a very 
suitable instrument for use. By placing the bolometer strips inside a 
glass enclosure which is evacuated to less than 0; 001 mm. pressure the 
sensitiveness is increased ten times. Such a vacuum bolometer has been 
much used by the Smithsonian Astrophysical Observatory. 

15*41. The Radiomicrometer.—This was invented by 
C. V. Boys and is essentially a thermocouple without an external 
F. 86 
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galvanometer. A single loop c of line copper or silver wire is sus¬ 
pended (Fig. 27) between the poles of a strong permanent magnet 
NS as in a suspended coil galvanometer. To the lower ends of the 
copper wire two thin bars of antimony Sb and bismuth Bi are at¬ 
tached, and the lower ends of t - these are again attached to a thin disc 
d or narrow strip of blackened copper. To the upper end of the 
copper loop is attached a thin glass rod g carrying a light galvano¬ 
meter mirror m for measuring deflection, the glass rod itself being 
attached to a fine quartz suspension q. The whole system is ex¬ 
tremely light. Radiation, falling horizontally on the copper disc, 
heats the junction of antimony and bismuth and an electric current 

flows through the copper coil causing 
a deflection which depends upon the 
intensity of the energy received by the 
copper disc. To prevent disturbances 
due to diamagnetism of bismuth, the 
rods of the thermocouple are sur¬ 
rounded by a mass of soft iron I. The 
whole suspended system is enclosed in 
brass (shown shaded in the diagram). 

Radiometer .—The well-known early 

form of radiometer given by Crookes 

was described in §3' 62 and its action was 

briefly discussed there. This form of 

the instrument is however not suitable 

for exact measurements of radiation. 

An accurate instrument of this type 

however can be made by attaching two 

equally big wings of mica or aluminium 
Fig. 27.—Boys’ Radiomicrometer 1 .. ™ * 

to a thin quartz fibre carrying a mirror. 
The quartz fibre is suspended as in a galvanometer and one of the wings 
is blackened. When radiation falls on the instrument, it rotates. Accu¬ 
rate instruments , of this type were developed by Rubens and Nichols, 
Brtiche and Littwin 2 and others, and.a theory of the radiometer action 
was given by Hettner 3 . 



1 Reproduced from ‘The Theory of Heat’ by Preston by the kind 
permission of Messrs. Macmillan & Co. 

2 Zeits. /. Pbys ., 67, 333, 1931. 

3 See Ergebnisse d. exakten Natunviss., 7, 209, 1928. 
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RADIATION PYROMETRY 

15*42* Temperature from Radiation Measurement.—In 
the foregoing pages we have seen that the radiation emitted by a 
black body dependfs upon its temperature and upon nothing else. 
Hence if we measure the radiation emitted by the body with the 
help of some instrument we can find its temperature. We may 
either measure the' total radiation emitted by the body and deduce 
the temperature by making use of Stefan's Law (TocE*). These 
are called ‘Total Radiation Pyrometers.’ Or we may measure the 
energy emitted in a particular portion of the spectrum d\ and 
make use of Planck’s law of distribution of energy in the spectrum. 
These are called Spectral or Optical Pyrometers. 

Radiation pyrometers possess the great advantage that they 
can be employed to measure any temperature however high that 
may be or wherever the object may be. The pyrometer itself has 
not to be raised to that temperature nor need it be placed in 
contact with the hot body. Further there is no extrapolation diffi¬ 
culty as the radiation formulae have been found to hold rigorously 
for all temperatures. But the radiation pyrometer suffers from a 
serious drawback. It can measure accurately the temperature of 
black bodies only. 

It is however generally employed to measure the temperature 
of any hot source. In that case it gives that .temperature at which 
a perfectly black body would have the same intensity of emission 
(total or spectral) as the body whose temperature is being mea¬ 
sured. This temperature is called the ‘Black Body Temperature’ 
of the substance, and is consequently lower in all cases than its 
actual temperature. The greater the departure from perfect 
blackness, the greater is the error involved. The. lower practi¬ 
cal limit for radiation pyrometers is about 600°C for then the. 
emission for the body becomes too small to be measured accu¬ 
rately. Recently, however. Strong 1 has developed an infra-red 
spectral pyrometer which can be used to measure temperatures 
even lower than the room temperature. 

15*43. Total Radiation Pyrometers.'— F6ry was the first 
to devise a radiation pyrometer based on Stefan’s law. These py- 


1 J. Opt. Soc. Am., 29, 520, 1939, 
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rometers arc merely thermopiles so arranged that the readings are 

the hot body and the 
pytometer. We shall 
describe Fery mirror 
pyrometer which is typi¬ 
cal of this class. Fig. 28 
shows a modern type of 
the instrument. Radia¬ 
tion, incident in the 
direction of the arrows, 
falls on the concave 
mirror M which can be 
moved backwards and forwards for the purpose of focussing the 
radiation on the receiver S, to which the hot junction of the 
thermocouple is attached. The cold junction of the thermocouple 
is protected from radiation by the tongue T and is further 
surrounded by the box B, which also contains the thermocouple 
receiver and is provided with a small opening just in front of S. 
The electromotive force developed is read on a millivoltmeter 
connected as indicated in Fig. 29. The instrument possesses no 
lag, the steady state being reached in about a minute. 

To enable the observer to focus the radiation accurately on the 
thermocouple, Fery employs two semicircular mirrors (Fig. 29) inclined 
to each other at an angle of about 5° and placed immediately in front of S, 
an opening of about 1*5 mm. being left at die centre of the mirror to 
allow the incident radiation to pass. Now if the image of a straight line 
formed by the concave mirror does not lie in the plane of the inclined 
mirrors, these latter will form two images separated by a distance (see Fig. 
29) and the line will appear broken when seen through the eyepiece E. 
The concave mirror is moved till this relative displacement of the two 
halves of the image, disappears, and then the apparatus becomes adjusted. 
It will be easily seen that so long as the heat image formed by the con¬ 
cave mirror is larger than the hole, the thermocouple measures the inten¬ 
sity of the heat image and not the total radiation. For if the distance 
of the object is doubled, the amount of radiation falling on the mirror 
is reduced to one-fourth, but as the area of the image is also simulta¬ 
neously reduced to one-fourth the intensity is unaltered. Thus the indi¬ 
cations of the instrument, are independent of the distance. Hence in 
actual use it is essential that the object, whose temperature is to be 


independent of the distance between 
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measured, should be sufficiently large and should be placed at not very 
great distance in order that its image is always bigger than the aperture 



in the box which in ordinary instruments is about 1 *5 mm. diameter. 

The E.M.F. of the couple in these cases is given by the relation 

E~a(T b — T Q b ), . . (62) 

where T is the temperature of the black body, T 0 the temperature of 
the receiver S, *b* a constant which varies from 3*8 to 4'2, depending 
upon the instrument and a depends upon the Stefan's constant, the 
reflecting power of the mirror, the absorptive power of the thermo- 
junction etc. Generally T 0 can be neglected in comparison with T 
and b may be put equal to 4. The departure from the index value of 
4 is due to various causes:— 

(1) E.M.F. generated is not exactly proportional to the difference 
of temperature between the two junctions. 

(2) Stray reflections cause error. 

(3) Conduction along the leads raise? the temperature of the 
cold junction to some extent. 

(4) The heat loss from the hot junction is not proportional to 

the temperature excess. * 

It is for these reasons that the pyrometer has to be calibrated by 
actual comparison with a standard thermometer, using radiation from 
a blackbody chamber or a heated strip. For high temperatures a rota¬ 
ting sectored disc is employed to allow only a fraction of the incident 
radiation to enter the pyrometer. If the sector 1 makes an angle 6 at 
the centre, the'fraction of energy passing is (2ir—B)}2ir. Hence if T 
is the true temperature of a blackbody, T t the temperature indicated 

1 See Mendenhall and Forsythe, Pbys. Kev. y 4,69, 1914, 
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by a pyrometer with the sectored disc, we should have 


l t 4 — k ^ T 4 

—*i “ 9 ^ 1 > 


whence T can be found. 

The pyrometer so calibrated will correctly measure the tempera¬ 
ture of black bodies only. Generally however it is often used to 
measure the temperature of non-blackbodies also when corrections 
must be applied to get the true temperature. 

For the purpose of calibration let the pyrometer be sighted on a 
black body at the temperature T x and d l be the deflection produced in 
the galvanometer. Then 

d x = ktf'-T*), .... (63) 


where T 0 is the temperature of the pyrometer surroundings. Now if 
the pyrometer is sighted on a non-blackbody at the temperature T g 
having an emission coefficient^ and reflectivity r' for radiations from 
the pyrometer surroundings at the temperature T 0 , then the de¬ 
flection d % in the galvanometer is given by the relation 

i t ~*k x {uT%*+r'Tf-TJ). . . . (64) 

Equation (64) with the help of (63) yields 


t ,r,* = i (ly-r^+vo -r')=r,*. . ( 65 ) 

where Tb is called the blackbody temperature of the source. e„ is 
determined experimentally by sighting on the body at the temperature 
T a and then on a blackbody at the same temperature. If the respective 
deflections are d s and d t we Have 


d 3 e e TV+V'V-To 4 - 


( 66 ) 


^ T * 4 -V ’ . 

Roughly 1 we may assume r'= 1 — e c . Then (66) yields e t ~^a/^ 4 * This 
value of e t is substituted in (65) and r’ in (65) may be assumed to be equal 
to 1— t e \ then (65) gives us the required 7’ 2 , 


15*44. Optical Pyrometers.—In these, the intensity of 
radiation from a blackbody in a small width of the spectrum lying 
between A and A+<A is compared with the intensity of emission 
of the same colour from a standard lamp. The formulae required 
for this case can be easily worked out by assuming Wien’s law. 8 

1 Rigorously speaking e e — 1 —r where r is the reflectivity for black 
radiation at T a but the difference between r and r' is generally small. 

2 In these experiments e c d^ T ^>] and hence Planck’s law reduces 
to Wien’s law. 
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If jEj denotes the intensity of emission for the wavelength A of a 
blackbody at temperature and E 2 the intensity of the comparison 
lamp at the temperature T 2 , we have (assuming Wien's Law) 


C x 




Cj ~*al\T 2 

IF* 


Hence 1 



• («) 


The two well-known methods of comparing the intensity 
are the following :— 

(1) The standard light is varied until it is equal to the intensity 
of the source. The thermometers based on this method are called 
pyrometers of the Disappearing Filament type. 

(2) The standard light is maintained constant aijd the intensity 
of the light from the source varied in the instrument until it is equal 
to that of the standard. This is also called the Polarising type. We 
mow proceed to describe these two important types of instruments. 

t 

15*45. The Disappearing Filament Pyrometer.—This 
type of pyrometer was first introduced by Morse in America. It 
was later improved by 
Holbom and Kurlbaum, 
and by Mendenhall and 
Forsythe. A pyrometer 
of this type is shown in 
Fig. 30. It is essentially a 
telescope having a lamp 
at , the , position usually 

occupied by the cross- p igi 30,— Disappearing Filament type Pyrometer 
wires. C is a metal tube . 

containing the filament of a lamp L which is heated by the battery 
B and the current can be adjusted to any amount by varying the 
rheostat R. Radiation from the source whose temperature is 
required is focussed by the lens D on the lamp L where a heat 
image is formed. The lamp is viewed through the eyepiece E in 
front of which is placed a red fillet glass. Besides, there are a 
number of limiting diaphragms. 

* If the substance whose temperature is required is a non-black- 
body, its spectral emission Coefficient must be known or determined 
previously. 
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In actual practice the observer looks through E and varies the 
current in the lamp till the filament becomes invisible against the 
image of the source. If the current is too strong the filament stands 
out brightly, while if the current is too weak the filament looks 
black. The filter glass enables this matching to be done for approxi¬ 
mately monochromatic radiation. The instrument is calibrated 
by direct comparison with a standard thermocouple and then 
extrapolated by the use of rotating sectors. Thus from the strength 
of the current required to match the radiation, the temperature 
of the incident radiation can be deduced. Sometimes the ammeter 
is directly calibrated in degrees. 

A disappearing-spot pyrometer has also been designed which 
works on exactly the same principle. 

15*46. Henning’s Spectral Pyrometer. —Difficulties which 
occur by our uncertain definition of A are avoided in the spectral 
pyrometer of Henning. In this instrument the light before reach¬ 
ing the eye is decomposed by a prism so that matching is done for 
a very short interval dX. In other respects it is similar ; to the 
pyrometer of Holborn and Kurlbaum. It has the advantage that 
it gives a clear picture of the object, but on account of spectral 
decomposition it has less light gathering power and cannot be 
used below 1000°C. 

The part of the spectral pyrometer (Fig. 31) facing the radiator 
with the objective and occular lenses L 4 and L 3 as well as the glow lamp 



Ghas the same arrangement as in Holborn and Kurlbaum’s appara* 
tus. At R we can introduce smoked glasses in the path of the ray. The 

1 A combination of glass filters has a Iso been used. See Egerton 
and Milford, Proc. Roy. Sor., 130, 111,1931; Cunnold, ibid, 152, 64, 1935. 
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light enters through the slitS behind L,into the collimates tube C, is 
dispersed by the totally reflecting Abbe prism P which can be rotated 
by the micrometer screiy MN and the lever arm H. The telescope T is 
provided with the occular slit O. If it is properly adjusted a normal eye 
will see clearly the radiator as well as the filament of the glow lamp, in 
faetboth in the same definite spectral colour, the purity of which depends 
upon the breadth of the slit S. The instrument is calibrated by actual* 
comparison with thermocouple. Experiments have shown that keep¬ 
ing a wavelength A fixed, the temperature T of the blackbody can be 
represented as a function of the current strength, and hence the tempe¬ 
rature can be found from the reading in the ammeter. For fuller des¬ 
cription, see Henning, Temperatufmessung. 

A similar apparatus fitted with a spectroscopic eyepiece has also 
been devised by Mendenhall. 

15*47. Strong’s Infra-red Spectral Pyrometer.— This 
utilises the residual rays from quartz whose narrow band is located 
at S'Bfi. The radiation from the source whose temperature is to be 
measured, suffers successive reflections from a number of quartz mirrors 
and is focussed by concave mirrors on to a thermocouple junction. 
The calibration has tobe*done as with the other spectral pyrometers. 
Visible and near infra-red radiations do not affect this B'Bp pyro¬ 
meter; further glass is opaque to this particular radiation. The pyro¬ 
meter can be used to measure the temperature of bodies above and 
below the room temperature. 

15*48. Polarising Pyrometer.—In 1901, Wanner constructed 
another pyrometer in which,the comparison was made with the aid of 



a polarising device. Here the ray of a particular colour from the source 
is compared with a ray of the same colour obtained from a standard 
electric lamp. A diagram illustrating the essential parts of the instru¬ 
ment is given in Fig. 32. a, b are two circular holes arranged symmetri- 
F. 87 
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caily about* 1 the optical axis of the system. Radiation from the hot 
source enters the system through a while the comparison beam is supp¬ 
lied by the electric lamp G which illuminates the right-angled prism P, 
and the latter directs the light on to b. Bo th beams are rendered parallel 
by means of an achromatic lens L t> which is placed at a distance from 
the slit equal to its focal length. The parallel beams are dispersed by 
the direct vision spectroscope S and then pass through the polarising 
Rochon prism R which separates each beam into two beams polarised 
in orthogonal planes; B is a biptism placed in contact with a second 
achromatic lens L s which focusses the two beams on the slit D 2 . The 
biprism produces in the two beams deviations of such amount that 
one image from each source is brought into juxtaposition. Since the 
holes a, b are at the focus of the lens L„ the images produced by 
the second lens are also circular but the biprism splits them into 
semicircles. Six out of the eight images are stopped out while the 
remaining two are observed through the nicol N. 

If the two beams ate of equal intensity a uniformly illuminated disc 
with a diametrical line is observed if the plane of polarisation of the nicol 
prism makes an angle of 45° with the plane of polarisation of each com¬ 
ponent Rotating thenicolin either direction diminishes the bright¬ 
ness of one image and augments that of the other. If the two beams 
are of unequal intensity, matching is effected by rotating the nicol prism 
in either direction. A graduated circle is attached to the analyser to 
observe the angle of rotation The theory of the instrument is as 
follows:— 

It can be easily shown with the help of the lafe of Malus regarding 
the amplitude of the polarised component of a light wave, that if JB* 
and fij are the intensities of two plane-polarised beams matching a 
constant source at angles then 

Ex _ tan^i 

£i~tanVa* 

Now*if .Ej be the intensity of wavelength A at temperature Tj while E 2 
is the intensity at temperature T, for the same wavelength, we have by 
Wien’s law as on p. 687, 

7 

2 {In tan tan == — yj. 

(t is thus seen that the relation between ^ and T is of the form 
lit tftii = tf-j- • • • • (68) 
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If we determine two values of <f> corresponding to two values of T we 
get 2 straight line from which the temperature for any value of ^ can he 
read. In practice the pyrometer is calibrated by direct comparison with 
a standard thermometer, and the disc is directly graduated in degrees. 

15*49. Colour Match Pyrometers.—The principle of colour 
v match pyrometry has already been discussed in §15 • 38. In this the tem¬ 
perature of a blackbody is so adjusted that its spectral brightness distri¬ 
bution (/.#. colour) in the visible and near infra-red regions is the same 
as that of a source whose temperature is required. The temperature 
of the blackbody satisfying this condition is called the colour tempera¬ 
ture T t of the source. The comparison is done with the help of a 
spectrophotometer and various instruments 1 have been devised to 
effect this comparison. The utility of the method lies in the fact 
that the colour temperature is only slightly different from the true 
temperature of the body. Thus for tungsten at 2450 C K, the colour 
temperature is 2504°K while the temperature as determined by a spectral 
brightness pyrometer is 2233°K. 

RADIATION FROM THE SUN 

15*50. The Solar Constant—The sun emits radiant ener¬ 
gy continuously in space of which an insignificant part readies the 
earth. But even of this incoming radiation, a considerable portion,, 
is lost by reflection and scattering by the terrestrial atmosphere 
and is sent back to the interstellar space. The best reflecting con¬ 
stituents of the atmosphere are water, snow and cloud. The scat¬ 
tering is partly due to the dust particles and partly due to the air 
molecules and is generally small. Further, the radiation is heavily 
absorbed by the earth’s atmosphere, the total absorption varying 
from 20 to 40 % depending upon the time of the day and the season 
of the year. We naturally seek for a more constant quantity which 
is furnished by the rate at which solar radiations are received by 
one sq. cm. of block surface held at right angles to the sun’s rays 
and placed at the mean distance of the earth, provided there were 
no absorption in the atmosphere or provided the atmosphere were 
not present. This is called the solar constant and is generally 
expressed in calories per minute. We shall now describe a method 
of determining the solar constant. 

1 For detailed description the reader may consult Heat by Worthing 
and Halliday, Chap. XIII. 
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15*51. Determination of the Solar Constant.— -Among 
the early workers who attempted to measure the solar constant 
were Pouillet, Langley and Wilson. The instruments employed for 
measuring solar radiation are called pyrheliometers or actinometers. 
They are of two types :— 

(1) The absolute pyrheliometer in which the energy is meas¬ 
ured directly. (2) Secondary pyrheliometers, which have been 
previously calibrated by comparison with an absolute pyrheliometer. 
The various methods employed make use of calorimetric arrange- 
'ments, a pyrheliometer, a bolometer, a thermo-electric couple, 
a photographic paper, a black-bulb thermometer, chemical decom¬ 
position and so forth. 

We shall here describe only two of these—(1) the absolute 
pyrheliometer, (2) the ‘compensation pyrheliometer’ of Angstrom. 

The Water-Stir Pyrheliometer employed in the Astrophysical 
Observatory of the Smithsonian Institution, Washington, U. S. A., 
is an absolute pyrheliometer as with its help the energy can be measured 



Fig. 33.—The Water-stir Pyrheliometer. 

in ergs. Fig. 33 gives a cross-sectional view of the apparatus. A A 
is the black body chamber for the reception of solar radiation which 
is further protected from air currents by a vestibule, not shown. This 
is simply a hollow cylinder placed in front of AA. The chamber is 
blackened inside and has its rear end of conical shape, and is surrounded 
by water contained in the calorimeter DD vhich is stirred vigorously 
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by means of a stirring arrangement BB run by an electric motor from 
outside. C is a diaphragm of known aperture for admitting the solar 
radiation. The incident rn diation is completely absorbed by the chamber 
producing a rise in temperature of the water contained in the calorimeter. 
This rise is measured by the platinum resistance thermometer F whose 
wire is carefully wound upon an insulating frame round AA. At.B 
is inserted a mercury thermometer. The calorimeter DD is carefully 
insulated from thermal effects occurring outside. 

For calibrating the instrument, a known amount of electrical 
energy is supplied to the manganin resistance wire G and the rise in 
temperature noted. Thus the heat obtained by solar radiation can be 
compared with the heat generated electrically. 

Another type of pyrheliometer is called the Water-Flow Pyr he Ho¬ 
me ter. In this a steady stream of water flows past the absorption 
chamber and the temperature difference between the incoming and 
outgoing water is observed. 

In the ‘compensation pyrheliometer' of Angstrom there are two 
thin strips of metal identical in every way which serve as the calori¬ 
metric body. One of these is exposed to the sun while through the 
other,’which is kept in shade, an electric current is passed. The strength 
of the current is so regulated that the temperatures of the two strips, 
as indicated by thermocouples attached in opposition, is the same. The 
energy of the incident radiation is then equal to the electrical energy 
supplied. If the breadth of the strips is b t their absorption coefficient 
a and the incident radiation equal to H per cm 2 pet minute, then the 
radiant energy received per unit length of the strips is Hah calories. 
Again if r is the resistance per unit length and i the required current, 
the electrical energy=/*r X 60/4 • 18 cal. Equating we get 


H = 


60 #*r 

4*T8* ~ab 


cal. per minute. 


With the help of these instruments we are able to measure the 
radiation received per minute at the ea rth*s surfaceand from th is we must 
calculate the solar constant. Now it follows from Biot's law (I—J 0 e~ ld ) 
that the quantity of energy absorbed increases geometrically with the 
quantity of absorbing material traversed provided it is all under the 
same physical condition and homogeneous. The loss of radiation due 
to scattering also follows the same law though the coefficients of direct 
absorption and of extinction due to scattering are quite different, 
Nevertheless if/ 0 be the initial intensity of the radiation of a given wave¬ 
length and al 0 the intensity after transmission normally through a layer 
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of unit thickness, then the intensity after transmission through a layer 
m units in thickness can be w ritten as 

= i. . m 

a is called the coefficient of transparency and generally varies from 0* 55 
to 0*85. This is in accordance with the well-known law stated for the 
first time by Bouguer, “For a given coefficient of transmission the 
quantity of heat transmitted decreases in geometrical progression as 
■the mass of the atmosphere traversed increases in arithmetical 
progression/* 

Equation (69) applies strictly to a monochromatic ray and a homo¬ 
geneous medium. In the atmosphere there is no homogeneity in dust 
content or in density in a vertical direction but approximate homo¬ 
geneity exists in a horizontal direction. In the actual experiment the 
intensity of solar radiation as received on the earth is observed for 
^different elevations of the sun on the same day with constant sky con¬ 
ditions. Then m varies as sec % where % is the sun’s zenith distance. 
Further assuming as a first approximation that a is the same for all 
wave lengths we can write 

S = St*** .(70) 

where S 9> S represent the true and observed solar constant. Then 
taking logarithms 

log.? = \ogS 9 + sec slog a. . . . (71) 

Plotting the values of log S as ordinate and the corresponding 
values of sec ^ as abscissa we-obtain a straight line whose ’intercept on 
the ordinate axis will give log .S’ whence^ is found. 

Langley 1 showed that the value of the solar constant determined in 
this way would be too low if some of the monochromatic radiations 
are entirely absorbed by the atmosphere. For an accurate determina¬ 
tion of the solar constant, therefore, the following procedure has been 
found best by Abbot and his collaborators 

Measurements are made with the spectrobolometer of the relative 
distribution of energy throughout the spectrum with different solar 
altitudes but as nearly as possible with constant sky conditions. At 
the same time the energy of the total radiation of the sun is measured by 
means of a pyrheliometer. Each portion of the spectrobologram is 
extrapolated with the help of the Bouguer equation to zero atmosphere 
and thus the energy distribution curve outside the atmosphere is ob¬ 
tained. The area between the base line (line of zero insolation) and the 
spectrobolograms for both the actual and the extrapolated curves are 

1 See Humphreys, Physics of the Air, p. 83. 
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found; let these be A and A 0 . Then if J be the pyrh el ionic ter reading, 
the true solar constant S 0 (the extrapolated value) is given by 1 

S 0 = S.-j .(72) 

According to the measurements made at the Smithsonian Institu¬ 
tion since 1902, the mean values of the solar constant are as follows 2 ;— 

1902— 1912 . . 1*933 cal. cm.~ a min.” 1 

1912—1920 . . . . 1*946 „ 

Variation of Solar Constant. —The solar constant has been found 
to vary by about ^foth of its mean value. It is not certain whether these 
variations are really due to variations in the solar radiation itself or are 
only due to variation s in the composition and transparency of the atmos¬ 
phere. It is possible however that these variations are connected in 
some way with sunspots which would presumably produce a change 
in the amount of total radiant energy emitted by the sum In fact 
Angstrdm found from certain measurements that the solar constant 
could be connected with the sunspots by the formula 

S ** l-903-b0-011*/N—0*0006 N, . . (73) 

where N is a coefficient (known as Wolf and Wolfer's number) 
characterising the number and extent of sunspots. 

TEMPERATURE OF THE SUN 

15*52. Definition. — In sec. 15*12 w.e discussed the physical 
divisions of the sun. They are : (1) fhe Central Hot Core termi¬ 
nating in a surface called the photosphere; (2) the Reversing Layer, 
which comes next, and is supposed to contain most of the terres¬ 
trial elements in vapour form and gives rise to the Fraunhofer 
spectrum; (3) the Chromosphere which is an extension of the rever¬ 
sing layer,, and is due to the ejection of atoms from the reversing 
layer probably by the action of Selective Radiation Pressure; the 
chromosphere can be seen only during total solar eclipses, and by 
special means during day-light; (4) the Corona , the nature of which 
is still unknown, and which until recently, could never be observed 
except during the brief minutes of a total solar eclipse. But in 

* For fuller details ofthe method, the reader is referred to the ori¬ 
ginal papers of the Smithsonian Institution and particularly to the work 
"The Solar Constant of Radiation’* of G. G. Abbot. Abbot, The Sun, 
may also be consulted for elementary ideas. 

2 For a discussion of more recent data see Handbuch der Astropbysik t 
4, p. 83, where the mean value 1*937 is adopted. 
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1931, B. Lyot constructed an apparatus called the coronagraph by 
means of which he was able to photograph the inner part of the 
corona on an observatory at the top of Pic du Midi (height 2360 m.) 
His success was due to his careful selection of lenses which reduced 
instrumental scattering to a minimum, and to the fact that at his 
mountain site, the intensity of scattered skylight was much 
reduced. The intrinsic intensity of the corona is near about that 
of the full moon. 

These divisions of the svn are based on spectroscopic observations, 
and probably they are physically not so distinctly marked off from one 
another as their designations would seem to indicate. Thus we may 
think that the photosphere is the bounding surface of an enormously 
heated solid hard core and the reversing layer and the chromosphere 
are in the same relation to it as our atmosphere is to the solid earth. 
But the actual facts are not so. The sun (and the same is true of the 
stars) is a huge mass of gas (mass 2x 10 M gm.) held together by force 
of gravitation amongst the atoms. The temperature varies from an 
enormous value at the centre (10*—10 7 °C) according to Eddington, 
10®—10 19 °C according to Milne; it is possible both estimates are wide of 
the mark to a few thousands on the photosphere which marks the limit 
of continuous emission. After this, the density becomes so small that 
gases emit or absorb their characteristic line radiation. There is a flux 
of radiation from the centre to the surface, the pressure of which coun¬ 
terbalances the pressure due to gravitation and prevents the mass from 
shrinking beyond a certain limit. The internal constitution of the sun 
and the stars h?vc formed interesting topics of study by Eddington, 
Jeans and Milne but is outside the scope of the present book. The reader 
may consult original papers or Rosseland’s Theoretical Astrophysics . 

From the nature of the problem it is seen at once that the 
term ‘Temperature of the Sun 5 has rather a vague meaning. We 
can start by assuming that the term ‘photosphere’ is really a limit¬ 
ing surface, and has a temperature Tp. This emits radiation which, 
on analysis, gives us the continuous part of the solar spectrum. 
The question is how this temperature can be determined. 

As the continuous spectrum has to pass through the reversing 
layer and the chromosphere, it suffers scattering and absorption, and is 
greatly modified. The effect of these losses is seen if v/e take a photo¬ 
graph of the sun. The edges appear dark (darkening of the limbs). 
If the radiation from the centre of the disc is represented by unity for 
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any wavelength, the radiation from a poin t at a distance x from the centre 
(x being measured in fractions of solar radius) falls regularly as x tends 
to 1 (limb of the sun) and ultimately at x=0*95 it reaches such low 
values as 0*48 for A=3737, and 0*76 for A=1.0080. 

The fall is due to the fact that photospheric light from the limits 
has to pass through larger thickness of the solar atmosphere (reversing 
layer and chromosphere), and is more weakened by scattering and 
absorption than light from the centre. Methods for calculating this 
loss have been given by Schuster, Schwarzschild, Milne and Lindblad, 
but for mote information on this point the reader is referred to 
treatises on Astrophysics. 

The problem of determining the temperature of the photosphere, 
and of temperature variation inside and outside of the photosphere is 
threfore very complex, and can be solved only in successive stages, 
some of which we now describe. 


15*53. Temperature from Total Radiation.— According 
to careful observations by Abbot and others the solar constant is 
1 * 937 cal. per minute. We can now find out what would be the 
temperature of a black surface, free from any atmosphere and hav¬ 
ing dimensions and position of the sun, which would emit the same 
total radiation at the. distance of the earth. This naturally gives 
us the minimum value for the temperature of the photosphere. 

Let the radius of the sun be r, then the amount of heat lost by 
the sun per second 

H = 4nr*. oT\ 


where T is the blackbody temperature of the sun. 

If we now describe a sphere of radius R concentric with the sun 
(R being the distance of the earth), then the energy will be spread over 
the surface 4irR 2 , and hence the amount received per unit surface of 
the earth is 


5 = 


4 * 7*2 

4*rR2 


. aT 4 , or 1 


- (~) 


2 T 


(74) 


Now r/R= mean angular radius of the sun— 959*=4 ■ 649 X 10“ 3 
radians, a =5 -77x10~ 5 ergs sec/" 1 cm.” 2 degree- 4 and T=T*937 
cal. cm." 2 min.” 1 

We obtain after substituting these values in (74) that T=5732TC. 


15*54. Temperature from Distribution of Energy in 
the Spectrum of the Sun.— The next question is whether we 
are justified in assuming that the photosphere of the sun radiates 
F. 88 
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like a black body. For this we have to study the distribution of 
energy in the spectrum of the sun. This has been done by various 
workers, and for an account of these works the original articles 
or treatises in Astrophysics should be consulted. Here we discuss 
the results only. These have been discussed by Brill 1 and 
Bernheimer exhaustively and are illustrated in Fig. 34. 


x 10 ergs 



The full curves represent the observed values of emission for the 
different wavelengths, the upper curve for radiation from the central 

part of the disc, the lower 
for the integrated radia¬ 
tion from the disc. The 
broken curves represent 
blackbody radiation for 
the temperatures 7000°, 
6000° and 5000°K. It is 
seen that the energy curve 
deviates considerably from 
that of a black body. 
Taking the curve for 
central radiation, we find 

c . . , . . , that from the long wave- 

rig. 34.—Distribution of energy m the solar t 

spectrum. length side to about 0 * 78 p 

the curve can in parts be made to coincide with the curve for 6000°K, 
but between this wavelength, and the wavelength of maximum emis¬ 
sion (A=4680), the emission lies between 6000°K and 7000°K. From 
the wavelength of maximum emission the fall is too steep, and the curve 
can under no circumstances be made to agree with that for any black 
body at any temperature. This rapid fall on the violet side is certainly 
to be ascribed to greater diminution of ultraviolet light by scattering in 
the atmosphere of the sun, as ( well as by the terrestrial atmosphere. 
Below A—2950 the solar spectrum entirely disappears though even for a 
temperature of 5000°K it ought to be continued to A=2000. This total 
absorption has been traced to a layer of ozone which is formed in the 
upper layers of our atmosphere. Recently 2 by using V2-rockets, spect- 
trographs have been carried upto heights of 110 km., i.e., above the 
ozone layer, and the solar spectrum photographed to 2099 A. U. 

1 Zeils. f. Pbysik , 52, 767, 1929. Handbucb d. Astrophysik , 5/1, 

Bottlinger, same 2/1. .... . . 

2 Pbys.Rev.,70, 781, 1946; 71, 827, 1947; 73, 877, 1948; Astro - 
physical ]., 109, 1, 1949. 
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It is therefore fairly certain that the radiation reaching us from 
the sun differs widely in quality from blackbody radiation. Plaskett 
investigated the intensity distribution of the light emitted from the 
centre ofthe disc and finds that between A= 3800 and 7600, the radiation 
is identical with that given by a black body at 6700°K. Wilsing obtains 
a temperature of 6740°K. But the fact that a certain part of the emis¬ 
sion curve can be made to coincide with the curve for a black body can 
hardly justify the conclusion that the sun emits like a black body. No¬ 
thing definite can be said about the character of the photospheric radia¬ 
tion unless the loss for each wavelength due to passage through the 
sun’s atmosphere is definitely determined. But the authors think it 
unlikely that the emission could be black, because the surface is 
open, and contains large proportion of free electrons. It is more 
likely that the emission approximates to that for a metal. 

15*55. Temperature from Wavelength of Maximum 
Emission. —Attempt has been made to determine the temperature 
from application of Wien’s law T—b t and the results are given 
in Table 3. 


Table 3 .—Temperature of the Sun from wavelength of maximum emission. 


Observer 

A« 

T 9 K 

Muller and Kron 

4680 

6154 

Abbot I 

4700 

6128 

Wilsing 

4820 

5975 

Abbot II 

4753 

6059 


Mean—6079°K. 


/ This temperature is about 300° higher than the temperature 
deduced from total radiation, but while attaching significance to 
these values, the reader should bear in mind the considerations 
presented in the previous paragraphs. See further, Handbuch der 
Astropbysik 4, article by Bernhcimer, p, 48. 

15-56. Radiation from the Stars.— The stars are so many 
suns, only they are at enormous distances compared to the sun. From 
observations of the spectra of stars, astrophysicists have divided them 
into a number of classes denoted by the alphabetic letters 

P_O_B_A_F_G.. . K... . M _S-R.. .. 

White Yellow ' Red 
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Roughly speaking, the classes O, B, A are white, F and G are 
yellow, K, M are red to the naked eye. £ P’ stars denote nebulae. 
The classification depends upon differences in the spectra of the stars. 
The B-stars show the helium lines prominently, while these almost 
disappear from the A-class, in which hydrogen lines are prominent 
features. In the F and G classes, metallic lines become more promi¬ 
nent. M, S, R show increasing number of band lines. It is found that 
the transition from one class to the other is not abrupt, but gradual. 
This is indicated by a decimal notation. Thus B 5 indicates a star with 
a spectrum midway between B 0 and A 0 and B 7 a star which is further 
removed towards A 0 . 

The determination of the temperature of these stellar bodies 
is subject to the same uncertainties as mentioned in the case' of the 
sun, and the methods followed are almost identical except that here 
the total radiation method fails as it is often not possible to determine 
the diameter of stars. The temperatures are deduced from the distri¬ 
bution of intensity in their emission spectrum by the application of 
laws of blackbody radiation. The intensities are determined by 
different experimental methods and the values obtained for stars 
of different classes by different observers are widely different. 
The values are reproduced in Table 4. 

Table 4 .—Temperature of Stars according to different observers. 


Spectrum 

Wilsing II 

King 

Sampson 

Brill 

B 0 

12300 

22700 

25000 

23800' 

B 5 

11450 

15200 

16400 

16300 

A 0 

10250 

11600 

13100' 

11800 

A 5 

9000 

8800 

10800 

9000 

F 0 

7950 

7900 

t 

8900 

7900 

F 5 

6880 

7000 

7400 

6900 

G 0 

5980 

6040 

6200 

6000 

G 5 

5250 

5090 

5100 

5200 

K 0 

4570 

4570 

4200 

4570 

K 5 

3860 

3640 

3500 

3860 

M 0 

3550 

3430 

3400 

3570 







Plate III 
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Plate 3 illustrates the spectra of different classes of stars. Father 
Secchi of Italy was the first to show that stars shining with different 
colours yield different types of spectra. The subject was taken up by 
Sir N. Lockyer, and Prof. Pickering and Miss Canon in the Harvard 
College Laboratory, who undertook an astrophysical survey of the 
heavens. They photographed the spectra of about two hundred thou¬ 
sand stars and showed that about 95 per cent of stats fall into the six 
classes designated by the arbitrary sequence of letters, B, A, F, G, K, M. 
These are elaborations of Secchi’s original- scheme. The B-stars are 
white, or bluish-white, and are distinguished by lines of helium; notice 
the line A 4472 due to He in the spectrum of B 0 . The helium lines 
disappear in the A tt -class where hydrogen lines are the most prominent. 
Notice now the transition from A 0 to A 5 . The g-line of Ca now appear 
for the first time. In the F 0 -class, more metallic lines are coming out. 
The G-class corresponds to yellow stars, and their spectra are similar 
to that of the sun. In the K-stars (sometimes called Antarian from their 
chief representative Antares) the colour changes to red, and band lines 
due to TiO are coming out. These are more fully developed in the 
M-stars which are deep red. Prof. H. N. Russell put forward the view 
that the varying spectra are due to varying surface temperatures of the 
stars; this view has been confirmed by the theory of thermal ionisation 
due to the senior author of this book which gives a unitary explanation 
of the spectra of stars and also offers views for the temperature radia¬ 
tion of gases. 

The temperature of the sun which is a star of the G 0 -class is given 
values ranging from 5890° to 6200°C. But the actual temperature of the 
photosphere is probably in the neighbourhood of 7000°K. For more 
detailed information, the above-mentioned article by Brill may be 
consulted. 

PROBLEMS 

1. What are the solar constants at Mercury and Mars whose 
distances from the sun are 0 * 39 and 1 * 52 times that of the earth ? 

2. When a F6ry total radiation pyrometer in a room with sur¬ 

roundings at 300°K is sighted on a black body at 600°Kthe deflection 
observed in the galvanometer is 6 divisions. When sighted on 
another black body the deflection is found to be 400 divisions, calcu¬ 
late the temperature of the latter. / 

3. If the pyrometer in problem 2 is sighted on a non-blackbody 
of total emission coefficient 0*8 and the deflection observed is 400 
divisions, calculate the temperature of the non-blackbody. Assume 
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the reflectivity of the body to be the same for radiation at 300°K and 
at the unknown temperature. 

4. For tungsten filament at 1200°K total and spectral emission 
c oefficients for A=0-665 /t are 0* 14 and 0*45 respectively. Calculate 
the corresponding total radiation temperature and spectral bright¬ 
ness temperature. 


Books Recommended 

1. Planck, Warmestrahiung or English Translation by Masius. 

2. Handbucb der Expert mentalp hysik , Vol. 9,1, pp. 347—474. 

3. Jeans, Report on Radiation and the Quantum . Theory . 

4. jeans, The Dynamical Theory of Gases, pp. 348—380 (1925). 

5. E. Griffitsh, Methods of Measuring Temperature (Griffin, 1947). 

6. Burgess and Le Chatelier, The Measurement of High Temperature. 

7. Abbot, The. Sun, 

8. Handbucb der Astropbysik, 4, 5/1. 

9. W. E. Forsythe, Measurement of Radiant Energy , McGraw-Hill 
Book Co. (1937). 



CHAPTER XVI 


SPECIFIC HEAT OF GASES, LIQUIDS AND SOLIDS 

16*1. The elementary theory of specific heat of gases and 
solids, and its difficulties have been discussed in §3*27. In this 
chapter, we discuss the attempts at the solution of these 
difficulties. 

SPECIFIC HEAT OF PERFECT GASES 

16*2. Specific Heat of Monatomic Gases. —According to 
the kinetic theory, heat energy of monatomic (spherically symme¬ 
trical) substances is entirely due to the translatory 1 motion of 
the molecules, and C v =3R/2, Cp=5R/2, y=5/3. The chief mona¬ 
tomic gases investigated are the inert gases and Hg. For them, the 
'above relations should hold up to very high temperatures (about 
10000°K), as even at this temperature the electrons cannot be 
excited. Actually the results have been verified from about— 180°C 
to about 3000°C for argon only and probably they may be found 
to be true for the other monatomic gases as well. But for subs¬ 
tances like Cs, Rb, K, Na, in which the resonaxice potential is low, 
and the valency electron is easily excitable, there should be consi¬ 
derable departure from the above values at moderately high tempe¬ 
ratures (about 1000°C—2000°C). No experiment appears to have 
been carried out to test this point. . 

16*3. Specific Heat of Diatomic Ceases.—As- already 
pointed out in §3*23 the diatomic and polyatomic gases will in 
general possess other types of motion also, in addition to the 
translational motion. We first take the diatomic molecule. The 
constituent atoms (say H and O in a HQ molecule) may rotate 
about axes passing through the common centre of gravity or vibrate 
along the line joining the nuclei. In addition, the electrons may 

1 Rotations can never be produced by mere collision of such mole¬ 
cules with one’another if they are smooth spheres initially devoid of 
rotation and their centre of gravity coincide with their geometrical 
centre. 
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be excited. If these motions are independent of each other (as 
is usually the case at not too high temperatures), the total energy 
of a molecule (excluding translation) may be written as 

€ = e, -|- « 0 + «* . • ' . • • . (1) 

where e„, e, denote energy due to rotation, oscillation and 
electron displacement respectively. 

In the subsequent sections, we give detailed treatment of 
rotational and vibrational motion of diatomic molecules, but 
the fullest evidence of the existence of these types of motion is 
obtained from a study of the band-spectra of molecules. This 
is beyond the range of this book, and the student is referred to 
standard books on this subject' (e. g. Ruark and Urey, Atoms, 
Molecules and Quanta). Generally it is found that e e >e^>€ r> 
so that at ordinary and low temperatures only rotations are excited 
but with the rise of temperature vibrations are also excited, while 
the electronic excitation ‘ hardly takes place even at the highest 
temperatures at which experiments are usually done. - 

16*4. Expression for Energy due to Rotation. —Let us 
take a diatomic molecule like HC1, consisting of two atoms with the 
masses m x and w 2 , separated by a fixed distance r (dumb-bell form). 
Assuming the motion of the molecule to be governed by classical 
mechanics, its moment of inertia about its centre of gravity is 

given 'by* /— A. The rotational motion can be described 

by taking three mutually perpendicular axes, one of which is the 
line joining the two atoms, and the other two are lines perpendi¬ 
cular to this axis and also mutually perpendicular. As the rotation 
of the molecule about the joining line is incapable of any change by 
molecular collisions, this motion may be neglected. The molecule 
has then two degrees of freedom, characterised by rotational motion 
about the other two axes. The energy is then given by 

e r -= 1 1 (coi 2 -i-a>2 2 ), . (^) 

where oj x and w 2 are the angular velocities of rotation about 
the two axes. 

* Let the two atoms be at distances r, and r 2 from the centre 

of gravity. Then -=w 2 r a ; r,-j-r 2 —r. Hence f\~Tm^{tnArm^)‘, 
r z r=arw x j{.m x -\-m.l) and 
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An analytically more correct expression for rotational energy is 
obtained as follows:—The rotation of the molecule is generally expressed 
in spherical coordinates by 6 and 
<f> which are the colatitude and 
azimuth respectively of the axis 
of the molecule with reference 
to an axis fixed in space (Fig. 1). 

The rotation will be represent¬ 
ed by the angular velocity 

^ in the plane YOX. The pre- 
cessional motion of the fixed axis 
of the molecule about the axis 
OZ is given by Hence the 
resultant linear velocity of the 
atom at a distance r x from 

the centre of gravity is 
+ r x * sin 3 9. and the 

rotational kinetic energy of the molecule is 

€ f ~ i r i*4'^a r s 2 ) (S 2 +sin 3 $. 

- If (s*+sm* 9. +*) .(3) 

The corresponding momenta are given by 

p$ ~ <r$ ~ * 9 * ~ ~ ^ s * n * + 

so that we have * 

P +) . (4) 

16*5. Energy due to Vibrational Motion.—The vibra¬ 
tional energy due to the oscillation of the nuclei of the component 
atoms along the joining line is more difficult to find out. As 
the constituent atoms tend to move further apart from each other, 
forces of restitution, which are electrical in origin, come into 
operation. We can suppose these forces to be proportional to 
the small increase x in the distance between the atoms over the 
equilibrium distance r t . Then the equation of motion of the atom 
of mass m x at distance r x from the centre of gravity is 

d*r 

Jfx *= — /**• 

Similarly for the atom of mass m % we have m x r,=—ftence 




Fig. I.—Rotation of the molecule in 
spherical coordinates. 


F. 89 
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where + x and m is the reduced mass. Hence 

. . . . . (5) 

The frequency of this simple harmonic motion is obtained 
by solving (5). Its solution is 

x ~ A. cos 27 rvt, . . . . . (6) 

where 47 t 2 v 2 ~fifm. The energy of this vibration is 

«o = . ' 0) 

Substituting for fi and writing in terms of p x ~dejdx—mi, we have 

€ °~ 2m + 2 ^ 2y2mx2 .( 8 ) 

Since in a simple harmonic motion, the energy is once 
wholly kinetic and once wholly potential, this must also be equal 
to the maximum kinetic energy of the vibration Which is from 
(6) equal to 

€ 0 = 2ir 2 v*tnA 2 .(9) 

It is more difficult to give any description of the electronic 
Vibrations which will not be attempted here. 

If the rotational and vibrational motions are fully excited, the 
number of degrees of freedom of a diatomic molecule should be 7 
(3 due to translation, 2 due to rotation, 2 due to nuclear oscilla¬ 
tion). 

If the rotational and vibrational motions are fully excited then, 
from the law of equipartition C v =£R, but actually Table 4, p. 105 
shows that C v at moderate temperatures is equal to |R ; hence we 
conclude that besides translation only two other degrees of freedom 
are excited for those gases for which C y =fR. We shall see that 
these degrees of freedom are due to rotation , as these can be more 
easily excited than vibratiorf. 

16*6. Measurement of the Specific Heat of Hydrogen. 
—That the classical theory of specific heat fails is seen from the case 
of hydrogen. The molecular specific heat of H 2 is found to be 
rather less than the theoretical value £R even at room temperatures. 
Eucken 1 was the first to undertake systematic investigation of 
the specific heat of hydrogen extending up to very low tempera- 

i Bert. Ber., p. 141, 1912. 
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tures, and arrived at the result that C v gradually sinks down to 
sR at about 60°K. Since then, the investigation has been repeated 
by many workers, and the variation of the specific heat curve with 
temperature is shown in Fig. 2 and the data are given in Table 3, 
p. 715, last column. To get the value of C vt multiply by R and 
add f R to the figures given in the last column. 

The general explanation of these curves was originated by 
Ehrenfest, who pointed out 
that the rotatory motion (as 
well as the vibratory motion 
which we consider later) must 
be quantised. We have gene¬ 
rally 

C V =Q+C r +C 0 . (10) 

where Ct denotes specific 
heat terms due to trans¬ 
lation, C, terms due to rota¬ 
tion and C„ terms due to 

nuclear oscillation. Ehrenfest „ . . c a 

. Fig. 2—Variation of specific heat of 

showed that owing to quanti ~ hydrogen wkh temperature, 

sation, C r and C 0 tend to disappear at low temperatures. 



16*7. Quantisation of Rotational Motion. —We give in 
this section a brief account of the theory of quantisation of rota¬ 
tional motion due successively to Bjerrum, Schwarzschild, and its 
further refinement due to application of wave mechanics. 

Confining ourselves first to the case where the molecule is 
supposed to have only one degree of rotation, we have 

* as i Jto 2 , «r ***p„*f2I. * « <tl) 


We find ourselves now in difficulty, because we must have some 
method of finding out p u . As is well known from dynamics, no 
problem can be completely solved from the equations of motion alone, 
or from the integrals which can be deduced from them. A knowledge 
of initial or boundary conditions is essential. But this is not possible 
in atomic dynamics, as we cannot subject the atoms or electrons to 
observation. Some indirect method has to be found. 

A lead out of the impasse came outbutslowly. Nicholson was the 
first to observe that the Planck constant h which we introduced in 
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Chapter XV, has the same dimensions as the angular momentum. 
Acting on this happy -suggestion, Bohr showed that in the hydrogen 
problem, the moment of momentum of the electron may be put equal 
to nhj2rr. This enabled him to deduce the Balmer formula for the 
spectral lines of hydrogen and lay the correct foundation of Atomic 
Physics (see Treatise on Modern Physics by Saha and Saha, Chap. VII). 

Following the lead of Bohr, Bjerrum and Schwarzschild put 
p u in (11) equal to s,hl2ir. We then get 

e = 8^? s2==Bhf *> • (12) 

where B = hl&n 2 !.. 

The correct expression has however been found to be 
Bhs (r-f-1). 

This expression for energy can be obtained by using the space 
motion of the rotator as described in §16*4, and writing out the 
wave equation of rotational motion. We have then 1 


1 d ( . a ttyh , 1 d 9 t/t , 

M s,n e - Je) + W + -p 1 - = °' • • < 13 > 

The characteristic energy-values are given by 

-r(-r+!) — Bhs (r+1). . . . (14) 

Vide Dushman, The Elements of Quantum Mechanics (1938) p. 149. 

The possible rotational energies of the molecule are given 
by successive integral values of s from 1 onwards. What is the 
number of molecules in a certain state V ? 


1 When the kinetic energy « is expressed in generalized coordinates 

q as 

u ” *“»PtPh ■ 
kj ' 

where and pi are the momenta corresponding to q t and qi, then 
the wave equation is given by 

Dk ° u H } +TF "* “ 0> 


where D stands for the operator djdq, vide Wane-mechanics , by De 
Broglie, p. 83. In this case 


i A 


Hence 


21 sin*0‘ 

1 


XAVUVV J-' — Vra ; o rt ) * 

4J* sm* 0 

Now equation (13) follows easily 


• 21 sin 0 
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From a generalisation of Maxwell’s distribution law as 
shown subsequently we can deduce that it is given by 

N # = N 0 (2rH-l>-^ +1 >W T * . . . (15) 

(2>+l)=& is the weight factor of the xth state. The necessity for 
multiplying by (2/+1) can be seen in the following way : the 
rotational quantum number V can be represented by a vector 
s along the axis of rotation. Now if we apply a magnetic field, 
this axis cannot lie in any direction with respect to the axis of 
the external field, but can lie only along such directions as make 
an angle 0 with the axis of the field, such that cos 8 ~mfs where 
m can differ from / only by integral numbers, i.e. , the m values 
are altogether (2/-f-l) in number, vi\. 

m — /, / •— 1 ,.— /. 

Thus we find that with reference to the state /=0 (non¬ 
rotating molecule), the number of orientations of the molecule 
is 2/+1. Hence the probability of the existence of the /-mole¬ 
cule is (2/-fl)« 

From equation (15) it follows that the excitation of rotational 
states with high energy, values entirely depends on the values of B and 
T. At extremely low temperatures practically no rotation can be excited 
and N„ would have a very small value. If we compare two gases like 
H 2 and N 2> we find that it is more difficult to excite rotational motion 
in H 8 than N a as B being inversely proportional to the moment of 
inertia, is larger for H s than for any other gas. 

At any temperature we. shall have the whole assembly of 
molecules partitioned amongst the states having the quantum num¬ 
bers 0,1,2,.../,.... but the higher states are not stable. From the 
principles of quantum dynamics, we know that states with larger 
energy spontaneously tend to pass to states with less energy, the 
difference between the two energies being given out as a radiation 
of frequency v such that «/ where e*, e/ denote the energy 

of the initial and final states respectively. . 

.*. v«B[/*(/**f 1)—//(//-ft)]. 

But actual results show that /*—sj cannot have all values. It has been 
found that /*—//— ±1 ( The Selection Principle). Hence putting //—/*— 1 
we get 


v = BfdrZr) . 


. ( 16 ) 
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In the present case only positive transitions have any meaning, 
hence v—2Bs, where 

■8 = o4l(~'+ —V ... 17) 

87 r 2 r 2 Wj 1 

We find that for hydrogen, and for molecules containing hydrogen 
(*.£., HC1, HBr, HI, and other hydrides), B will be largest, and substi¬ 
tuting probable values {m n = 1 • 67 x 10~ 24 , r~a x 10 -8 ), wc find that 

<5 -1 v inn 

J=l*62xl0 -40 x« a , and v from (16) becomes equal to '- - - 2s for 

v 34 2*9^2 

HCl; hence the wave-number — = ~ /, and the wavelength A —- 

c a“ s 

Xl0~” a cm. Now V and s are small numbers. Hence the lines due to 

purely rotational motions lie in the extreme infra-red and are extremely 

difficult to obtain. But the difficulties in the case of hydrogen halides 

were overcome by Czerny 1 . The characteristic rotational vibrations 

were investigated in absorption, because in emission, when a stimulus 

is applied, the physical state may become different from the normal. 

The arrangement employed by Czerny is shown in Fig. 3. 



Fig. 3.—Czerny’* apparatus for investigating the pure rotation spectrum of 

hydrogen halides. 

A is an Aucrburner forming a continuous source of infra-red 
light which can be cut off if desired by the pneumatically driven 
shutter E. F is a specially prepared window of Zaponlack membrane 
while R is a lampblack filter for cutting off short waves, but transmitting 
very long waves. S^Sa are slits and C 1 ,C 2 ,C 3 are concave metallic 
mirrors of 44 cm. focal length, Gils a wire grating 8 x 8 cm., grating 
constant *3977 mm. for 40 to 70/* and *7998 mm. for 70 to 100 /*. Tis 
an absorption tube containing HCl vapour and is covered by mem¬ 
brane of the same kind as F. M is a radiomicrometer with a sensi¬ 
tiveness of 1100 mm. at a distance of 5 metres with a Hefner candle at 
a distance of 5 metres. The whole apparatus is placed in a wooden 
chest which is carefully dried by means of P a O # because H a O vapour 
has many absorption bands in the far infra-red. 


1 Zdts.f. Phjsik, 34, 227,1925; 44, 235,1927; 45, 415,1927. 
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The beam of rays is collimated by C* and falls as a parallel beam 
on G, The diffracted pencil is focussed by C 2 on the slit S 2 , traverses T 
and is again focussed by the mirror C 3 on the receiver of the radiomi¬ 
crometer. Deflexion becomes a minimum when the rays are strongly 
absorbed. Thewavelength of the absorbed beam scan then be calculated 
from the relation A —b sin 0 where 6 is read on an angular scale attached 
to G. The absorption bands represented in Table 1 were obtained 
for HCI. 

Table 1 .—Absorption bands of HCI. The wave numbers 

in column (3) which 
correspond to the 
absorption maxima 
can be represented 
by the formula 

1/A=20-84U s- 
•001814 s 2 . (18) 

Thus the , rota¬ 
tional spectrum as 
obtained by Czerny 
is in accordance with formula (16), if we neglect the terms. 
Since B~h/87r a I=10'48xo in the present case of HCI, we have 

1 ° 8„»xl0-48x< ” 2-MxlO -” = *b (1 -»h/»ci>“ 

approximately. Hence r, the distance between the nuclei,—T28 x 10” 8 
cm. approximately. 

16*8. Contribution of Rotational Energy to Specific 
Heat. —We have now arrived at the result that an assembly of 
diatomic molecules can be partitioned, as- regards their rotational 
motion, into a number of quantized states possessing the discrete 
energy-values *(/+ l)Bh and having the weight 2 j+ 1. Let us 
take a particular diatomic molecule having its energy of rotation 
given by the rotational quantum number s. What .is the propor¬ 
tion of particles in this state ? As shown above this is given by 

N, = AV2x+l>~ e '^ r . . . . (19) 

The average rotational energy of the molecules is given by 
the expression 

- vg,(2 f+iy^ 

~ 2(2-H-l)*- e »^ T * 



(20) 
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To evaluate «, and C, we introduce a new function F r , called 
the rotational partition function , defined by the relation 

F r ='Z(Zs+\),-'‘ ,kT - .... (21) 

We have 

§=apS (2 ' +1) *“"*'* t 

Hence from the above we get 

.(22) 

and 

C, = Njy (S) = ■ ■ ■ ( 23 )' 

We can introduce a rotational temperature =* h 2 f4iT 2 Ih. 
We then find that 

F f ~ cp(r/0 r ). 

But there are certain difficulties in the application of formula 
(23) to actual problems, particularly with respect to hydrogen, 
which we take up in the next section. 

16*9. The Specific Heat of Hydrogen.—Efforts were 
made by several investigators (Reiche, Schrodinger) to explain 
the observed C, values as given by Eucken, with the aid of (23) 
by assuming some value of B as this was not known. But no 
single value could be found which would reproduce the results 
accurately over the whole range. In feet the C r /T curve for 
hydrogen was quite different from the curve given by formula (23). 

In 1927, T. Hori carried out a complete rotational analysis 
of the Lyman bands of hydrogen which are obtained in absorption 
and are, therefore, characteristic of the normal molecule. He 

1 For high temperatures (T B r ) it can be readily shown that 
(23) gives the value C r ~R. At high temperatures, the terms in 
(21) corresponding to successive values of s differ so little that the 
summation can be replaced by integration. Hence 

OO °° ' 

F, =|(2,4-1) ,-«*+»/«■* „ r 

o ° 

and (23) then gives C f =R. 
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was the first to find that the value of B was 59*534 cm -1 for the 
fundamental state of H a , from which I can be easily calculated to 
have the value 0 • 467 X 10~ 40 gram x cm 2 . This gave the distance 
between the nuclei in the normal state of the molecule equal 
to 7*6x10“® cm. The correct value of B obtained from the 
spectroscopic analysis when substituted in formula (14) 
however failed completely to explain the observed values 
of C r . 

The explanation came from a scrutiny of band-spectrum 
(molecular spectrum) of diatomic gases consisting of two identical 
atoms like H 2 or N 2 . It was found by Mecke that in these cases, 
the alternate lines of a band-progression are either absent or very 
faint. When the atoms are different as in LiH, or unequal in 
mass, though consisting of the same -species as in HD, or N 14 N 16 , 
the phenomenon is no longer observed. The explanation comes 
from a consideration of the spin of the nuclei of the component 
atoms. In the case of Hg, the H-nucleus has been shown ex¬ 
perimentally to have a spin of j. When two atoms of hydrogen 
form a molecule, the nuclei of the two atoms may have their spin- 
axes either parallel or anti-parallel. The spins of the electrons are 
always anti-parallel in the normal electron state and make no con¬ 
tribution to the resultant spin of the normal molecule. Ordinary 
H 2 gas therefore consists of two varieties of hydrogen : (1) a 

paraform in which the nuclear spins are anti-parallel (hetero- 
nuclear) and the resultant spin / of the molecule is equal to zero; 
(2) an orthoform in which the nuclear spins are parallel (homo- 
nuclear) and the resultant spin i is equal to unity. The statistical 
weight of para-molecules is equal to unity, as it is magnetically 
neutral while that of the ortho-molecule is equal to 3 as it can take 
up the orientations 4=1, 0,-1 with respect to 1 external magnetic 
field. The two forms exist side by side, and one form cannot 
usually pass on to the other form unless some particular device 
is used. Dennison 1 therefore contended that we must treat 
hydrogen as a mixture of two distinct gases, parahydrogen 
and orthohydrogen whose relative proportions do not alter during 
the experiments on measurement of specific heat. 


'Prac. Koj. Soc. A, 3U5, 433, 1927. 
K 90 
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As shown in Note 11 it follows from Pauli’s principle that the 
ortho-molecules can possess only odd-valued rotational quantum 
states (x— I, 3, 5. . ,.) while the para-molecules can possess only 
even-valued rotational states (x=0, 2, 4. . .). We have therefore to 
introduce two different partition functions for the para- and ortho¬ 
molecules respectively. These are 

Fpr = £ (Is + + l)BhjkT 

0,2,4 

= 1 + 5e “ ^ + 9 e ~ 20ff +13f ~ ^ -f.(24) 

F 0 , =V (2rfl) 

1,3,5 


where 


« 3e~ 2 * + 7 e~ i2ff f 11 c" 36 

JE _ ft 84*997 
° " 8w* IkT ~ TT ‘ 


The equilibrium proportion of the paraform to the orthoform 
can be easily obtained from (15), (24) and (25) if we remember that 
the statistical weight of orthohydrogen is 3. We have from (15) 


xypr — JV 0 F pr ; -i'Jor - ■* 0/* 

The ratio of N pr to N pr -{-N or in the equilibrium mixture, can be 
thus calculated and is given in Table 2 and illustrated in Fig. 4. 

Table 2.— Equilibrium proportion of the paraform at different tempera¬ 
tures expressed as percentage of the whole. 


N or --- 3JN, F 0 


: \] 

3 









_ 

:n 











* 

\ 










- 

n 










- 


V 









■ 


— 









- 




X 







- 





p*' 

— 

*** 


—- 


JL 

1 


o- 

Ij 1. 

-L_ 

i 

t~U 


-J- 


Temperature in D K 

Pig. 4.—Equilibrium percentage 
of parahydrogen. , 


T 

%?H, 

r 

t 

%/«, 

T 

%PH, 

20 

99-82 

60 

65*39 

140 

29*62 

22 

99*60 

70 

55*83 

160 

27*72 

25 | 

99*01 

80 

48*39 

180 j 

26*23 

30 

96*98 

90 

42*75 

210 

25*72 

40 

88*61 

100 

38*51 

230 

25*42 

50 

76 ‘89 

110 

35*30 

250 

25*24 



120 

32 87 

270 

25*13 


At high tempetatures the proportion of ortho-molecules to 
para-molecules is 3 : 1 but at low temperatures the equilibrium 
proportion of para-molecules gradually increases reaching nearly 
100% at T—20°K. 
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la the usual experiment in the laboratory, however, when we 
are cooling the ordinary hydrogen gas to low temperatures for 
specific heat measurements, this equilibrium percentage is not 
reached. It takes about three years for the process to go half¬ 
way under ordinary conditions. The ratio therefore continues 
to remain as 3:1. The equilibrium concentration is reached 
quickly only when some catalyst is used. 

Jt was on this basis that Dennison explained the results of 
Eucken. Let us denote by C vr the rotational specific heat of a 
gram-molecule of narii-hydrogen and by C or the corresponding 
quantity for the ortho-hydrogen. Then we have from (23), (24), 
(25), (26), 


Cpr/R 




da* 


In F. 


pTf 


CorfR 


(la 2 


hi F t 


Or 


(27) 


These values of C pT jR and C or [R are given in columns 2 
and 3 of Table 3. The fourth column contains the quantity C r fR 
on the basis that the mixture is made up of 1 part of para- and 3 
parts of orthohydrogen vi% t , 

C r = i C pr + I Cor. . •' . (28) 


Table 3 .—Calculation of specific heat of hydrogen on the 
hypothesis of ortho and para forms. 


T 

<W R 

CorlR 

CJR 

T 

R 

34 

1 

3'44x10-* ; 

2xl0- 8 

8-6xl0- 6 

35 

5-04xl0~ 4 

42-5 

4*41 ;<10 -3 

1x10-° 

l-ixio - 3 

40 

5-04xl0“ 4 

51 i 

2’27 x10~ 2 

2x 10" 5 

5-8X10-- 3 

50 

l-56xl0“ 2 

56-7 

4*99 xl0“ 2 

1 -61 xl0“ 4 

1-26x10“* 



68 

1* 547x10“’ 

1 -36x 10“ a 

3-98X1CT 4 

70 

6-1x10“ 2 

85 

•4348 

1•06 x1Q“ 2 

•117 

85 

•116 

113 

1-010 

7-26x10-2 

•307 

110 

•323 

170 

1-467 

•382 

•653 

196 

•710 

212 

1-350 

•635 

•814 



283 

1-116 

•882 ■ 

•941 

i 

273 

•"940 


The calculated values of C.^, and C r are plotted in Fig. 5. 
Curve No. I stands for the variation of C pr with T, No. II 
for the variation of C, or . The curve No. Ill represents Cr given 
according to formula (28). The different signs on it denote the 
values experimentally obtained by Eucken and others. These 
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values are plotted from columns 5 and 6 which are observed 



Fig. 5.—Specific beat of hydrogen on 
the hypothesis of ortho and para forms. 


values. The figure shows clearly 
that the experimental results are 
in good agreement with the as¬ 
sumption that ordinary hydrogen 
gas is a mixture of two types of 
molecules in the proportion 1:3. 

Subsequent works have com¬ 
pletely vindicated the hypothesis 
of Dennison. Bonhoefferand Har- 
teck have shown that if ordinary 
hydrogen is passed over activated 
charcoal placed in a low tempera¬ 
ture bath (liquid air, N 2 , O^, it is 
easily convertedinto para-hydrogen 
to the extent of 50%; the conver¬ 
sion becomes 99'8% complete if a 


temperature of 20°K is used. The process can be thus catalysed by ad¬ 
sorption on charcoal when it takes only a few hours for completion; the 
time taken by the process in absence of catalysts is a few years. If the 
temperature is then raised, the gas continues to remain in this paraform 
for a long time. In this way almost pure para-hydrogen can be prepared 
and its properties investigated; the properties of orthohydrogen are 
inferred indirectly by comparing the properties of parahydrogen and 
normal hydrogen. The physical properties of the para and ortho 
varieties are completely different as shown in Table 4, where the figure 
in columns 2,3,4 represent vapour pressures in mm. of Hg. The 


para-gas is a much better conductor of heat than the ortho-gas as it 
has a much larger C v . Its band spectra is also different. 

Table 4 .—Boiling and Triple points of different forms of T] 2 . 


Temperature 


20-38 
14-01 
13-80 
14 05 



760 


53-9 



786-17 

56-8 

53-0 


Ortho H 2 Remarks 


752 18 B. P. of nH 2 

52-9 T. P. of nH 2 

TdP of pH 2 
5 !l 2 _ T - p * of <>Ho 


For further discussion see Para, Ortho and Heavy Hydrogen by 
L. Farkas, Cambridge, (1935). 
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16*10. Rotational Specific Heat of other Gases.—In case of 
molecules composed of two indentical atoms, the successive band 
lines alternate in intensity in the ratio of (*~H)A where i ~ spin 
quantum number of the nucleus. Thus for N 2 the ratio is 2:1 
which shows that *'=1, the N-nucleus has the spin quantum 
number unity. Hence N 2 consists of two forms: para-nitrogen 
for which x^O.2,4. *«(*+l)x(2i+l); ortho-nitrogen for 

which 1, 3, 5. . . .,*«/(2/+1). The ratio of the number of 

;_l l 

molecules of these two types at high temperature is -4— = 2. 
Hence we have generally 

Hence the C r versus Tcurve is composed of two curves similar to those 
in Fig. 5, but as & is 
very small, C r reaches 
the value R even at the 
lowest temperature. Fig. 6 
gives a general view 
of C r jR curves for a 
number of gases. The 
drop in the specific heat at 
low temperatures has been 
experimentally observed 
for two more gases> 
deuterium (D 2 ) and HD* 

For details see Fowler 
and Guggenheim, Sta¬ 
tistical Thermodynamics 
(1939), pp. 91—95 
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Fig. 0.—Rotational Specific Heat of Different 
types of molecules. 


16*11. Quantisation of Vibrational Motion— When 
the temperature is sufficiently great, .vibrational motion 
will also be excited, in addition to the rotational motion. The 
actual equations of motion are therefore complicated, but we 
ran make a start by neglecting the rotational motion, and 
considering the simple harmonic motion along the axis of the 
molecule. 

The equation of motion is (p. 706) 

x = A. cos 2rrvt , . . • • • (6) 

and we get 

Cq a** 2ir 2 v t m.A* .(9) 


718 


SPECIFIC HEAT OF GASES, LIQUIDS AND SOLIDS [xVI 


Now it involves the unknown amplitude A. The value of A is 
obtained from the Sommerfeld quantum-condition 

(j) p a dx — v.k ,.(29) 

where the integration extends over a whole period, and *v* is 
an integral number (called Vibrational quantum number). This 
integral gives us from (6) 

2 tr 2 v. A^m = vh. 

Hence we have from (9) 

e 0 — v. hv. 

But this egression was found to be not quite correct. Band 
analysis showed that 

e 0 = (v-H)- hv. .... (30) 

The justification of the last expression for vibrational energy is 
given by wave-mechanical treatment of equation (5). Replacing p by 

0 * 

the operator (hjliri) g-, we obtain the wave-mechanical equation 

+ • • (3i) 

It was shown by Schrodinger that this can have analytical solution 
only when 

«o = (v+£)hv, 

where ‘v* has any integral value 0, 1,2 etc. 

The oscillators can therefore possess the quantized energies 
kh v> (1 +l)hv, _( v+£)hv, ... . (32) 


where p=the fundamental frequency. The frequency of the emit¬ 
ted lines— (v—v^hv where v and v' are any two numbers. There 
is no Selection principle for the vibrational quantum number, so 
that (v — v') may have any integral value. In actual practice, 
however j the rotational motion is always superimposed on the 
vibrational motion, and it has been stated that the energy of a mole¬ 
cule in which the vibrational-rotational motion has been excited 
is given by the sum of die energies due to the two motions separa¬ 


tely, Wi£., by 

e = € 0 q~ e f =(v-f-^^oh.Bfe.rff q-1). . 
The frequency of the emitted line is 

v=(v-v')v 0 + B{r(j-M>—/(/+!)}• 


- (33) 


But s —/=;hj, hence 

v = (v — v')v 6 ^2Bs. .... (34) 

Equation (34) agrees approximately, with the experimental results. 
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♦The band corresponding to the transition v—v' —1, i.e., v=v 0 
where s —1 , 2, .... is known as the fundamental band. The 
band corresponding to the transition %> — v* = n, where n is any positive 
integral number, is known as the »th upper harmonic. As formula 
(34) shows, every band consists of a null-point v 0 (not occupied by any 
line) with a series'of lines symmetrically distributed about it at approxi¬ 
mately equal distances 2B. 

The form of the ^and is illustrated in Fig. 8 which shows the funda¬ 
mental band of HBr at 3 * 9/t. It was first investigated by Randall and 
Imes and has been re-examined by Player and Barker who, in addition to 
the fundamental, have been able to resolve the first upper harmonic band 
at 2 fx. It should be noted that the effect of rotation is to super-impose 
a fine structure on the vibration, the distance between the successive 
fine structure components on the frequency scale giving us the quantity 
2 B which is characteristic of rotational motion. 

The experimental arrangement of Player and Barker is shownin Fig.7. 



Fig. 7.—Player and Barker’s apparatus foe investigating the vibration- 
rotation spectrum of HBr. 

C is the absorption cell which in the case of the fundamental band 
at 3 '9/x was 25 cm. long with windows of NaCl and in the 
case ofthe harmonic band was an iron rube 150 cm. long with 
thin mica windows. The pressure of HBr gas was about 20 cm. 

L is a Nemst glower giving a continuous spectrum. 

is a concave mirror (15 cm. aperture and one metre focal 
— length). The glower is placed at its focal point so that its 
light is made parallel before passing through the cell. 

S l5 S 3 are the slits. 

M 2 is another concave mirror which focusses the light on the slit S,. 

M 3 is the collimating mirror. 

P is a rock-salt prism which decomposes the spectrum. Light made 
parallel by Mj passes through it. 
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M 4 is the concave mirror which focusses the light decomposed 
by the prism on the slit S a of the grating spectrometer. The 
grating has 7200 lines per inch. 

The detecting device consisted of a single-junction thermocouple 
connected to a highly sensitive galvanometer, which in turn actuated a 
Pfund amplifier. 

If the gw ting alone were used, the firstorder of A, the second order 
of A/2, the third order of A/3... . would have been' superposed. The 
use of the prism P prevents this superposition. The prism alone 
would have given a very small dispersion. The combined use of the 
prism and grating ensures good dispersion and separation of spectra 
of different orders. The frequencies of the component lines of the 
band are shown in Table 5 and represented according to scale in Fig. 8. 


Table 5 .—Fundamental band of HBr at 3-9 y. 



Fig. 8.—Fundamental Vibration-Rotation Bands of HBr. 

The frequencies are represented by the formula 

v—2559 • 26± 16 * 490/—0 • 232r *±0 * 0022/ 8 , . . (34a) 

where J--1,2,3.. .. for the successive numbers of theR-branch (positive) 
and s~ — 1, —2,. . . for the P-branch (negative). The square and 
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cube terms in (34 a) represent interaction between vibration and rotation, 
and are due partly to change o£ moment of inertia in the different 
quantised states. 

The frequencies in the case of the harmonic band are represented 
by the formula 

v = 5028 • 11 ± 16 • 26(b—0 • 449/*±0 * 0030/“ . . (34£) 

16*12* Contribution of Vibratory Motion to Specific 
Heat. —When a diatomic molecule is excited to its characteristic 
vibrations, the quantised states are in the simplest cases as proved 
above, characterized by the energy-values: 

|Av, (1 

where v is any integral number. This picture of the vibrational 
state of diatomic molecules corresponds to the original one of 
Planck, proposed for his theory of blackbody radiation, but with 
the addition of the extra null-point energy ^Nhv. Let us now 
calculate the total energy due to vibration. Let N # be the number 
of oscillators with the energy hhv ) N v the number with the energy 
(v-\-\)hv. We have from Maxwell-Boltzmann law, 

N v =N Q e- viv!kT ' . * * * (35) 

The weight-factor is unity. We have now 

CO 

= ^N v (v+h)hv « £NAp+N 0 2>Av *~ vivlkT ' • < 36 ) 

V O 

To evaluate let us introduce the partition junction for 
harmonic oscillators : 


- vhv\KT a - JbvfMT -2 AvjkT . ___.1_ ,_ N 

=l+« +* (37) 

. (38) 


v~o 


lienee ' i Ny NqF v . . 

From (37), putting hvfkT=x, we have 


Hence from (36) 


F v — 2 e 


~v» 




dx 






e SNhy— - N £& - 
t v -hNhv- - Mo ~ p v dx 

— -Nhv ^ {In F v ). 


* (39) 


F. 91 
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Therefore C 9 = ^ » - Nhvj~(ln F v )-j~ 

~ Nkx 2, -J~ a (In F v )~ R^,_ .... (40) 1 

from (37). 

16*13. Calculation of the Specific Heat of Diatomic Gases. 
—The specific heat of diatomic gases is composed of a rotation?! 
part plus vibrational part as stated in §16*3. In the case of all diatomic 
molecules which do not contain hydrogen, the calculation of the rota¬ 
tional part is only of theoretical interest, as on account of small values 
of B t C r = R down to very low temperatures, even at the lowest 
temperature employed in these experiments, the rotational degrees of 
freedom are completely excited. We have therefore to consider only the 
contribution due to vibrational motion. Table 6 contains the constants 2 
characterising rotational and vibrational motion of a few typical gases. 
With the help of these constants the specific heat of these diatomic 
gases can be calculated. For detailed comparison of the calculated 
values with experimental results see Fowler and Guggenheim, 
Statistical Thermodynamics (1939), pp. 98—106. 

Table 6 .—Molecular Constants for a few Gases. 


Substance 

H a 

DH 

I>2 



o 2 

CO 

NO 

2jTj 

Cl 2 

0) 

4403 


3114 

3652 


1565 

2167 

1892 

564 



•75 

•95 


•16 

•37 

•4 

*12 

•9 

XO) 

120*5 

90-4 

60-3 

82-6 

14-45 

i 

11-37 

12-70 

14-43 

4-0 

e 0 





3374 




807-8 

B in cm” 1 

60-87 

45-67 

30-47 



1-44 

1-90 


•244 

1x10" 

•463 



1-5 

13-8 

1925 

15-0 


114 

e. 

85 



26 

2-87 

2-0 

2-6 


•336 

i of the atom 

1/2 



rw 

1 

0 




Reference* 

FZ 



! Z 

Z 

Z 

z 

i 



As a first approximation, the value of C 0 (part due to excitation 
of nuclear oscillations) can be calculated from formula (40) when the 


1 It can be readily shown that for very large values of T, (40) 
yields C 0 =R. 

2 To obtain multiply at by 1 *43. 

* F denotes Farkas, Ergebnisse d. exakten Naturwissenschaften , 12, 
p. 163; Z denotes Zeise, Zs. /. Elektrochemie, 39, 758, 895 (1933); 40, 
3,663,885(1934). 
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fundamental vibrational frequency of die normal atom is known. But 
if great rigour is wanted, the anharmonicity of the motion should be 
taken into account. 

The best illustration of the applicability of formula (40) is obtained 
in the cases of Cl 2 , Br* and I 2 , for which C„ is found to be larger than 
§R even at room temperatures. It is due to the fact that owing to their 
heaviness B is small and rotational degrees of freedom are fully excited 
giving C r =R, and as to happens to be small, the vibratory motion is 
excited even at room temperature. In such cases, we have 

C v ~ —R + R E(Q.jT). . . (41) 

In Table 7 the values of C p for chlorine from 243°K to451°K are given. 
The second row gives C 0 , the contribution due to nuclear oscillation. 


Table 7. —Specific beat of Chlorine. 


Temp. 

243*3 °K 

270*2°K 

l 

318*4°K 

** I 

391-4°K 

451-7°K 

i 

C p (obs.) 

• * 

7-926 

8-118 

8*416 

8-472 

€ p — |R 

•850 

•979 

1-170 

1-468 

1-524 

R 

•859 

•985 

1185 

1-405 

t-527 


Thus the specific heat of chlorine has been satisfactorily explained 
by assuming ©=810, from which v=l • 695 x 10 13 , and co 0 the wave- 
number =*565. This wave-number has actually been found in the 
analysis of the electronic absorption bands of Cl* by Kuhn and Elliot. 1 

The rigorous theoretical calculation in case of Cl 2 is however a 
difficult and tedious affair, as Cl 3 consists of two isotopes Ci s8 and Cl 37 
and the moieeule is of three varieties 60% Cl« Cl 35 ; 40% Cl 86 Cl 87 ; 
traces of Cl 87 Cl* 7 . The value of to for Cl* 6 Cl* 6 is given in Table 6. 
The exact calculation has been carried out by Trautz and Ader, but 
the results obtained are not much different from those calculated from 
the simple formula (41). 

16*14. Specific Heat of Polyatomic Gases. —A polyatomic 
molecule has several normal modes of vibration depending upon the 


1 Proc . R oy, Soc. Lond. t 123, p. 629, 
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structure of the molecule. Fat a linear molecule composed of n atoms 
the number of these vibrational modes is 3«—5 while for a non-linear 
molecule it is 3#—6. Each of these modes may be regarded as a har¬ 
monic vibration and its contribution to the specific heat can be calcu¬ 
lated from equation (40) if the characteristic frequency is known experi¬ 
mentally. If the molecule has some element of symmetry, a few of 
these modes may have identical frequencies and are therefore called 
degenerate modes. In the calculation of the specific heat the contri¬ 
bution of each degenerate frequency must be multiplied by its weight 
i.e., number of modes of vibration giving the same frequency. Cal¬ 
culations have been made on this basis for several molecules such as 
C0 2 , N 2 0, NH s , CH 4 etc., vibrational frequencies being determined 
from observations of infra-red and Raman spectra. For details see, 
Fowler and Guggenheim loc, cit. pp. 107—121. 


SPECIFIC HEAT OF SOLIDS 

16*15. Failure of the Elementary Theory. —The elemen¬ 
tary theory of specific heat of solids has been given in Chapter III. 
There it was mentioned how Dulong and Petit discovered that 
for all solids C v —6 nearly, and how the relation can be explained 
from the standpoint of the kinetic theory by the assumptions : 
(1) A solid consists of atoms, every one of which is regarded as 
a harmonic oscillator with six degrees of freedom; (2) the mean 
energy corresponding to each degree of freedom is $kT according 
v to the law of equipartition of energy (p. 149); these two assumptions 
lead us to the result that C V =3R. In chapter VII, p. 331, a me¬ 
thod is given for calculating C v from C 9 (equation 20), which is 
the quantity usually obtained in laboratory experiments, and the 
values of C v calculated therefrom are given in Table 3. It will be 
seen that for many substances, C v is very nearly equal to 3R, but 
for a number of substances, like beryllium, boron, carbon and 
silicon, C v was found to be much smaller than 3R. 

Further experiments showed that the failure of the Dulong- 
Petit law was by no means confined to Be, B, C, Si, i.e. t substances 
with high melting point, but even substances which have normal 
value of C v at room temperatures show an abnormal decrease 
when investigated at low temperature. As we reach absolute 
zero C v tends to vanish. This general breakdown was noticed 
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Table 8 .—Atomic Heat of Silver at different temperatures. 


Temper¬ 

atures 

°K 

C v (obs) 

■Unggfi 

m Hi 

HHI 

O 

calcula¬ 
ted from 
T* law 

0 calcula¬ 
ted from 
Debye 
function 

_ .. 

1-35 

0-000254 

8 • 76 x 10~ 4 ° 


165 


2 

0-000626 

1-39x10** 


181 


3 

0-00157 

6-16x10-*° 


200 


4 

0-00303 

5-92x10“** 


214 


5 

| 0-00509 

l-62xl0-u 


225 


6 

0-00891 

3-24x10-° 


224 


7 

0-0151 

1-30x10'’ 

0-0172 

219 


8 

0-0236 

2-OOxlO*"* 

0-0257 

216 


10 

0-0475 

1-27x10-* 

0-0502 

214 


12 

0-0830 

0-0010 

0-0870 

213 


14 

0-1336 

0-0052 

0-137 

212 


16 

0-2020 

0-0180 

0-207 

211 


20 

0-3995 

0-0945 

0-394 

209 


28-56 

1*027 

0-579 

1-014 


209 

36-16 

1-694 

1-252 

1-69 


210 

47-09 

2-582 

2-272 

2-60 


211 

55-88 

3-186 

2-946 

3-22 


212 

65-19 

3-673 

3-521 

3-73 


214 

74*56 

4-039 

3-976 

4:13 


217 

83-91 

4-326 

4-309 

4-45 

i 

220 

103-14 

4-797 

4-795 

4-68 


220 

124*20 

5-084 

5-124 

5-17 


225 

144-38 

5-373 

5-323 

5*37 


210 

166-78 

5-463 

,5-476 

5-51 


222 

190-17 

5-578 

5-581 

5-61 


220 



OEucken,Clusius and Woitinekj• Griffiths* + Tiitten; XBarschallj 
° Nernst* V Dewar i ABehn 


Fig. 9.—Variation of Specific Heatof Silver with Temperature 
(Taken from Keesom and van der Ende, Leiden. Comm. 219 £, 219 d). 
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_ after methods of determining true specific heats at each tempera¬ 
ture were perfected for the low temperature region by Nernst 
and his coworkers, and by Dewar, Callendar, K. Onnes and others 
(Chapter II). 

For the sake of illustrating this breakdown the data for 
silver are collected in Table 8. The curve in Fig. 9 shows the 
values of atomic heat of silver plotted against absolute tempe¬ 
rature. 

The same failure is shown by almost all metals and non- 
metals investigated. For the sake of completeness it may be men¬ 
tioned that even substances like boron and carbon tend towards 
the theoretical value of 3R at high temperatures. In the case of 
diamond this value is attained at about 980°C. 


16*16. Quantum Theory of Specific Heat. —The first 
attempt to explain these anomalies was made by Einstein 1 (this 
was the first instance of application of quantum theory to problems 
of specific heat) in 1907. Einstein pointed out that the average 
energy of an oscillator vibrating with the frequency v is not kT 
per degree of vibration, but as explained on p. 671, it is given 
by the formula 2 


hv 


. (42) 


where x—hvfkT. He assumed that a solid like Ag is a collection 

of atomic vibrators characterised by one and the same frequency 

(monochromatic vibrations). Under this assumption the total energy- 

content of a gram-atom of the solid consisting of N atoms is 
* 

U=3N.-s~..(43) 

We have then 



(e*- xy ' 


• (44) 


as in (40). It is easy to see that for large values of T, equation (44) 
gives C,,—3R in agreement with Dulong and Petit’s law. Also at 


^ Am d. Pbysik , 22, 180, 800, (1907); 34, 170, 590 (1911). 

2 Addition of the extra null-point energy \lfiv as on p. 721 makes 
no difference to the specific heat as it will cancel out on differentiation 
(see §16-12). 
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T=0,G,=0,/>., at the absolute zero the atomic heat falls to zero, 
a conclusion in general agreement with. experimental results. 

Now x can be written in the form ©/T, where 8—hvJk, and 


therefore 


=3R. E(OjT), where E(x) = 


Since 8 is 




assumed to have a fixed value for a particular substance, this 
expression gives the variation of atomic heat with temperature. 
For different substances different values of y and © had to be 
assumed, and these were obtained purely empirically in order 
to fit with the experimental results. The function E(8}T) is 
generally known as the Einstein function and is usually denoted by 
E(x ). A table of values of E(x) from x=0 to at— 17 is given in 
Note 12 and the course of the curve E(x) is shown in Fig. 10 along 
with a curve calculated from Debye’s formula (sec. 16* 17). It-will 
be seen that the Einstein expression explains the specific , heat 
curves up to a certain ^ 
point, but fails comple¬ 
tely at extremely low 12 
temperatures {vide Table 
8 second and third 
columns). For silver a t 0*8 
14°K, the value calcu- ^ 
lated from Einstein’s 
formula is 28 times 0*4 
lower than the experi- ^ 
mental value and at 
lower temperatures the q 

discrepancy is greater. Fig. 10.—Curves representing Einstein and 

Another weak point in Debye functions. 

Einstein’s deduction is that v and © are obtained empirically and 

cannot be verified from any other independent physical data. 

Nevertheless it was a great step forward inr the right direction. 

Einstein 1 himself recognized that the assumption of mono¬ 
chromatic vibrations did not correspond to actual facts. The 
vibrations of a particular atom must be very complex indeed 




WAwammmm 
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x Ann, d. Pbysik, 35, 779, 1911. 
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because it is under the field of force of thousands of other vibrating 
atoms. 

16*17. Debye’s Theory of Specific Heat of a Solid.— 

The problem was next attacked by Debye 1 . He concluded from 
the nature of the problem that (1) the vibrations would form a 
continuous spectrum; (2) these vibrations are identical with the 
elastic vibrations of a continuous solid (acoustical vibrations). 

When a continuous solid is thrown into elastic vibrations, 
two kinds of waves are excited in it: (a) transverse vibrations, 
which travel with the velocity c t = y/nfp and (b) longitudinal 
vibrations which travel with the velocity t t = %n)jp, where 
n is the coefficient of rigidity and k the bulk modulus. The 
number of modes of vibration of kind (b) contained between the 
frequency limits v and v-\-dv and enclosed in the volume V is 2 

Airv^dv 


K- 


(45) 


and the number of modes of kind (a) between the same limits 

8irv z dv, 


Q 8 


V. 


(46) 


In the second case the expression has been doubled, as each 
torsional wave is two-sided, or is equivalent to two waves polarized 
at right angles to each other. The total number of independent 
modes of vibration is now given by 

r inv (v + • • • (47 > 

The upper limit of integration cannot be infinite, as this would 
make the number of degrees of freedom infinite. Actually this 
number is 3 N, where N is the number of particles. This enables 
us to obtain v m by putting the integral (47) equal to 3N. This 
gives us 


9 N 


= ‘ 




(48) 


The elastic spectrum was thus guillotined by Debye at an upper 
limit v m which has a definite value for each substance. 


1 Ibid, 39, 782, 1912. 


2 See p. 666. 
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Let us now calculate the energy of the solid. Since the 
mean energy of a wave of frequency v is, by Planck’s theorem, 
1), we have 


r w 

( 

Combining with (48) we have 


A'* 1 -! 


(49) 


rT _ 9N f , '» 

e h 'l kT -\ ' * 

To evaluate this expression, let us put 

hvfkT = £, Av*/* = 0 , and &IT=$ m = *. . 


Then 


U = 3RT. 3 


(-WJ 


f« e</f 




•i 


. (50) 

• (51) 

• (52) 


This expression cannot be integrated in finite terms. 

Again, differentiating (5Q) with respect to T and making sub¬ 
stitutions as above, we have 


. __ 9R [* fWf 

** J 0 (*-!)*/ 



It is easily seen that 



Therefore C. = 3R [-£j ] . . (54) 

o 

This is the Debye expression for the atomic heat of a 
monatomic solid but unfortunately it cannot be evaluated in finite 
terms. The expression within square brackets is a function of 
x only and may be denoted by D(x). It is usually known as the 
Debye function and has been calculated 1 for values of x ranging 
from 0 to oo {vide Note 12). Let us first consider^ some limiting 
cases. 

(1) When T is very large, x and £ are very small and the 
expression then simplifies to C v = 3R. 


1 See Debye, Ann. d. Physik , 39, 789, 1912. 
F. 92 
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(2) At very low temperatures T is very small and therefore x 
and i are large. The second term in (54) becomes negligible since 
with increasing values of x, the exponential factor in the denomina¬ 
tor increases much faster than the numerator. Again the deno¬ 
minator in the first term is large unless v is small. Thus terms 
containing large v contribute little to the total atomic heatj 
energy is concentrated in the spectrum of lower frequencies. Hence 
we can replace the upper limit x in (54) by oo. We have then 


„ 12 f £* d( 

C v = 3H. "q V-~. 

x 3 3 gt—l 


0 


Hence 


C, = 3R.H£( 77-94x3r( 


T 

& 


(55) 


Table 9.- 


The value of the integral is tt 4 /15 (see p. 672). 

12?r 4 / T v* 

15 l 

Since 0 is a constant for the substance, the specific heat at extremely 
low temperatures varies as T 8 . This is known as Debye's T*-lao>. 

This law has been verified for a number of substances. The 
data 1 for calcium fluoride 3 (CaFg) are given in Table 9. The first 
column gives the temperature, the second column the observed 

atomic heat C v and the third column 
the value of 100 ^Q,/T. It will 
be seen that the figures in column 
(3) are constant, thus illustrating 
the validity of the TMaw. 

Again, assuming the TMaw, we 
can calculate the value of the 
characteristic temperature & with 
the help of (55) from values of C v 
at low temperatures. For 

O ^ | 77*94 x 5*975 J1 


Illustration of Debye's 
T*-law. 


r 

] 

* Cv 

100 ^ 

17*5 

0*0670 . 

2*32 

19-9 

0*1028 “■ 

2*36 

21*5 

01316 

2-37 

.23*5 

0*3680 

2*35 

25*6 

0*2180 

2*35 

27*6 

0*276 

2-36 

29*1 

0*331 

2*38 

34-0 

0*536 

2*39 

36*8 

0*663 

2*37 

37-8 ’ 

0-713. 

2*38 

39*8 

0*836 

2*37 


■>v 


= 7-745 TC 


are 


• (M) 

The values of 0 so calculated 
given in the fifth column of 

1 See Euckenaod Schwers, Verb. d. D. Pbys. Ges., 15, 578, 1913. 
s For substances containing many atoms in a molecule tne atomic 
heat is found by dividing the molecular heat by the number ot atoms 
in the molecule. 
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Table 8. Note that as T increases, 8 no longer remains constant 
as the T®-law then fails to hold. 

When T—0, (55) gives C v —Q, /.<?., the atomic heat va¬ 
nishes at the absolute zero. 

16*18. Comparison of Debye’s General Formula with 
Experimental Results. —It is seen from equations (54) and 
(51) that for all solid isotropic bodies, we can find out a charac¬ 
teristic temperature 8—hv m (fe such that the atomic heat at any 
temperature is then simply given by 

C v = 3(R. D(x), . . . (57) 

where D represents the Debye function. If we now plot Cv 
against l/x=T/0 we shall get a curve 1 which will be identical for 
all isotropic bodies. Hence if the specific heat/temperature curve 
for any metal be known, that for any other substance can be 
obtained by a point to point correspondence in which the ordinate 
C v is the same, but the abscissa are changed in the ratio of 
8 1 to @ 2 *' s ‘> Cv obeys a law of “corresponding states.” This 
is illustrated in the curves shewn in Fig. 11. 



The curve representing the variation of atomic heat of copper 
with temperature is drawn from the observed values while the. 
curve for iron is drawn from the Cu-curve in the above-mentioned 
way. To the point A on the Cu-curve corresponds the point B 
on the Fe-curve and so on. 


1 For methods of finding 0 see later in this section. 



( 


m) 


, Explanation 

O D ■ + A » 

Tl Hg I Cd Na K8r 


M t Pb Ag KCl Zrt NaCICu Al CaF z C 


r) 


K O « ♦ O 

Pb CaF z Cor /eS z Zn, 


A 7 O * « 

CuKClNaCl C 'Fe 


The curves in I are each displaced 
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The data for a very large number of substances are represent¬ 
ed by means of curves in Fig. 12, in which C v is plotted as ordinate 


Table 10 .—Values of B for different substances . 


Sub¬ 

stance. 

Curve 

Temp, 
range for 

C p . 

B 

from C p - 
data. 

Elasticity ^ 
data 

e 

* 

rt 

h! 

1 

Ph 

Thermal ^ 
Expansion 

Residual 

Rays 

Reference 

Li 



510 





S 

Na 

III 


202 





B 

K 



126 





LB 

Rb 



~85 





>> 

Cs 



~68 






Cu 

I, II 

14—773 

315* 

341 

321 

325 


B 

A g 

II 

1—433 

218 

220 

217 

210 



Au 



175 





LB 

Be 


10—300 

800-1000 





S 

Mg 



290 





LB 

Ca 

I 

22—62 

226 





)» 

Zn 

I, II 

33—673 

235 






ca 

III 


168* 

174 

I 

j 



D 

Hg 

III 

i 

97 






A1 

IT 

19—773 

396* ! 

399* 


374 


D 

T1 

III 


96 






C 

I, II 

30-1160 

1860 


2330 

1860 



Ge 


10—200 

290 





S 

Sn 

1 


119 





LB 

Pb 

1 I, II 

19—573 

88* j 

72* 



I 

D 

I 

III 


106 






Bi 



111 






Fe 

I 

30—220 

332-410 

483 

455 

413 


D 

Ni 



375 





S 

w 


>300 

310 



! 


LB 

CaF. 

I, II 

17—32 <P 

474 

510 



645 

Z 

FeS„ 

I 

22—57 

645 

696 





NaCl 

I, II 

22—666 

281 ‘i 

305 



281 


KC1 

I, II 

23—547 

230 

227 

i 

1 


230 


KBr 

III 


177 

| 




177 



S—denotes Simon and his pupils, Zs.f.pb. Chtm. (B), 25,5573-282 and other 
papers. B = Bethe, Handbucb d. Pbysik l 24/2, 524. L. B.^Landolt-Bcirnstcin’s T<ibks, 
Ergan^mgsband, 1232. D = Deb\e, Ann. d. Phys., 39, 789,1912. M = Mott, Pw. Phys, 
Soc. 46, 680, 1934. Z = Zwikket; Zs.f. Phys. t 52. 668, 1929. In cases where B'i are 
given from more than one method, the source in the last column refers to those 
marked with asterisk. 
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and Tj& as abscissa. The curves are due to E. Schrodinger, 1 
and illustrate remarkably well the validity of Debye’s law of atomic 
heats. 

Explanation of the curves .—The continuous line in these curves is a 
theoretical Debye curve and the points marked -{-, A etc. stand for the 
observed values of C v for different substances. Thus in curve II which 
is a full Debye curve, -{-stands for Al the values for which extend from 
TfO » -04 (T = 191 °K where C v == -066) to T}9 = 1-95 (T= 773°, 
C v = 5*6). Similarly X stands for Pb, A for Cu, Q for Zn, and so on. 
It will be seen that the observed values lie remarkably close on the 
theoretical curve. As it is impossible to represent the points for all 
substances on the same curve without causing confusion, portions of 
the curve are redrawn separately (curves I and III) and slighdy displaced 
to prevent overlapping. The points for some substances are marked 
on these separate portions. The series of curves in I are each displaced 
to the right by 0 • 2 while the curve III is displaced vertically by 1 • 5. It 
will be thus seen that the atomic heat values of a very large number 
of substances is given by Debye’s law. The values of Q used for different 
substances plotted in the various curves are given in Table 10. 

Calculation of the Debye Maximum Frequency .—It may be mentioned 
here that for every substance, that value of Q is selected which fits best 
the atomic heat/temperature curve obtained experimentally. The 
values of & so obtained are given in column 4 of Table 10. But & may 
be obtained from the T 3 -law (equation 56). These values are given 
;.n column 6. 

We can however calculate independently of atomic heat 
determinations, from the elastic constants of the Substance. For 
B =:hv m jk where v m is given by (48). 

,.e=4[ 9N/WV&+ 3 )]* . .(58) 

Now the velocities c ts c t are given by the relations 
ci=y(k+$n)jp, c t .— ^/n/p, 

where n and k respectively denote the rigidity .and bulk modulus of 
riasticity of the substance, and p its density. Hence 



/ 9N\\ .4 

f 1 + A] 

\AitVJ 9 



. (59) 


'Hie values of el calcula ted in this way are given in column 5 of Table 10. 


1 Phys. Zests., 20, 420, 450, 474, 497, 523, 1919. 
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<9 can also be calculated from the thermal expansion with the aid of 
Grunf^sen’s relation between a and C p . The values so calculated are 
given in column 7, while the last column gives <9 calculated on the 
assumption that v m =v r the frequency of Reststrahlen. 

The •values of & calculated from the specific heat data and from the 
■ elastic data agree tolerably well for a number of substances, but the 
agreement is not quite satisfactory. It may be remarked that the elastic 
constants vary with temperature and a better agreement might be ex¬ 
pected if the values at low temperatures are used. Eucken however 
found that the agreement then becomes worse rather than better. 

16 * 19 . Modifications of Debye’s Theory.—Though Debye’s 
theory is fairly successful in accounting for the variation of specific 
heat of solids in a general way, it is difficult to agree with its theore¬ 
tical foundations. The two fundamental assumptions are : 

(a) When a solid is heated it is supposed that elastic vibrations 1 
like those of a continuous medium exist within the body, having frequen¬ 
cies from 0 to a certain maximum v m given by (48) where the spectrum 
is guillotined sharply. Even if a solid be isotropic, it cannot be treated 
as a continuum since it is composed of atoms separated in space. 

(b) The solid is regarded as an isotropic body, while actually solids 
are composed of definite crystals, either in the form of single crystals, 
or minute crystals brought together by pressure. No account is taken 
of the crystalline structure in Debye’s theory. 

Slater* has given a discussion of (a). On account of the atomic 
nature of the solid eqn. (48) becomes incorrect for two reasons :— 
(1) The velocity of the elastic vibration depends upon the wavelength 
(shorter waves travelling slower) when the wavelength of the vibration 
is comparable with the atomic distances (as it is for frequencies 
^approaching v m ) and hence the change of velocity with frequency 
must be taken into account in formulating (48). (2) In an actual 

solid composed of N atoms we have to find the normal or independent 
modes of vibration of. the atoms in the solid. The problem was solved 
by Born 8 by assuming “periodic” boundary conditions or assuming 
fixed boundaries, the force between atoms to be given by Hooke’s 

1 Only a few of these elastic vibrations will be in the audible 
range and v m generally lies in the infrared region. The lov/er acoustic 
vibrations and hence the solid in thermal equilibrium would be audible 
had it not been for the fact that the energy in these vibrations is too low. 

2 See Introduction to Chemical Physics, Chap. XIV. 

8 Born and Karman, Phys. Zeits. y 13, 297, 1912; 14, 15, 1913; 
Born, Dynamik der Kristallgitter (Leipzig, 1916). 
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law. He showed that there will be 3 N normal modes of vibration. 
Th us the total number of modes comes out to be the same as the 
number of degrees of freedom of the solid as assumed by Delfye, but 
the frequency distribution assumed by Born is different from Debye’s 
even for an isotropic medium. This can be easily seen without going 
into the details of Born’s theory. 

In a solid composed of atoms it is evident that the highest 
overtone permissible cannot have wavelength shorter than interatomic 
distance d, for the displacement etc. of atoms for waves of length less 
than d can be as well represented by longer waves and hence these 
vibrations are not really independent. This shows that in a linear 
array of atoms the normal modes have the wavelengths d, 2d, 3 d, 
and a re thus equal to the number N of atoms in the array. For a three- 
dimensional solid consisting of N atoms this will also be N„ but 
each of these vibrations may be longitudinal or transverse of either 
type of polarisation; hence the total number will be 3 N. As explained 
above, the highest overtone is not limited by an identical v m for both 
longitudinal and transverse vibrations as assumed by Debye, but by an 
identical A for both types of vibrations as pointed out by Born. Since 
the longitudinal wave velocity is greater than the velocity of transverse 
waves, the maximum permitted v m for longitudinal waves (viz. v m ,i) 
is greater than v m , t for the transverse waves. Thus following Born we 
must integrate only upto a minimum value A„ given by the relation 1 

v = 3N .(6«) 

This A ot gives the corresponding v m ,u v m ,t from the relations 
cj — A w v m ,i, c t — A m v m , f Thus we must integrate (53) upto v m ,i 
and v m ,t for the longitudinal and transverse waves respectively rather 
than over a common v M as done by Debye. Evidently the specific 
heat comes out to be 

C v = R[D(etlT) + 2 DWT)], . . . (61) 

where ~ 

Another correction of somewhat lesser importance arises from the 
fact that the evaluation of the modes of vibration as given on p. 666 
viz. eqn. (39a) is correct only when the ellipsoid lies within the per¬ 
mitted values of n lf n 2 , » 3 , the maximum permissible values of n lt tt 2i 

1 From (45) the number of modes of vibration between the fre¬ 
quencies 0 and v is = 4 7r(l/A*)K and each mode may 

contribute three vibrations (one longitudinal and two transverse). 
Thus the number of vibrations is (4 tt/A*) V. 
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«, being given by the relations n 1 d-=p j n z d—q, n z d~r if the inter- 
atomic distance is the same along the three principal directions. Slater' 
has discussed this fully and shows that on account of this the parabolic 
frequency distribution of Debye becomes modified in the region of 
j- m , the curve instead of falling sharply at v m , begins to fall earlier 
and continues upto some distance beyond v fA . Accurate calculation 
howdver requires a knowledge of the crystal structure. 

IS'20. Bom’s Theory of Vibration of Crystals.—Even with 
'be modifications discussed above, the theory is inapplicable to aniso¬ 
tropic solids or crystals where the velocity of elastic waves varies with 
direction. We have also not taken into account the variation of 
velocity with wavelength. Born and Karman therefore worked out 
the equations of motion for the atoms of the solid, assuming that the 
atoms interact only with their neighbours and in accordance with 
Hooke’s law. Assuming the “periodic” boundary conditions Born 
showed 2 that N atoms arranged in a three-dimensional crystal lattice 
would give the same vibrations as obtained by the continuum method; 
only we should calculate with the assumption of different v m for the 
different directions for each polarised wave since the velocity is different 
in different directions. If there are N molecules, each consisting of n 
atoms, Born postulated that only the 3 N degrees of freedom which 
correspond to intermolecular vibrations, should be treated by the continu¬ 
um method, the contribution of the remaining 3 in —1) sets of N frequ¬ 
encies corresponding to intra-molecular vibrations being given by S(«—1) 
Einstein terms. With this assumption the specific heat of a gram- 
molecule is 




j -1 


j 

/ = 1 


For an isotropic medium this reduces to 

3 3(» -1) 

C v « R S D (6 jjT) + R v 0(0,11). . 
y-i _ 

If the molecule is diatomic 


( 62 ) 


. ( 63 ) 


c v - r r s x> wn +1b ( 0 /i) j . . . ( 6‘0 

./-■I 7=4 

On this basis the specific hent of AgCl, NaCl etc. ma) be calculated. 

1 Loc. cit. 

2 For details of deduction and an excellent review of the subject 
see Seitz, Tfjt Modern Theory of Solids (1940), Chap. III. See also Born 
and Go ppert-Mayer, Rammish d. Physik . Ed. 24, part II, p, 623 
(193.3); B orn, Atomtheorie des festen Zustandes, limy cl. Math. Wiss. 
S, part 3 (1923). 
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. Blackman 1 has extended Born’s calculations by assuming inter¬ 
action not only with the immediate neighbours but also with the next 
immediate neighbours. Blackman’s calculations, are essentially 
qualitative but they seem to throw some light on the behaviour of 
specific heat at low temperatures. 

The theories of Debye and Born have been applied quite generally 
to all substances and in some cases deviations have been observed. 
It is doubtful if Born’s method of separating Debye and Einstein terms 
is justified for all ionic and molecular , crystals. The observed devia¬ 
tions in some cases are due to the fact that Hooke’s law is not obeyed 
and anharmonic interaction terms must be taken into account; this is 
sp for high temperature deviations from Dulong and Petit’s law. In 
some cases the contribution of.plectrpns to the specific heat causes 
discrepancy; this is so at. very low or very high temperatures. In 
some others, change in lattice structure is. the cause of the anomaly. 
Examples of these will be found in the next section. 

. . 16*21. Importance of Investigations on Specific Heat.— 

The detailed investigation of the variation of specific heat with tempe¬ 
rature is of great importance for a proper understanding of the con¬ 
densed state of matter. In recent years such investigations are being 
carried out afcmany laboratories with great precision and care, and are 
sometimes yielding quite unexpected results. It is impossible to give 
a detailed-description of all these results for which special treatises must 
be consulted but the more important ones.are indicated below :— 
^■Metals .—The general course of the specific heat of all metals is 
given by theDulong-Petit law at ordinary temperatures viz. C v —3 K, 
and by the Debye formula at lower temperatures. But whenever 
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Fig, 13.—Atomic Heat of Nickel showing 
discontinuity at the Curie-point. 


there is any important change 
in the physical properties, this 
is indicated usually by a dis¬ 
continuity in the specific heat. 

Discontinuity at tbe Curie 
Point .—A very good example 
is afforded by the ferromag¬ 
netic substances (iron, nickel, 
cobalt) which, dose their 
“Ferromagnetism” at a cer¬ 
tain temperature called the 
Curie point and pass to the 


, 1 Proc . Roy. Soc., 148, 365, 384, 1935; 159, 416, 1937; 181, 58, 1942 
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paramagnetic state. The specific heat also drops suddenly as shown 
in Fig. 13. It is seen that C v suddenly drops from 8*2 to 7 cal. 
at 358°C. Similar behaviour is also shown by Fe and Co. But 
after the point is passed, the curve runs smoothly in the Debye 
fashion. 

The abnormality of specific heat Has been traced sometimes also 
to crystal structure. Metals are aggregates of small crystals, most 
of which have simple forms like face-centred, or body-centred cubes. 
The crystals generally have one atom to a unit cell, but some have 
two or more, such as Germanium, which follows a Debye-curvc, 
but at 70°K, C v jumps suddenly from ^3 4 6 to 5*1; and Hafnium 
whose C v jumps at 60°K from 5*3 to 11*2 within small temperature 
ranges. Both of these contain 2 atoms per cell of their crystal. 

Electronic Specific Beat .—All metals are distinguished by 
high electrical and thermal conductivity which are ascribed, as 
mentioned in §14*15, to the presence of free elections. As shown 
there, according to the elementary theory of Drude and Lorentz, 
both these quantities depend on the value of «A, where V is the 
number of free electrons per unit volume, and A is the mean free 
path. As the two quantities occur always as a product, it is 
difficult to calculate n and A separately. If we assume n to be 
proportional to the number of atoms per c.c. as seems natural, we 
are faced on the classical theory of equipartition with the difficulty 
that the contribution of electrons to the total atomic heat has almost 
as large a value as that due to the atoms i.e., the atomic specific heat 
of metals would be very nearly §R instead of 3R as observed. 

Sommetfdd 1 has however shown that the electrons inside the 
metal form a degenerate gas and do not follow Maxwell’s statistics, 
but the newer F.D. statistics (Chap. XVII). Assuming that the number 
of free electrons is equal to the number of atoms it is shown in Chap. 
XVII, .that the specific heat term due to free electrons is given by 



This formula can be Utilized to calculate the heat capacity due to free 
electrons in a metal like silver. We have from (65) }| putting m= electron 
mass, Cv« 0*767xl0~ 4 RT per gm. atom. 0 046 cal. per gmi,- 
atom at 300°K. Thus C ve forms only 0*7% of the ordinary specific 


i Zeits. /. Pfjysik, 48 , 1, 1928. 
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heat of silver at 300°C, and hardly adds anything to it. This removes 
one of the difficulties of the electron theory of metals. 

But at low temperatures, the specific heat due to lattice vibra¬ 
tions diminishes according to the law j ST 3 where 77* 94 x3R/(217) 8 
=4* 55x1 O'* 6 7*. This becomes small compared to the electronic 
specific' heat of Ag from the temperature range 3°K downwards. 
Keesom and Kok measured the specific heat of silver in this range 
and found that from 1*5°K to 3°K, the specific heat varies according 
to (65), but above 3°, the T^-tcrm predominates. This appears to 
suggest that below’ 3°K for Ag, free electrons become the chief con¬ 
tributor to specific heat. 

The specific heat of Nickel was investigated by Keesom and Clark 
in the iiq. He region. They found that T 8 - law held in the higher tangc 
with 0 = 464’5 (the elastic constants give 0=413); deducting the 
Debye, term, which became inappreciable at lower temperatures, 
the atomic heat in the lower range (1 * 10—9-22°K) was found to 
follow the law’ £ vt = 0-001744 T. This is however nearly 15 times 
larger than the theoretical term due to electronic specific heat viz. 
M48xlO- 4 T. 

A certain amount of difficulty still remains in the interpretation 
of these results. For monovalent elements like Cu, n , the number of 
free electrons per c.c. is taken to be equal to the number of atoms per 
c.c.„ but even in this case, it is found that the experimental value of 



C ve is 1*47 times higher. 
This is usually explained 
by saying that the electron 
mass tn has to be substitut¬ 
ed by a fictitious mass /**, 
due to complexities of 
internal potential field. For 
Cu, M. For Al, 
having the structure lr 2 2r 2 
2p e 3s* 3j&, the number of 
free electrons per atom 
may be taken either 1, (the 
3/>-electron) or 3 (the Sr 1 3 p 
electrons). The values of 
are respectively 2 • 30, 


and 1-61. For transitional 


m era Is like Ni, where the </-shell is not closed, the problem is more 
complex, for we have a large number of electrons which have a chance 
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to be free. For Ni, we have the electronic constitution lx 2 2x 2 2p Q 
3x 2 3jp® 3d° 4x l , we have 9 electrons in the d- shell, and one in the 
x-shell. All of them have chances to be “free/* In all such cases, 
m*jm Is found to be large as in the case of nickel. For further 
information, see Seitz, loc. at., Chap. IV. 
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Fig. 15,—Variation of Atomic Heat 
Cp of solid Methane showing the 
sudden jump at 20-4°K. 


Metals and alloys which show the phenomenon of super* 

conductivity (§14*16), arc also found to show an abrupt change 

in their specific heat at the same point, e.g. Keesom found that the 

atomic heat of tin changed from Cal, 

' SO 

0*0064 to 0*0078 cal./gm. exactly at 

the temperature of 3*72°K where- ™ 

it .becomes superconducting. The ^ 60 

superconducting temperature chan- k50 

ges with the magnetic field and J40 

the specific heat is also found to <30 

change accordingly. 

Solid Methane .—A new type of 
discontinuity was first brought 
to light by Eucken, and has since 
been widely investigated by Simon, 

Giauque and others. The nature of 
. 1 
this discontinuity is illustrated in Fig. 15, which shows the varia¬ 
tion of specific heat of solid methane with temperature. The value 
suddenly shoots up at 20* 4°K. On both sides’of this point the curve 
js quite normal, say at T < 17°K and T>21°K but between these 
two temperatures at 20*5°, the atomic heat shoots up about 13 times 
its normal value on the right side. Effect of this type was first dis¬ 
covered by Eucken for 0 2 (43*4°), N a and CO in 1916, but their impor¬ 
tance was first emphasized by Simon who discovered the same discon¬ 
tinuity for NH 4 C1, HC1, HBr, HI (the last two show two such points), 
CH 4 (Clusius and Perlick) and liquid Helium (Keesom and Wolfke). 
According to Pauling, this temperature of jump marks an internal 
change in the nature of motion executed by the constituent particles. 
At the lower temperature, the molecules or ions constituting a crystal 
execute a rotatory motion round an axis perpendicular to the molecular 
axis which is however not complete, i.e. t the angle of rotation varies 
within certain limits. At the transition point, it suddenly changes tc 
complete rotation. Frenkel, on the other hand, thinks that the mole¬ 
cules undergo only torsional oscillations both above and below the 
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transition .temperature and that they have less relative orientation above 

the transition than below it (see Lawson, Pbys. Rep. 57, 417). - 

16*22. Specific Heat of Liquids —For liquid? the value of C v 

may be obtained either from the value of C P or y (determined directly 

by the velocity of sound method) by making use of the equation (20), 

p. 331. y is found to vary rather widely with temperature in some cases. 

The difference C p —C v is, rather large for liquids. This is because 

C p —C v ~Ea z Tv and the coefficient of expansion for a liquid is much 

larger than that for a solid. , This point is illustrated in Table 11. The 

specific heat of metals varies slightly at the melting point while for 

non-metals the variation is rather large. 

< 

Table 1 11 .—Molecular heats C p and C v in solid and liquid states. 


• Substance 

State of 
aggregation 

c, 1 

Cv 

h. 

Solid 

Liquid , 

f 

1-4 (14°) 

f 3*3 (14°) 

4*40 (20°) 

• « 

2-8 *’(20°) 

3-2 (27°) 

A r 

Solid 

Liquid 

7-8 (78*3°) 

( 10-50 (84-9°) 

j 10-62 (93-9°) 

12-40 (123-8*) 

1 15-41 (140-4°) 

5-66 (78-3°) 
5-54 (88-4°) 
5-50 (93-9°) 
5-10 (123-8°) 
4-65 (140-4°) 

Hg 

Solid 

Liquid t 

1 

6-8 (233°) 

{ 6-72 (273°) 

6-57 (373°) 

( 6-62 (473°) 

5-95 (233°) 
5-97 (273°) 
5-45 (373°) 
5-30 (473°) 

K 

i Solid 

liquid 

7*81 -(332°) 

7*96 (341°) 

7-26 (332°) 
7-25 (341°) 

Water 

Solid 

9-10 (273°) 

(18-100 (274°) 

9-0 (263°) 

18-090 (274°) 


Liquid 

« 18-015 (298°) 

, 18-100 (330°) 

17 -830 (298?) 
17-650 (330°) 


The value of C v may be accounted for by the degrees of freedom 
of translation, rotation and vibration as in the case of gases (sec. 16*3). 
There is however no theory to explain quantitatively the* observed 
variations of specific heat. The values of C p are seen to vary widely, 
but those of C v are found to be about 3R except for non-metals. 


1 Taken from Eucken, Lehrbuch der chemischen Phjsik, p. 184. 







§16*22] 


SPECIFIC HEAT OF LIQUIDS 


743 


PROBLEMS 

1. Calculate the specific heat of carbon dioxide at constant 
volume at 1 jQ 00°C from the following data :—CO a has three funda¬ 
mental vibration frequencies with wave numbers 1,388,667*5 (double), 
and 2,350 cm"* 1 . 

2. Calculate the specific heat at constant volume of aluminium 
at 100°K, given that the Debye temperature of aluminium is 396°K. 

BOOKS RECOMMENDED 

1 . R. H. Fowler, Statistical Mechanics (C. U. F., 1936). 

2 . Fowler and Guggenheim, Statistical Thermodynamics, (C. U. P., 
1939). 

3. F'. Seitz, The Modetn Theory of Solids (1940), McGraw-Hill 
Book Co. New York. 

4. Ruark and Urey, Atoms, Molecules and Quanta. 

5. M. N. Saha and N. K. Saha, Treatise on Modern Physics. 

6 . K. Jellmek, bebrbacb dtr pbysikalische Chemie. 

7. R. Eucken, hebrbuch der cbemischen Physik. 

. 8. 'Handbuch der Physik, 10 , pp. 275—320. 

9* Handbuch der Bxperimentalphysik, 8 / 1 . 

10. L. Farkas, Orthohydrogen, Parabydrogcn and Heavy Hydrogen 
(1935). 

11. Slater, Introduction to Chemical Physics (1939), McGraw-Hill 
Book Co. 

12. Born, Atomtheoric des festen Zustaudes, Teubaer, Leipzig 
(1923). 



CHAPTER XVII 


THERMODYNAMICS OF QUANTUM-MECHANICAL 

SYSTEMS 

17T. Introduction. —It was explained in Chapter IX that 
the object of statistical thermodynamics is to find macroscopic 
properties of an assembly with the aid of a not-tco-demiled mic¬ 
roscopic analysis of the constituent particles (atoms, molecules, 
quanta and crystals) in thermal equilibrium and to discover what 
functions of their motions correspond to the macroscopic thermo¬ 
dynamical functions in their properties. In Chapter XX, however, 
we considered only a gaseous system consisting of spherically 
symmetrical, structureless particles of classical mechanics with very 
weak interaction. Actually however the molecules are made up 
of atoms, electrons, protons, neutrons, etc, and cannot in most 
cases, as we now know 7 , be regarded as symmetrical. The in¬ 
ternal degrees of freedom of the molecules must be taken into 
account and these are subject, not to classical, but to quantum- 
mechanical laws as we saw in Chapter XVI. 

Even for spherically symmetrical particles we found in 
Chapter IX that the expression obtained for entropy by Boltz¬ 
mann’s method of counting was not correct and we had to divide 
arbitrarily the value of the thermodynamic probability by Nl 
in order to get the correct expression for entropy. No satisfac¬ 
tory reason can be given for this procedure of division by Nl 
from classical ideas. The reason is really a quantum-mechanical 
one and arises from the fact that the molecule cannot be regarded 
as a spherical mass-point, obeying classical dynamics, but it has to 
be represented by a •ty-function, obeying wave mechanics. The 
N-particles forming a system cannot be regarded as statistically 
independent as was implied in Boltzmann’s way of counting since, 
oil account of the Uncertainty Principle, these identical-particles 
cannot be told apart, or when we consider collisions, it is not 
possible to identify the molecules after collisions. The effect of 
quantum mechanical considerations is, as shown in Note 15, 
that the Planck’s expression for thermodynamic probability must 
be divided by NJ in case of structureless molecules. This new 7 
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expression for probability we may call as effective statistical pro¬ 
bability for the system. It was shown that 

S ■. k hi ^ + S ti . . . . (1) 

where T 0 may be put equal to zero for spherically symmetrical 
molecules in conformity with Nernst Heat Theorem (§17*19). 

It has already been pointed out in Chapter IX that two 
powerful methods have been developed for building up the science 
of statistical mechanics : one due to Gibbs and the other due 
to Fowler and Darwin. The adaptation of the former to the case 
of quantum-mechanical systems is not easy. The second method 
is easily adaptable to quantum-mechanical systems and is often 
used for studying complicated systems, It however requires a 
knowledge of complex variables and contour integration . 1 We 
shall therefore continue to adopt the simpler method based on the 
use of Stirling’s theorem and content ourselves by merely calcu¬ 
lating most probable values. 

17*2.—Calculation of Statistical Probability and number 
of cells according to quantum-statistics. —The most satisfactory 
way to calculate statistical probability is from wave-mechanics. 
This is done in Note 15. But an easier approach first given by 
Einstein, which arose out of a work by S. N. Bose on the statistics 
of photons (§17*11), is followed here. This treatment applies only 
to the translational motion of structureless spherical particles, when 
the interaction amongst the particles is neglected altogether. 

Let us, as in §9*4, consider particles which have energies 2 
lying between c* and et *f-r/ef. The phase-volume at the disposal 
of each of these particles is equal to G t given by the relation 

G t ~ ||| dx. dj. j*jj Jpz dPv • ♦ (2) 

1 This method appeals to some scholars as being more convincing. 
Its advantages, however, are that (1) it makes use of mean values ins¬ 
tead of most probable values, (2) it is directly applicable to strongly 
interacting systems such, as solids where interaction energies must also be 
taken into account, In this method the different states of the entire 
assembly, rather than of particles, is considered. The method deve¬ 
loped in the following pages is applicable only to non-interacting or 
weakly interacting systems such as the molecules of a gas where we 
can talk of the private energies of the molecules. 

2 The subscript V’ denotes that wc are dealing with translational motion. 
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the integration to be done within the energy-limits € iy de t . 
G, is easily seen to $e given by 

GT= 2irV(2/»fl 2 e ,* . dt t .(3) 

for the first part of integral (2) is merely V, the volume occupied 
by the particles. The .second integral is the element of ^volume 
included within the concentric spheres p x z + p } 2 -f- pi 1 — 2 we<, 
and p x 2 T Py iJ tP* — -f del). This is easily seen to be 
2 tt(2^)3/2 

Now from the quantum theory, we know that for each degree 
of freedom, a particle has th£ phase-space \\dp.dq — h., Hence 
for the three degrees of freedom, which particles composing 
a monatomic gas possess, the phase integral J...J* \\dp.dq amounts 
to hP. We might therefore say that the volume of phase space 
occupied by each particle is hP. This can be taken to be the volume 
of an elementary cell of the phase-space. Hence the number of 
cells a t at the disposal of the particles of energy between 
and «/ + dz f is given by 

. . . . (4) 

Now according to §9*4, equation (12), tit is the number of 
particles which are to be accommodated in these cells. Let us now 
find out the number of ways P< in which this can be done. 

17*3. Bose-Einstein, Fermi-Dirac and Classical Statis¬ 
tics.*— 1 There are three ways of calculating the probability Pt 
depending upon the statistics the particles obey:—(a) Bose- 
Einstein, (b) Fermi-Dirac, (c) Classical. Let us consider the three 
methods one after another. The particles are all indistinguishable 
from each other. 

Case (a) : Calculation of P t according to the Bose-Einstein statistics. 

We have a c cells and we have to place n t particles in them. 
The question arises as to whether we can place in each cell one 
particle, or more than one. In the first instance we can suppose, 
as Einstein did, that there is no limit to the number of particles 
which a cell can contain; it can have any number from 0, 1,2 upto 
n t . The number of ways of accommodating n t particles in 
a t cells according to this conception is the old algebraic problem 
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of combination with repetition. It is shown in Note 13 that 
this can be done in P t -ways, where 


P — ^LltUlZ 111 rvx ] 

* (a t -\)\n t \ “ a t \n t \ ' 


• ( 5 ) 


We have therefore 


p T - - n 


I i/(l 



where the product extends over all the energy-layers. «<. 

Case (b) : Probability from Fermi-Dirac Statistics . 

In this statistics it is assumed that a particular cell cannot 
contain more than one particle. The problem is npw distribution 
of n% particles amongst at cells, so that a cell contains not more 
than one particle. The number of ways P t of doing so is given 
by ordinary algebra to be the expression for combination with¬ 
out repetition, viz. 

P ~ —ft*—. . . . . (7) 

so that we have 


Pt — 


TT^-TT 

t 


«t 1 

(**-»<) I n t 1 


. . ( 8 ) 


Case (f) : Classical Case. 

When at #*, as is usually the case, it can be easily verified 
that both B-E and F-D expressions (5) and (7) reduce to the form 

P ( = aft}tit * . . *. * . ( 9 ) 

so that P r — TT a^jn t ! ( 10 ) 

t 

N. B. Apply Stirling’s Theorem, as given in Note 7. 

This is the Classical Statistics, which can be deduced in a 
number of other ways, not always satisfactory . 1 

17*4. Distribution Law according to the Three Sta¬ 
tistics. — We shall now work out the equilibrium conditions from 

1 First, we have N distinct particles and we have to choose groups 
of % »!, . .#* from the whole. This can be done in NI/fM ways. 
Secondly, we have to distribute n t particles amongst the ^ cells, each 

cell being capable of accommodating 0 , 1 , 2 -upto n t particles. The 

first particle can be accommodated in a t ways, either in the 1 st, 2 nd 
or <*|-th cell and for these, the second can also be accommodated in a ( 
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the three statistics, and deduce expressions for distribution func¬ 
tions. Wc have 

1. Classical II*. B-E II*. F-D 


P - IT 


FT 


(^t 'f ^i) I 

a t 1 »t 1 


P“ n 


_ ±1 _ 

(a t -ti t ) 1 H ! 


Let us now calculate S from the relation S--k In P using 
Stirling’s theorem (Note 7). We obtain after some work 


I. Classical: Sjk ==• 2 . In {n t fn t ) ~\-N \ 

IP. B-E : SJkr* v [n, fa {(a t +n t )lnfi+a t Jn {{a t +n t )l<tt}\ 1 (11) 

II*. F-D : Sjk — v [n t . fo ({a t - n t )jn t } ~a t . In {(a t - n t )ja t }] ) 

II a and IF can be combined under the single form : 


II. Sfk = v \{>i t . In 4* Y a t - (12) 

If we put y— 1, we get BE-statistics; y~ — l gives us FD-statis- 
tics. Putting y~ 0, we get classical statistics for N in 11(1) can 
be neglected. 

The equilibrium state is obtained from the conditions : 

= 0, SN = 2 = 0, 8U = y c,.8rt t = 0 . . (13) 

Using the first of these conditions, and remembering that a t does 

not vary, we deduce from (11) and (12) that 

I- 2 S»t {In (*</*<)—1H°> n. 2 8n t . h{(at+V»i)l»t}=0. . (i4) 

Now using the method of undetermined multipliers we 
have from (13) and (14) 

1 -8« \ 

I. In (a t /n t )-a- fa = 0, or n t = -j(i, e ptf 

l. . (15) 

a t I 

II. In {(a ,-f yth)in t }-a- or n. *» ~z —- i 

f' l ~V ) 


ways. For if the first particle is in the 3rd cell, there is no bar for 
the second also to be in the same cell. Proceeding in this way, we 
find that the n t particles can be put into <? t -cclls in a* 1 - ways. Thus we 
can effect the desired distribution in W t different ways where W t is 
given by 

r, = n t n . 

”t * 

Thi s may be said to ue the thermodynamical probability for the con¬ 
templated distribution. To obtain P( we have to divide it by IV 0 
which is the number of ways in which the particles can be distributed 
amongst themselves when at rest. This is Nt. Pt is obtained by 
dividing W t by IF 0 and is given by 

p t = n n *i»t ! 
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where f— e a is an unknown parameter to be called hereafter the 
“Degeneracy Parameter ”, whose value has to be inferred from the 
conditions of the case. 

We notice that if / $5>1 (weakly degenerate case) both B.E. 
and F.D-distributions reduce to case I (the classical case). 


Value of /?,—From (12) and (15), we have 
SSjk -= ^ bn t . hi {(4+V*')/*f} ~ S 
~ ^ / 35 n t . e[ — fl . SU. 

Hence using the relation 8 .f/ 5 U-= 1/T, we have /?=1 jkT for all 
statistics. 

17*5. Law of Distribution in Classical Statistics.—Let us put 

2ffK(2«)*'*/A* = C. . . . (16) 

We have N — 3 n t and U — Z n,e t . Now replacing summation by 
integration and putting j 8 c f = //, we have from (4) and (15) 


N .f — f r«. //’/*. tin = r(3/2), 

**o 

U ./--= Cp -*/* f°V«. // 8 ' 2 . (hi = C/r 6 '" 2 r(5/2), 


. (17) 


where r(«) is the Eulerian gamma-function 

We have from (17), UlN=$lp-=*}kT as we have obtained in §9*10. 
Further from (17°) and (16) we have 


/= Cp~*l* r(3/2)/A T --■= 


(2 nmkT) z l i 

»h* 


• (18) 


where n — NfV = number of particles per unit volume. We shall 
denote the value of/ given by ( 18 ) as /„. 

Substituting this value of / in (15“), we get for the number of 
particles having their energy between e, and c r + 8 « t , 

... .5,2 -4 ^ 

*< ~ ' Mr ■ f! - *■ 


since e= This agrees with the expression already deduced (§3*18, 

formula (30)) for Maxwellian distribution. 
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17-6. Value of Entropy and other Thermodynamical 
Functions in B-E and F-D-statistics. —Using the same 
notation as in the previous paragraph, we have from (15 A ), 


Nf= | 

o 


u'l* • 
*-Ylf ' 


Uf = 



(19) 


Let us now introduce two integrals 


T 1 f #*/ a . dtt 

s,s “ T(5/2) J t"-yIf’ 


and 


A/* ~ 


1 f h'*K du 

rm J * 


( 20 ) 


The general method of evaluating these integrals is given in 
Note 14. We have now 


Nf - r(3/2)J 1/8 , Uf=Cp~Wr(5l2).l, l2 . . (21) 

Hence we have, after replacing 0 by its value \}kT> 

UjN =* f£T. h, t /l l/2 . . . . (22) 

The value of pressure can be easily calculated from its 
expression in the kinetic theory of gases. We have for a perfect 
gas 

P = = § 2 #i. «< = fU/K, . . . (23) 

so that pV=%U in all statistics. 

j ’Entropy .—We see from (11), with the help of (15), that for 
classical statistics 

S = k’Xttt 

= ~+R+R/i»/= | y +Klaf. . . (24) 

= . . . . .(25) 

nhr 

from (17) and (18). This was already deduced in §11*21 and 
experimentally verified in §11*22. 

As regards the other statistics, we have to start from (12). 
This gives us, with the help of (15 7 ’), 


S — y + R/#/- ky^atfo ^1 -2^#/*). 
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This last term can be replaced by. an integral ] y given by 

oo 

o 

oo 

= -ky. C (kTfl*. J u'l*. In (1 dtt. 

O 

By partial integration, we find that 

„ k(l m kTfP. , f «*<»; *>. 

J ~ 2nV - • - y .*• J g ._ yjJ - 


Hence remembering that, in both BE- and FO-statistics, 
y 2 =l } we have the last term = 2U/3T. Hence, we have for a 
perfect gas 

^ = 7 T" 

the same expression (24) as in classical statistics. 

We now easily deduce the other thermodynamical functions. 


F t=U-TS 


ss —RTJn f — 


The Free Energy : r =u— x.j = —^^ •»» j -j 

The Gibbs’Potential: G =17+/>K— TS =—RT.Iuf 
The ThD. Potential: 0 = - GfT = R In f. 


V. *(26) 


17*7. Statistics for weakly degenerate systems. These 

are given by^^l. We have from Note 14, for 

1111,1 1 \ 

BE-statistics: /»=!+ ^fT' y + 3 ^* ~p *" i " ( r +l)*+i * /> 

FD-statistics : 7»—1- i + "o^rr •'75'"‘ + (~ _ l) r ; 


(27) 


2S+T* J^IS+T-/ 2 v (r+ i)n +1 yyj 

If we retain only the first terms, we have I 9j ^1^ 2 =1, and 
from (22), U—^NkT, pV—NkT, as in classical thermodynamics. 

Let us now proceed to a second approximation. We have 
from (21 a ), using (16) and (27), 


nh z 


(inMk'iy 1 * /o / 

. 1 i 


— f — f ± '“os/2 * +••••> 


1 y 

/ 2 


1 
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approx. Substituting the value of / 3 < 2 //j i 2 from (27) in (22) 
and further using (28), we have 



and from (23) 



The upper sign refers to BE, and tl • lower sign to FD-statistics. 
From (25), using (29) and (28), we easily observe that for 
B.E.-Statistics : .S’ --- |R If in /c —* 088 R // 0 A 
F.D.-Statistics : S — §R -f R ln f 0 -{-•088 R // 0 ) 


17*8. Experimental tests of new statistics for weakly 
degenerate systems.—Let us now see if it is possible to put these 
results to experimental test. 

We must choose for this purpose a gas under such physical 

conditions that the degeneracy parameter 

{i TWikiyi* = ( 2 t TmfP_ kPl % T*t* 

«/i 3 


/•“ 


h? p 

is as small as possible, consistent with the system being weakly 
degenerate, so that the second term in (30) is appreciable. This 
objective is achieved only when the substance has small molecular 
weight and large vapour pressure at small values of temperature. 
Calculation shows helium alone of all elements to satisfy these 
conditions. We have for helium 


/ 0 = 2-4xl0 6 . T*J*lp .(32) 

The saturated vapour pressure of He, as obtained from the 
measurements of the Leiden school, are given 1 in column 2 of 
Table 1 . From these, the values of f 0 are calculated in column 3. 
At 4*240°K, the value of /„ is 8-64, so that />K=RT(1 -*02) 
i.e., the deviation from the law of perfect gases due to BE- 
degeneracy is expected to be only 2 % at the boiling poin of 
helium. 

The equation of state of the vapour is represented by a Rammer* 
lingh Onnes type of equation : 

pV~ RT | 1 4- 22} j. . . . (33) 


1 See Helitrn by Keesom, p. 189. For R values see p. 49 of the same 
book. 
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The second term B(T)/ V > has the same form as the deviation, due 
to BK-degeneraev viz. *176// 0 > for 1 //„ oc « oc l/P*. The experimental 
values of B(T) are shown in column (4), and the values calculated from 
BE-degeneracy in column (5). It is seen that they do . not agree. But 
Befh and Uhlenbeck {Pbysica, 4, 915,1937) have shown that the van der 
Waals terms also contribute to the B-term in the same direction as the 


BE-degeneracy. Their values are given in column (6) and the two. 
together given in column (7) almost completely account for the ex¬ 
perimental values of B as given in column 4. The work appears 
to establish the reality of the BE-degeneration, though not in a very 
convincing manner 1 . 


Table 1 .—Second Vtrial Coefficient for lidiurn. 


T°K 

P 111 

cmofHg. 

/« 

B 

(Exp.) 

B 

(B-E) 

B 

(van d. Waals) 

! B 

(Then.) 

4*240 

77*6 

8*64 

—75-7 

' ' 1 1 

_ 8 

—60*8 : 

—6 b 3 

3*723 

46*2 

10*5 

—87*8 

— 9-8 

—70*2 

—80 

3-105 

21*3 

14*4 

—107 

—12-8 

—86*0 

—98*8 

”2* 647 

10*2 

► 

20*1 

—128 

—16 

—104 

—120 

2*050 

2*8 

: 38*7 

—180 

—25 

—142 

j 

—167 


7*9. Strongly Degenerate Fermi-Dirac Systems. — But 
though for ordinary gases, / 0 is generally found io be > 1 , ii: 
may not be so for the electron gas, for in. this case the mass is 
1/1836-times the mass of the H-atom> and a glance at (18) 
shows that / 0 may be 1 . 


1 Ordinary helium gas contains an isotope He 3 in the extremely 
small proportion of 10~ 7 : 1. It was considered next to impossible 
to isolate it in sufficient quantity for experimental purposes by any 
physical method. But H* or tritium grows by 0-decay to He 3 , and 
taking advantage of this fact, sufficient quantities of He 3 were giewu 
at the Los Alamos Atomic Energy Laboratory out of aqueous solutions 
in which the hydrogen of the water was replaced by pure tritium. Tlu: 
vapour pressure of He* has been determined from l-2°K(^—23 mm) to 
3* 2°K (p— 760 mm). The value of at the boiling point of He 3 comes 
out to be 2-66, so that if He 8 obeys FJI) -statistics, p should be equal 



nearly 7% higher than the theoretical value, 


The data, as yet, are too meagre for ?. satisfactory comparts" n. 
More recently properties of mixtures of He 3 and He 4 have been 
investigated extensively. 


F. 95 
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But in nature, it is not possible to have an atmosphere of 
pure electron gas, as it would dissipate to nothing on account of 
electrostatic repulsion. But as mentioned in §14*16, Drude and 
Lorentz showed that the electrical conductivity of a metal may 
be explained as being due to the motion of electrons, which exist 
as a free gas in the interstices of the crystal-lattice forming the 
metal. Sommerfeld 'then showed that these electrons form a 
degenerate gas, for putting proper values 

/ 0 = (2TrmkT)*l*!nh* = 2xl(F* 7’ 3/2 /«. 

If we now suppose that the number of free electrons is equal to 
the number of atoms per c.c. i.e. n 10 22 , we find that even 
for ordinary temperatures viz. T—300° K, / 0 p* 10“®. These and 
other reasons make it necessary for us to give deductions for the 
case when / <^ 1. 

For a BE-gas, however,/ cannot be <1, fora glance at the 
distribution formula jit = a^fe^—X ) shows that if /< 1, then 
for 0, n t comes out to be negative which is physically absurd. 
Hence for BE-gas, the lowest value of / is unity. A possible 
application is given in,.§17-10. /< 1 applies only to FD-gas. 

In this case, according to Note 14, we have, putting 
&/=* - a . 



From (21) we obtain, using (34), 

N= TT T O jk ’ty" « M (i + +• • •) • (35) 

Let the first-approximation valueof abe a 0 . Then we have 

/ 3 « \ %l * & 

a ° ; ‘\4W 2mEV .^ 


Now (35) takes the form 
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from which we deduce that to a second approximation 

a ~ “of 1 — I2a^). ® T} 

Now from (22), using (34), we obtain 

JL ^ * a (i< hL) 

RT 7P 0 l 1 f 12a 0 2 ]’ 

or, writing in full, 

U== ^0“(—J +*-*T<V) l (^j T 2 .(38) 

The expression shows that even at T=0, the energy of an FD-gas 
satisfying the condition / <^ 1, is not zero, but has a finite value 1 

• • • • « 

This may be called the null-point energy. 

The energy U adds a term to .the specific heat given by 
C v = dUjdT =s yT, where 


Nftt 




\ 2/8 


(39) 


In case of the electron on account of the spin (§17*12), the 
number of electrons, in any energy state will be twice that given 
by (15). The easiest way to take this into account is to replace 
V by 2V in all the formulae. Equation (39) therefore yields 

C "~-ir( 2nky \Tn) T ' • • • W 

Application of (40) to the case of specific heat of metals - at low 
temperatures has already been given in Chap. XVT, p. 739. 


1 The expression for null-point energy and pressure can be easily 
derived from the following considerations:—The total phase volume 
occupied by A T -particles at the A. N. is Nh*, and hence the volume 
of the momentum sphere is Nh?/V — nh *. Putting this equal to 
4wR 8 /3, where R is the radius of the momentum sphere, we have 
R = (3»/4ir) , / 3 A. We have therefore 


U. 


.frfi » dx • dy • ^ • dp x * dp p m dp z 


•in 


h* 


Jl 

3 Nh* ( 6n 
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17*10.. Limiting Case of BE-statistics and its appli¬ 
cation to the problem of Liquid He II. —The limiting case 
of BE-statistics referred to in the previous section (17*9) has 
received very ingenious application in the hands of Einstein, the 
brothers F. and H. London, Tisza and others for explaining the 
strange properties of Liq. He II (§12-29). 

Supposing we can have a BE-gas for which the limiting 
value/=l is reached, we have then from 1 ( 21 ) and (27), the follow¬ 
ing value ot limiting particle density: 


« 


N _ (2t rmkf 1 ' 1 
V ~ h 3 


3/2 

T hu (1). 


(41) 


The value of I 1 / 2 (l)= 2-612. Applying the constant proper 
to the A-point of He viz. f/=27-4 c.c. for a gm-molecule of He 
in the liquid state, we find that the temperature at. which this 
takes place is given by 


( N h i 

mrv) -w^ 3 - 12 ° K 


2/3 


(42) 


for He. This is not far removed from the observed temperature* 
of the A-point, viz. 2*18°K. 

F. London argues that the transition Liq. He I to Liq. He II 
marks the stage where the limiting value f~l for a BE-system is 
reached and some proportion of He-atoms start reaching the 
zero-energy state. If we try to raise the value of /, by further 
cooling, this results in a fresh number of atoms of He passing to 
the zero-energy state. Liq. He II can thus be considered as a 
mixture of two interpenetrating liquids,, one consisting of atoms 
of zero energy and zero entropy, and possessing, as we shall see 
(Note 17), the properties of superfluidity , and the other an ordinary 
liquid. At the A-point, the superfluid just begins to be formed, 
and goes on increasing in relative proportion as die temperature 
is lowered and at the absolute zero the whole mass is a superfluid. 

1 la assuming (21) to hold right to the 'zero energy state we neces¬ 
sarily make the assumption that the statistical weight of the lowest 
state €—0 is zero (since u~0 ) instead of unity as it should be. This 
can be easily corrected for by adding the term l/(/—1) in (21) which is 
the number of particles in the zero, state from (15). 

2 See Chapter XII. 
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It. can be seen that the argument is a bit strained for formula (41) 
holds for a gaseous assembly for which the interaction between particles 
is completely disregarded, whereas it is here applied to the case of 
matter in a liquid 1 state of aggregation, for which the interaction is 
important It is however known that liquid helium has a high zero- 
point energy which forces the particles far apart; it is therefore no wonder 
that the gas approximation for liquid helium is not so inadequate as 
one might think. Further attempts have been made by several workers by 
considering liquid helium as a Bosc-Einstein liquid but it is now more 
usual to construct a quantum theory of liquid helium by direct quanti¬ 
zation of hydrodynamica! variables such as the density, the current and 
the velocity without explicit reference to the interatomic forces. Forftil- 
ler information see R. B. Dingle, Advances in Physics Vol. 1, p. Ill (1952). 

17*11. Statistics of Photons, and Bose’s deduction of Planck’s 
Law.—In §1.5-32 it was mentioned that a biack-body chamber may be 
supposed to be full of photons in thermal equilibrium. The problem 
of finding the spectral distribution of energy (intensity of v-radiation) 
then reduces to that of finding the number of photons possessing the 
energy hv in a black-body chamber having the temperature T. The 
problem was conceived in this way first by S. N. Bose who gave a 
very elegant method for its solution. 

We already mentioned that according to the quantum hypothesis 
the y-radiation consists of photons having the energy-content hv and 
moving in any possible direction with the constant velocity V, and 
therefore possessing the momentum hvjc. The photon is therefore 

just like a particle with (p Xi p v> p z ) - 1 (hv x , hv v> hv z ) where (v*, Vyi Vg ) 

c 

— v (a, 8, y), a, j 8 , y being the direction cosines of the direction of 
motion of the photon. We have 

A 2 W+A'“==^7' 2 - • . # . . (43) 

Let us now find out the phase volume described by the photons within 
the energy layers hv, and h(i>, -±dv s ). This is given by 

G 4 = j- [dxdyd%. dp x dp t dp. A = V. . . ( 44 ) 

1 It has been shown experimentally that the rare isotope He 8 which 
obeys F. D.-statistics has neither, a lambda.point nor shows superfluid 
properties down to 0 - 25°K. This suggests that the behaviour of He 4 
is to be correlated with the fact that it obeys B.E.-statistics. Properties 
of mixtures of He 4 and He 8 have therefore been extensively investigated 
in recent years for elucidating these phenomena. For details see Daunt 
and Smith, Rev. Mod. Phys. 25, 172 (1954). 
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since t> 1 2 -{-p- i 2 -\-p^ 2 —h 2 v t ,l Jc i ) and we are integrating within the limits 
i’i -\-dv t and v*. 

This is the phase-volume at the disposal of the photons lying 
within the energy layers hv 4 and h(v g \-dv t ). But each photon has the 
phase-volume h*. Hence the number of cells per unit volume 


A t dv t 


4 TTV^dvg 


The number has to be doubled because to a definite frequency 
and direction, there are two photons distinguished by their state of 
polarisation from each other. Therefore the total number of. cells or 
degrees of freedom of the ^-quanta is given by 


8 TTV^dv, 

■ V-. = —r- - 


• • («) 


The quantity A s dv, is seen to be identical with the number of 
waves in a cubical enclosure having their frequencies between v, and 
Vg^dvg as proved on p. 666. Thus Bose’s method simplifies to a 
remarkable extent the complicated mathematics used in §15-28 for 
the deduction of this result. 

Let the number of photons of frequency between v, and v,-\-dv, 
be denoted by N, dv t . We have then to find out the number of ways 
in which the N g dv s oscillators can be distributed amongst the A, dv, 
cells. We make the supposition that each cell may contain 1, 2, 3,.,. r.. 
up to N 9 dv, photons. Then we get 

r 11 AJv t ! N t dv t V * * * * W 

as explained on p. 747. We have, using Stirling’s approximate formula, 

o / /_ n t. V' J (Ag+N 9 ) ! 

S _ k In P _ k 2 j dv, ln | ^ j. 

To obtain the law of distribution we make 8S=0, subject to 
the condition * 

E ~ 2 (N, dv t ) hv, — constant. 

'We have therefore 

S 2 [( A, -|- N t ) In (v4,-fN # ) - N, In N, - A, In A t ] = 0, 
subject to the condition 

v 5 N, = 0. 

Using an undetermined multiplier, the conditions yield 

In (A t -\-N t )~/n N f ~ av, = 0, 




*or N t — 


t av » -1 


or 


• (47) 
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From the condition dSjdE == 1/7’, we obtain a^hjkT. W e have 
therefore 1 



_ A 

e W -1 


(48) 


Now the energy density = Pj> dv, = N, Hence we have 




5 = 


Birv^dv hv 

" fidStn.\ 


• ( 49 ) 


This represents the density of radiation between the frequencies 
v and v-\-dv> which has already been deduced on p. 671 from different 
considerations by making use of hypothetical molecular resonators. 
Bose’s treatment has the merit that nothing but photons or light- 
particles are used. 

17*12. Thermodynamics of Particles with Spin—We have 
so long been working on the supposition that the atoms or mole¬ 
cules composing a gas are spherically symmetrical. But in nature, 
there are few atoms, which can be said to conform to the ideal pic¬ 
ture of structureless mass*points. As a matter of fact, it is well known 
that the atom is a highly complex system consisting of a central nucleus 
having a net positive charge (-\-Ze, atomic number) surrounded by 
electrons arranged in definite groups according to a rule known as 
Pauli's Exclusion Principle.' The reader should have a thorough 
knowledge Of the principles of electron-structure of atoms in order 
that he may follow the arguments given below (see Modem Physics 
by Saha and Saha, p. 409). 

The effect of this electronic structure is that very few atoms can be 
regarded as spherically symmetrical . The only exceptions are the inert 
gases He, Ne, A, Kr, Xe, Radon and the elements of the second group 
whose outer electrons form closed shells, which renders the atom 
magnetically neutral (diamagnetic). For example. He contains two 
electrons in the lj-shell, which is denoted by the symbol lr* and the 
spins of the two electrons in the normal state are directed anti-parallel 
to each other, hence He-atoms are magnetically neutral. For the 
Ne-atom, the structure is 1 s i ls % 2jP; all layers form closed shells, 
and the atom is magnetically neutral. The lowest state is 1 S 6 . Atoms 
like He and Ne may be regarded as spherically symmetrical , i.e., conform 

1 Tnis can be written down directly from (15) if we remember 
that in case of photons a=0,/=1, since the number of photons is not 
fixed and therefore the second of equations (13) does not exist. 
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to the picture of structureless mass-particles of our assumption. (Vide 
however p. 761.) 

But when we take the atom Na, it has the structure lr 3 . 2A 2/®. 
3/, i.e., it has one electron outside the closed shells. This electron 
endows the Na-atom with a definite magnetic moment; we say, in the 
language of atomic structure, that it is in. the state 2 S x / 2 and the atom 
behaves like a small magnet having the moment ehj^ircm (Bolir- 
magneton). When it is placed in magnetic field, it sets itself with its 
axis parallel to the magnetic lines of force just as a small magnet does 
when suspended in the earth’s field. But contrary to classical physics, 
it can also align itself, with equal probability and stability, anti-parallel 
to the field, i.e., with its north pole pointing to the north pole of the 
field, as has been shown in Stem and Gerlach’s experiments on Direc¬ 
tional Quantisation of Atom. 

Generally speaking, an atom with ascertain structure of its outer 
shell of electrons which is not complete, c.g., fluorine with the structure 
If 2 . 2s 2 . 2 \p h . gives a number of states which can be easily written out with 
the aid of Pauli’s principle. Thus F has the structure 2p 5 , and the 
normal states are 2 P 3/2 , z Pi/ 3 with the energy difference j\y —410 cm -1 . 
Normally fluorine gas consists of molecules, but-if. it were to occur in 
the form of atoms, they would be elementary magnets with the inner 
quantum numberj, and the magnetic moment^' where fi=Bohir-magneton, 
£=Land6 factor. Such an atom when placed in a magnetic field, is not 
only capable of setting itself parallel to the field, but may have its 
magnetic axis inclined at an angle 0 to that of the external field, such that 
cos 9 =s mjj where m=j,j— 1. .. ,—j; the number of w-values is 2/4-1, i.e., 
2 x f 4-1—4. The energy of the atom for all these different orientations 
is the same; in the language of quantum mechanics, we say that the state 
is degenerate. If we apply an external magnetic field, the degeneracy 
is removed, i.e., the atoms are divided into four groups with the small 
but finite energy difference = pgHj (1—cos 0). The number of po¬ 
sitions which the atom can take up is 2/4-1, and this is known as the 
Quantum-Weight g of the atom. For Ne, we have £—04-1=1 /’•*., the atom 
is equivalent in all positions. For Na, it is 2.%-\-l—2 and the free 
electron also has got the g value = 2, as it has a spin-axis. For F, 
£—4, for the normal state 2 P 3 / 2 , but 2 for the metastable state 2 P 

It is now clear that the value of entropy of an assembly of particles 
like the fluorine atom will be rather different from that of an assembly 
of structureless particles. We can denote the different possible orien¬ 
tations by a, b. . and out of a totality of N particles, we can distribute 
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N a to a, Ni to b, etc.When the magnetic field is not present 

we find that the disorder P is increased by 


N ! 

N a ! N b \... 


(50) 


The consequent increase in the value of entropy is 

N ' 

AJ = k In — ■ - -— —Ry,a r In w„ 

i\ ^ ! iv y !• • ■ • 

where m r ~ N r jN. For Na, we have v> a -= u> b ~%, hence Ai 1 — R In 2. 
For Ne, &S= 0. For a substance like F, A S R In 4; generally 
AA=R In g, where g~ quantum weight. 

We now take the consideration of Table 6, p. 478 where we left 
it. We find that for Zn, Cd, Hg, A, Ne the best agreement is obtained. 
These atoms are normally in the state lx 2 , hence g=i, £S= R Ing— 0 
and the chemical constant is given by formula (40), p. 477. 

For Na, the results of previous workers were not at first very 
satisfactory. This was partly due to the fact that the Na-vapout was 
for long treated as entirely monatomic. Wood showed experimentally 
that Na-vapour gives an absorption band spectrum. Hence it must 
be partly diatomic. Ladenburg and Thiele investigated the vapour 
pressure between 496°C and 771 °C with great care and calculated the 
fraction of molecules in the diatomic state. For full details the reader 
is referred to their original paper. For the Na-atom they found that 
C 0 = • 77-f 10, From this we see (p. 478) that C 0 —C c = • 32±-10, or if 
we put AC = log g, A3 1 = R hg, g = 2. This is in agreement with the 
fact that the statistical weight of the Na-atom is 2. For an atom whose 
normal state has statistical weight g, the expression for the chemical 
constant is 

C — 1 *.5885+-£ log M+log g. . . . (51) 


Effect of Nuclear Spin .—Even the nucleus, of the atom cannot be 
regarded as structureless. Modern researches have shown that it is 
a highly complex structure of protons and neutrons, and its structure 
is being slowly unravelled, but for our purpose a detailed know¬ 
ledge of the structure is unnecessary. We ate only concerned with 
the Nuclear Spin to which reference has already been made in §16*9. 
A nucleus with the spin moment zero, and surrounded by electrons 
forming close shells conforms to our picture of structureless mass points. 
But most atoms possess a definite spin moment i which endows its 
F. 96 
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nucleus with a magnetic moment i.g(t) fx Pi where g(f) is the so-called 
Landi factor for the nucleus, and fi p =/j/1836 the so-called protonic 
magnetic moment. The magnetic moment for the nucleus is there¬ 
fore extremely small. In fact it is nearly 2000 times less than that 
of the electron. But its effect is to increase the disorder (2i-f-l) 
times. Hence the expression for the entropy of a monatomic gas is 
further increased by the amount 

= R In (2/+1).(52) 

But this term is without effect on the constant of the vapour pres¬ 
sure equation as the nuclei of atoms in the solid state also possess the 
same spin, and the entropy of the solid is to be increased by the same 
amount, by £.y n —Kin (2/'-f-l). So the value of the chemical con¬ 
stant as deduced from the vapour pressure equation remains unchanged. 
But it should be taken into account while calculating the dissociation of 
a molecule, because the latter may have a different spin from the atom; 
also the entropy near the absolute zero of a solid may not be zero for 
solids composed of such atoms. 

17*13. Thermodynamics of Di- and Poly-atomic Gases. 

—Following the methods given in this Chapter we can obtain all the 
thermodynamic properties of di- and poly-atomic gases. 

, For this, we have to consider the internal motion of molecules 
which, as we have seen in Chap XVI, are capable of rotation and 
vibration. Further the outer electrons of the molecule are capable 
of excitation, but this is a subject for which treatises on molecular 
spectra have to be consulted (I Vide Herzberg, Molecular Spectra). 
The normal unexcited molecules can . have spins resulting from 
electron configuration, just like atoms. S.The nuclei of their com¬ 
ponent atoms can have spins, which ma^ combine in different 
ways forming resultant spins as in the case of Ortho- and Para- 
hydrogen. Let us consider first those 'rholecules whose electronic 
spin is zero i.e., those known as ^-molecules in spectroscopy, 
e.g. H 2 or N a . 

The vqjue of probability of the whole state P i$ now 

P = P t . P r . P v . P 0 .. (53) 

where P t — probability for translational motion, already referred 
to. We take the classical probability given by (10); P n P w 
are respectively the probabilities for rotational and vibra- 
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tional motion. We calculate these in the same way as in §17*2. 
But since the energies of rotational and vibrational motion are 
discrete, we have to calculate the number of cells a r , d v for 
any particular type of rotational and vibrational motion in a 
different way. 

According to eqn. (4), p. 705 we have 

Pq ^ ~ > • • • • ( 54 ) 

where p$ = 10, p# = I sin 2 0. <j>. Now the volume of phase 
space enclosed by the surface of constant energy e, is 

G = [ W ^| 2w d<j> dp+ , . (55) 

subject to the condition (54). The integral JJ dp^ dp ^ is the 
area of the ellipse represented by (54) and is therefore equal to 
2ttU, sin 0. Hence (55) becomes 

G = 2nU 4 J" sin 8 dd | 2w d<f> = 8ir s U t - A 2 /(r+l), . (56) 

since, as proved on p. 708, e, = /(/-{-l)A 2 /8ir 2 I. The volume 
G, of phase space described by the molecule, whose rotational 
motion is characterised by the quantum number s, is naturally 
the region of phase space contained between s— 1 and r-f-z* 
Hence 

G g = £(xH-i) (*"!-§)“- (r— £) (r-bl)] — (2r4“l), • • (57) 

and a t = G, fh 2 — 2/+1. 

We can prove in a similar way that the value of <7 V =1 
and the value of tf«,=2/-f-l, (see §17*12), where j is the inner 
quantum number of the electronic state of the atom or the 
molecule. 

It can now be easily shown that in all these cases 

P = N\ TT *■/*!.(58) 

\ 

The particular subscript r, v, or * has to be affixed to the symbols 
P, a and n, when we are considering particular cases. 

The argument is as follows : Let us take the rotational states. 
We have a, positions for the r th quantum state, and we have 
to put ft, particles In them. This can be done in apt ways 
The n, particles can be chosen out of N in Nl/fl n t ! ways. 
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Multiplying we get (58). We do not divide 1 here by N ! as in the 
ease of translational motion (Footnote p. 747). We have now 3 
Sjk — v « f In (a t jn t ) -|- N 4- 2 {JV In N -f n t In (a g jn 3 )} 

t * 

4-two similar expressions for vibrational and 
electronic excitation 

” (^4'^'r“h^t>4'^'e)M’ ...... (59) 

where S h S r , S Vi are the contributions to entropy by transla¬ 
tional, rotational, vibrational and electronic motions respectively. 
Let us now find out the equilibrium values of «\r. These are 
obtained from the conditions : 

SN=0, SU= 0, 

where .S' is given by (59), and N and U are given by 
M — v ~ 2 n t ~ 2 n v = 2 n e ~ constant. 

U = U t + U r 4- U v + U e 
= 2 >H 4- 2 4- 2 n v € v -b 2 n t const. 

These give us the equations 

8 Sjk = 2 l n 2 In (n e jn t )-\ v Bn v In (a v {n v )-< 

+ 2 8n e In (agltig) --- 0, 

8U = 2 4- 2 5». € S 4- 2&v v . 4- 2S'V « f = 0, 

SJV *= v g //( — 2 Sn, — 2 8n v — 2 0. 

Now by the method of undetermined multipliers we have 
In (« t fn t )-a t -P< t = 0, 

In {n 0 jn t )~o r -^ g 0, 

/» (<?,,/«*)-a„ ~ 0. 

Note that /3 is the same for all, as it comes in the energy- 
terms, but a*, a,, a r are all different, as SN ~0 gives three different 
equations. 

1 This is evident since the identity or interchange of molecules has 
to be considered only once, and this was done with translational 
motion* 

2 Note the difference in the expression for Sjk between translational 
and other terms. 
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We have there* ore 


1 - fet 

n t -yrdte 

Jt 

1 -fc v 

Hty ~ /* (t *V * J, 

Jv 




1 “ft, 

T/t e 
1 -P'e 


l h™ y- a e e 
Je 


where 


ft=*\ /»=*“», /e-A. 


. (64) 


(65) 


It can be easily proved as in §17*4 that fi— 1 }JkT. 

We can now find out the values of fry /», U These are 
obtained from the conditions : N= 3«,— in v etc. We have 
therefore 1 from (64), (65) and (61) 


Nf r = v (2x4-1) e -Bh{s+mT 


- T - - vhvjkT 

N /, = v < 

N£~z g,e~^-’i> l * T 

J 



( 66 ) 


The quantities F r> F P , F s are known as Partition Functions 
(cf. p. 390). 

We can now easily find out the values of S n S v and S t . 
From (59) 

S f jk = 2 n, In (njn t ) -{- N In N 

~ 2 n » (Jm ft + ^ f ») 4" N In A 
from (64). Now we put /= f r \N etc. Then we see that 

3V IX . „ 

or X, = Hr + R /» F.’(67) 


We can obtain similar expressions for S v and S e . In the 
next sections, we give calculations of F f> F Vi F e . 

We have now from (59) and (24) 




* u t +u r +u v +u. 

T 


+ Rln{f t F,F v F e ). 


. ( 68 ) 


1 Energies are measured with respect to the lowest energy* state, 
hence the vibrational energy is put as vhv instead of (v-\--\)hv and elec¬ 
tronic energy as 
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17*14. Calculation of the Partition-functions.—We shall now 
evaluate F r , F v and F«. 

(a) Partition-function for rotation 

No general expression can be given for the partition-function for 
rotation. We can distinguish between the following cases:— 

I. Molecules with 1 2 -fundamental state , but consisting of different 
nuclei , e.g. t HCl , NaCl , HI. For these molecules, we have 


F r =V)(2r+l) e ~^ s+l)ff where a = h'fiirHkT. 
0 


When a is a small quantity, it can be shown that the above expression 
reduces to 


F r — 


i 

a 


8 irHkT 

h 2 



[Put r(x-fl)=Ar. Then F r = ^e~ <TX -y- ds. Now F r can be put 


equal to the integral f°° e dx — I. The interval ds=\. The proof, 

Jo ® 

however, is not rigorous]. 1 

II. Molecules in the 1 2 -state with no nuclear spin, but with identical 
nuclei. In such cases, only half the rotational terms are present. We 
have therefore 

F ft .-= g(2/+l) 1)ff 

s~0, 2 , 4 .. 

Fra = Z(2s+i)e-*+ l >* 

/=sl*3, 5. . 

according as the para or the orthoform is present. It can be shown 
that for small values of a, each of them reduces to l/2u. We have then 

F r = 4tr 2 IkTlh s . . . . . (70) 

III. Molecules in the * 2 -state t with identical nucleibut the nuclei possess 
finite spin. Examples : H*, N 2 , O a . 

For such cases, we have generally 

F„. F„ = 6 2 (2/+1) r' < ' +,V + & 2 (2/+1) r* +lv 

/—0,2,4.. s~ 1,3,5. . 


1 See further Mulholland, Proc. Camb. Phil. Soc ., 24, 280,1930. 
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because the gas is made up of molecules of two types, para Molecules and 
ortho molecules , with even and odd values of s respectively. g $ and g* 
are the weight factors due to nuclear spin. We have 

A = i C*+l), * “ (/+1)(2/+1), 

if the nuclei obey Fermi-statistics, and 

A - ('>1)(2/+1), £* » *<2i+l), 

if the nuclei obey BE-statistics. 1 For proof see Note 11. 

When cr is very small, each summation of odd or even terms reduces 
to l/2cr, and we obtain 

F, = (2/+l) 2 /2u.(71) 

As we have seen, a is generally very small for all gases excepting 
H a and such others which have the H-atom as one constituent. These 
cases require special treatment. 

IV. Molecules in other than 1 2 -state. —For such cases, special papers 
should be consulted. The treatments are far too complex to be given 
in a text-book. 

(h) Partition-functions for Vibration 

In the case of heavy molecules, the vibrational modes of freedom 
thay also be excited. We have from (66) 

_ —pit/ / -Jiv \-i * 

= 2* = (l-* ) ... (72) 

(<•) Partition-functions for electron-excitation 
The value of F e is given by 

* 

F'=A+'E& . . . . (73) 

where weight of the fundamental electronic state, ^—weight of 
any excited state, oj— e 0 is the energy of excitation. 

For most molecules and atoms die energy of excitation of higher 
states is'so great that none but the first term need be taken into account. 
But there are exceptions too. 

. 17*15. The Thermodynamical Functions for di- and poly¬ 
atomic substances and for electron excitation.—With the aid 
of (68), we can find out the values of entropy and other thermodynamical 
functions of dl- and polyatomic substances and also for electron exci¬ 
tation of atoms and molecules. 

. ... t * 

1 Nuclei with odd mass numbers obey F. D-statistics; those with 
even mass oumber obey B.E-statistics (see Note 11.) 
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Let us first take a diatomic molecule for which only the rotational 
degrees of freedom are fully excited, but neither the vibrational nor 
electronic motion is excited. We have now 

U r -= KT, r r = 87 r 2 MT//i 2 . 

5 

We have therefore from (68) 


~ = ~ In T— In p +lrt 
Mr 7 , 

— =.* -- In / —In p + In 


(2 niPl* k*l* S'* 8» s ^l A 

- P -"* a J' / 

[(2^)*/*^ SttW ir 0 C 
---• K . J RT J 


(74) 


An application of these formulae is given in §17*16. 

Partition function for nuclear spin. —Fowler and Sterne have given 
the following useful table for F n for different types of molecules when 
they obey the Fermi-statistics. 

Table 1 .—Partition function for nuclear spin for different molecules. 


Type 

Para X 2 

Ortho X a 

Hcteronuclear X 2 

XY 

1 V 

W 

V (2/-hi) 

4(/+lX2+i). 

2(2/, fl)(24-M) 

(2/ 1 +l)C2i,+l) 

3 2 (C 2 ) 

M2H-1)' 

i(i +-i)(2/+i) 

3('i+l)(24+l) 

3<2»i+1X2».+2) 


The discussion shows that it is impossible to give a general formula 
for the calculation of the entropy of a diatomic gas. Every case must 
be treated on its own merits. We shall illustrate this by taking a few 
typical cases. 

17*16. Vapour Pressure of Diatomic Substances. —With the 
aid of the expressions for entropy and the ^-function of diatomic 
substances given in the previous sections, it is possible to obtain a 
theoretical expression for the vapour pressure of these substances within 
limited ranges. W'e suppose that the temperature is high .enough for 
the excitation of the rotational degrees of freedom, but the vibrational 
or electronic motion is not excited. The procedure is exactly as in 
§11*21. We start with the equation VWid — ^gaa- 

The expression for ‘'Pcoad is exactly the same as (33) of §11*21. 
For the value of we have to utilise an expression, suitable to the 
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case out of those given in §17-15. We thus obtain for a molecule of 
type I, p. 766, 

Ao , 7 , 1 C T dT V 

‘"P’-'-ir+T 1 " 


+ 


, \(2nwf ' 2 k 5li 8 TfHk 1 S 9 

* | ft 3 * A 3 1 R * 


h 3 * A 2 

where ^ = null-point entropy of the solid. For convenience of prac¬ 
tical work, it can be put in the form 

•r dT (r 


log p r ~ — -2-3R'I' + 2 logr 2-3& l0 T* lo ^ 


+ 36- 815 f — log M -f log I 


S m 


2-3R ’ 


. ( 75 ) 


where M is the molecular weight of the gas. 

Experimental Verification of the Vapour-pressure Formula —The 
chemical constant C now has the value 

C = 36-815 + | log M+lag T- Aj , . . (76) 

and it can be subjected to test provided the vapour-pressure is known 
over a sufficiently wide range. The test has been carried out by Eucken 
and his pupils; Clusius, Simon, Giauque in America and their results 
are shown in Table-2. 


Table 2.— Chemical constant of some diatomic gases. 


Substance 

Ground 

State 

Jx 10 40 

gm. cm 3 

Observed Chemical 
Constant 

Chemical 
Constant (Calc.) 

h 2 

1 1 V 

•466 

—3-68±003 

—3*722 

n 2 

*5 

13-8 

—0-16±0-03 

—0*177 

HC1 

1 V 

2*656 

—0-40±0-03 

—0*419 

HBr 

1 V 

3-32 

0-24±0-04 

0-197 

HI 


4-31 

0-65±0-05 

0-608 

Cl 2 


114 ! 

1 -66^0-08 

1-352 

(Cjs* ci 3B ) 



2d9±0-10 

2-467 

Br a 

1 V 

445 

I 2 

»2 

820 

3-08±0-U 

3*031 

o 2 

3 y 

19-15 

0-553:0-02 

0-530 

NO 

c 

16-4 

0’55±0*03 

(110°K) 0-479 
(2400°K) 0-681 

CO 

1 V 

15-0 

—0-07±0 05 

0-160 


17*17. Chemical Constant of Hydrogen. —It was found by 
Eucken that hydrogen and its compounds always show a tendency not 


F. 97 
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to obey the Nernst Heat Theorem. For example, Eucken calculated 
that the value of the chemical constant of H 2 deduced from the vapour 
pressure data at a low temperature (upto 20°K) is -1-09, while its value 
deduced from the vapour pressure data at 80°K is —3-68. This 
discrepancy was explained by Fowler and Sterne from Dennison’s 
theory of pH 2 and oH 2 . A brief sketch of the theory in the notation 
of this book is given below. 

Chemical Constant of Hydrogen at low temperature .—To explain the 
observed value of the chemical constant at very low temperature, we 
suppose that even the rotational degrees of freedom are not excited. 
We can therefore regard H 2 as a monatomic gas of atomic weight 2 015. 
Now provided that for the solid we can take 0, we have 

/h 2 = (2 irmf'* 8*\h* where m=2- 015/6* 06 x 10 2 *. 

It is easy to see that the value of the chemical constant is given by 

Ch 2 =- 1-5885 + | tog 2-015 = -1*132. . . (77) 

This value is in very good agreement with Eucken’s experimental value. 

The assumption 3* # =0 is, as we shall see presently, true only for 
PH* on the other hand oH a , as it possesses a finite nuclear moment 
(/=1) and the rotational moment hj2ir, would have a null-point entropy. 
The calculation has been given in Chap. XVI. But whatever may be 
the constitution of condensed H a (proportion of pH 2 and oH 8 compo¬ 
sing it), it is obvious that equivalent proportions of pH a and oH 2 would 
evaporate from the solid. In the case of oH 2 , the value of /h 2 would be 
larger but as the null-point entropy is larger by the same amount, the 
value of the chemical constant would remain unaffected. 

Chemical Constant at higher temperatures .—At temperatures of the 
order 80°K the rotational degrees of freedom are fully excited but the 
vibrational motion can be neglected. The condensed phase may be 
regarded as consisting of x parts of pH 2 and 1 -*• parts of oH 2 . We 
may suppose that in the evaporated gas also, the molecules are present 
in the same ratio. The calculation of the chemical constant becomes 
complex. The best way of approaching the problem is first to calculate 
the value of the chemical constant for each constituent separately, assum¬ 
ing that both tlie condensed phase and the gas consist of only one type. 

(a) For pH 2 , F r — l/2a, F„ — 1, and we obtain from (74) 

VpHa 7 , „ . , . T (2 nmyi* Sn 2 Ik 1 ] T . _ 

-a-* = ^ In 1 -Inp+ ln L-^ j = V.-Ar 2. 



CHEMICAL CONSTANT OF HYDROGEN 


771 


§ 17 - 17 ] 

The value of the chemical constant is easily seen to be. 

3 

CpH* = 36- 815 -f — log M + log I-log 2 = C 0 -log 2, . (78) 

where C 0 is put for 36- 815 + (3/2) log M -f log I. The value of C 0 is 
easily seen to be — 3*059, since M= 2*015, I=-467xlO" 40 gm. cm 2 . 

(b) For oH a , F r = l/2<r, F„ = 3, and we obtain from (74) 

'WoHi = % + Ar 3 -In 2, 

and C n h 2 = C 0 + log 3-log 2 = - 2*883. . . (79) 

i 

Now the entropy of a mixture of x parts of pH 8 and (1 —at) parts 
of oH 2 is according to (27) of p. 317 given by 
J* a: [C p In T— R Inpx -f/piiaJ (1 —x) [C P In T-R In p{\ — x) -f- / 0 h 2 J 

=C P In T-R Inp-x In Ar-(1 -x) h (1 ~Ar)+*7 P H 2 -f (1 -at) / 0 h». 
Hence we find that the chemical constant of the mixture is given by 

• Chj 3 —x log x (1 —x) log(l — x^ \-x^C ^—log 2) 

+(1 *** x ) {^o+log 3—log 2} 

=C 9 - [x log *+(l -x) log (1 — x , )-f-log2—(1 -.y) log 3]. 

If we put *•=1/4, it is easy to see that 

2.(80) 

We have obtained this value on the assumption that the value of entropy 
of the condensed phase at the A.N. is 2 ero. This would be the case 
if the whole mass consisted of pH 2 , for in this case at the A.N„ F r —1 
as the molecules are all in the zeroth rotational state, and F*=*l, since 
i=0. We have F r .F„=l, and 3^=0. But for oH 2 at the A.N., F r =3 
as all the molecules have the rotational quantum number s— i and 
F n =3,as»=3. We have F r .F H —9 and SJR=In F r .F n =Jn 9. 

Let us now take a mixed crystal consisting of x parts of pH* and 
(1 —x) parts of oH a . We have at the A.N. 

S 0 jR * at In l+(l-x) In 9—[x In x -f- (1— x) /nr(1 — *)] 

• = -.[*/# x+(\-x)In (1-at)-(1— x)/n9]. . . (81) 

The additional term within the braces [] arises from the fact mention¬ 
ed above that out of a totality of N particles, Nx has the orientation of pH 2 

and Ml— x) of oH a . The disorder P is increased by t ?——l - 

1 Nxl N(t -x)! 

and the corresponding increase in entropy is given by the relation 
AJ/R = -*•/» .v-(l-x) In (1-a:) 


as in §9*4. 
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If x = 1/4, we get from (81), 

y 3 

in 3 f- In 4 (null-point entropy of nH a ). 

The value of the chemical constant, as obtained from vapour 
pressure measurements, should have the value 

C nH2 — C 0 - [x log x-f (1 — x) log(l -x)+leg 2—(1-x) log 3] 

+ [x logx+(l —x) log (1 — x) —(1 — x) log 9] 

-C 0 - log 2 ~ (1 - x) log 3.(82) 

For x—1/4, we have 

C nHa = C 0 -log 2-| log 3= -3-059- -659 = -3-718. . (83) 
This agrees well with Eucken’s value — 3 • 68^ • 03. 

The extraordinary complexity of the case of H a is thus traced to 
the fact that it exists in two forms pll 2 and oH a , and the usual gas or 
solid is a mixture of the two. 

17*18. Emission of Electricity from Incandescent 
Solids.—It was discovered early in the present century that all 
bodies when sufficiently heated emit “electrons,” and thanks to the 
pioneering investigations of O. W. Richardson, followed by I. 
Langmuir, Dushman and others, the laws and other characteristics 
of electron emission are now pretty accurately known. For detailed 
study, many texts are at present available. 1 

In 1918, M. von Laue 2 showed that the problem can be 
treated as a case of evaporation of the election gas from the state 
of condensed phase inside the metal to that of the gaseous phase. 
It can therefore be treated as a heterogeneous chemical reaction. 
All carbonates when sufficiently heated emit CO a ; similarly all 
matter, when heated, emit electrons, as these are common con¬ 
stituents of all matter. We can treat the problem from the ther¬ 
modynamical point of view. For equilibrium, we have 

gas ~ > coml- ..... (84) 

According to equations (36) and (33) of Chap. XI we have 

K gas = c,,. In T- R In P .+R h I g 



1 O. W. Richardson, Emission of Electricity from Hot Bodies; Dush¬ 
man, Reviews of Modern Ph) sics, 2, p. 381; Thermionic Emission by Reimann. 

2 M. von Laue, Ann. d. Pbysik , 51, 695, 1919. 
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where C p , e is the specific heat of electron gas at constant pressure and 
C p / e is the specific heat at constant pressure of electrons inside the 
metal. 

Hence from (84) we get 


/n Pe = - 


A 

RT 


+ Cgi/„T + /* 



1 CT dT CT 

R J o' T 2 Jo 


C ' 

v , p >« 


<n\ 


(85) 


where A 0 denotes the latent heat of evaporation of the electron at A.N. 
If we put Cp/f—Qy (85) reduces to 


“tst+t* 7 " T + / " 2/ ’ * 

since C p>e ~ -^-R, &=2, Now I— — . therefore 


( 86 ) 


* (27rwk)* Aq/RT /Q7\ 

v= 2 — vr- Tl • ■ ■ • < 87) 

In actual practice we measure the saturation current. We may 
suppose that the surface of the wire is covered with free electrons exert¬ 
ing a pressure p e , which are then effusing into vacuum. The velocity 
of efflux v 0 is given by (see p. 193) 




kT 

2irm 


The saturation current 


where putting proper values for m, k and h we obtain 
A 0 = = 120-4 amp./cm. 2 deg. 2 

fh 


( 88 ) 


For experimental’ verification of (88) and critical discussion see 
Dushman or Reimann, loe, at. 

Comments .—The assumption that C p ,' t the specific heat at constant 
pressure of electrons inside the metal is zero at high temperatures, which 
is implicitly involved in the above deduction, is however open to doubt 
and is certainly opposed to facts. 


17*19. The Nernst Heat Theorem: A Historical 
Account.— This ‘theorem arose out of the quest to find out the 
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conditions which lead a chemical reaction to completion. We 
saw in §8-5 how for an isothermal-isochoric reaction Gibbs and 
Helmholtz obtained the relation 

dF* 

F * —T « U* .... (89) 


where F* denotes the decrease in the free energy during 1 the 
molecular reaction and U* is the decrease in internal energy i.e. the 
heat of reaction. As described on p. 345 .for reactions taking 
place in a galvanic cell, F* is measured by the E.M.F. of the 
cell. We shall illustrate the Nernst Heat Theorem (N.H.T.) by 
considering the processes in a galvanic cell. 

Suppose now we set' to ourselves the task of finding out 
theoretically how E or F* varies with temperature, particularly at 
low temperatures. It is clear from (89), that we must find out how 
and dF*fdT vary with temperature. We have dU*jdT— EtiC 
where C is the molar specific heat of the components taking part 
in the reaction, taken with the proper sign for the summation and 
n is the numbet of mols. For a concrete example, vide supra. 
We have therefore 

u* =U* 0 dr, . . . . (90) 

Jo 


U* can be calculated as a function of T provided we know, 
either empirically or from theoretical considerations, how C varies 
with T ., In the earlier days, empirical formula: were much used. 
Now-a-days, it is more convenient to use the Debye formula. 

Calculation of F* :—Looking back on. equation (89) we 
find that our next task is to find out dF*j<TF. We have, on 
differentiating (89), 


d 2 F* dU*_ 
dT- ^ dT 


■JJ nC. 


Hence by integration, we have 

dF* 
dT 


+(£*), 


(91) 


The first term can be easily calculated since the variation of C 
with T is known. But the integration constant presents difficulties. 
An. exact knowledge of its value is essential for the calculation 
ot dF*!dT as well as of F* but no clue, theoretical or expeti- 
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mental, was available as to how it could be determined. At this 
point, Nernst enunciated his Heat Theorem (1906). Now l/Tjo 

=A^o» the change in the entropy value of the'system at the A. N. 
when a unit reaction is allowed to take place. Nernst proposed 
that this should be put equal to zero, i.e., 


“At the absolute null-pointy all reactions in condensed system 
proceed without change in the value of the total entropy of the system .” 
If this relation be correct, we have from (89), (90) and (91) 


r« = i;* 0 +fv»crfr-r( 

Jo * 


>rf T ~ nC AT 


= u\ - . . .(92) 

This relation enables us to determine F* at any temperature. 
According to the Heat-Theorem, we have thus 



We can thus summarize the advance in knowledge regarding 
the energy-relations in these reactions. 

According to ISerthelot, F* was equal to U* ax all tempe¬ 
ratures, but Gibbs and Helmholtz found this to be erroneous, and 
showed that F*=U* only at the A.N. Nernst goes still further. He 
shows that not only is F* == U* at the A.N., but both dF*jdT and 
dU*fdT vanish at the A.N. Thus the F* and U* curves become 
horizontal and touch each other at the A.N. This is shown in 
the accompanying diagram (Fig. 1). 

It may be noted that while the condition ( cF*fcT)$ =0 is 
necessary and sufficient for the deduction of 
the integral fomi of the Gibbs-Helmholtz 
equation, the condition (cU*JdT) 0 =Q is 
only necessary, but not sufficient. For, from 
the condition (8F*/&T)o=0 we can deduce 
that (cO/8T) s =0 as shown above but not 
vice versa; if we assume (el/*/dT) 0 =0, 
it does not follow that (0F*/8T) o ==;O. 

The dotted curve illustrates a hypo¬ 
thetical case. where (?F/*8T) 0 =k0. This 
differentiation is necessary because we 


✓ 



Fig. 1 .—Variation of F* and 
U* with temperature. 
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now know from Debye’s and other theories of specific heat that 
(W*jcT\-~SnC tends to vanish at the A.N. for all condensed 
phases, and from this we may be tempted to infer that no further 
condition is needed to integrate the Gibbs -Helmholtz equation. 
The condition (3F*/cT) 0 —0 goes further and is essential. 

Illustration ;—Let us take for the sake of illustration the element 
Pb J Pb Cl 8 | Ag Cl { Ag 


The reaction is 

| Pb | + 2 (AgCl)« (PbCJ,) + 2 | Ag | 

The energy evolved can be calculated from the two following 
well-determined heats of solution at 17°C or 290°K. 

| Pb j + 2(HC1) = (PbClg) + H a 4- 85700 cal. 

J Ag j + (HCl) = (AgCl) -MH 2 4* 30410 cal. 

Combining the two wc get 

| Pb | 4- 2(AgCl) = 2 | Ag [ 4- (PbCl 2 ) 4- 24880 cal. 

Thus CJ* m 24- 88 k. cal., and it can be shown that this value 
is in agreement with the Gibbs-Helmholtz law connecting the e.m.f. 
(E) of the cell, and LT*. For according to the careful measurements of 
Brdnsted, the variation of e.m.f. with temperature is given by the 
empirical formula 


Hence 


E =* • 4917 - • 000165/ (7=degrees centigrade). 

5367, 


U* __ r dE 

23060x2 dT 


or U* = 24- 73 k. cal. 


Thus the Gibbs-Helmholtz law is satisfied. 

The variation of 17* with T in this particular case is given accord¬ 
ing to (90) by 

= 2 nC — C Ph 4- 2 C AgC( — 2 C Ag — 

and now we can find out (7* 0 , with the help of equation (90). We have 

17*0 — H* s90 — f Cpi, dT — 2 f C Ail , t dT 4- [ Cpbcij dl 
Jo Jo 

4- 2 J' C Jy dT. 

Now the values of C have been determined almost up to the 
A.N. We can represent C by Debye functions and then evaluate 
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the integrals mathematically or we can carry out the integration by 
the graphical method. The use of Debye functions gives us 

U\ =- U* 2M - 1596 — 5448 -f- 1545 -{- 4966 -f- some minor terms 
= 24* 88 — • 60 k. cal. = 24*28 k. cal. 

The value of U* 0 , calculated by Miething according to the gra¬ 
phical method is 24*33 k. cai. 

Let us now calculate F\. We liave from (93) 


F* = F*+T 




dT 


(94) 


the summation being taken for - Pb, - 2AgCl, PbCl a> 2Ag. 

We can evaluate the integrals by Debye functions or graphically. 
From the first method we get 




T T 

m 


\CdT~ 9-75-}-26*6 — 9*92-19T -{-minor terms = 7*60oh 
oo 

Hence J 7 * 9 —22*54-f290x *0076=24*74 and U* 0 -F* Q ~ *52. 

On the other hand, using the graphical method we get 

F\.-- 24* 40 and U* 0 —F* 0 = - * 20. 

The graphical method is more satisfactory as the correcting factors are 
automatically taken care of. 

Thus we verify that within experimental errors, F* 0 =U* 0 . The 
assumption (pF*jdT) 0 --0 is already contained in the formula (94) 
for F* 0 . 

For further verification of the N. H. T. in the thermodynamics of 
cell-reactions, the following books may be consulted:—Jellinek,. 
Lehrbuch der physikalischen Cbemie , Vol. 3, pp. 750—760; Lewis and 
Randall, Thermodynamics , Chap. XXXI. 

Fiances Formulation of the Nernst Heat theorem.—Fa. 1910, 
Planck went a step further, and formulated that not only is the 
aggregate change in entropy 

for the whole reaction, but the value of entropy for each condensed 
phase vanishes individually at the absolute zero. Applying to the 
reaction just treated we have, according to Planck, 

(Tjv,)o‘- : 9. (3 v>&ct 2 )o“0, (3j p \|= 0, (i^cOa—0, 

and similarly for every condensed phase at 0°K, 


3 0 —0. 


(95) 


F 98 
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In the foregoing we have given the historical development of 
N.H.T., its formulation by Planck and its experimental verification for 
condensed systems by calculating the free energies. The N. H. T. 
has been verified for various other reactions in condensed systems, 
and also for condensed systems in equilibrium with the gaseous phase 
by calculating the entropies. To the latter class belong the verification 
given in §11 *22 which is based on the assumption of N. H. T. and 
provides a simultaneous check on statistical theory and the heat theorem. 
For equilibria involving polyatomic gases the method usually adopted 
is to calculate the equilibrium constant of the reaction in terms of the 
vapour pressure constants or chemical constants. For details of this 
verification see Introduction to Modern Thermodynamical Principles by 
Ubbelohde (Clarendon Press, Oxford, 1937), pp. 26—47. It has been 
found that for such solids which can be shown to be composed of 
spherically symmetrical particles, the theorem agrees with experimental 
results. Departures have been found only in such cases where the 
entropy, even at the lowest temperature, is positive due to nudear spin 
and isotopic rearrangement. This has led Fowler to examine critically 
the basis of N. H. T. from statistical mechanics and state the theorem 
in the form: < 

“For any isothermal process involving only phases in internal 
equilibrium, or alternatively, if any phase is in metastable equilibrium, 

provided the process does not disturb this frozen equilibrium Lt/\S~Q.” 

T-+0 

Fowler considers the principle of the unattainability of the absolute %cro, 
first given by Nemst in 1912, as mote fundamental and elevates it 
to the position of a fundamental law—the Third Law of Thermodynamics 
stating it in the form: 

“It is impossible by any procedure, no matter how idealized, to 
reduce any assembly to the absolute zero in a finite number of opera¬ 
tions.^ For details of discussion see Fowler and Guggenheim, Statistical 
Thermodynamics , (C. U. P. 1939) pp 218—229. It is easy to deduce the 
Third Law from Nernst Heat Theorem or vice versa. 

Recently the concept of negative absolute temperatures has been 
given by an application of thermodynamics to nuclear processes. For 
details see Ramsay, Phys. Rev., 193, 20,1956. 

Books Recommended 


Same as in Chap. IX. 



CHAPTER XVIII 


THERMODYNAMICS OF CHEMICAL EQUILIBRIA 

18*1. Thermodynamical Treatment of Chemical 

Reactions.—Chemical Reactions form a very large class of 
phenomena which can be treated by thermodynamical methods, 
evolved in §8-9, where they have been applied to simple physical 
processes like evaporation or sublimation. Let us briefly des¬ 
cribe the general features of such reactions. 

Let us bring together two chemical substances which can 
react with each other, say H 2 and S. They will proceed to combine 
with each other forming H 2 S, but experience tells us that the 
reaction is never complete. There always remains some amount 
of uncombined H a and S-vapour. This can be readily seen by 
heating H 2 S to about 400°C, when sulphur is deposited and a 
proportionate amount pf H a is set free. It is found that the 
proportions of H a S and uncombined H g and S-vapour depend 
upon temperature and pressure of the system. We further picture 
that when molecules of H 2 and S come together, some of them 
combine to form H 2 S and similarly an equal number of H 2 S- 
molecules break up into H 2 and S molecules. The state of affairs is 
expressed by the symbolical equation introduced by Van’t Hoff, viz. 

H 2 -fS 1I 2 . 

Even in cases like the formation of H a O-vapour out of Ho 
and O 2 , where the chemical reaction seems to be complete, careful 
investigation shows that there is always some free H 2 and CL. 
the proportion of which increases with temperature. 

Reaction Stage and Equilibrium Stage of Homogeneous Re¬ 
actions .—Chemical reactions can take place between two subs¬ 
tances when either or both of them are gaseous, liquid or solid 
or in solution. The reaction is said to be homogeneous when 
all the reacting species are in the gaseous state, or in solution. 
When one or both are in other states, it is said to be heteroge¬ 
neous. In this chapter we shall deal chiefly with homogeneous 

779 
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reactions. There are two stages to deal with : (1) t reaction 

stage, (2) an equilibrium stage. 

Chemical reaction does not immediately set in directly two 
reacting substances are brought togetiter. For example H 2 and 
0 2 gas may be kept together for hours, days, nay even for months, 
and even then may not appreciably combine with each other. If 
however a spark is passed, they will combine with great rapidity 
forming H a O; but after the equilibrium ccndition has once been 
attained, further sparking will not alter the relative proportions 
of H 2 , 0 2 and H s O. The spark thus stimulates the reaction. 
In fact the majority of chemical reactions proceed very slowly 
under ordinary conditions. But in the presence of certain foreign 
substances, called catalysts , the reaction takes place quickly though 
the catalyst apparently takes no part in the reaction. Examples 
of these will be found in any book on chemistry. It may be 
however mentioned that though the velocity of both the direct 
and the reverse reaction [i.e. values of k x and in equation (7)] 
may be increased by the presence of catalysts, the final equilibrium 
concentrations remain unaltered. This is particularly so when 
the catalyst is present only in small quantities and is unable to 
affect the activity of the reacting substances. 

The treatment of the equilibrium stage follows that given 
in §8; 9. The temperature is taken to have the same value through¬ 
out the whole reaction space, and the state of equilibrium is given 
by the condition : SF—0, SG— 0 depending upon whether the 
permitted reaction is isothermal-isochoric, or isothermal-isobaric, 
8 denoting a virtual infinitesimal change of the system consistent 
with the external constraints. It should however be pointed out v 
that there are many cases where these conditions do not hold. 
Reactions may be taking place in a space where temperature varies 
from point to point, or the constituents may not be at the same 
temperature. These cases of deviation from thermodynamical 
equilibrium are difficult to treat and no account of these will be 
given here. 

18*2. Symbolism used in Chemical Equilibria. —The 

symbols used to describe chemical equilibria are numerous, and 
sometimes perplexing. Let us explain them at the outset. 
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The general reaction 1 is represented by the symbol 
A x -\ c> 2 -*42+* * • fir A r -j~» . sji b x Uj-j-^2 ^2”b • ' b s Bs -f" « • * (0 

This implies that a t mols of A lf a 2 mols of y4, etc. react with 
each other, and yield b x mols of B Xi b 2 mols of B 2 etc. The 
symbol denotes that the reaction proceeds both ways. 

We further represent by 

N .the total number of molecules in the vessel. 


A.mols.... 

N Ar , N £ii .molecules of types A r> B s 

A/lr, Aj s, .mols of . 

n Ar> n Ds .particles per unit vol. of A ry B„ 

v .mols per unit vol. 

v Ar , v B g . mols per unit vol. of A r , B 9 


p .the total pressure in the reaction-vessel 

Pat, pBt .the partial pressures of A r> B e> etc.... 

x Ar> Xbs .the partial concentrations or mol-fractions 

of A r , B e etc. 

U AT3 U B g the internal energies of unit mol of A r> B s . 

We have then 

v. a r >1 Ar A ^y V A r ' A^r 1 

' At ~~ N ~ n ~ A ~ v \ Vm ~ V [ . (2) 

and p Ar = v Ar .RT ~ n Ar kT = x Ar . p> p = v (p At +p Bt ) ) 

18*3. Application of the First Law of Thermodyna¬ 
mics. Heats of Reaction and their variation with tempe¬ 
rature.—The total internal energy of the system is given by 

H ~ 2 A^ r . U A r "1“ 2 A^. Ujf s . . . . (3) 

Hence the change in the total internal energy due to the reaction 
(1) taking place is given by 

AH - 2 AhrUjr + 2 A A Jin- b T /, v . 

1 A suitable example is provided by the equation representing the 
Deacon process for manufacture of chlorine: 

4HC1 -f O a 2H a O + 2Cl a 

i.e. 4 molecules of HCl and one molecule of oxygen react to form two 
molecules of water, and two of chlorine. We have 

A x ~HCl, a x =4; A 2 ~0 2 , a 2 -~ 1 

«xSH 8 0, b x —2\ /> 2 =- 2. 
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Now /\X A f~ ~ a r> and A for a r mols of A r disappear 

and b t mols of B g appear after reaction. We have now 

AU- U IU - 'a r U Al . . . . (4a) 

Let O-u he the beat evolved in the reaction which takes 
place at constant volume, as expressed by the symbolic formula 

j -j- <1 *A 2 A • . (l r A f -j--. . ™ h 2~\~ * * • 4~ Q. v • • (I'd) 

Hence, we have from the first law, since p A l r ~- 0, 

= U Kx . . . . (4b) 

Heat of Reaction Q v at constant pressure .—Under these condi¬ 
tions, there is a change in volume A for the number of mols 
of gas in the reaction-vessel increases by 

P\X --- v l \- 2 a T ; hence A VjV = A^M- 

The work done by the system in changing to the equilibrium 
volume I^+Af 7 is given by 

p ty^pv. aa/a* 

The heat evolved jg, is less than by this amount i.e., 
we have 

jg, =- j2* - AA. nr. . ■ • (5a) 


We can also write from the first law 

Of -- ~ AU - p AV =- - A (U +/>V) - - AH, , - Ab) 

.where H is the Total Heat function U-f-j£>V, and H Ar is the total 
heat function for one mol of the gas A f . 

As an illustration, let us take the reaction H 8 +;10 2 —(fI 2 0) yv£A‘ 
Here y a r ~3/2, ^b s -~ 0 since a liquid is formed whose volume is neg¬ 
ligible. Hence for the reaction at 20°C, the heat of reaction Op at 
constant pressure is given by Q v ~ — A\A.RT-jg v +3/2 R7. 

Variation of Heats of Reaction .—From (4b), we have 



r 


V*. ^ - v* r C,. Mf - zb, C v>tt , = - AC V (6a) 


dl 




We have cOJdV^O for the U’s are independent ot volume. 
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Similarly frpm (5b), we have 


= v a r S^T- v b s = v a,C 

dr - r ^7r dr 




u~.y.C r (6b) 


These are known as KirchhoflPs relations after their discoverer. 

< 

Integrating we have 


J2.-J&.0- d, '> ‘tT ' • ( 6c ) 

18*4. The Law of Mass Action. —Our knowledge of the laws 
of Chemical Reactions and chemical equilibria lias a long story behind 
it. It was realized in very early period of human civilisation that cer¬ 
tain substances have great ‘Affinity’ for each other, and react rapidly 
when placed in contact. Later, certain investigators, particularly 
Berthollet in France (1799) recognised from his experiments and obser¬ 
vations that this was not the whole story; but the relative masses of the 
reacting substances played a significant part. He found that while in 
the laboratory, sodium carbonate and calcium chloride when brought 
together reacted to form calcium carbonate and sodium chloride the 
opposite kind of reaction appeared to be taking place on the shores of 
some Egyptian lakes, where sodium carbonate was found to be crys¬ 
tallising out. Berthollet ascribed this to the presence of large excesses 
of sodium chloride in the lake water. He carried out certain experiments 
in support of his view, and stated "The chemical activity of a substance 
depends on the force of its affinity, and upon the mass which is present 
in a given volume.” 

Though the importance of the statement was not immediately re¬ 
cognised, (in fact it met with some opposition), evidences in favour of 
the view began to accumulate as more experiments began to be carried 
out, particularly by Wilhelmy in Germany, and Harcoutt and Esson 
in England. But it was left to Guldberg and Waagc, two Norwegian 
scientists, to state the law correctly and in exact terms in 1867. The 
arguments were very simple. 

They recognised that in order that a reaction of the type (1) takes 

place, a x particles of A v a 2 of A 2 -etc. should collectively collide 

at otic point. All such collisions may not result in a reaction, but 
some certainly will. The velocity of the direct reaction will be given by 


/ "1 e 
iv i ™ . -V 


a 7 


Similarly the velocity of the back reaction (involving B’s) is given by 


T 


h h 
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In the equilibrium state, the two velocities must be equal, /.<?., 
w^w 2 . Therefore we get 

**■. J* ... , 

—- 1 — — -J=- constant. . . . (7) 

J 3 * k 2 

A . A . • •• 

/Ijl ^2 

The values of k x and k» cannot be obtained from thermodyna¬ 
mics; they depend upon a large number. of other factors and external 
circumstances which are not yet fully understood. The velocity of 
chemical reactions is not a subject of study of the present chapter. We 
are concerned here only with the study of equilibrium conditions. 

The application of thermodynamics to this problem was first made 
by Van’t Hoff in 1877 by making use of semi-permeable membranes and 
reversible cycles. He discovered the differential laws of Reaction- 
Isobar (equation 17a), and Reaction Isochore (equation 17b), which are 
given in the next section. 

In the following treatment we have followed W, Gibbs and Planck 
"rather than van’t Hoff, because the latter’s method would have been a 
repetition of the procedure given in §6T0. 


18*5. Laws of Chemical Reaction. 

The Exaction-Isobar .—When the reaction takes place at constant 
pressure and constant temperature, the conditions of equilibrium 
are given by 

AG — 0,.(8a) 

where G is the Gibbs’ function for the mixture. We have for 
the reaction. (1), since p and T remain constant. 


AG — y, A Air* G^-f* 2 A 'WG i{s 


• ~ - 2 a Ar 2 bj) x G Bjf =0. . . (8b) 


G At is the Gibbs’ function for one mol of A r in the mixture. 1 

Now G~U-\-pV — TS=H — TS. Hence using (5b), equa¬ 
tion (8b) can be written as 


2 a r S Ar - v b s S Bi 


T 


(2 a,H Ar ~ zb s H m ) 



(9) 


According to eqn. (27) p. 317, is given by 

An = (p>Ar • l* T~R In p Ar - 1-R In i Ar 


1 We ought to use the chemical potential ji Jf ==0G/&A 4r in place 
of G Ar as explained on p. 364, but since G Ar is an extensive property 
for reactions at constant pressure wc have fi Al —G Ar . We must how¬ 
ever use the partial pressure p Af in evaluating G Ar or S Ar and not the 
total pressure/? as explained on p. 317. 
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The value of 'i Ar y is given in §11*21, p. 476, for monatomic 
gases. Let us now introduce two new symbols 




and 


_ A 
^ ^ B s 

• » b ' 

\ ' 

b; 

P K, 


"A- 

/* ... 
y A-i 


.. Jh 

fit 

% - 



... 

^2 


Then (9) can be written as 


In K f 


Q p Jn T . ~' , T 

1\ C P + 1- 


RT 


( 10 ) 


( 11 ) 


This is the equation of Reaction-Isobar. 

The Rjeaction-Isochore. —When the reaction takes place under 
constant volume and constant temperature, the equilibrium is 
given by 

A F = 0,.(12a) 

where F is the free energy of the mixture. Evidently for the 
reaction (1) under isothermal-isochoric conditions * 

A F — — 25 * 2F ldX Ar + v b t dFld\u t « 0. . . (12b) 


Now F — U— ST, hence equation (12b), can be written as 


2* 


dv 

d\ 


Ar 


Zb, 


cU 

BX 


Tt Z a r 


Bb 


_es__ 

d\ Ar 


- Zb, 


oS 

cX 


Its 


•)• 03a) 


Since U is an extensive property cU ldX lif =U Af , the internal 
energy of a gram-molecule of A r . S for the mixture is from 
(27) p. 317 given by 

S == 2 X Ar [C v In T— R In -f R In i J 


8S/8A. lr == C v , Ar In T — R hh+R In i M . 
Putting \ Ar = x Ar A, and introducing the symbol 


n * 


K T 


A 

B , 




x 


B, 


IT x 


ar 

Ar 


X 


a 2 


X 


A % 


(13b) 


• (l-*) 


I\ 99 
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we can rewrite (13a) with the help of (13b), (14) and (4b) in 
the form 1 


/»K,= ^r+^-AC + Zoi+AA/x ~ . . . (15) 

Equation (15) represents the law of Reaction Isochore. 

Jkelation between the different equilibrium constants .—Since we have 
p Ar = x Ar . p y it can be easily shown that 

K, = K x x /A X .(16a) 

Sometimes another quantity K v is used, which involves 
v Ar and vet he*, mols per unit volume. We have 


TT 

K v = — 

n 




Since p Af » v Ar . RT, it can be easily shown that 

K P = K v (R T)^ a > K v - K x . V~ nx .(16b) 

From equations (16a) and (16b) we deduce that when A^=0, 
i.e., a chemical reaction is not attended with a change in mol- 
number e.g., in the case H 2 +I 2 2HI, we have 

K f . = K x - K v . 

These form the simplest kind of chemical reactions, and are 
discussed in §18*7. 

Differential Forms of the Equations .—Equation (11) shows that 
K p is a function of T alone, and is independent of p. With the 
aid of (11) and (6b) we have 



- 0. . (17a) 


1 Formulae (15) and (11) can also be easilv obtained from statistical 
mechanics. For proof see Fowler and Guggenheim, Statistical Thermo¬ 
dynamics (1939) pp. 158—167. 
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The differential relations of K x are rather more involved. 
With the aid of (15), we deduce that 


( d I* K x \ J&, ( 0 In K x \ 

{ dT ) v RT 2 ’ \ dV~ ) T 


a 

R 


d In K x 


4i 
v * 


• (17b) 


(dlnK x \ _ Q* , 0/ A1 T) _ j2.-AA.RT_ <& 

\ ar J, ~ “ rTt + ar \ /A p > " rt 2 " rt 2 * 

d In K x 


and 


V dp I'T 


AA 

P 


(17c) 


The differential equations satisfied by Xj# are 
d In K v \ / d In K v 


and 


t 0 in Ky \ _ f 

\ ~~dp~ ) T ~ V dV 
I d In K v \ _ Q p AA 

l ar : ip rt 2 ~ x 


). 


0, 


Q* 

RT 2 


(i?a) 


RT 2 T 

The integral forms of the reaction equations (11) and (15) can be 
easily deduced from each other. 


18*6. General Observations.—The differential equations 
of chemical equilibria were first obtained by the early pioneers like 
Van’t Hoff, Gibbs and others by means of various ingenious 
devices, and expressions for integral equations like (11) and (15) 
were obtained from these by using various approximating assump¬ 
tions. This course is sometimes still followed in Text-books on 
Physical Chemistry. But modern developments have rendered 
tlaese methods unnecessary, though they are instructive from a 
historical point of view. 

The equations developed in the foregoing sections show 
that for finding out the course of a homogeneous chemical reaction 
over a range of temperature and pressure, we require a know¬ 
ledge of the following physical quantities :— 

(a) Specific Heats at constant, volume and constant pressure 
of the constituents, from the lowest to the actual tem¬ 
peratures of the reaction. This subject has been 
treated in Chapters III and XVI. 

(b) Value of the Chemical Constants of the constituents. 
This has also been treated in Chapters XI and XVII, 
for monatomic and diatomic gases, and can be further 
worked out for polyatomic gases. 
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(c) Heals of Reaction involved in the process, preferably, 
if possible, at absolute zero. 

The Heats of Formation can be obtained from calorimetric 
measurements in some cases, but this is not always possible, e.g., 
in reactions of the type 1^= t-f-X— f/. In such cases, formerly 
the procedure was reversed, viz., the laws of reaction were uti¬ 
lized to find out heats of reaction. Within the last thirty years, 
thanks to the pioneering work of Franck and others, spectroscopic 
methods are being used for finding out Heats of Reaction with 
much more precision than could be obtained by older methods. 
Brief descriptions will be found in subsequent work, but for full 
description, other treatises or original reviews may be consulted. 

Chemists generally use the law of Reaction-Isobar (eqn. 11 
p. 785) for discussion of Chemical Reactions. The law of Re¬ 
action-Isochore (eqn. 15) is seldom used. Both the forms are 
generally unsuitable, except for the case of simpler reactions where 
the inner degrees of freedom are not excited. When the tempera¬ 
ture, is such that these degrees of freedom are excited, the equa¬ 
tions become rather too difficult to manage. These cases are 
discussed later (§18* 12). We now give some simple cases. 


ILLUSTRATION OF CHEMICAL EQUILIBRIA. 

18*7. Chemical Reactions without change in mol- 
number. —Such reactions include several important ones e.g., 
H 2 -(-I 2 ^±2HI, H 2 4-C02^±H 2 0+C0 (Water Gas Reaction) and 
the nitric oxide reaction N 2 + 0 2 5 ± 2 N 0 . For these, as mentioned 
before, K P ~K X ~K V and are independent of total volume or 
pressure. 


This was proved in the case of the Hl-reaction by Lemoine. Let 
us fill up a bulb HI at the pressure p , and heat it to a high tempe¬ 
rature. Then suppose a fraction x dissociates. We have 

pHg = pii = nx. kT, />hi ~ n (1 —x). JkT, p—n (1 +x)kT. 


We have therefore 


K , 




x 6 


( 18 ) 


P ? HI ~ (t-*) 2 • • ' 

and is independent of p i.e., the fraction dissociated will be independent 
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of pressure and will only be a function of V. Hie results of Lemoine 
at 440°C. reproduced below confirm this. 

p in atmos: 4*5 2-3 1*0 *5 '2 

x (fraction decomposed) ’ * 24 *225 *27 *25 *29 

The fractions were determined by suddenly cooling the heated 
bulb, and freezing the equilibrium i.e., the reaction velocity became so 
small, that the equilibrium proportions of H 2 , I. 2 , HI were maintained 
unaltered. HI was dissolved in water and determined chemically, from 
which proportions of H 2 and I 2 were determined. 

The experiment was repeated with greater care by Bodenstein 1 who 
showed that the walls of the glass bulb adsorb considerable amounts of 
HI gas which is therefore withdrawn from the reaction. The previous 
results were therefore not so good as could be expected. He adopted 
a somewhat different procedure, a mols of H 2 and b mols of I 2 were 
sealed in the glass bulb, which was then heated for a considerable time 
at a constant temperature. Let .v mols of 1 2 combine with x mols of 
H 2 to form 2x mols of HI. The mixture was then rapidly cooled, the 
equilibrium was frozen, and the amounts of HI and I 2 were determined 
separately by titration. Since 

PB t V=*(‘-x)RT, pi 2 V = (b~x)RT, T, 

we should have 

Ax^ 

K p ~ --. ---constant, . . . (19) 

v (a—x) (b—x) * ' 

in whatsoever way a and b may be varied. This is illustrated in the 

following table compiled from Bode.'CeiTs results. J 


Table 1 .—The H 2 -fLv±2Hl equilibrium. 


T=717°K 

(Boiling point of Sulphur) 

r=630°K 

(Boiling point of Mercury). 

a 

b 

i 

X 

K p 

a 

b 

. i 

X 

K p 

in c.c. 

in c.c. 

in c.c. 


in c.c. 

in c.c. 

in c.c. 


8*10 

2*94 

2*82 

50-2 

6-63 

2-59 

2*49 

59-5 

7*92 

5-30 

4-75 

51*1 

6*22 

5-71 

4*77 

66*8 

8-07 

9‘27 

6-74 

53 6 

6-41 

10*40 

5-94 ] 

67*3 

8*12 

14-44 

7-47 

48-8 

6-41 

26*22 

6-27 

66*2 

8*02 

27-53 

7-77 

48-9 

6*21 

23*18 

6-08 

64*2 

7*89 

33*10 

7-70 

49-2 

6-51 

22-29 

6*35 

63-2 



Mean value 
50*3 

Mean value 

64*5 


Zeits.f. phys . Chem ., 29, 295, 1899. 
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We thus find thatiC^ remains approximately constant at any parti¬ 
cular temperature. From the value of Kp at two temperatures which 
are close to each other, it is possible to calculate the value of the Heat of 
Formation. We have 

- & In K p __ Qp 

cT “ “ RT 2 * 


Hence, supposing Qp to be constant, we obtain after integration 
between the temperatures T x and 


O — fi-T iZl 

~ T x -T 2 K t 


( 20 ) 


Taking 7\ = 717°, T 2 — 637°K, and the corresponding values of 
Kp, we obtain — 2580 cal., i.e„ 2580 calories of heat are evolved 
in the formation of two mols of HP out of one mol of H a and one mol 
of gaseous L. 

The reaction H a +[I a ] 2H1 is endothermic, but this fact is not 
contrary to the result obtained here. We have 

H 2 +I 2 = H 2 +[I 2 J+I-, 

where L=heat of sublimation of iodine. Hence 


H ! +[I 8 ]=H 2 +I 2 —L - 2HI-L+J2,. 

Now L= 10600 cal. Hence Qp-L — - 8020 cal. or the reaction is 
endothermic. 


18*8. Dissociation of a Complex Molecule into two 
identical simpler molecules. —This is afforded by N 2 0 4 gas 
which even at ordinary temperatures is partially dissociated into 
NO z . This is shown by the feet that at high pressures, the density 
is 46, showing that N a 0 4 is undissodated; as the pressure is 
lowered, the density becomes less and less, till at very low pres¬ 
sures, the density fells to 23, showing that N 2 0 4 has been almost 
completely dissociated into NO a . The dissociation can be ex¬ 
plained with the help of law of Reaction Isobar. 

Let f/ 0 — mol number of undissodated N a 0 4) and let a fraction x be 
decomposed into NO a . Then at any instant, we have * 0 ( 1 -x) mols of 
N a 0 4 , 2xn mols of NO a and altogether # 0 (1 -f x) mols of gas. Hence 

/>u,o, K = «,(1-*)RT, fPs 0i V = 2 v KT, fV=r, 0 ( 1 +x)RT. 

Therefore x = A^-landthe density d ~ 
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p being the density of undissociated N 2 0 4 . Therefore x= 1. 

Studying the reaction as one of dissociation we have for the dissocia¬ 
tion constant 

Kp ~ P ~ const - • • ( 22 ) 

The results are illustrated in Table 2. 


Table 2. —Dissociation of N a 0 4 at 49 # 7°C under varying pressure. 


p 

(in mm.) 

V 

(in litres) 

1 

pxV 

x(obs.) 

■JUL _i 

!*oRT 

(p in atm os.) 

X 

calc. 

0 

1 

OO 


i “ 

! i 

■■■ 

♦ • 

26-80 

143-3 

3840 

| 0-910 

BBB 

0-917 

93-75 

38-2 


0-776 

BUB 

0-784 

182-69 

18-5 

.3380 

0-680 

BEIB 

0-673 

261-37 

12-4 

3260 

0-620 

| 0-217 

0-605 

497-75 

6-0 

2990 

0-485 

0-190 

0-483 

OO 

.. 

2010 

• • 

6 • 

1 

* • 


Mean value of K p = 0* 197. 


Thus N 2 0 4 is almost completely dissociated into NO a even at 
ordinary temperature if the pressure be sufficiently low. With rise in 
pressure, the dissociation decreases. These results are evident from 
equation (22). The value of K p is given in column 5, but K p can 
hardly be said to be constant, as expected theoretically. This is ascribed 
to experimental errors, and to deviation of the constituents from die laws 
of perfect gases at higher pressures. Taking the mean value of K p , we 
can calculate x as a function of pressure, according to the relation 

01 • • ■ • < 23 > 

and can interpolate the value of x for any pressure. These are-calculated 
in the sixth column. The departures from the values in the fourth 
column are not large. The shows that a large error in the value of K p 
causes but a slight error in the value of x. The procedure, can be 
hardly justified 1 . 

18*9. Use of Laws of Chemical Reaction in synthe¬ 
sis of chemical compounds; Synthesis of Ammonia (The 
Haber Process). —The Laws of Chemical Reaction serve as 

1 For electro-chemical method of determining Hl-reaction, see 
Stegmuller, Zeits. f. Electrocbemie , 16, 85, 1910. 
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guides for the synthesis of many chemical compounds of great 
industrial value. The most famous case is that of synthetic 
ammonia, which was perfected by Haber just before the first 
world war, and played a great part in history. 1 


We shall study the reaction as one of formation, not of decom¬ 
position, vi%., 

\Vr3ll 2 2NH S ... . (24) 

Let us confine three volumes of and one volume of in a space 
having the temperature T, pressure p, and let us suppose that .v is the 
fraction of NH 3 produced to the whole molar contents. Then we have 


/nh*=^, pNi— 1(1 -*.•)/>, = f(l -x)p, 

and hence 



PX2?’ 6 £L2 


X* 


41 

~ constant. . 
3 3 


(25) 


The important point to observe here is that at any fixed tempera¬ 
ture .v will increase with the increase of p. So compression is needed 
to get a r good yield. 

We describe here the apparatus of Larson and Dodge, 2 who 
investigated the reaction at pressures of 10, 30, 50, 100 and 1000 
atmospheres between the temperature 350°C to 500°C 


1 We may briefly describe why the synthesis was considered to be of 
such great economic importance. The manufacture of nitric acid and the 
nitrates is one of the most important chemical industries in the world, as 
they form the starting point for the manufacture of explosives, fertilizers, 
and other chemicals. Before World War I, the world was dependent 
upon Chili for the supply of sodium nitrate. Attempts were made to 
prepare nitrate cheaply by other methods (e.g., by the Birkeland-Eyde 
process in Norway), but they could not compete successfully with the 
Chili nitrates. Oswald had discovered in 1900 that ammonia, on being 
sparked with atmospheric air in the presence of catalysers, easily con¬ 
verts into nitric acid but Tor this work pure ammonia must be used 
as otherwise the catalyser is poisoned (rendered unfit for use). Ammonia 
was usually obtained from coal-tar distillation and was impure and 
unsuitable for the Oswald process. So the need arose for a cheap 
method of manufacture of pure ammonia. Attempts to synthesise 
ammonia out of N a and H 2 were made by St. Claire Devil le and Ramsay 
and Young, but they were unsuccessful. Things were at this stage when 
Haber took up the work. He saw from the application of the law of 
chemical action (aided by the extension known as Nemst’s Heat Theorem) 
that the mixture must be compressed to a high pressure, and at the same 
time, the temperature mu$t be sufficiently high in order that the velo¬ 
city of reaction in presence of catalysers may be sufficiently great. 

2 Jour. Attier. Chem. Soc. y 45, 2918, 1923; 46, 367, 1924. 
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The apparatus consists of a strong spiral S of iron tube (Fig, 1) 
embedded in a bath of NaNO a and KNO a . The bath is maintained 
at constant temperature by electrical heating and stirring. Iron tubes 
were selected because they were found not to be attacked by heated H a 
and N 2 . The reaction took place within a bomb charged with some 
catalyst (Fe, Mn or Osmium). A 
mixture of M 2 and H 2 in the pro¬ 
portion of 1 : 3 was confined in 
gasometers under the desired pressure 
and allowed to pass through the 
spiral under varying velocities of 
flow. This was to see whether the 
reaction was independent of the 
velocity of flow. The gas issues 
out at 1 atmos. pressure, and rather 
low temperature, the equilibrium 
is therefore frozen out. The gas 
was analysed chemically for ammonia 

and the percentage of formation was Fig. l.-Ap{)aratus of Larson and 
r ° Dodge for studying the synthesis 

determ ined. The results are shown of ammonia, 

in Table 3. 



\ J 


pressure 
in atm. 



r,;»ie 3.— 'Percentage synthesis of ammonia at different 
temperatures and pressures. 


350°0* 875°C. 40<°C. 425°C. 450°C. 475°C.| 600°<J. 


7-35 5 *25 3*85 2*80 2*04 )*fll 1*20 

0266 *0181 0129 *0092 ‘0066 • 0052 •0038 

17*80 13*35 10 11 7 0 5*80 4*53 3*48 

'0273 • 0184 *0129 0092 •0068 '0052 *0038 

26*1 1944 15*1 U-7 9 17 7 13 6*58 

'0278 ' 0186 0130 '0093 0069 * 005.1 '0039 

3095 24-9 20:2 16*35 12*98 10*40 

0202 *0137 ‘0099 0072 ‘0053 '0040 

35-5 31-0 26*2 

■0088 • 0067 ' 0050 

53‘6 47*5 42*1 

*0129 ' 0089 * 0065 

69’4 63*5 

I '0238 '0149 


© 
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The values of x, and K f are given on the left and right of each 
column. For example, at 400°C, and 30 Atm, x—10-11, &/>— *0129. It 
wiii be seen that the yield is highest at large pressures and lower tem¬ 
peratures. At such high pressures, the laws of perfect gases hardly hold. 

18*10. Dissociation of Diatomic Molecules into Atoms* 
A review of experimental methods.— A large number of 
commoner elements occur in Nature in the form of diatomic 
molecules, e.g., H a , N a , O s , the halogens. With rise of tempera¬ 
ture they are expected to dissociate into atoms, but the heat of 
dissociation is generally so large, that it becomes difficult to 
devise any direct experimental method for studying their dissocia¬ 
tion equilibria. A few are described below. 

(a) Direct Thermodynamical Method. —We describe, for the sake of 
illustration, Bodenstein and Starck’s apparatus (Fig. 2) for the study 
of the decomposition of I a vapour. 



Fig. 2*—Bodenstein and Starck's apparatus for studying the dissociation of iodine. 

*aa’ is an electrical furnace of porcelain the middle pari of which can 
be kept at a constant temperature correct up to 1°. B is a quarts 
vessel coated over with a platinum gauze to keep the temperature uni- 
forln; C is a Pt—Pt-Rh couple for measuring the temperature. B ends 
in a capillary tube connected to a quartz fibre manometer M for mea¬ 
suring the pressure of the enclosed gas. 1 

The experiment is carried out as follows:—A known amount of I a 
is taken in a weighed quartz capsule, which is placed in B and sealed. 
Then B is evacuated and sealed off at P. The furnace is then heated 
■x> various temperatures, and every ten minutes i' and p are observed. 
Then the vessel is cooled, the glass melted off at P, B washed with 
KCt-sclvdon, the. iodine is titrated with sodium thiosulphate and 
estimated. The volume of B is also determined. V --249*3 c.c., amount 
taken— 1 * - *1X iCr" mole 
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We have, as in the ease of N 3 0 4 , p lz = «(1 pi = 2x.n%T > 

/>=»( 1 -\-x).kT. So x = — 1. The value of ^ p- 

Bodenstein and Starck’s values of K p are shown in Table 4. 


Table 4 .—Experimental results on Dissociation of Iodine. 


Temperature 

°K 

1 

Pressure in mm. 
of Iig 

X 

K P 

i 

1073 

435*6 

0*068 

0*0107 

1173 

503*6 

0*128 

0*0441 

1273 

590*3 

0*219 

0*1568 

1373 

694*5 

0*340 

0*4811 

1473 

820*7 

0*460 

1*2000 


These experimental results have been compared with detailed 
theoretical calculations by Gibson and Heitler, and by Giauque and 
Overstreet. For details see §18*12. 

(b) The Effusion Method .—This method was applied by de Vries and 
Rodebush 1 for studying the dissociation of I 2 and Br 2 and was ex¬ 
tended by Bichowsky and Copeland 2 for studying the difficult problem 
of finding out the heat of dissociation of H 2 , and by Wrede® for finding 
out the nature of active nitrogen. The principle underlying the 
method is as follows':— 

We have seen on p. 193, Chap, ill, that if there is a small orifice of 
area A in a vessel containing a gas of molecular weight M at pressure 
po and temperature T 0 , then, provided the dimensions of the orifice f re 
small compared to the mean free path of the molecules, the rate of flow 
into a second vessel containing the same gas at a small negligible pressure 
p* is given by 

jw 0 = \Apfa, 

where is the mass of gas flowing out pet unit time, 

and 00 = n/" Mff’ '' 2^RT 0 * ^ 

Suppose now the vessel is heated to T° and a certain amount of .the 
gas, which is diatomic, is decomposed into atoms. Then the partial pres¬ 
sure of the undecomposed gas is p( 1 —x)j(J +*) and the molecular weight 

1 Jour. Amer. Cheni. Soc ., 49, 656, 1927. 

2 Jour. Amer. Chens. Soc., 50, 1315, 1928. 

a Zeits. f. Pbysik, 54, 53, 1929, 
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is M y while the partial pressure of decomposed gas is 2pxj(l -}-*•) and 
molecular weight is )Vf/2, where p denotes the final total pressure. 
The mass u> now flowing out of the orifices consists of both molecules 
and atoms. We have 


✓ 2irR7 


r i-* x- 




Let the time of flow be the same and let us compare the two 
masses. We have 


!L-1 /T„ri-* .vv/5-1 

VtN T l_l+-v 1+*J 

from which we deduce after simplification. 


j- -414 


, where y — —j J— PlL, 
J »'o N T n • p 


. (28) 


& can be calculated at different temperatures and pressures, and the law 
of mass action may be verified. The value of the constant K p as well as 
the heat of formation may be calculated. 

The apparatus is shown in Fig. 2. It consists of a quartz tube 

T, 66 cm. in length and 



2 - 4 cm. in'diameter placed 
inside an electric furnace 
F. It is provided with a 
diaphragm, and a small hole 
at O. S is a reservoir for 
solid I 2 at 0°C, and *030 mm. 
pressure. C is a thermo- 


Fig, 3.—Apparatus for studying the 
dissociation of Iodine. 


couple. The gas effusing out 
is collected at R which is 


cooled by means of liquid air. The space between O and R is evacuated 
by means of a high vacuum pump (10- fi mm. of Hg). The quantity of 
I 2 is estimated by dissolving it in Kl-solution and titrating with sodium 
thiosulphate solution. Bromine may be treated in a similar way. 

Results obtained by this method, however, differ not incon¬ 
siderably with those obtained by Bodenstein. For discussion the origi¬ 
nal papers should be consulted. 


(r) Heat of Dissociation of Hydrogen .—As hydrogen cannot be 
appreciably decomposed by the temperature usually available in laborato¬ 
ries, Bichowsky and Copeland produced atomic hydrogen by passing a 
steady condensed discharge through a low pressure hydrogen tube, as 
was first done by R. W, Wood. A mixture of atomic hydrogen pro- 
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duced In tbis way and molecular hydrogen was allowed to pass through 
the orifices into vacuum, and the degree of dissociation was determined 
by comparing the rates of flow of this mixture with that of pure H, gas. 
It amounted to as much as 29%. The outflowing atomic hydrogen was 
allowed to iftipinge on a platinum calorimeter, and recombine, the plati¬ 
num surface acting as a catalyst. The total heat developed by recombina¬ 
tion can be easily calculated from calorimetric measurements and know¬ 
ing the amount of atomic hydrogen from the degree of dissociation, the 
heat of dissociation could be found. 

The apparatus is shown in Fig. 4. 



0 

\ 

Fig. 4.—Apparatus of Bichowski and Copeland for finding the heat of 
dissociation of hydrogen. 

Hydrogen flows steadily through the capillary A into the discharge 
tube D. The pressure is about g mm. and discharge is passed from a 
transformer (1000 volt, *2 amp.). About 29% is atomised. The gas 
flows out through the orifices at B into the space E where a vacuum 
of *005 mm. is maintained. C is the platinum-calorimeter provided 
with a Beckmann thermometer T. The space, between the bulb of 
the Beckmann thermometer and the calorimeter is filled up with Wood’s 
alloy. The calorimeter is calibrated by an insulated nichrome spiral 
embedded in Wood’s metal. 

The heat of dissociation D of H 2 obtained by this, method is 106900 
cal. and is estimated to be correct within 5%. The method has been 
further extended by Copeland to the case of oxygen who finds D~ 131*6 
k. cal. This seems to be an overestimate ( P.R.S . 36, 1221, 1930). The 
value of D obtained from spectroscopic measurements varies from 116 
to 128 k. cal. 

18*11. Combination of Several Equilibria. Calculation of a 
new Equilibrium from Measurement of other Equilibria. —The law of 
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reaction isobar is very widely used to predict a new equilibrium out of 
two known equilibria. For illustration we take the two equilibria:— 

2H s O 5± 2H 2 +0 2> 2CO a 5± 2CO+O t . 

Let us denote by Khz(j the constant — — and by Kcoa the 

p J E 2 o 

constant . Dividing one by the other, we get 

/> g co 2 

pa 2 pco 2 __ j K-a-io 
Pn 2 o Pca) \J Rea* ’ 

Le.y we deduce out of water and carbon-dioxide reactions the equilibrium 
constant of the .water gas reaction 

CCXj-fHg H 2 0-f-C0.(29) 

It is found that at 1396°C and atmospheric pressure, Kco 2 — l*34xlO~ M 
corresponding to a dissociation of 1*44 xlO -4 obtained by the streaming 
method. jKh 2 0 is extrapolated to be * 25 x 10 -14 . The K for water gas 
reaction is calculated to be 2*28, while direct experiments by Neumann 
and K&hler gave 2C=2*5. 

Other complicated reactions can be reduced to simpler reactions in 
a similar way. 

For example, the Deacon process which is used for the manufac¬ 
ture of chlorine from HC1 according to the formula 

4HCl+O a 2H a O+2Cl a . . (30) 

can be resolved into the two reactions 

2HC1 H a -f Cl # , 2H a O 2H a +O a 

Thus, ., Ko^KbalKsuo- 

The device can also be used in a reverse way, for it is compara¬ 
tively easy to determine the equilibrium in Deacon’s process as it is about 
half accomplished below 1000°C. But at these temperatures HCl, and 
still more H a O, are but slightly decomposed. We can therefore deduce 
KhiO from known values of K Q and Khci* 

18*12. Laws of Chemical Reaction in terms of Parti¬ 
tion functions. 

There is a tendency now to use ‘partition functions* directly 
for discussion of complex cases of chemical equilibria like that of 
I a -decomposition discussed in §18*10. We give a short account 
of these methods with a few illustrations. 



LAWS OF CHEMICAL REACTION 


799 


§18-12] 

. From equation (68) p. 766 we have for the temperature- . 
dependent part of Gibbs' function 

(U+pV—TS) T « —R T In {f t F r F»F t ... ) 
since pV~ %U T> so that we can write generally 

G = G 0 + G t = U 0 —RT In (/, F r F„ F, . .)> (31) 

for G 0 =(C74-/>K—T5) 0 ** U 0 = internal energy of the constituent 
at absolute zero. We are neglecting the partition function for die 
nuclear spin, as in all chemical reactions not involving hydrogen 
this cancels out. 

Now from the condition A G =0>. as in §18-5, we have 

2 K {U 0 -RTIn {ft F r F v F e )};;, 

-~2ar{U 0 -R'I\Jn(f t F,F v F t )} Ar = 0. . - (32) 

Now from equation (18), p. 750 we have 

, (2**A^) 3, * _ (2tt tri?Fk*F T s l 2 __ . T 8 / 2 

ft ~ “ A* ‘ p *" p ' 

5 

so that /#/, = -Tp/ff T-lhp + lni t> 


where /, = {2nmfl* k*i*fh* , 

and / denotes the partial pressure. 

Further as in equation (4b) p. 782, we have 

2*. (U 0 ) 3$ - 2 (U 0 ) Ar = ~J2 V °. 

Hence we have rewriting (32), 

. /» K t = ^r+ 4-AA. /» T + In I, + In F. (33) 


where /* is defined in §18-5, and F is given by 

IT(F, F. F ,..,)‘* 

p«»a... (34) 

TT(F r F. F, ..)•' 

Jr 

/ * 

As an illustration of (34), we calculate a formula for the dissoci¬ 
ation of I 2 . The process is 

I 2 = 21-29.(35) 


Value of QJ: It is easily seen that — 0^° is the heat of dissoci¬ 
ation of I 2 at absolute zero. It can be calculated very easily from 
spectroscopic data. 
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Iodine vapour shows a band absorption which passes into con¬ 
tinuous absorption at A=4995 A. U. The band-absorption is due to 
electron excitation of I a -molecule, and Franck showed that the begin¬ 
ning of continuous absorption marks the dissociation of I 2 into a normal 
and an excited iodine atom according to. the formula 

1,+hv = I( g P 3/2 ) + I( 2 P 1/a ). 

2 Ps/ 2 is the normal state of I-atom, 2 P 1 / 2 is the excited state, and 
from spectroscopy, we know that 2 P 3/ 2 — 2 P 1/ 2 of 1=7600 cm -1 . Hence 
Mij'=D-j-NA ( a P 3/2 — 2 Pi/ 2 ). This gives £>.=35-40 K. cal. 

For the reaction (35) we have b,~- 2, a r — 1, AA=1. Now let 
us calculate JF. (F, F v F t ..,.) for I 2 , which occurs in the .denomi¬ 
nator can be obtained from the spectral knowledge of I 2 . 

We have B—' 373— *00012 v cm -1 and it is so small that all the 
rotational states are excited. We have therefore from eqn. (70), p. 767 

F r = 4tt 2 LkTfh?. 

F v = (1 ~f k " lkT )~ l as given on p. 767 eqn. (72), and v from spec¬ 
troscopic analysis = 213*76 cm" 1 . 

F t for I a =l, for the fundamental electronic term is 1 2 0 * F e 

for I is equal to 4-j-2 .. ^4, for the fundamental term of 

I which is 2 P 3 /jj has the weight 4. If the temperature is high enough /or 
the excitation of the metastable state 2 Pi/ 2 > we have for the second 
term y= 2 P 3 / a - 2 P x /<> 7.600 cm -1 . The nuclear spin terms for the 

atom and the molecule will cancel out. We have 


(2ir m)WkV- j 2 /(27r.2/w)3/W 2 

h* / / h 3 

Collecting the terms, we have 




(77«) 3 /2£S/2//,3. 


+ In (l~c-W kT ) 


+ In 2 -f- 2 In 4 .(36) 

2 in In 2 is the symmetry number for this molecule and arises from the 
fact there are two identical atoms in the molecule. 

The theoretical calculation of the quantity Kp by using, formula 
(36) was given by Gibson and Heitler 1 and later more accurately by 
Giauque and Overstreet, whose calculations are given in Table 5. 


1 Gibson and Heitler, Zs.f. Phys., 49; Giauque and Overstreet 
Jour . Am. Chcm, Soc ., 54; see Zeise, Zeits.f. Elektrochem 39, 758, 895, 
(1933); 40, 662, 885 (1934). 
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Their results are compared with.the experimental values of Bodenstein 
and Starck in Fig. 5. 

Table 5 .—Vblues of the equilibrium constant by calculation. 


1 

T 

K p 

x — % 

400 

4-26 x lO- 75 

3*26xi0-‘ ; 

600 

1-63xl0- 8 

6*39xl0- 3 

800 

3-24xl0- 8 

0*285 

1000 

3-32xl0“ 3 

2*88 

1200 

7-22 X 10- 2 

13*32 

1400 

6*54x 10~ l 

37*49 

1600 

3-48 

68*21 

1800 

12*87 

93*03 

2000 

36*60 

| 

94*95 


For the other halogens the calculation is more complicated because 
they are made up of isotopes in varying proportions, though the physical 



Fig. 5.— K p at different temperatures. 

constants needed are accurately known. For details see Zeise, loc, tit. 
For calculation of the dissociation- equilibria of other molecules, special 
papers may be consulted. 

18*13. The Le Chatelier-Braun Principle. —This principle may 
be stated as followsIf any one of the variable factors determining 
the condition of equilibrium changes, the equilibrium shifts itself in such 
a way as to tend to annul the effect of that change. For example, if 
the temperature of the system is increased, other factors remaining 
constant, the equilibrium will change in such a direction as will involve 
an absorption of heat. Similarly if the pressure on the system is increased 
F; 101 
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the equilibrium changes itself in that direction in which the volume 
occupied by the system will decrease. Again if the concentration of 
one of the components of the system is increased* the equilibrium will 
so change itself that the concentration of that particular component 
would tend to decrease. It can be easily verified that these requirements 
of the- Le Chateiier-Braun principle follow from the differential laws of 
reaction-isobar and reaction-isochore. For example from (17b) we see 
that if Q v is positive* i.e., the reaction proceeds towards the right with 
evolution of heat, d{in K x )jdT is negative. Therefore for positive values 
of </T, i.e., for an increase in temperature K x decreases, i.e., the reaction 
is pushed in the backward direction which involves an absorption of 
heat. 


18*14. Chemical Affinity.—The student must have been 
familiar with the term “Affinity” as used in descriptive chemistry. Two 
Substances like H 2 and Cl 2 are said to possess affinity for each other 
because they readily combine to form HC1, when brought into contact 
with each other. We try to form a mechanical picture of the case by 
supposing that forces of attraction ate developed between molecules 
of H 2 and Cl a when they are brought together, like that between two 
particles of matter, or between two atoms charged with different kinds 
of electricity. But a little consideration shows that the question is 
much more complex. The formation of HC1 depends not only upon 
the coming together of H 2 and Cl a molecules, but also the ease with 
which H a molecules and Cl a molecules can be dissociated into atoms 
under the influence of the new forces coming into operation. Affinity 
apparently changes greatly with external circumstances, temperature 
and pressure, for it is a matter of common experience that substances 
which combine readily at low temperatures may refuse to combine at 
high temperatures. The problem is therefore not merely mechanical, 
but also largely statistical and can only be solved from precise ther¬ 
modynamical considerations. 

The earlier attempts to define affinity were largely mechanical, 
witness for example the crude ideas about chemical valency. Thomsen 
and Berthelot observed that in general, substances combine readily if 
their combination results in a large evolution of heat. Accordingly 
Berthelot proposed that the heat of reaction should be taken as a 
measure of the force which urges the reacting substances to the new 
condition. But this conception is erroneous, as according to it, every 
exothermic reaction should proceed to completion, and no reaction 
would be oossible in which heat is absorbed ('endothermic!. 
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If we take H a , 0 2 and H 2 0, each at one atmos. pressure and 
2000°C., more H a O is formed. But if the pressure of H a and O a be 
reduced to 1/1000 atmos., while the pressure of H 2 G remains unchanged, 
H a O will be further dissociated. The reaction becomes reversed in 
spite of the fact that heat is evolved in the combination of H # and 0 & . 
This illustrates that a large heat of evolution does not always lead to 
formation of the compound. 

Van’t Hoff taught us how it is possible to obtain a precise measure 
of ‘Affinity’ from the second law of thermodynamics. He showed /hat 
* Affinity ’ may be measured by the maximum work which can be obtainedfroth 
the heat evolved in the reaction. 

Take for example the reaction 

2CO a :*± 2CO-f Oo. 

Let us calculate the maximum amount of work to which the heat 
evolved in the combination of two mols of CO and one mol of O., 
into two mols of CO a can be converted. The heat of formation at 
15°C. has been found to be 136000 cal. The maximum work available 
wilt evidently depend upon the temperature and the partial pressures 
of the reactants, and the process of conversion of heat to work must 
be carried out in a reversible way. Let us suppose that we have a 
very large reservoir containing the three gases at the partial pressures 
P C02 , Pco, Poti at the temperature T. Let us also liave another large 
chamber at the same temperature containing the same gases at the 
equilibrium pressures peon, Pcoj po% so that /o a ~ constant. 

Then we can carry out the following imaginary process. The gases 
in chamber (1) may be separated by semipetmeable membranes into 
three equal volumes having the pressures Pco 2 > Pco» Po 2 as describe! 
on p. 317. No worlt is done in this process. Then we may take 2d;; 
mols of CO, and dn mols of 0 2 separately and convert them isothermal!;' 
(by compression or rarefaction as the case may be) to the equilibrium 
pressures pco and po 2 . The work in these processes are respectively 

2 dn. RT In and dn. RT In . 

pco i>Q2 

These two gases may now be led to the equilibrium chamber. 
No work is done as the partial pressures are the same and the equili¬ 
brium is not disturbed as there are large excesses of the gas. We may 
suppose that 2 dn mols of CO and dn mols of 0 2 combine to form 2 dn 
mols of CO a at the pressure />co 3 . Then the slight excess of 2 dn mols 
may be removed by semiperrncable membranes and converted by an 
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isothermal expansion or contraction to the pressure Pcoa. The work 
done in this process is equal to 


— 2dn. RT. in — 2 
pco 2 


The excess CO* can now be introduced into the CO„-chamber at 
pressure Pcoa- 

The net result is that we have* formed 2dn mols of C0 2 out of 
2/b: mols of CO, and dn mols of 0 2 without leaving any change in any 
system, and gained the work 


dA = - dn RT j In - 


— In 


* 2 ' 


( j: ':o- rr >2 p co- po-i j 

Every stage in the process has been carried out in a reversible way, 
hence the work obtained is the maximum. When we can take 

the work as a measure of the Affinity A. Therefore 


A — — RT In 


! P 2 co, 


A pwp; 


In 


p\i02 1 


02 


p 2 CO- pO% 


i 


(37) 


It is quite clear that if the gases are already in the equilibrium 
condition. A —0 from (37), as is also apparent from the fact that the 
gases will show no further tendency to combine. 

We shall illustrate equation (37) by an example. Let us take 
gases CO a and CO at partial pressures of one atmosphere and at T— 
1000°K. The affinity 


A 0 — RT In =-RTlnK }) . . * . (38) 

p copoz 

if the equilibrium pressures are expressed in atmospheres. Thus at 
1000°K, we have 

A 0 = — RT In 1*987 x 1000 x2’30 x 20*03--90.000 cal. approx. 

i.e, y when 2 mols of CO 2 are formed out of two mols of CO and one 
mol 0 2 at 10G0°K. and one atmosphere pressure, the maximum work 
available from the heat evolved is 90,000 cal. though the heat evolved 
is about 130,000 cal. 

If we take Pco 2 ~ 10 -3 atmos. Pco = 1 atmos. and Poz = 10 
atmos., we get 

A - 90,000 cal. - RT In = 122,000 cal. 


i.e.y the tendency to form CQ 3 is much more increased. We now give 
below a table of values of A under different temperatures when the 
initial pressures for all the constituents are one atmosphere. 
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Tabled.—Calculation of affinity from the equilibrium constant. 


Ternp. 

1000 

1500 

2000 

1- 1 

| 2500 1 

l 

3000 

In K v 

20*03 

10*25 

5*36 

| 2*44 i 

•50 

A in 

90 

70 

48 ; 9 


6*85 

kilo. cal. 







It is found that A approaches U asymptotically only at low tem¬ 
peratures. This is also apparent from the relation 


dA 

df 


Qv • 


The affinity for chemical reactions can also be calculated from 
reversible cells, as explained in §8*6 for the Daniell cell, and the Clark 
cell. As a matter of fact, the electromotive force E is a direct measure 
of the affinity, and we have 


E = ~ 

n . 23000 


and 


dE Q v 
IT ~ n . 23000 ’ 


where O p —heat of reaction, valency. 

For further information the reader may consult Fundamentals of 
Physical Chemistry by Eucken, Jette and Lamer, or Lehrbuch der Chemis- 
chen Physik by Eucken. 

18*15. Heterogeneous Equilibria.—We have so far considered 
the application of thermodynamics to homogeneous equilibria i.e., all 
the reactants being in the gaseous phase. We shall now show how 
thermodynamical considerations can be extended to cases, when one 
or more of the reacting bodies is in a condensed phase. As a typical 
case we take the dissociation of calcium carbonate according to the 
equation Ca0O 3 CaO-fC0 2 . Here CaC0 3 and CaO are solid, only 
CO* is gaseous. Now every solid, like a liquid, has a definite vapour 
pressure at a particular temperature, and this increases rapidly with 
temperature. The pressure may be extremely minute, still we can 
suppose it to be existing. Hence the reaction space contains [CaC0 3 ] 
and [CaO] in equilibrium with their vapour, and CU 3 gas. 
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We can suppose that the law of mass action holds for all reactants 
in the gaseous phase. We have then 


jftcao pco % 
pc&co-i 



(39) 


But pcm and />caco 3 > are fixed for a given temperature, as they 
correspond to the vapour pressure of the two solid phases. Hence 


pco* = K - ffi? 8 . =K' .(39a) 

pc*o 

Accordingly, at a given temperature, calcium carbonate pro¬ 
duces a perfectly definite vapour pressure ofCO a which is known 
as the dissociation pressure . If solid CaC0 3 is taken in a closed vessel 
and heated, it will go on dissociating and giving up CO z as long 
as the partial pressure of CO a does not reach the equilibrium value. 
When this value is reached, decomposition will stop and no furth er 
lime will be produced. If CO a is removed as soon as it is formed by 
a current of air, CaC0 3 will go on decomposing. We give below 
Table 7 containing the dissociation pressure of CaC0 3i at different 
temperatures. Further figures for other Carbonates will be found in 
Landolt and Bomstein’s Tables, p. 1446 (1923 edition). 


Table 7 .—Dissociation "Pressure of CaC0 3 


Temperature 
in °K 

787 

865 

m 

1073 

1123 

1181 

Pressure in mm. 

•29 

2-63 

52 

192 

374 

760 

of Hg 








The dissociation pressure is thus analogous to the vapour pressure 
of condensed phases and is entirely independent of the amount of 
matter in the condensed phases. 

The evolution of C0 2 from heated CaC0 3 forms the simplest 
example (monovariant) of a heterogeneous equilibrium. Here, as in the 
case of vaporisation, the number of components is one, the number of 
phases is twp (solid and gas), hence the number of degrees of freedom 
is one. If an excess of one of the solid products of decomposition say 
CaO, be present, the number of components increases by one, but the 
number of phases also increases by one (solid CaO) and hence the num¬ 
ber of degrees of freedom remains unaltered. But we may have more 
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complicated cases of heterogeneous equilibrium to deal with, e.g. in 
the reactions: 

Fe+H 2 0«±Fe0+H a .... (40a) 

and PbS + H 2 5 ±Pb-fH 2 S.(40b) 

By an extension of the arguments given in §lft* 11 we obtain for (40a) 


PF cO Pn t 
pFe PR t O 


= constant. 


But the concentrations of Fe and FeO vapours are fixed as they 
are in equilibrium with their solid phases. We have therefore 

PmJPiLf) ~ constant. . . . (41) 

Equation (41) was verified by G. Preuner at 900°C., who found that 
the ratio /»H 2 //'H a O temained constant within experimental errors even 
when the partial pressure of water vapour was increased by about five 
times. Table 8 shows his results. 


Table 8 .—dissociation of H 8 0. 


Pup 

in mm. of Hg 

8*8 

9-9 


12-9 

17*4 

21*5 

35*4 

49*3 

Pu t 

* 

6* 1 

7-0 

■ 

9-2 

11*3 

m 

23*0 

32*0 

K^PhJPhp 

♦69 

*71 

•65 

*71 

• 65 

•70 

• 65 

•65 


This is an illustration of a divariant system, for C— 3, P~3 (solid 
Fe, solid FeO, gas), hence F— 2. The number of independent com¬ 
ponents is three, because though there are four substances, they are 
connected by one relation. The two independent degrees of freedom 
are the temperature and pressure of one of the gaseous phases. The 
pressure of the other phase is automatically fixed. 

For other cases of heterogeneous equilibria and experimental 
methods of studying them the student may consult Jellinek, loc. cit.^ 
■ pp. 160-187. 


REACTIONS AT HIGH TEMPERATURES 

18*16.—Thermal Ionisation of Gases. —The methods 
which have been evolved in this chapter can easily be applied to 
the case of ionisation of gases by thermal excitation, the theory 
of which was first given by the senior author of this book in 
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1921. The subject can be introduced ill the following way. 
The effect of heat on matter is to cause a general loosening of 
its component parts. At the lowest temperatures all substances 
exist in the solid state; when sufficient heat is added they pass to 
the liquid state (Fusion); at still higher temperatures, the liquid 
passes to the vapour state consisting of discrete molecules 
(Vaporisation). When the vapour is further heated, the molecules 
break up into atoms. The steps wc have indicated may not follow 
in the order indicated, e.g., a solid may pass directly to the vapour 
state, without passing through the intermediate liquid state, but 
that is of no particular significance. The general sequence is as 
described above. ‘'The next question is what happens when we heat 
a gaseous mass consisting of atoms to very high temperatures ?” 

It is to be expected that at very high temperatures the atoms 
will come into violent collisions with each other, and as a result, 
their valency electrons (electrons in the outermost layers) will 
, either switch on to higher quantum orbits, or will be altogether 
knocked off. Vice versa, when an ionised atom and electron 
come together, the ion may capture the electron, and become 
a normal or an excited atom. The process is just analogous 
to chemical reactions sketched in the present chapter. Taking 
an element M, wc may indicate the process of ionisation, and 
capture of electron by the ion by the typical form for reversible 
chemical reactions : 

M, M*** M+ -fe, (Ionisation and Recapture) 

where M 4 * denotes the ion and e the electron, both considered 
as gaseous. 

The energy relation is given by 

M <± M+4- e — C7. . . . . . (42) 

U is called the heat of ionisation. This most important quantity 
can now be determined for almost all elements, with great 
accuracy, from spectroscopic data. We illustrate the process by 
taking die typical case of the element sodium. The ‘luminescent’ 
states are given by 

M + -|- e M f * c -f hv 

or M + +£=M»«t^.(43) 
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The electron constitution of Na is lr 2 . 2s 2 . 2jb 6 . 3/, as shown 

in Fig, 6, and normally the valency electron is in the level 3r. 

When it is excited the outermost electron jumps to higher states 

as indicated in Fig. 6, and we get a number of excited states tip, 

n= 3, 4/5.. and others. These states are unstable, and as the 

electron jumps back to i s 

3j, we get the emission 

of lines of principal ^ 

scries 3f 2 S| up 2 P W , „ . u 

*= 3. 4, 5,. of “ ® 

\ \ 

which the first two are 'Ms '4p Md 

the well known yellow \ \. _ \ . . 

lines A=- 5896 , 5890 , and' % \ \ ■ 

others form the higher pfej pqSFEii pp 5 *} 

members of the printiL 

pal series. We can also Fig. 6.--Sttucturc diagram of Na. 

excite the atom of Na by exposing it to light (photo-excita¬ 
tion). When Na-vapojar is illuminated by continuous light, 
and the emergent light is examined by a spectroscope, the 
spectrum is found crossed by dark lines, which all form the 
principal series corresponding to the process 3 s-+tip and these 
lines ultimately run together, and come to a limit corresponding 
to n— oo and after that we have continuous absorption. This 
Photo-electric Ionisation can be represented by the formula 


Fig. 6.—Structure diagram of Na. 


Na(3j)-f-/u- — Na + -pe4- | nrv 2 . 


If u>uk> v k being the limiting frequency where continuous absorp¬ 
tion begins,, the energy of the electron — h(v — v k ) \mv 2 . v k jc 
can be obtained experimentally, and for Na it is 41,000 cm -1 . 
We have 

hv t = t x ! 300, = . . <44) 

where x i s the Ionisation Potential in volts. It can be easily 
shown that 

f 

U in calories = x in volts x 23040 — fjpfc cm _1 x 2*844. (45) 
- F. 102 
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The excitation potentials .—The energy required to excite the 
electron from its normal state to any excited state can be expressed 
in terms of excitation potential. We have 

hv t — <?jfc/300, 

where hv 8i measures the excess energy possessed by the excited 
state, over that of the normal state e.g., for the sodium atom, 
if we take the ^-states, (electronic level, np), v e fc is givpn by the 
terms 3 2 S^— , 3 a P| J g ) i.e., it is the inverse of the wavelength of the 
Di» D 2 -lines. For the 3^-states, v a jc has the values 10 8 /5896= 16956 
and 10 8 /5890= 16973 and the excitation voltages for the two 
^states, 3 p 2 Pj, *P» are 16973/8102 and 16956/8102 i.e. about 
2*09 volts. For fuller details about electron-constitution of 
atoms, and their different states, normal, metastable and excited, 
see Treatise on Modern Physics by Saha and Saha, Chap. XII. 

Let us now suppose that the process (42) takes place at 
pressure p and temperature T. The amount of ionisation can 
be easily deduced from (33), by assuming the electron to be 
a gas of atomic weight //?“«r H /1836 and applying the law of 
reaction-isobar. Equation (33) yields 


InK, = + 1 h T + hi, + h F 


(46) 


Now we have 

Kf>—pM + * pelpM> h~ly&d,fi^==i e == -—pj-, 

F » g,F t (M+)/F e (M), 

where F t { M) is the electronic partition function of the element M, 
F„(M+) that of the ion, g t is the weight factor of the electron and 
is equal to 2. We have now the equation of Thermal Ionisation 


i„Mli 

pM. 


u 

RT 


+ P„ T+ h^f^ + h{2.I^). ( 47 ) 

First approximation: 


If we suppose that we had originally started with M and gone 
on heating it in a confined space to a temperature T, and x was 
the fraction ionised, we would have 


Pc—pM+'—nxkT, p u —n(\~x)kf } p^n(\-\-x)kT> 

\—x 


x 
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fcr p = total pressure — p t -f J&m + 4* pit = » (1-f*) -6T. 
ignore the last term of (47), we get 

U . 5 


log 


\P ~ - 


+ -^ log T - 6*459, 


If we 


(48) 


i-x* r 2-3RT ' 2 

where p is now expressed in atmospheres. This was the form 

in which the equation was 
Table 6. Percentage Ionisation of Calcium. original i y gj veo by the 

senior author in 1919. 

As equation (48) 
shows the fraction ionised 
depends upon 17, p and 
T. Table 6 shows the 
ionisation of Ca according 
to formula (48) at various 
T and p. It shows that 
calcium begins to get 
appreciably ionised at 
temperatures of about 
4000°K, and ionisation is 
promoted by a reduction 
in pressure. But actually electrons arise from many other sources 
and therefore it is better to take its concentration as an independent 
constituent. The complete form of the equation is therefore 

= - rf + _/» T + /»L_Z r _ + / < ,|2 W) | . (49) 

The formula is also applicable to ionisation at any stage from M r 
to M r+l where M f denotes the atom which has lost r-electrons, 
U T the heat of ionisation from* M r to M» +1 , F e ( M r ), F e (M f+1 ) the 
corresponding electronic partition functions. We have 


pressure 

Temp. X \ 

1 atmos. 

10-2 

atmos. 

io-« 

atmos. 

2000°K 

• « 

1 V 

l*4x 10“ 5 

3000 

* * 

9 ft 

1 

4000 


2*8 

26 

5000 

2 

20 

90 

6000 

8 

64 

99 

7000 

23 

91 

100 

8000 

46 

98*5 

! 

9000 

70 

100 

)) 

10000 

85 

)) 

< 

11000 

93 

9) 

)> 1 

12000 

96*5 

)) 

» j 

13000 

98 

)J 

>» 




ln- 


where 




g r>0 being the weight of the ground-state of M f , g rt the weight 
of any excited state V, X rg the excitation-energy of the excited 
state s. If we express p e in bars (dynes/cm 2 ), the heat of ionisa- 
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tion in ionisation potentials and convert to natural logarithms, 
we obtain the equation 


log ”f~ l P< 

**r 



5 

2 


log T-(H8 -|- log 2 




(M> 


From this formula, the value of n r+l jti t can be calculated 
for any atom, either neutral or /--times ionised, provided X r is 
known. F,(M r+1 ), F <? (M r ) can be written out from the electronic 
structure but the actual values of X f> X ri and excitation poten¬ 
tials have to be obtained from spectroscopic data. 

Formula (51) is of wide use in stellar physics, and Unsold 

* 

has described a nomographic method of calculating the values of 
// r+1 /» r for any element, whose X r and other characteristics arc known. 
See Unsold, Physik dtr Sternattnosphare , Chap. IV. pp. 66—87. 


Applications : 

Equation (48) and its more complete form (47), and other 
variations of (47) for non-equilibrium cases have been applied 
widely to diverse problems of Physics and Chemistry amongst 
which the following may be mentioned :— 

(a) Astrophysics (Physics of the sun, the stars and nebulae). 
See Unsold, Physik der Stematmosphare for a comprehensive 
account, or any book on astrophysics. 

(b) Electrical conductivity of flames, (Rep. Mod. Phys. Voi. 
3, p. 156). 

(c) Formation of the electrical arc. (Engel and Steenbeck : 
Elecktrische Gasentladungeti). 

(d) Formation of the Ionosphere (Pannekoek, Amt. Proc. 
1926; Saha and Rai, Proc. Nat. Inst . Sci., 4, 319). 

ITiis is a non-equilibrium case. The ionosphere is formed 
by the action of the sun’s ultraviolet light on the gases of the 
earth’s upper atmosphere. The amount of ionisation can be 
calculated if we have a knowledge of the intensity of solar radia¬ 
tion in the relevant ultraviolet parts, and knowledge of the spec¬ 
troscopy of the atmospheric gases. 

(e) Determination of the electron affinity of halogens. 

A short account of these applications, and of the experimental 
proof of the correctness of formula (48), and of its multifarious 
applications will be given in the following sections. 
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18*17. Applications to the Fraunhofer, Spot and 
Flash (chromospheric) Spectra of the Sun.- As mentioned 
in §15*12 and §15*52—15*56, the lines of the'Fraunhofer spectrum 
of the sun originate from the absorption by the gases of the solar 
atmosphere of the continuous light proceeding from the sun. 
excepting such lines like the A, B and a bands which arise from 
absorption in our own atmosphere (Telluric lines). Leaving 
aside these, the occurrence, intensity and other characteristics of 
the Fraunhofer lines yield us valuable information on the occur¬ 
rence, abundance, and physical state of elements in the sun. 

Since on cosmological theories, the earth is taken to have 
been formed out of a fragment of the sun detached from it by 
some cosmological process happening billions of years ago, the 
sun should be composed of the same elements as the Earth for 
which a detailed analysis has been made. According to these 
analyses there are 92 different elements in the earths crust, with 
their abundance as given in Note 19. Do we find all these ele¬ 
ments in the sun, and with the same abundance as on the earth? 

We find that this is certainly not the case. Only 64 elements 
have been identified with the aid of their characteristic fines in 
the sun, and the abundance of the individual elements appears 
to be quite different. 

We illustrate some of the problems raised by a close ex¬ 
amination of Fraunhofer spectrum with the aid of the data on 
the lines of alkalies and alkaline earths, given in table 10. The 
second column shows the ionisation potentials of alkalies, the 
third and fourth the percentage of neutral atoms calculated 
according to the simpler formula (48) which a* we shall see, 
holds almost rigorously for the alkalies; the sixth and seventh 
columns show the intensities of the absorption lines in the sun and 
the spot according to an arbitrary scale. Beginning with Na, we 
find that resonance lines are quite strong in the Fraunhofer 
spectrum, showing presence of considerable amounts of un¬ 
ionised Na in the normal atmosphere of the sun. Bat the corres¬ 
ponding lines of potassium are feeble and Rb and Cs are altoge¬ 
ther absent. The absence of Rb and Cs from the sun’s atmos¬ 
phere is difficult to comprehend as their abundance on the earth. 
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Table 10 .—Percentage of neutral atoms in sun and spot. 
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8943 

ab 

ab 

Ba 

5*18 


11 

5535 

ab 
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though much lees than those of Na and K, is sufficient for show¬ 
ing the lines. The explanation is given by the ionisation theory. 
Column (3) shows the ionisation of alkalies calculated from (48), 
taking p~ 10~* Atm. It shows that as the ionisation potentials 
of these elements are increasingly lowered, they are almost com¬ 
pletely ionised in the sun. The lines of Rb + and Cs+ lie in the far 
ultraviolet, and therefore even if they are present in the Fraun¬ 
hofer spectrum, they would -escape defection on account of ozone 
absorption which cuts off all light below A 2950. 

It was predicted from such arguments that Rb and Cs may 
be found in the spot in the neutral state. The verification of this 
prediction by H. N. Russell who discovered the infra-red pair 
of Rb (resonance lines) in some spot spectra taken by Brackett 
in the Mount Wilson Observatory, constitutes one of the early 
triumphs of the ionisation theory. The intensities of the lines of 
neutral K and Rb are increased in the spot spectra as,shown in 
Table 10, in accordance with the predictions of the ionisation 
theory. Cs continues to be totally ionised even in the spot. A 
number of other elements show similar behaviour. Li, like Rb, 
vs extrernelv .'aint on the disc, but is strengthened in the spot; still 
since its IP. is Jess Shan that of Na, its high ionisation is to be 
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attributed to other causes. In (I.P.—5 volts) is found only in 
the spot. Most of the rare earths excepting Yb and Eu are repre¬ 
sented by their spark lines only, both on the disc and in the spot. 

The Alkaline Earths ,—A better test of. the ionisation theory is 
provided by the two-valence, elements, because in these cases, the reso¬ 
nance lines of, both the normal and ionised elements are within range. 
Taking for example Ca, the normal structure is 1 F 2F 2p® 3F 3 p* 4F, 
and the arc lines are produced by jumps from higher orbits. The 
resonance lines are given by 4F 1 S 0 —As 4 p 1 P, 3 P, 1 S 0 —*Pi being the line 
A 4227, denoted by Fraunhofer as the ^-line. The other line 1 S 0 — 8 P X 
A 6573, though it is the first to be excited is rather faint. The electron 
constitution of ionised calcillm is like that of K IF 2/ 2 2p 6 3F 3 p* 4s, 
and the resonance lines are 4/ a S| —4 p 2 P|, |. These lines are at A 
3968, 3933, and are represented by the great H and K-lines of Fraun¬ 
hofer. The right hand side of Table 10 shows that the are lines are 
intensified in the spot, and observation also shows that the spark lines 
(due to ionised elements) are weakened. The same is true of Sr and Ba, 
but the latter appears to be completely ionised, for its resonance line 
is found neither on the disc nor. in the* spot, though it has the same LP. 
as Na, viz., 5* 1 volts, while Na-lines are very strong in both. This 
does not signify any violation of the ionisation formula but is due to 
the fact that the simple formula (48) no longer applies to these groups. 
We cannot neglect the last term In F. Let us now use this and try to 
explain the discrepancy. 

For Na, F — 2F e (Na + )/P* (Na). Now since Na + has the cons¬ 
titution IF 2F 2 p« 1 S 0 , £ 0 =1 and F t (Na + ) = 1 + = T,'as 

hv Is very large. F e (Na) — 2 J r ge~^ v < k ' 1 ' = 2, neglecting the other terms. 
Hence F — 1, In F — 0 and, equation (48) applies to Na and the 
Other alkalies. 

This is not however the case with the alkaline earths. Let us 
illustrate by taking the case of Ba. Leaving aside the closed shell, 
the valency electrons form the outermost 6F shell, giving an 1 S 0 term, 
andg—1. If we neglect the excited terms, we get F = 2 F # (Ba + )/F,(Ba) 
=4, so that the ionisation formula is now 



ttt 3 + tn - -p- H 4. 


It is as if the heat of ionisation U is diminished by RT In 4 i.e., at 
the temperature of the sun, by nearly 1 * 985 X 6000 x 2* 3x " 602r^ 16,000 
cals corresponding to *7 volts, i.e. ; , the effective I.P. drops from 
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5*12 volts to 4*22 which is nearly the !.P. for Rb, and therefore 
Ba is* completely ionised in the sun. 

B. N. Srivastava 1 has studied the ionisation of Ba in the vacuum 
furnace, and has shown that both Ba' 1 ' and Ba have got low lying 
metastable states which must be taken into account for calculating its 
thermal ionisation. For Ba, the metattabic states are given by 6s Sd 
giving 1 D, { D terms. Taking only these into account, and neglecting 
higher terms we have, putting hcjk—.x, 

F e (3a) = 1 • yje~ m34xrr -j - 5e ~ 9215x [ 7 -\ - le" 9596;</T -J Se' n 395x/T 
=2*8966. 

For Ba + , we have a metastable 5</-level, giving 2 D 3/g , "D 6/2 having 
weights of 4 and 6. We have therefore 

F e (Ba+) = 24-4r 4874x ' T +6r 5675 *- v/T =4 • 7538. 

Hence F=2F t .(Ba+)/F,(Ba)=3*3, and the considerations given above are 
not much modified. 

As in the case of the alkalies and alkaline earths, we can cal¬ 
culate the ionisation of all elements in the sun and the stars by applying 
(47), and using appropriate values of T and p e . It should however 
be borne in mind that the absorption lines by which the elements 
are detected are produced by the whole atmosphere of the stellar body 
lying over its disc. There is a temperature and a pressure gradient 
in the atmosphere, and there is certainly wide departure from thermo¬ 
dynamical equilibrium except at the lowest layers. Formula (47) cannot 
be used for finding out ionisation, unless it is suitably modified. These 
matters have received extensive attention from astrophysicists since 
1921 and those who are interested are referred to books and representa¬ 
tive papers given at the end of this chapter. 

Spectra of Sunspots .— It has been known since medieval 
times that spots appear periodically on the surface of the sun. 
They are dark compared to the general body of the sun, and 
photographs show a vortex structure. They are evidently regions 
of low temperature; in fact the ratio of the total intensity of the 
umbra (the central dark part) to thar of the general body is found 
to be *42. From this applying the Stefan-Boltzmann law, the 
temperature- of the spot is calculated to be 4600°K. 

1 Proc. Roy. Sot. Load., 175, 26, 1940. 
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The lowering of the temperature causes also a general changer 
in the nature of Fraunhofer absorption, as already stated. Gene¬ 
rally the arc lines of elements are intensified, and the spark line 
diminish in intensity. All this is in accordance with the theory 
of temperature ionisation. Further, as A. Fowler showed, the 
bands which he identified as being due to MgH and TiO are all 
intensified in the spectrum of spots. This also can be explained 
with the aid of the general equations of chemical equilibria. 

Detailed studies of the occurrence of molecules in the sun 
and the stars, and in the sunspot spectra have been made by 
Russell, Astrophys, J. 79, 317-342, 1934; E. S. Richardson, Astro- 
phys. J. 73, 216, 1931; 77, 195. These studies make extensive 
use of formula of chemical equilibrium. The hydride and oxide 
bands predominate owing to the great abundance of oxygen and 
hydrogen in stellar atmospheres. 

The Flash Spectrum .—The important differences between 
the Fraunhofer spectrum and the flash spectrum referred to in 
§15*52 are: 

(1) The Fraunhofer spectrum shows only 5 lines of Balmer 
series, while the Flash spectrum shows no less than 35, almost 
up to Balmer continuum under favourable conditions. 

(2) The He-lines like the D„ which are completely absent 
from the Fraunhofer spectrum, except under very special circums¬ 
tances, are strongly present in the Flash spectrum. Further, 
unlike other neutral atoms (see next para), the intensity of neutral 
He-lines is feeble on the photosphere, increases in intensity with 
height reaching a maximum at 2500 km, and vanishing at about 
7500 km. The lines of He + are strong in the lower heights. 

(3) The lines of neutral elements are confined to lower 
layers of the chromosphere. They disappear from the higher 
layers, and the lines of the ionised element come out in great 
strength with increased height, e.g. the g-line due to Ca disappears, 
from a height of 5000 km, but the H, K-lines due to Ca + persist 
in great strength up to 14000 km. In fact the spectrum of the 
upper chromosphere is largely made up of enhanced lines, and 
is more like the reversal of the Fraunhofer spectrum of a star of 
higher temperature like a-Cygnus (A Class). 

F. 103 



318 THERMODYNAMICS OF CHEMICAL EQUILIBRIA [XviII 

Some of these deviations can be explained from the ionisa¬ 
tion theory. As formula (49) shows the number of ionised atoms 



Fig. 7.—Increase of percentage ionisation with decrease of pressure. 

depends not only on temperature, but also on electron pressure, 
i.e. on p 6 . A reduction in electron pressure is always accom¬ 
panied by an increase in percentage ionisation, as shown by Fig. 7 
which is calculated for He. 

The Fraunhofer spectrum of the sun, on account of the 
way in which it is obtained, comes from the lower layers, i.e. it is 
produced by a layer about 300 km. thick above the photospheric 
level. Here on. account of high pressure the atoms are mostly 
neutral, except those with the lowest I.P. In the higher chromos¬ 
phere, pressure is less, hence according to (49) almost all atoms get 
fully ionised. 

Experiments' also prove that the reduction of pressure causes 
an increase in ionisation. An arc run in vacuum always shows 
more lines of ionised atoms than of normaf atoms. This is 



Fig. 8.—Development of the lines of ionised Mg in the vacuum arc. 


illustrated by Fig. 8, reproduced from an early experiment 
by Fowler and Payne, of the spectrum of Mg-arc in the open 
and in vacuum. The open arc contains only lines of neutral 
elements and compounds, but in the vacuum arc, the line 4481 
which is due to Mg+ is developed. 
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From the foregoing sketch, it will be seen that die ionisation 
theory is very helpful in giving a general explanation of the 
Fraunhofer spectrum of the sun, and of its other features, viz. 
of the spots and faculae, and as we shall see later, of the spectra 
of stars as a whole, but there are many details which are outside 
the scope of this theory. For these modern hooks on Astro¬ 
physics like Unsold’s Physik der Sternatmosphare or Rosseland’S 
Theoretical Astrophysics may be consulted. 

Attention may be drawn to some outstanding anomalies. 
It is almost certain that the Earth (and also the other planets) 
separated from the sun some billions of years ago, and started 
on independent careers of their own. The chemical composition 
of the earth and the sun should therefore .be the same. This 
is not borne out by the data so far obtained on the chemical 
composition of the Earth’s crust and the Sun’s atmosphere, as 
particularly detailed in Note 19. Attention may be drawn here 
to one particular feature. The light elements Li and Be show 
wide divergence in abundance, it being about 1000 times larger 
in the Earth’s crust than in the Sun’s atmosphere though for 
other elements with similar chemical properties, the divergence 
in abundance is not so pronounced. It is assumed that at the 
temperatures prevailing inside the sun (the temperatures run to 
millions of degrees), reactions take place between high energy 
protons and nuclei of light elements (!Thermonuclear Reactions) 
leading to the production of He, and consequently the Li and Be 
nuclei are consumed. 

18*18. Application of the Ionisation Formulae to¬ 
wards a Physical Explanation of the Spectra of Stars.— 

From the application of the laws of radiation as explained on p. 
700 it has been found that the surface temperatures of stars 
vary from 3000°K for red stars to over 20000°K for white stars. 
The surfaces of stars therefore present the best material for the. 
application of* the ionisation formulae. The interiors of stars 
are at much higher temperature and the ionisation formula 
has been applied there too, but we have no means of verifying 
our conclusions there. 
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A systematic investigation of the spectra of stars was under¬ 
taken by the astronomer Sir Norman Lockyer between 1870 and 
1900. He discovered the remarkable fact that inspite of their 
large numbers, the spectra, of most stars can be classified into 
about five or six well defined groups, which show signs of a 
continuous transition from one stage to the other. The work 
was then continued at the Harvard College Observatory by Prof. 
Pickering and Miss Cannon. The result was in the main a con¬ 
firmation of Lockyer’s result, and can be described in the follow- 
ing words of Prof. H. N. Russell:— 

“The spectra of the stars show remarkably few radical differences 
in type. More than 99 per cent of them fall into one or the other 
of the six great groups which during the classic work of the Harvard 
College Observatory were recognised as of fundamental importance, 
and received as designations, by the process of the survival of the 
fittest, the rather arbitrary letters, B, A, G, F, K, M. That there should 
be so few types is noteworthy, but much more remarkable is the fact 
that they form a continuous series. Every degree of gradation between 
the typical spectra denoted by B and A may be found in different stars 
and the same is true to the end of the series, a fact recognised in the 
familiar decimal classification in which BA, for example, denotes a 
spectrum half way between the typical examples B and A. The series 
is not merely continuous, it is linear. There exists slight difference 
between the spectra of different stars of the same spectral class, such as 
A, but these relate to minor details. Almost all the stars of the small 
outstanding minority fall into three other classes (or rather four), denoted 
by the letters P, O, N, R. Of these, O undoubtedly precedes B at the 
head of the series, while R and N which grade one into the other come 
probably at its end, though in this case the transition stages are 
not clearly worked out” 

General Features of Variation .—A general idea of the 
variation of stellar spectra can be gathered from Fig. 9 (p. 821) 
which is a modification of one originally due to Lockyer, and 
subsequently modified by Milne, and the analysis of the result 
is summed up in Table 11. 
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Pig. 9. -Lockyec’s d tag ran illustrating variation of intensity of spectral lines in stellar sequence. The first row gives the name of the 
element, the second the wavelength of the character!Stic fines* the third gives the excitation potential. 
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Table 11 .—Stellar Lines of Astrophys'tcal Importance. 1 
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1 Fot a fuller list, see Russell, Astro. Journ ., 61, 223, 1925, 
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Table II.— (continued) 
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Explanation of the table :— 

The first column contains the name of the elements, the second 
column the particular characteristic line by which it is detected. The 
third column gives the spectral designation of the line in the standard 
spectroscopic notation (Russell, Saunders and Shenstone), column 4 
gives ,the excitation energy in electron volts for raising the neutral atom 
from the normal state to the particular state in which it can absorb the 
line. Thus for the SfH- line A 4552, etc., the excitation ( voltage is 
calculated as follows. We start with normal Si. The first I. P. is 
8-12 volts, the second I. P. is 16*26 volts. The normal state of 
Si++ is If 2 2s 2 2p 9 3A But in this state Si++ can absorb the line 
3 j 2 . *S 0 -*3r 3p. 1 P 1 which is in the Schumann region. 

The particular group of astrophysical lines A 4552, etc. is due to 
the transition 3r 4/*-3r 4p. Hence we must add an amount of energy 
which can raise the electron in Si ++ from the 3r 2 -stage to the 3 s 4s 
stage. According to A. Fowler, this energy is equivalent to 18-9 volts. 
Hence the excitation potential of the line is 8*12-j~ 16*26-4-18♦ 9 ~ 43*3 
volts. Lines like A 4227, which are the resonance lines of normal atoms, 
require no preliminary excitation. Their I. P. is put equal to zero. 

In the fifth column, the particular stellar class at which a line 
just appears is given. The principal lines of normal atoms appear in 
stars with the lowest temperature, but the subordinate lines or enhanced 
lines appear only at a certain higher stage depending upon the excita¬ 
tion required. The temperature of this stage is generally higher, the 
higher the excitation potential, e.g., compare He A 4471 for which the 
I. P. is 20*86 volts, and which appears at a stellar surface having the 
temperature 10000°K. 

In the sixth column the stage at which the intensity of the line 
is maximum is given. The maximum is generally flat. The maximum 
enables us to calculate the electron pressure as first pointed out by 
Fowler and Milne (vide §18*19.) 

The seventh column gives us the stage at which tfie line dis¬ 
appears. If it is a principal line like the Ca g-line, the disappear¬ 
ance means that the element is about 99% ionised. If the line belongs 
to a subordinate series, the percentage ionisation may not be so com¬ 
plete. The temperatures under each class, and the electron pressures 
are calculated from the application of the ionisation theory. 

The table as well as Fig. 9 shows that the lines of an element 
just appear at a certain stage, rise to a maximum and disappear at 
the other end. Thus the helium line A 4471 just appears at the 
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A 0 -class, rises to a maximum intensity at the Bo-class (indicated 
by maximum thickness of the line representing He A 4471 in 
Fig. 9) and disappears at the O s -dass. Or take particularly the case 
of silicon. We find that it is present in three successive stages of 
ionisation which succeed and partly overlap each other in the 
stellar range. . 

The explanation of these facts is at once suggested by the 
ionisation theory. Thus the disappearance of the silicon line A 
3905 at A a denotes that Si is completely ionised at this tempera¬ 
ture. The appearance of the Si+ line A 4131 at the F-stage indi¬ 
cates that silicon is considerably ionised at this stage, and further 
excited to the level in which it can absorb the line A 4131. 

For the sake of numerical illustration, we take the g-line of Ca. 
This has maximum intensity in stars with the lowest temperature and 
disappears at A f . The presence of maximum at the lowest temperature is 
easily understood, for the g-line is a principal line and can be absorbed 
by Ca-atoms in their normal state. . The concentration of normal calcium 
atoms is maximum at the lowest temperature, since at higher tempera¬ 
tures, their proportion is diminished by excitation to higher levels and. 
by ionisation. The disappearance at the B-stage is due to complete 
ionisation of calcium. A glance at Table 9 shows that if we calculate 
according to the simple ionisation formula, the ionisation of calcium 
becomes complete at T~ 13000°K, p—\ atmos, or at T=9000, 
atmos. We cannot find out the exact temperature of the A-class unless 
we make some assumption regarding the value of the pressure on stellar 
atmospheres. In the early investigation pressure was assumed to vary 
from 1 atmos. to 10 atmos. In this way, the following results were 
compiled.— 

Appearance of K (3933) M Ionisation of Ca begins at 

4000°K 

Disappearance of g (4227) B Ca completely ionised at 

13000. 

Appearance of Mg + (4481) G Mg considerably ionised at 

7000. 

Disappearance of K (3933) O Ca + completely ionised at 

20000. 

Disappearance of Mg + (4481) O Mg + completely ionised at 

23000. 


F. 104 
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The method is however uncertain owing to a number of reasons. 
First of all, the pressure is chosen arbitrarily. Secondly only a qualita¬ 
tive account is taken of the fact that the different lines require different 
amounts of material for their production. A well-known example is 
that of sodium D-line. It is found that the smallest amount of sodium 
(10 -7 gm/cm®) in a flame will bring out the principal lines very strongly, 
while much larger amounts are required to bring out the subordinate 
lines in the same region. Thus the formula cannot be applied for any 
quantitative purpose unless the amount of matter required for the marginal 
appearance of a line is known. 

18*19. Electron Pressure from Maximum Intensity 
of Subordinate Series Lines and Enhanced Lines (Fowler 
and Milne).—A very elegant method for determining the electron 
pressure was discovered by Fowler and Milne. They observed 
that there is a remarkable difference in the variation of intensity of 
the principal lines of neutral elements and of their subordinate 
iines in the stellar sequence. The principal lines of neutral 
elements are most intense at the lowest temperatures and gradually 



Fig. 10.—Variation of intensity of lines of subordinate series and enhanced lines of 
elements with temperature. The abscissae represent temperatures, the 
ordinate Concentrations of excited atoms. 

die out with increase of temperature (vide the behaviour of Ca g 
in Fig. 9). But the subordinate line or lines of an ionised element 
appear at a stage depending on its excitation potential: they 
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ate at first very faint, gradually rise to a maximum at some inter¬ 
mediate stage and then again fall off to zero intensity as shown in 
Fig. 10. 

Fowler and Milne explain the phenomenon in the following 
way:—At the lowest temperature all atoms are in the normal 
state, there are none in the higher states. With increase of tempe¬ 
rature, the higher states begin to come out. When the tempera¬ 
ture still further rises, the atoms begin to get ionised, and tbe pro¬ 
portion of atoms in the excited states begins to fall off. A maximum 
must have been reached in the interval. 


When the above ideas are translated into mathematical language, 
and conditipns for maximum concentration of excited levels applied, 
we get a relation connecting the electron' pressure in the reversing 
layer, and the temperature at which maximum intensity is reached. 
From eqn. (49) we have,'denoting the fraction of ionised atoms by x. 


x 


1 -x 


A 


2i 


(52) 


Applying the condition for maximum of the line whose resonance po. 
tential is Xi“X» we S et 



*±MT. 

Xl-Xf 


W, 

F,(M) ’ 


X 

1 —X 


Xl-Xr 

tf+pT* 



where xi is the ionisation potential. 

As an example of the application of Fowler and Milne’s formula, 
we take the case of the zinc triplet *P— 8 S, A 4810, 4722, 4680 (vide 
Fig, 10), They attain the maximum intensity at the G 0 ~stage where 
the temperature may be supposed to lie between 5000° and 7000°; 
we have in this case K 0 =*9*34 volts, F f =5-33 volts, F < (Zn + )=2, 
jF,(Zn)=l. Substituting proper values in (53) we obtain 

for T= 5000°, jV=l-38x!0- 8 atmos, x-*61 

6000° =8-0 xlO- 8 „ — 62 

7000° =1-6 xlO"* „ — ’63 

where x is the fraction ionised. 

These pressures are very much smaller than die pressure of one 
to 10""® atmospheres formerly chosen. To obtain consistent values 
of T and p t for stars of different types, all available data should be 
discussed and sifted. This has been done by Fowler and Milne, by 
Cecelia H. Payne and Pannekoek, and the reader may be referred to 
the original papers. The final results do not appear to be concordant. 
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18*20. Experimental Proof of the Theory of Thermal 
Ionisation. —The direct experimental proof of thermal ionisa¬ 
tion has been secured by a large number of workers, Saha, Srivastava, 
Tandon and other workers in the University of Allahabad, Mayer, 
Langmuir, and King. The first mentioned workers used for the 
purpose a demountable furnace of the type shown in Fig. 11, which 
is a modification of the vacuum graphite furnace first extensively 



F.g. 11.—Vacuum graphite furnace used for thermal ionisation experiments. 


used by R. W. King in the Mount Wilson Observatory for study 
of excitation of spectra of elements by heat. For details the ori¬ 
ginal paper may be consulted. 

The final form of the high temperature vacuum furnace which has 
been used at Allahabad for experiments on thermal ionisation and for 
determining the electron affinity of elements is shown in figure 11. A 
and B ate hollow cylindrical cast-iron plates and C is a hollow cylindrical 
cast-iron drum. These can be all water-cooled. Their vertical faces 
are all ground plane. C is mounted on wheels on a lathe bed, A is 
fixed vertically at one extremity of the lathe bed by the support S S, and 
B is carded on the axle of a shaft which can be moved by means of a 
differential screw. When all internal arrangements are complete, the 
system can be sealed by moving the 'drum C and the plate B. 

A carries the water-cooled, insulated leads ‘a’ and *b* to the copper 
collars P and P, which hold the Acheson graphite tube F (see Fig. 12). 
High amperage current passes through V to the block P, through the 
graphite tube F, to P, b and back to the low-tension transformer. A 
contains two other holes c and d, of which one is for carrying electrical 
1 connections. The evacuation takes place through the tubes attached to 
c and d by means of powerful mechanical and diffusion pumps. 
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The other fittings are shown in Fig. 12. A is the subsidiary gra¬ 
phite furnace which was heated by conduction of heat. Temperature at 
the bottom of this furnace where the substance to be vaporised is kept, 
can be measured by means of a calibrated thermocouple placed there. 

When a substance like NaCl is to be studied, it is placed in 
the furnace A. It gets vaporised, and the vapour is dissociated 



into Na+ and Cl~ within F. The products of dissociation effuse 
out through a narrow hole in the graphite tube and either the 
positive or the negative currents due to Na+ and Cl~ respectively, 
can be made to pass to the Faraday cylinder E by means of acce¬ 
lerating and retarding potentials and the ionic currents measured 
by a sensitive galvanometer. Thus the reaction NaCl Na+ -f Cl¬ 
ean be studied at different temperatures and pressures. Free 
electrons are deflected away by means of a magnetic field produced 
by the coils MM. From the values of the current, the value of the 
reaction constant characteristic of the dissociation can be calculated. 

Much earlier than the formulation of the ionisation theory 
King showed by heating elements in his vacuum furnace that they 
can be brought to luminescence by heat alone, and lines which 
have low excitation potential come out first and others in the in¬ 
creasing order of their excitation come later. We illustrate this 
by a simple example. 
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• Let us take .the Ca-atom. The structure is lr 2 . 2s 2 . 2/>® 
3 A 3 fP. 4s 2 . The normal state is 4r 2 J So; the higher states are 
4 s U ID, 3 D; 4s 4p. ff>, 3 P. The line iSo - A=6573, has the 

lowest excitation potential X r9 —\ ;88 volts and comes out first at 
the lowest temperature. Then comes out the line x So - ! P, A—4227 
which is known as the g-line. When the temperature is still further 
increased the other lines come out. At about 2000°K, the H, K 
lines A=3968, 3933, which are the resonance lines 4s 2 S| - 4p 
2 Pj, «, of Ca+ begin to come out, at first feebly, then very strong¬ 
ly. The same succession of appearance of lines was observed by 
early spectroscopic workers like Lockyer and Fowler in the spectra 
of the flame, the arc and the spark. The flame shows the e g’ 
line strongly, and the H, K very feebly, if at all. In the arc the 
H and K are strengthened, in the spark spectrum H and K arc 
very strong and *g’ is almost vanishing. They represent gradually 
increasing temperatures viz. flame ~ 2000°K, arc 3500-4000°K, 
spark 6000°K. 

Very convincing proof of the correctness of the ionisation 
theory was obtained by King and Russell by first heating Ca 
to a high temperature, so that the H and K lines came out strongly 
in emission; then a little Cs was added. This had the effect of 
almost completely quenching the H and K lines. 


The explanation is very simple. We can write out (49) in 
the form 

. (2irmk) 3 t 2 3/2 ~ x >kT . .... 

•— W~~ T e ielite*- • (54) 


At 2G00' : K, putting proper values, we can easily see that n 6 n + jn a 
— 5 • 5 x JO 5 for Ca, and 4*8X 10 10 for Cs. Now at first, we had only 
Ca.. Supposing the pressure rose to be 1 atm. we have n^pjkT 
=3*7x 10 18 per c.c. Then from fi e ti + jn a ~nx\ taking x to be small 
we get x~4x 10~ 7 and 1 * 5 X 10 12 /c.c. When we put 

Cs, we find by a similar calculation «„=4 - 2x 10 14 i.e. the number 
of electrons is nearly 300 times increased. The effect of this on 
Ca-ipnisation is to reduce Ca + nearly 300 times, as the product 
ttgrti must remain constant. So the H and K-lines are quenched. 

In the experiments of Saha, Sur, and other co-workers the 
electrical conductivity- of the heated vapour was measured with 
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very low e.m.f. between the electrodes. No appreciable con¬ 
ductivity was found with vapours of Zn, Cd, Hg which have 
I.P’s varying from 9 to 10*5 volts even at temperatures of 2000°K. 
Mg (I. P.=»7-61 volts) also gave no evidence of being ionised. 
But with the alkali metals the ionisation was so great at 2000°K, 
that currents of the order of milliampere were reached. 

These experiments were qualitative, but quantitative ex¬ 
periments 1 on the thermal ionisation of Ba and Sr, were carried 
out by B. N. Srivastava and of Li, Na, K, Ca, A1 by B. N. Sri- 
vastava and A. S. Bhatnagar. These experiments completely 
established the correctness of formula (47). 

. 

The Electron Affinity of Halogens. 

The valency electrons of halogens form ^-shells, and it requires 
only another electron to make the shell complete like that of inert 
gases. The halogens have thus an affinity for electrons which can be 
expressed by the symbol 

Cl+e—..... (55) 

* A* is a positive quantity and may be expressed in volts, and called the 
“Electron Affinity Potential.” It is not possible to obtain it spectros¬ 
copically, as the capture spectrum is not known. Various methods 
have been given for calculating them theoretically and determining 
them experimentally. The results are shown in Table 12, p. 832. 

The best method 2 of finding out these quantities is from an ex¬ 
perimental study of the dissociation of alkali halides in the vacuum 
furnace. When we heat an alkali halide say NaCl in the vacuum cham¬ 
ber, the following reactions take place:— 

NaCl = Na+Cl-D 
NaCl = Na+hCl'-jg 
Na «= Na + 4-e— U 
Cl-fe = C1--M. 

It is easy to see that from the first law of thermodynamics we have 

i 

A^.D+U-jQ. .- (56) 

1 Proc. Roy. Soe. Touch, 176, 343, 1940; Proc. Nat. Acad. Sci. India , 
15, 1946 and other papers. 

2 See for a complete account, Experimental Determination of the 
Electron Affinity of Chlorine by M. N. Saha and A. N. Tandon, Proc. 
Na*. Inst. Sci, 3, 287, 1937; A. N. Tandon, Ind. Jour. Pfys. 11, 99, 
1937; ®. N. Srivastava, Proc. Nat. Inst. Sci. 5, 313, 1939. 
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Of these quantities, D is obtained from chemical data, from the heat 
of formation' of Nad out of sodium and chlorine; U the I. P. of 
sodium is well-known. We have only to determine Q r the heat of 
formation of Nad out of Na + and Cl~. 

In these experiments, as explained earlier, a small quantity of NaGl 
is vaporised at a definite pressure in the subsidiary furnace, and the 
vapour of NaCl is dissociated into Na + and Cl - in the main furnace. 
The concentrations of Na + and Cl“ are obtained by measuring positive 
and negative effusion currents. Prom the value of these currents, we 
can dete r m in e the Reaction-isobat K over a range of temperatures and 
pressures. We obtain J2 from the law of reaction isobar: 

I Ir l pJTa +• Pci ~ J Q , 5 . *r i f 8 1 T*IAT 

8 = 0t ~TZr = ~FSST' + T** T + *° 8 5 * 

+ log v-fW) + log reasgfasrja: H <??> 

L A \ m XaCl J J 


Table 12 .—Electron Affinity of Electronegative Elements. 


X%Sv \Value 

Element 

Allahabad 
School 
(in K. cal.) 

Mayer & others 
(in K. Cal). 

Value 
in e. v. 

1 

F 



7*1 

Cl 

86*6 

Saha & Tandon 

865 

(Helmholtz) 

3*70 

Br 

79-5 

Srivastava 

80-5 

(Doty) 

3*45 

I 

74-5 

Srivastava 

72*4 

Sutton 

3-23 

H 

j 

• , 

0-749 

O 


70-8 

ga _ 

3-07 


For electron-affinity of H, See Hendrich, Ap. J . 99, 59; for that 
of O, Vier and Mayer, J. Cbem. Pbys. 12, 28,1944. The value of 7 • 1 
for F is an extrapolated one and still needs experimental confirmation. 


Like the halogens, H has also electron-affinity which has been 
calculated from theoretical considerations to be *747 volts. The H“ 
ion has been shown by Wildt and Chandrasekhar and their coworkers 
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to exist in great strength in the sun and the star, and is responsible for 
the largest part of the opacity of the solar and stellar atmospheres, by 
the bound-free (absorption of solar radiation by H“ causing ejection 
of electrons) and free-free (deflection on account of light absorption 
of electrons approaching H~ to other hyperbolic orbits) transitions of 
the electron in the field of the H~atom. 

Other electronegative elements like O and S possess electron- 
affinity like halogens; of these that of O has been calculated to be 3 *.07 
volts. This should be capable of experimental verification. The Q- .jon 
plays some part in causing opacity of the atmospheres of cooler stars. 

18*21. Thermonuclear Reactions. —As we have seen in 
§18 T8 the atmospheres .of cool stars contain only neutral atoms and 
molecules. With the rise of temperature, ionised atoms begin to ap¬ 
pear, stage by stage, but there is hardly any atom which loses more 
than 3 or 4 outermost electrons even in the hottest class of stars (O- 
class). Silicon Is 2 2s 2 2p® 3s 2 3p 2 is a good example. We have again 
to remember that there is a big gap in the ionisation potentials of 
electrons in the outermost shells and of electrons in the first closed 
shell, e. g. Na, and Na + and Mg and Mg++. The L P. of Na is only 
5 *12 yolts, that of Na+ is nearly 47 volts. The important lines of 
ionised elements like Na + are usually in the extreme ultra-violet and 
therefore even if such elements exist we cannot observe them. In 
Nova or new stars which are due to some kind of explosion which 
blows off a part of the outer mantle and in Wolf-Rayet stars which are 
probably remnants of old Nova, and in some other peculiar stars, 
we sometimes obtain atoms with a high degree of ionisation. If we 
compare giant stars with dwarfs of the same tcmpeiafure class, the 
giants are found to show higher grade of ionisation in accordance 
with equation (51), because the atmosphere of giants is very much 
extended and pressure is extremely low. 

The highest stellai temperature scarcely exceeds 50,000°C in 
O-type and about 10 6 in Wolf-Rayets. According to. the theories 
of stellar structure initiated by Sir A. Eddington, the temperature 
increases rapidly towards the interior. According to Blanch and 
others the central temperature of the sun is given as 26X10 6 (26 
million degrees). The pressure is also very high viz. 9-7X10 10 gm. 
per cm 2 , i.e. 8*47x10® times the Earth’s atmospheric pressure, and 
the central density reaches the value 110 gm/cn.* 

It. is obvious that in the interior of stars, the lighter elements 
which form the major components of the star will be completely 
F. 105 
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ionised. Calculation shows that even a comparatively heavy element 
like Fe loses its last electron. The ionisation potential of the last 
electron in Fe is about 9600 volts. Applying (51) we find that 

log #*•/#*« = - 4° X + | log T ~ 6- 5 - log p c 

where p e is expressed in’ atmospheres. Putting X = 600 volts, 
T 10 7 °C we find log (« 26 y« 26 ) = —1*8, if p e 10® atmospheres, 
i.e. a considerable proportion of Fe is completely stripped of all 
electrons. 

As lighter atoms form 99% of the constituents of the star, we 
may assume, though the argument cannot he supported by experi¬ 
mental evidence, that the interior mainly consists of bare nuclei and 
electrons. The mean molecular weight M will depend on the rela¬ 
tive abundance of elements. If the star consists almost wholly of 
H, M — for He, m — 1*33 and for heavy elements m> 2*2. Hence 
any value of m between *5 and 2 is possible, according to the com¬ 
position of the star. 

Energies Evolved in Thermo-nuclear Reactions, 

If the stellar matter in the interior of star consists mostly of 
bare nuclei, densely packed, and of free electrons, it is known from 
r.uclear physics that the - nuclei on account of their motion would act 
upon each other and produce nuclear reactions. For example if we 
take a temperature of 2'6xt0 7 we have the mean kinetic energy of the 
molecules ^ 4x 10® ergs which is equal to 2,500 electron-volts. This 
energy is too small for starting any nuclear reaction, but on account 
of Maxwellian distribution a fraction of protons and neutrons will 
possess kinetic energies of the order of 10 4 e.v. or more, at which 
raahy nuclear reactions start between protons, deuterons and other 
light particles as shown iin Table 13. 

Explanation of the Table. —Column (1) gives some of the nuclear 
reactions of the proton, neutron and the deuteron, and also reactions 
of these with heavier nuclei. The left side in column (1) gives us the 
participants, die right side the products of reaction; the .symbol 
Li’+H 1 2He 4 denotes that a lithium nucleus of weight 7 when bombard¬ 
ed by a proton gives us ultimately two helium nuclei. Experiments have 
shown that though many other intermediate reactions are possible, 
the ultimate products are two helium nuclei. Though the reaction 
Is exothermic, experiments have shown that uie proton must possess 
minimum velocity before the reaction can surt. This quantity is 
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Table 13 .—Energies evolved in various thermo-nuclear reactions . 


Reactions 

Threshold 

Potential 

J2 

in 

millimass 

& 

in 

Mev. 

Q. 

in K. cal pet 
gm.xi0“ 7 

H2+HWHe»+y 

3-3 Kev. 

5-742 

5-349 

3-9428 

H»+H 2 ->He 3 +« 


3-404 

3-171 

1-753 

H 2 +H 2 -»*H 3 -i-H 4 

15 Kev. 

4-26 

-3-97 

2-1939 

H*+H 1 -*He 4 +y . 


21-32 

19-683 

10-979 

He 8 -j- #-*He 4r -f- y 


22-18 

20-665 

11-42 

Li 7 4-H’-*2He 4 

8 Kev. 

18-54 

17-00 

4-76 

4H -*He 4 +j2 


28-58 

i 

26-329 % 

14-61 

Li 7 +H 2 -*2He 4 ~!-ff 


15-91 

14-81 

3-63 




180 

1-8 







known as the “Threshold Potential for the Reaction*’. For the lithifim- 
proton reaction this has been found to be about 8 Kev. This quan¬ 
tity is not known with great precision yet. 

The liberated energy can easily be calculated from the masses 


of the reactants. We have 

Mass of Li’ =7-01822 

Mass of H 1 = 1 *00812 

Sum = 8*02634 

Mass of 2 atoms of He = 8-00780 

Mass difference = 0-01854 


According to Einstein’s law of equivalence of mass and energy 
this loss of mass reappears ultimately as kinetic energy of the products 
of the reaction corresponding to the law £\E in ergs= A w -^ 2 * Thus 1 
millimass i.e. 0-001 times the mass of hydrogen corresponds to 

AJ3~l-60xl0- £0 . 10" 3 . ergs = 1-44x10-® ergs 

= •91 Mev=2-06.xl0 7 K. cal/gm-atom. 

With the aid of these relations, we can calculate the energy evolved 
either in millimasses, or in Mev or in kilocalories per gm-atom 
of nuclei consumed. These are shown in columns 3, 4, 5 respectively. 
Column ’(5) shows that when a gm-atom of Li’-nucleus reacts com¬ 
pletely with a gm-atom of protons producing 2 gm-atoms of helium 
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nuclei, the total amount of energy liberated is 38-2xl0 7 K. cal i.e. 4-76 
X10 7 K. cal per gram of the reactants. 

Let us compare this figure with the energy evolved in a typical 
chemical reaction, e.g. the burning of coal. We have 

c + O a = C0 2 -f 98 K. cal. 

The energy produced is 98/44 = 2-25 K. cal per gra. of reactants, 
or 8-1 K. cal per gm. of carbon consumed. The energy produced in 
the Li 7 4- H 1 ->2He 4 reaction is 17 million times larger per gm. of 
the reactants, than we obtain 'per gm. of carbon in ordinary com¬ 
bustion. In other words, seven kilogrammes of and one kilo¬ 
gramme of hydrogen can give us by thermonuclear reactions as much 
energy as we can obtain by burning 46000 tons of coal. 

The energy producing capacity of other nuclear reactions are also 
given for the sake of comparison in column 5. 

Reaction (7) is the famous carbon cycle explained in greater detail 
later which according to Bethe and others, is responsible for the main¬ 
tenance of the energy of the sun. 

* Reaction (9) represents fission of the Uranium nucleus, used for 
production of the Atom-Bomb. We see that the rate of energy-produc¬ 
tion is much less than in simpler nuclear reactions but we get by the 
fission of one kg. of U* sB as much energy as by burning nearly 2500 
tons of coal. 

Sources of Stellar Energy. 

The discovery of thcrmo-nuclear reactions has produced a fairly 
convincing solution of one of the outstanding problems in cosmology, 
viz. the source of stellar energy. Let us give an idea of this time-honour¬ 
ed problem. The sun which is a typical stellar body is emitting in 
the form of radiation 3-78x10 31 ergs per sec. of energy, and since the 
mass of the sun is 1 -985 x10 s8 gm. we find it is producing 2 ergs of 
energy per sec. per gm. Geological evidence tells us that the sun has 
been giving out energy at this rate for at least 2 to 3 million years, 
which is the time of formation of the oldest form of rocks, viz. 
Archaeans. Actually, the age may be much higher. The total amount 
of energy radiated per gm. of solar matter within this time must be > 
2x3xl0 7 x2xl0®>l-2xl0 17 ergs, i.e. about 2-6x10* Kcal per gm. 
What is the process by which such huge amounts of energy are being 
produced ? Further we have to remember that the sun is only one of 
billions of stellar bodies. The rate of emission of energy,by other 
typical stellar bodies varies enormously, as table 14 shows. 
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Talde 14 .—Emission of energ y from different stars. 


Star 

Spectral 

type 

I 

Mass 

Density in 
gm./c.c. 

Radius 

Surface 
Temp, 
in °C. 

Energy 

in 

erg./gm. 

sec. 

Betelgeuse 

M 

40 

2X10-5 

290 

3000 

300 

(a-Orionis) 
Capella A 

G 

! 

4*2 

4X10- 8 

11 

j 

5650 

■1 

Capella B 

F 

3-3 

2-8xl0- a 

5-5 

7400 

1 

V. Puppis 

B 

19-2 

fixlO- 2 

7*6 

22000 

-1 

H. D.1337A 

O 

36-3 

4 x 10“ a 

23-8 

28000 

15000 

Sirius A 

A ■ 

2-45 

•93 

1-58 

11200 

29 

Proryon A 

F 

M3 

•28 

1-80 

| 

7000 

10 

Sun 

G 

100 
" -90 

1*42 

1-00 

6000 

1-90 

0 2 Eridani A 

G 

3*7 

•70 

5600 

•80 

a-Centauri B 

K ' 

*97 

•76 

1-22 

4400 

| 

•90 

Kruger 60 A 


•25 

9-6 

•33 

3200 

•068 

60 B 


*20 

60-0 

•17 

99 

021 

Sirius B 


•85 

5xl0 4 

•03 

8000 

•007 

Eridani B 


'-40 

9-8xl0 4 

•018 

11200 

•002 


[Note .—-In the table the mass is in terms of the Sun as unity. Radius 
is given in terms of that of the Sun as unity. It may be noticed that 
rate of energy evolution is largest in case of giants, and least in the case 
of white dwarfs. The carbon cycle is responsible for the heat supply of 
the stars of main sequence. For giants, proton-proton reactions result¬ 
ing in deuteron production is supposed to furbish the main heat 
supply.] 

The first process which comes naturally to the mind is an exother¬ 
mic chemical reaction like “Combustion” i.e. burning of carbon or 
carbon containing materials to CO s . But the total amount of energy 
obtained in such processes, as we have already seen, is orjly of the order 
of a few K. cal per gm. So no ordinary chemical process can account for 
the source of stellar energy. 

Helmholtz proposed that the energy may be derived from gra¬ 
vitational shrinkage of the stellar mass. He calculated that a shrinkage 
of a few hundred metres in its radius per year, would enable the sun to 
maintain its energy, but this is also insufficient in view of the time-scale 
for only 50 million years are required by the sun to shrink from in¬ 
finite dispersal to the present state, fip the problem remained an open 
one till the emergence of nuclear physics. 
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As we see from Table 14, there is enormous variation in the 
rate of production of energy by different stellar bodies. It is obvious 
that these variations must be due to differences in temperature, pres¬ 
sure and composition of different stellar bodies, and the details have 
to be worked out after careful weighing of all.facts and observations 
relating to the particular star. For the stars of the main sequence, 
the main series of nuclear reactions which maintain the energy of the 
stellar body are believed to be the carbon cycle, postulated by Bethe 
in 1939. This is described in detail in the next paragraph. 


The Carbon Cycle. 

The Carbon Cycle consists of the following group of reactions :— 



Energy evolved 

Half-life 

C12+H 1 = N 13 +y 

2*0 Mev 


N 13 = 08+0++y 

0-5 Mev (3/8x1-4) 

10*5 miru 

C i3 +FP = N 14 +y 

8*2 Mev 


N 14 +H l = 0 1R +y 

7*5 Mev 


018 = N J5 +0++y 

0*7 Mev (3/8x1 *7) 

2*1 min. 

JNf^+H 1 = 0 2 +He 4 

5*2 Mev 


Total 

24 Mev 



Four of the reactions' are proton-reactions. The rest are 0+ and 
y emissions* It is seen that C 12 which starts this chain of reactions, 
remains unchanged at the end of the cycle, the net result being the 
synthesis of four protons to a helium nuclei. C acts therefore as a 
catalyst only. In the graphic words of Prof. H. N. Russell: Hydrogen 
form the fuel and helium forms the ashes of the process of combustion which 
keeps the stars shining through ages. The net energy evolved in one unit 
mechanism is 24*4 Mev or -6 Mev per gm. of proton gas converted. 
The 0 and y rays which are emitted ultimately give up their energy to 
stellar matter. It is assumed that 7% of energy out of the gross amount 
evolved is carried away by the neutrinos, but even this may also ulti¬ 
mately be converted to energy by some process not yet known 
to us. 

The rate n .t which the energy is evolved in this process depends 
upon physical conditions in, the interior of stars, the concentration 
of protons and carbon. These have been worked out fully by Bethe 
and Critchfield, and can be found in the original sources, or in the 
Theory of the Atomic Nucleus by Gamow and Critchfield. 
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§ 18 - 21 ] 

The Hydrogen Bomb. 

Can such high temperature reactions be ever reproduced on the 
Earth ? As we have seen they require a temperature of the order of a 
hundred million degrees. 

This is no longer considered a fantastic dream after the produc¬ 
tion of the “Atom-Bomb.” This, according to the available infor¬ 
mation, consists of lumps of uranium (235), or plutonium (239), weigh¬ 
ing when assembled about 30 kg, and having a diameter of about 14 
cm. When the pieces, which are normally kept apart, are assembled, 
the explosion takes place due to the fission of the atomic nuclei, and 
enormous amounts of energy are set free. The temperature of the 
exploding material can be shown to reach several hundred million 
degrees. 

At these high temperatures other exothermic thermo-nuclear reac¬ 
tions may be started, for example, deuteron or lithium-hydrogen reac¬ 
tions. These highly exothermic reactions, once started, yield enough 
energy to maintain the high temperature and the thermo-nuclear 
reactions initiated may continue until the elements which cause the 
nuclear reactions are exhausted. The so-called ‘hydrogen bomb* is 
probably such an arrangement where an “Atom Bomb” is detonated 
initially inside a mass of deuterium or lithium hydride initiating a 
highly exothermic thermo-nuclear reaction and yielding an enormous 
amount of energy which may be several hundred times mote than the 
energy released in the explosion of an atom bomb. 

“Table 15 gives the occurrence of some ultra high temperatures 
and their probable energy sources. 


Table 15 .—Some ultrahigh .temperatures. 


Temp. 

Occurrence 

Source 

2x10* °K 

Surface of type O star 


3x10* 

Atomic-bomb fireball 

atom bomb 

lxio* 

Solar corona 

. 

1 xio 7 

Solar interior 

hydrogen thermo¬ 
nuclear reaction. 

1x10 s 

Interior of some stars 

helium thermo-nuclear 
' reaction 

2 x10 s 

Interior of hottest stars 

oxygen thermo-nuclear 
reaction 
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18*22. Production of very high temperatures in the Labora¬ 
tory. —We have seen above that ultrahigh temperatures of the 
order 10 7 —10 # exist in the interior of stars. Recently temperatures 
of the order 10 7 —10® have been reached on our Earth by the hydrogen 
bomb. Attempts 1 have therefore been made in recent years to produce 
very high temperatures in the laboratory under controlled conditions 
and study various phenomena at these temperatures. At present these 
studies are of great interest to astronomers and aeronautical (or as- 
tronautical) engineers. They are however bound to become increas¬ 
ingly important in future for basic investigation and practical appli¬ 
cations. By very high temperature we generally mean the region from 
4000°C to 25000°C or more. At these high temperatures all matter 
is gaseous with energy high enough to produce considerable disso¬ 
ciation and ionization. The presence of large electron density can 
result in important long-range forces such as those leading to the 
phenomena of magneto-hydrodynamics and plasma oscillations . Due to 
these long-range forces high-temperature gas dynamics can show 
radical departures from ordinary gas dynamics. Such temperatures 
are usually produced by means of the shock tube. 

The Shock Tube. 

The construction of a shock tube is illustrated schematically in 
Fig. 13(a). It consists essentially of a high pressure and a low pressure 
chamber separated by a thin diaphragm. This diaphragm flattens 
against the tube walls very rapidly when the material is highly stressed 
by the high pressure and ultimately bursts producing a compression 
wave which travels to die right. Since the sound velocity <3^, of small 
amplitude sound waves as well as the particle velocity u are greater 
in regions of higher density, it follows that.-in compression waves of 
finite amplitude the speed of the wave at any point a with respect to 
the wall which is *3will be greater in the region of high pres¬ 
sure with the result that as the compression wave advances, regions 
of high pressure tend to overtake those of low pressure ahead of them 
ultimately making the front of the wave very steep. This steep front 

is called a shock front which moves into the low pressure gas and 

- » 

1 Recently (Jan. 24, 1958) the British and the United States scien¬ 
tists have announced that they have succeeded in producing, in a plasma 
of deuterium gas, temperatures as high as 5 million °C by passing an 
electric current of the order 10® amperes through it and had maintained 
these temperatures for a few thousandths of a second. The Harwell 
apparatus accomplishing this is known as Zeta (Zero Energy Ther¬ 
monuclear Assembly). 
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steepens as it advances. Simultaneously an expansion wave moves 
into the high pressure gas and broadens with time producing so- 
called expansion fan. In Fig. 13 (b) the waves created by the dia¬ 
phragm burst can be traced in time while Fig. 13 (c) gives the pres¬ 
sure distribution along the tube at the instant of bursting t 9 and 
at a time t x later. 

The surface separating the two gases which were originally pre¬ 
sent in the high and low pressure portions of the shock tube is called 



Fig. 13 .—Schematic representation of the shock tube and the wave progression, 
the contact discontinuity. We distinguish two types of discontinuity 
surfaces —contact surfaces and shock fronts. Contact surface or discon¬ 
tinuity is a surface separating two parts of the medium without any 
flow of gas through the surface. Thus the pressure p and the particle 
velocity u are the same in regions 2 and 3 though the gases are dif¬ 
ferent. Shock front is a surface discontinuity which is crossed by the 
gas. Thus p and u are different in regions 1 and 2 bur the gas is the 

F. 106 
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same. The shock front always moves with supersonic speed as observed 
from the front side and with subsonic speed as observed from the back 
side. The zone of flow behind a shock front is called a shock wave. 

The equations applying to the shock front were developed by 
Rankitie and by Hugoniot from the principles of conservation of mass, 
momentum and energy across the front. These equations enable us 
to determine the shock velocity U t and . the particle velocity u in terms 
of the pressure and density on the two sides of the front. It is evident 
that the rapid compression of the fluid within the shock wave will pro¬ 
duce, on account of dissipative forces, a much higher temperature than 
mere adiabatic compression. Detailed considerations 1 show that if the 
gas 1 is a perfect gas with constant heat capacity, the temperature ratio 
T a /7\ for the limiting case when pjpi -*-oo is given by 


74 (vi-1) [■ 7i+l \ 2 ih 


T* hi p 4 


( 7!-H V 


(53) 


where y is the ratio of the two specific heats and (x is the molecular 
weight. Thus the temperature T 2 attained in the shock will be increased 
by increasing the temperature of the driver gas, decreasing its mole¬ 
cular weight, and increasing the. molecular weight of the driven gas. 
For these reasons hydrogen is chosen as driver gas which is usually heated 
by internal combustion or electrical discharge. Using argon as the 
driven gas and ignoring ionisation T 2 /T 4 ^ 250. Due to reflection 
of this shock from the closed end of the low pressure chamber on the 
right the temperature is further increased in region 5. In this way tem¬ 
peratures upto 18000 C K have been attained. At these high temperatures 
the gas becomes very much ionised and is highly conducting, a filament 
of tine gas behaving like a wire in an electric or magnetic field. The 
maximum possible shock Mach number (i\f~U t /'^ , 1 )i.c. the ratio of the 
shock velocity to the velocity of sound ahead of the shock, is given by 


A/co 


n-r 1 Y, 

y.-i ‘■r, 



Thus to produce strong shocks must be large i.e. the driver 

gas must be as light and at as high temperature as possible. 

The shock tube components are shown in Fig. 14. At the left 
end of the tube is a short section which is filled with hydrogen separated 
from it by a heavy copper diaphragm. There is in the centre of the tube 
a long section, part of which is glass containing argon gas at a pressure 


1 For details see Resler, Lin and Kantrowitz, J. App. P/jys. 12, 1390, 

1952. 
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of 1 cm. When the hydrogen is exploded with a spark plug, the diaphragm 
breaks and the expanding high pressure gas acts like a piston pushing 
the low-pressure gas ahead of it. Thus a shock wave rushes through the 
.argon from left to right travelling at about 4/3 times the piston velocity. 
When the shock is sufficiently intense the gas becomes luminous and is 



examined spectroscopically with the help of a grating and a rotating 
drum camera. At the far right is a second diaphragm which is broken 
by the shock wave and thereby prevents the wave from being reflected 
back down the tube and break the glass tube. In this way shocks of 
M —17 were produced in argon, the resulting temperature being' about 
18000°C, and about 40% of argon being ionized. 

When high temperatures are produced in the laboratory we must 
have materials to contain and survive those temperatures. Ordinary 
metals and alloys melt but molybdenum, tungsten, tantalum and colum- 
bium have high melting points though, Mo is exceedingly sensitive to 


Table 16. — Materials for high temperature work. 


Material 

Service 

Limit C C. 

Melting 
Point °C. 

Super alloys 

850 


Molybdenum alloys 

1000 

• • 

Cermets 

1250 

* • 

Iron 

* * 

1533 

Silica 

4 * « 

1720 

Alumina (Al 2 O s ) 


1900 

Silicon Carbide (SiC) 


2300 

Fused Magnesia (MgO) 


2620 

Zirconium boride (ZrB 2 ) 


3060 

Titanium Carbide (TiC) 


3140 

Fused Thoria (Th0 2 ) 


3300 

Tungsten 


3380 

Zirconium Carbide (ZrC) 


3540 

Hafnium Carbide 


4000 
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oxidation at high temperatures. Ceramics which are metals in combina¬ 
tion with other elements (e.g, 0,C, B) have 'very high melting points but 
• are very brittle. During the last ten years, however, promising new types 
of ceramics have been developed—the metallic oxides, carbides, nitrides, 
borides or silicides, the most important being titanium carbide and zir¬ 
conium boride. Ceramic oxides entirely avoid the problem of oxidation 
but ar$ sensitive to thermal shock, while the others are susceptible to 
oxidation. Attempts are being made to combine the good mechanical 
properties of metals with the chemical inertness of the ceramics by 
making combinations of ceramics and metals—the so-called cermets. 
Table 16, p. 843 will enable a choice of materials to be made for 
containment of heat. Cooling techniques make it possible to contain 
much higher temperatures. 
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APPENDIX 

NOTE 1 


Proof of Maxwell’s theorem that when two types of mole¬ 
cules continually collide the mean kinetic energy 
of each type ultimately becomes the same. 

Let us consider the collision of two perfectly elastic spheres of 
masses M and m, moving in opposite directions with velocities AP and BQ 
varying inversely as their masses. If 
P and Q (Fig. 1) be the centres'of 
these spheres, the motion of the 
spheres before and after impact will 
be as shown in the figure. It can be 
easily seen from the laws of impact 
that the velocities along the line of 
centres will be reversed in sign while 
that perpendicular to it will remain 
unchanged. Hence the directions of 
motion of each sphere after impact 
will make the same angle with the line 
of centres as they made before the impact. We shall use this result 
to find the motion of two molecules (assumed to be spherical) 
after impact. 



We make the following geometrical construction. Let OA and OB 
(Fig. 2) represent the velocities before impact of two molecules, one 

taken from each type of gas. These velocities can 
have in general any magnitude and direction. AB is 
the mutual relative velocity of the molecules. Had 
...Hi there been no action between the molecules they 
would have been at A and B after one second. 
Take a point G in AB such that M. AG ~ m. BG 
*.<?., G is the centre of gravity of the two molecules. 
OG represents the velocity of the centre of gravity 
and GA and GB the relative velocities of the molecules with respect to 
the centre of gravity. Now it follows from the law of conservation of 
momentum that the motion of G is not affected by the mutual action of 
the molecules and hence G continues its path in space quite unaffected by 
the collision. Draw a line GN in space parallel to the line of centres at 
impact of the two molecules. Now, since the two molecules were mov¬ 
ing initially with velocities, relative to G, of the magnitudes GA and GB, 
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t.e.y with velocities inversely as their masses and directed oppositely, 
it follows from the result established above that after impact the position 
of each molecule will be symmetrical about the line of centres GN with 
its initial position, i.e.> ^AGN' = ^A'GN and AG = A'G. Similarly 
^BGN = ^B'GN' and BG = B'G. Thus GA' and GB' will represent 
the velocities of the molecules after the impact relative to G and OA' 
and OB' the new absolute velocities after impact. 

In the whole gas there are molecules moving with all velocities. 
Let us fix our attention on a molecule of the first gas. It is surrounded 

by molecules of the second gas having all velocities in all directions, 

which are symmetrically distributed in space. Thus OA and OB 
can make all angles; we can therefore take the mean value which 

will be a right angle. Thus we can represent 
by the arms of a right angle OAB (Fig. 3) one 
molecule of each type of gas having the mean 
velocities d; /.<?., OA — d 1} OB = 3. The mean 1 
relative velocity of the type of molecules is 
and the mean velocity of the centre of 
gravity is OG, where AG: BG = tti : M. After 
g impact the mean relative velocity of the two types 

pjg 3 # about the centre of gravity is given by GA 7 and 

GB' where the line A'GB' is perpendicular to 
OG, and A'G = AG; B'G = BG. This is because, as proved above, the 
relative velocity about G, vi\. t GA' can have all directions depending 
upon the direction of”the line of centres at impact; the mean value of 
the angle which these directions make with OG is a right angle. Hence 
OA' and OB' represent the mean velocities and o' after impact. Hence 

AB = a/ cj 2 -f c 2 , ‘ ~ 



AG 


ni +M 


*/&!*+&* 


M 


BG ” M+m '''V+® 2 

OA 
AB 


OG 2 = AG a -fAO a — 2AG. OA. 


(M+m) 2 


(c 1 2 -f-^ 2 )4-ui 2 ~2 


m 


Af+w 


f/cy- r-S a . " 




s/dy+o 2 * 


or 

and 


OG=(MV + m 2 c 2 f/(M in) 


Sl '=OA'=yOG 2 +GA 2 = {Af 2 g l 2 +^ 2 3 2 +/® 2 (? 1 2 +< 5 2 )}V( Af + /v ) 

1 This can be proved more rigorously. See Maxwell, Collected 
Works Vol. I, pp. 382-383. 



848 


APr END IX 


kind of collision, to be herewith designated as a collision of a-class, 
which is such that it satisfies the following three conditions ;— 

(1) One of the two colliding molecules belongs to ./1-type. 

(2) The second colliding molecule belongs to the B-type (the 
8-type is defined to be such as has its velocity components 
in the intervals u\ u'- j- du\ v\ v'-\- dv\ w'-\- dw'). 

(3) We restrict ourselves to only tliose collisions in which at the 
instant of impact,vthe line joining the centre of A -molecule to 
the centre of B-molecule has a definite orientation in space. 
This is such that the direction from A to B has the direction 
cosines lying between / and l+dl, m and m+dm, n and »+ dn 
and thus subtends a small finite solid angle do>. This small 
finite solid angle has to be assumed because the direction of 
the line of centres varies within certain small limits on 
account of the velocity intervals du , dv, div and du', dv', dw f 
for the two types of molecules. 


The number of molecules of class A is nf(u y ,v, »>) du dv dw per unit 
volume and each of these can suffer a collision of the a-class. Imagine a 
concentric sphere of radius a described about the centre of each of these 
^4-molecules (a — molecular diameter). Then for a collision of the 
a-class, the centre of a molecule of the B-type must lie on the surface 
of this sphere at the moment of impact and must be further contained in 
a small area aVa> of the surface with the line of centres in the direction 
/, m, #, Before the instant of collision, the B-molecule must be moving 
relative to A with the velocity c r of which the components are u' —u, 
t>' —v, iv'-w, i,e., in a direction A, ft, v (Fig. 1) such that 





( 1 ) 



Hence all those molecules 
of B-type suffering collision 
of the a-class with this single 
^4-molecule in time dt are con¬ 
tained in the oblique cylinder 
of base o ' 1 day and slant height 
c,dt, the axis of the cylinder 
being inclined to the normal 
to the base at an angle 6 such 
that 

cos 0 =- - (iX+ffifi+tiv) .(2) 
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The volume of the cylinder is thus c r dt a 2 dm cos 6 and the number 
of B molecules contained therein is n/(u', v\ w‘) du' dv' div' <y c os 6 a 2 dmdt. 
This represents the number of collisions with this single ./4-molecule. 
But there are nf(u, v s w) dudvdw molecules per c.c. of the /4-type. Hence 
the total number of collisions of the a-tvpe per c.c. between /4-mole¬ 
cules on the one hand and B on the other in time df is 

v, »>) f (//', v\ w') c r cos 0 oVc« du dv dn> du' dv' dn>' dt. (3) 

This gives the required decrease in the number of /4-molecules by colli¬ 
sions of the a-class. 

We shall next find the number of ^4-molecules produced in the time 
dt by collision with other molecules. We shall now consider collisions 
of a type, to be herewith designated as collisions of the /J-class, which 
satisfy the following three conditions :— 

(1) After collision one of the colliding molecules belongs to /4-type. 

(2) After collision the other colliding molecule belongs to B-type. 

(3) The direction of the line of centres at impact satisfies the same 
condition as in collisions of a-class. 

We can easily find from the laws of elastic impact as to what are- the 
initial velocities of the molecules before collision which, after suffering 
the /3-collision produce the A- and B-moIecules. We know that during 
elastic collisions the two spheres interchange their velocities along the 
line of centres while the components in the perpendicular direction 
remain unaffected. Let us denote the velocity components of the two 
types of molecules which on suffering a /8-collision produce the A- and 
B-molecules by u>v y w and m', v\ w‘ respectively, the resultant veloci¬ 
ties being c and o'. The resultant velocities after impact are c and c'. 
Denoting the component of the velocity along the line of centres by the 
suffix n, and that perpendicular to it by /, and expressing vectorially , 
we have 

=*+(*■' -<■)■=*+(<»)« . • • • • . (4) 

and c„ 

~(c'-c) n ^c> ~(c r ) { .. (5) 

since -t~ ( 't> c t > C n~ r > e n~~~<'n 

c* — c — relative velocity after a collision ofj8-class. 
The relative velocity after impact in /8-collision is the same as the rela¬ 
tive velocity before impact in a-collision. Hence 

(c r )„ — l{id - u) \ tn{y' -y)H -»{u>' 


F. 107 
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Equations (4) and (5) can now be written in terms of the three com¬ 
ponents. Then we get 

~u — « + l(r T )„ — n- [/ 2 (« - »') -v') 4-/«(»r »'')]> • • (6) 

and «' = //-/(<•,)„ = u~[l 2 (u' — u)+ltv(p f — t>)+ ln{tv'— «')] ♦ * (7) 

There will be similar expressions for v, v', tv, tv'. 

In analogy with the preceding case of a-collisions, it follows that 

the number of impacts between these molecules (//, v, tv; u\ v’, in') per 
unit volume in time dt, the collisions being such that A- and 8-types 
are formed, is 

tt^f{u,v, tv) f{u\ v\ tv') du dt> dtv did dv‘ dw f o 2 c T cos 0 dun dt . (8) 

These collisions will all belong to /3-class only when the limits 

of du, dv .... are such that the values of u, v .... as determined by 
equations (6) and (7) lie within the limits u, u-\-du, v, v~\-dv ... etc. To 
obtain the total number of /3-collisions we must integrate expression (8) 
for such values of du, dv .... 

Let us consider the product du dv dn> du' dv' dm'. It can be 

shown by substituting the values of u, v, w -etc. in terms of », v .. . 

from (6) and (7) that 

du dv dtv du* dv' dtv' — du dv dtv du f dv' dtv'. ■ 

This is simply a particular case of the famous Liouville's theorem. We 
can therefore substitute this value in (8). 

The total number of molecules of class A which are formed in time 
dt by collisions will be obtained by integrating expression (8) for all 
values of u', v’, tv' and over all possible values of dot.. Similarly the 
total number of molecules of class A which disappear on account of 
collisions will be obtained by integrating expression (3) through the same 
range of values* Hence the net increase in the A -type of molecules 
in time dt is 

« z du dv dtv JJJJ (j c T o' 2 cos 6 du* dv' dw' doj, 

where are written for f(u, v, tv), f(u', v\ tv’), f(u, v, tv) and 

f(u, V, tv') respectively. 

Now the number of ^4-molecules per c.c. at the beginning of the 
interval was nfdudv dtv . Hence the gain in time dt will be given by 

n^f- dt du dv dtv, 
dt 

since n is constant. Equating this to the above expression for increase 
of ^-molecules, we get 

dfjdt ------ ft US! iff - ff) Cr o’ 2 COS e du' dv' dtv ' dui, . . (9) 
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The condition for a steady state is that dfjdt ~ 0, i.e., the integral 
on the right should vanish. This may be possible in two ways (1) 
f /' — //' — 0; (2) the integral taken within the limits may vanish as 
a whole. 

Now it will be shown that for the elastic collisions considered the 
quantity//'—//' is either always negative or zero so that the .integral as 
a whole can never vanish unless//'—//' is itself zero for 8 is always 
less tlian tt/2 and cos 6 is therefore positive. Hence the condition 
//' - //' = 0 is sufficient and at the same time necessary for equilibrium. 
The proof of this important result was first given by Boltzmann by 
introducing his H function which is defined by 

H = J J J / log / du dv dtv ) . . . . (10) 

where the integration extends over all possible values of u, v, u>. It may 
be pointed out that merely from the result dfjdt = 0 it is not possible to 
deduce the condition necessary for equilibrium. Of course it readily fol¬ 
lows that f f — ff* — 0 is a sufficient condition for equilibrium. 

The H-Function 

From the definition of the quantity Hby means of Eq. (10) it fol¬ 
lows that H is a pure number and is not a function of #, v, w. It dep¬ 
ends entirely upon the function/ which determines the law of distribu¬ 
tion of velocities. Hence as long as / remains unchanged, H also does 
not change; in other words, the condition dfjdt is synonymous with 
the condition dHjdt=d}. Hence the condition of equilibrium is given by 

dHjdt = 0. 

Differentiating equation (10) with respect to t, we get 

= fjf ( 1 +1 ° 8 f)^ dudv du> ' 

Substituting in this the value of dfjdt from (9) we get 

® = » fjfjjjj (1 + Jog/) (IT -//') a**- 

du dv dw du 1 dv'dn>'da). „ (11) 

We have obtained the above equation by considering the increase 
and decrease of the ./4-type of molecules. Had we started with the 
B-type of molecules, we would have got 

H = J / / /' log /' du' dv' dw\ 
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and 

f - j[j ( l + l»g /• ) 4£’ Af A> ,/r\ 

" +l«g/') (/'/-/'/ ) ., «* cos 0 

du dv dir did dr ' dud dw, 

which is obtained simply by rewriting equation (11) in such a way that 
the accented letters are merely substituted for the unaccented and vice 
versa . Addihg these two expressions for cHjdt and dividing by 2 we 
get the average value of dHjdi in which both types of molecules A 
and B are regarded equally. This yields 

~dt ~ 2 f) iff ~~ f f) r r cos 0 du dv dw did dr’ dud dw. (12) 

In deducing this result the typical class of collision was taken to be 
the collision of the a-class. If however in place of the a-collision, we 
consider the /3-collision to be typical, i.e., the one in which the initial 

velocities are //, v, n\ id, /, w', and the final velocities are //, r, w, id, v*, w‘, 
we get 

A 

^ =" $ n JJIJIJI (2+log/ f) (ff-ff) r, o 2 cos fi 

du dv dw du' dv' dw' dw . (13) 

which is obtained simply by interchanging the dashed and undashed 

letters in (12). The differential product du dv dw did dv ' dw' in (13) can 
be replaced by du dv dw did did dw * as already proved. 

Combining these two values of dHfdt , we get a neutral value of 
dH/df in which the A- and 5-molecules and the a and fi collisions have 
all been equally regarded. Hence finally we get the expression 

7T “ V ” ffftfff C°8 7 7) (77'-//') ^«= cos e 

du dv dw du' dr* dw' dw . . (14) 

Now whether// is greater or less than//' the quantities (log f f 

— log/./ 7 ) and//' —ff will have opposite signs and hence their product 
will always be negative. Now since c r cos 0 is always positive, the 
integral can never vanish unless ff — ff 0. Hence the condition 

ff-ff' - 0.(15) 

is sufficient as well as necessary for equilibrium, 
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The solution of equation (15) will give the distribution law in the 
steady state. To solve it, let us take logarithms. We get 

l°g/+log/'-log/--log/ 7 == 0. . . . (16; 

Let us assume that the solution of the equation is of the form 

/ ™ 

On substituting such values of/,/',/, f in (16) we get 

^(f2)H-<£(r'2) - 4(7?) ~ <h(r*) = 0, . . . (17) 

where the r’s are connected by the relation 

r 2 -fr ' 2 =-- 

Hence (17) yields 

<£(r 2 )-f^(c' 2 ) - 

Differentiating this with respect to c 2 y c' 2 , 5 2 , respectively, we get 

^'(' 2 ) = V (?*) = 4'(?) = *'(*H*' 2 -<3). . . (18) 

This can be satisfied only when each of these is equal to a constant, i.e. 

— constant = — 1/a 2 (say). 

Hence (f>(c 2 ) = -c 2 /a 2 -j- log 

where log ^4* is a constant of integration. Hence 

/ = A* 


or 

and 

which is 


, . V —,(« a 1 r* « »’*) 

/ (//, r, #>) —- A 2 e «* 

/(//)= 

Maxwell’s distribution law. 


Boltzmann’s H-theorem 


We have proved above that the quantity dHJdt always remains 
negative. In the state of equilibrium alone it is zero, while it is never 
positive, i.e. 




0. 


In other words the mechanical quantity H defined above is such a func¬ 
tion of the system that it always decreases in natural processes while in 
the limiting case of equilibrium it remains constant. This is known as 
Boltzmann’s H-theorem. The student will remember having come across 
the entropy function S in the study of thermodynamics which is such 
that it always increases, but’ during equilibrium it remain' constant, i.e. 

dS 
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S' « OB' = a/OG a +GB 2 = { }*/(Af-f») 

M—m 2 

Mc^ - m'* = (^— ) (M^ 2 - we 2 )- 

Thus the difference in kinetic energy of the two types of molecules after 
impact is less than that before it. Hence after a large number of impacts 
the difference will be vanishingly small and may be- put equal to zero. 
We would then have 

Mcf 2 — mo' 2 , or Me x 2 = mo 2 , 

i.e., the mean kinetic energy of each type becomes the same and there will 
be no more exchange. When there is no exchange of energy we say that 
the gases are at the same temperature. Hence the equality of tempera¬ 
ture implies that the mean kinetic energy of both types is the same, i.e., 
temperature is a measure of the mean kinetic energy of the molecules. 

NOTE 2 

Deduction of Maxwell’s Law of Distribution of 
Velocities by the Method of Collisions 1 

If in the steady state a law of distribution of velocities holds which 
does not change with time, it is .evident that this distribution law should 
follow from the condition that the number of molecules having velo¬ 
cities lying between certain limits is not altered by the elastic impact of 
molecules with one another. We shall now mathematically discuss 
the consequences of this condition. For simplicity the molecules are 
supposed to be rigid elastic spheres. 

Consider one set of molecules whose velocity components lie bet¬ 
ween the limits u, u-\~du, v, v-\-dv, w, w-\-da>. Their number per unit 
volume may be denoted by ttf (u, v, w) du dv dm where n is the molecular 
density. For brevity, we shall designate them as molecules of the A 
type. Now since the velocity of a molecule remains constant except 
when collisions take place it is evident that molecules can enter or 
leave class A only through the occurrence of collisions. In the steady- 
state the equilibrium must exist between these two changes so that the 
net change in the number of ^4-molecules is zero. This condition oi 
no change determines the law of distribution. 

We may begin by considering those collisions „ by which the A- 
type of molecules are decreased in number. Let us consider a special 

1 The treatment given here is largely taken from Jeans’s Dynamical 
Theory of Gases. 
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Thus it will be seen that the function H is closely related to negative 
entropy. In fact it can be shown that 

S = -kH, 

where k is Boltzmann’s constant. It is shown in the chapter on Statis¬ 
tical Thermodynamics that 

S = k log r, 

where Wis the thermodynamic probability of the system. Hence we get 

H =' -log r, 

which gives the relation between H and the thermodynamic probability 
of the system. 

NOTE 3 

Definite Integrals used in the Kinetic Theory of Gases 

The following definite integrals occur very frequently in the Kine¬ 
tic Theory of Gases and the student should be able to reproduce them:— 


co oo 



Each integral can be obtained by differentiating the one just above 
it with respect to — b. In this way the system can be extended indefi¬ 
nitely. If the limit extends from — oo to -(-oo, the above values have 
to be doubled for even powers of u while they reduce to zero for odd 
powers of u. 

It will be seen that the foregoing formulae are simply particular 
cases of the general formulae 


oo 



0 


1 . 3 .... (2.k — 1 ) 

2*+i 



7 T 

FT* 


OO 

| e ^ u' 2k+l du == 


_k\_ 
2 M +] ' 
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NOTE 4 

% 


Experimental proof of Maxwell’s Distribution Law 
fcom the Finite Breadth of Spectral Lines 


As explained on p. 139 evdry spectral line has a finite width be¬ 
cause of the fact that the vibrating atom is not at rest but is moving with 
large velocities and consequently the frequency changes on account of 
Doppler effect. We can calculate this width mathematically as follows:— 
Let v 0 be the frequency of light emitted by a particle at rest. Now 
the particles in the vacuum tube are not at rest. , According to the ki¬ 
netic theory they are moving to and fro, the distribution of velocities 
being given- by Maxwell’s Law. If a particle is approaching the ob¬ 
server with the component velocity u, the frequency becomes v a 
If it is going away from die observer, the frequency becomes v 0 (1 — u[c). 
As V has all values from 0 to oo, the line will have all frequencies about 
a central value i.e., theoretically it will be of infinite breadth. But 
as we know from Maxwell's theory, particles with very large velocities are 
extremely rare, hence the intensity due to them will be extremely small. 
The distribution of intensity in the line can be obtained as follows :— 
Let dn be the number of particles having their velocity components 
in the line of vision between u and u~\-du. Then we have 

mu 1 

dn — « 0 a e du 


where a is a constant 

The frequency of light emitted by such particles is v 0 (l and 
the intensity I is proportional to the number of particles. Hence 


mu 1 


I = 7 0 .‘ (1) 

where I e is the intensity in the centre. We shall now convert this into 
a convenient form. Let A 0 denote the wavelength of the central line. 


thenA 0 = cjv a . 

Let A 0 - x correspond to the frequency v 0 (l -\-ujc). Then 


Thus 




Then I x > the intensity at a distance x from the centre (x being 
measured in wavelength units) is given by 

4 = 


where ft — k mv^jkT. 


. (3)- 
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Hence the distribution of intensity in the line about the centre will 
follow a probability curve (Fig. 1). We can now define a half-width. 



—► 


Fig. 1.—Distribution of intensity in a spectral line. 

Let ‘b’ be the distance on the wavelength scale on either side where 
J z — y„. Then b — half-width. We have from (3) 




b 2 = {In 2) 


w/i/„ z (2 In 2 ).kT 

y wr = 


±_r i (: 


(2 In. 2)MT V (2 In 2) R 


&■ 


where A = atomic weight. 

The half-width is therefore greatest for the lighter elements. I his 
is actually found to be the case. Hydrogen lines are always found to be 
very broad and diffuse. Lines due to very heavy elements like Cd and Hg 
are sharp. The temperature is also found to have marked effect. 
Michelson found that when tubes are immersed in liquid air, the spectral 
lines become remarkably sharp. But besides these qualitative proofs. 


the expression (4) can be subjected to a quantitative test. The breadth 
is generally very small. Yet that direct method i.e., photographing a 
spectrum from a vacuum tube under different conditions, and then 
measuring the intensity of the line along its breadth by a micro-spectro¬ 
photometer (Koch, Moll or Zeiss pattern) has now been so improved 
that it has been found possible to obtain quantitative proof of (4). For 
this, original papers may be consulted. But a far more powerful method 
is to find out the limit of visibility of the line by a Fabry-Perot interfero¬ 


meter. This is an instrument of very great resolving power. It con¬ 


sists of plane parallel places of glass which are half-silvered on the inside. 
If a beam of light is incident nearly normally, it suffers a large number 
of multiple reflections, and the interfering beams produce a series of 
sharp circular lin es when observed by the eye. The different rings 
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correspond to the different orders of interference, n, »+2... The 

maxima is very sharply defined, and the minima between two successive 
maxima has generally one-twentieth of the intensity of the maxima. 
But if the distance between the plates be gradually increased, this con* 
trast diminishes, until at a critical distance the whole field of view is:of 
uniform illumination. This limiting distance is found to be inversely 
propordonal to the half-width b. It can be shown from the theory of 
the Fabty-Perot interferometer 1 that 



Fabry and Buisson took the value of C to be T 22x10° and verified 
the foregoing results experimentally. They used inert gases (He, Ne. 
Kr) to get line spectrum in the discharge tubes. The experiments were 
performed at two fixed temperatures (room and liquid air), the discharge 
tube being immersed in the latter-case in a bath of liquid air. The 
following table summarises their results :— 

Table 1. 


Gas 

Atomic 

Weight 


Hoorn Temp. 
f = AM 

Liquid ! 
Air Temp. 
p' obs. 

i 

PlP 


(Calc.) 

Helium 

4 

5876 

144,000 

144,000 

241,000 

1*66 

Neon 

20 

5852 

324,000 

321,000 

515,000 

1*60 

Krypton 

83 

i 

1 

1 

5570 

600,000 

597,000 

950,000 

T-58 


In the table p is put for A/A. It will be seen that the values of p 
(observed) and p (calculated) agree remarkably well. 


NOTE' 5 


Deduction of Maxwell’s Mean Free Path 


On p. 15b wc deduced for the mean free path the expression 


A = 


1 

tivta 2 


• ( 1 ) 


There we assumed that only one molecule moves with the velocity v 
while all the others are at rest. This is however only a hypothetical 
case; actually the molecules possess all possible velocities, the distribu- 


1 Saha, Rhys. Rev., 10, 782, 1917. 
F. 108 
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tion of velocities among them being given by Maxwell’s distribution law 
and this fact must be taken into account. Hence in traversing the 
distance v where v is the absolute velocity of a molecule, the molecule 
will collide with Tto l rn other molecules, r being the mean relative 
velocity of the molecule with respect to the others. The mean free 
patli of that moecule is therefore given by 

1 V 

A v = —V —.(2) 

v mra 1 r s ' 


The molecule under consideration however may have all possible 
velocities in accordance with Maxwell's law. Therefore the mean 
free path averaged over molecules of all velocities is given by 


A = 


1 


tlira* 



• 0) 


where v has been replaced by the average velocity of the molecules, 
and /• will now denote the mean relative velocity of all molecjales 
with respect to all others. Following Clausius let us see how we 
can evaluate r. 

Suppose that the particular molecule, whose relative velocity with 
respect to others we are finding, moves with the velocity c v Its 
relative velocity r 2 with respect to another molecule of velocity r, and 
making an angle 0 with e 2 is 

r 2 =(fi 2 +V“ 2*i<a cos 0)* . . . . (4) 

Now all the directions for the velocity c 2 are equally probable. 
Hence in order to find the average value of r a we must multiply r 3 by 
the probability that the velocity c 2 lies within the solid angle lying 
between 0and d-\-d6. Hence, as in equation 70, p. 168, 


— sin 0 dO = -i- f (f 1 8 +r 2 2 -2r 1 f 2 cos 


sin 0 dd 


= 6^h 2 +^“ 2 ^ cos0 ) 8,2 ] o ‘ * * • ( 5 ) 

According to Clausius' assumption r 1 =r 2 =x/. Therefore r=’r 2 —4v/3 
from (5). Equation (2) then yields for the mean free path of Clausius 


A — 


3 

47r»a 2 * 


. ( 6 ) 


Let us further correct the expression by assuming Maxwell's law 
of distribution. We have to calculate r first by finding the relative 
velocity of a molecule having velocity c x with respect to molecules of 
velocity ( t and averaging for all values of e 2 from 0 to oo', next * 
multiplying this mean value by the probability that the molecule has 
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the velocity c x and averaging for values of e x from 0 to oo. This 
procedure is adopted below :— 

Equation (5) for the relative velocity r 2 yields 

r2 “ ^7 2 [(^+ f 2) 3 - ('i~0 8 ] * • • (7) 

It will be observed that we have written (/y^g) 3 for 
instead of This is because the relative velocity r 2 given by ( 3 ) 

is always positive and therefore (e^ t +c i i -2c x c 2 cos &f n and {(rj-f..) 2 }*' 2 
must also be always positive whatever the values of c x and c 2 . Hence 
when c x >c 2 we must use and when ^C^we should 

use a) 3 — (fz — ^i) 3 * Therefore 

mm 2_L/' 2 

for c x >c 2i r z = , .- . . . (7a) 

_ 3^ 8 4-r 2 

and for c x <c 2 , r t = - 1 -. (lb) 

The probability that there exist molecules of the velocity c 2 is 

r 2 a dc 2 . 

Hence the average relative velocity of the molecule e x with respect to 
all others is 


rj = j* r r 4jt a*e~* e * dc 2 . . . . (8) 

__ ° 

Since r 2 has two different values depending upon whether c x is greater 
than c 2 or not, we should rewrite (8) as 

Cl oo 




*** f« 2 dc« 


( 9 ) 


O 


^1 


We must multiply this value of r x by the probability of existence 

of molecules having the velocity e xt which is 4ira?e- t>e i i c x *dc x . Thus the 
average velocity r of any molecule with respect to all others in space is 



= J 4ira*e~ htx * c x * dc x j 4r 2 2 dc % 

o o 

+ J \TTd*r hx c*dc x J 3 £sl±£i 2 . 4 r a 2 dc % 

o c x 


» 1 6^a\I x +J 2 ) , t 


, ( 10 ) 
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where 


J, - | »' rlc, I >~ k ' <k. 


o 

OC 




2 -/^j a , 

cJ e dc a 


The integral Z 2 can be readily evaluated. In the expression for 
f 1 the order of integration may be reversed, the integration being 
performed firs.t with respect to e x and the limits of integration corres¬ 
pondingly altered. It will be seen 1 that 7, is of the same form as Z 2 and 


Z l =7 2 = 


— f- f 

8 -y /2 ' IP T 


Hence 


V2bn V 


( 11 ) 


Hence from (3) we get 2 for the mean free path of Maxwell 

* - -pf—. .( 12 ) 

\/2 tlTTO “ 

The method can be adopted to calculate the mean free path of one 
type of gas in a mixture of gases. We have to utilise (9) to find r with 
the condition that a and b are different for the two types. For details 
of calculation see Kennard, Kinetic Theory of Gases (1938), pp. 108-112. 


NOTE 6 

Determination of Avog&dro Number and the 
Size of Molecules 

Historically the kinetic theory of gases was the first to give an 
idea of the molecular magnitudes. The method was given by Los- 
chmidt in 1865 and was improved by Sutherland in 1893. The method 
is however not" capable of any great accuracy, partly because of the 
fact that the formulae employed are not quite rigorous and partly 
because they involve the assumption that the molecule is a structure¬ 
less spherical body. This assumption cannot be justified in the light 
of modern theories of structure of matter. More accurate methods were 
developed later so that tl^e methods based on the kinetic theory are 
now only of historical interest; still, however, they give us qualitative 

1 For details see Bloch, Kinetic Theory of Gases , p. 171. 

2 This result can also be obtained in a different way due to Max¬ 
well. For details see Jeans, Kinetic Theory of Gases (1940), pp. 131-135, 
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results and are important since they are deduced directly from the 
dynamics of a system of molecules. We shall first give the kinetic 
theory methods. 


A. KINETIC THEORY METHODS 

In the text we have already deduced expressions for the viscosity, 
conduction of heat and diffusion in terms of the mean free path. Consider 
first the viscosity t] (p. 169). It is shown there that 


Now 





A = 


1 

y/ 2 fiira* 


v 

V2 Niro 2 ’ 


where n is the molecular density, N the Avogadro number and V the 
gram molecular volume. Hence 


V rnn 

V ^ ~Wl 



3t7 3 /*' AV 2 


( 1 ) 


Thus Na z can be evaluated from a simple measurement of the coefficient 
of viscosity 17. M — molecular weight. 

Next by a study of the deviation of gases from Boyle's law we can 
determine the value of b which is four times the gram-molecular 
volume i.t. 

b =sr -j-NtTO 3 ..... (2) 


This gives the product No 3 . Knowing the value of No 2 and No 3 from 
(1) and (2) respectively, both the quantities N and 0 may be determined. 
We have 


n = g. cjgg g = v #— 

243 b 2 r) 2 7r il2 ’ 4 MKT 


. (3) 


By simple substitution it can be easily seen that N=6xl0 83 and 
a is of the order of 10~ 8 cm. In place of viscosity we can as well 
employ the expressions for the conduction of heat or the coefficient of 
diffusion. We have thus three methods of determining N from the 
kinetic theory alone. 

If however we assume N to be known from electrical or-other 
phenomena, equations (1) and (2) furnish two independent methods of 
determining < 7 . Table 1 1 gives the value of a obtained by these methods. 

It will be seen that the values of | o obtained from the mean free 
path phenomena and from the value of , b > do not agree well. This is 


1 Taken from Jeans, Dynamical Theory of Gases , 4th Edition, p. 329, 
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Table 1 .—Values of molecular radius by different methods. 


Gas 

Values 

of -laXlO 8 calculated from 

Viscosity 

Conduction 
of heat 

Diffusion 

Value of b 

Hydrogen 

T36 cm. 

1*36 cm. 

1*36 cm. 

1*27 cm. 

Helium 

. 1*09 

MO 

» ♦ 

0*99 

Nitrogen 

1*89 

1*89 

1*92 

1*78 

Air 

1-87 

1*87 

1*87 

1*66 

Carbon dioxide.. 

2*31 

2*42 

2*19 

1*71 

Oxygen 

1*81 

1*81 

1*82 

1*45 


because the molecules are not hard elastic spheres as assumed in 
{he elementary kinetic theory. We know from recent , developments 
in Physics that the atoms consist of electrons and a positive nucleus. 
Such a structure is penetrable as experiments on the scattering of 
a-particles actually show. Hence the molecules cannot be treated as 
hard elastic spheres and the force exerted during a so-called “collision” 
must be wholly electrical. From these considerations it will be seen 
that the average minimum distance between the nuclei of two molecules 
during collisions is regarded as the molecular diameter and would 
correspond to the diameter a of hard molecules. 

The elementary kinetic theory has been improved by taking into 
account this softness of the molecule. Hydrogen and helium are the 
hardest molecules. Detailed considerations, 1 which can only be re¬ 
ferred to here, show that for these gases there is a correcting factor 
1*079 by which we must divide the value of jo obtained from Van 
der Waals* law. 

After making the above correction and certain others, it will be 
seen that the values of jo obtained from values of b are systematically 
smaller than those obtained from the mean free path phenomena. 
A very simple geometrical consideration shows that this would be the 
case if the molecules have some shape other than the spherical. For, 
in measuring deviations from Boyle's law we are concerned with the 
volume of the molecule and in the mean free path phenomena we are 
concerned with the cross-section of the molecule. And the mean 
radius of the molecule regarded as a rigid sphere will be less than the 
mean radius of the cross-section if the molecule is not spherical. 

To make the point clearer we take a specific case. Suppose the 

molecifles consist of coin-shaped discs of radius r and small thickness h. 

* 

1 See Jeans, Dynamical Theory of Gases , Chapters XI and XIV, 
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The deviations from Boyle’s law will give the values of a given by (|)w(a/2) 8 
= w 2 /i, or a (6r 2 A) 1/2 , while the mean free path phenomena would give 
the value a = r. If k is very small, it is obvious that (6r 2 7*) 1/3 < r. 

Equations (1) and (2) clearly show that the problems of finding 
N and a are identical, since if one has been determined the other can 
be known by any one of these equations. Hence any method for 
finding N may as well be called a method for finding a and vice versa . 

Various methods for determining the Avogadro number from 
measurements of the Brownian Movement have already been given in 
the text (pp. 185—196). 

B. METHODS BASED ON BLACK-BODY RADIATION 

On p. 673 it is proved that the Wien constant b is given by the 
relation 

b =vm\k’ ■ ■ •. • ■ (4) 


where h is the Planck constant and k the Boltzmann constant. Nov/ b 
can be determined experimentally (pi 662) and h obtained from Millikan’s 
photoelectric experiments or otherwise. Hence k can be calculated 
from (4), and from the relation R —Nk, the value of Avogadro number N 
can be easily obtained. Thus we have * 2884 cm. X degrees, h~ 6 55 X 
10” 37 , R=8-313xl0 7 ; whence N=60*59xl0 22 . 

Again on p. 672, we have proved that the Stefan’s constant 


2rr 5 i 4 
~ 15 W 


. (5) 


Now a can be determined experimentally (§§15*23 and 15*24) and, 
substituting the value of A in (6) we can get k and hence N. Thus 
ftTtp erj men tally we have <r—5 • 77 X 10~ 6 etgs/cm, from which, with the 
aid of (5), we obtain N=60*39xl0 22 . 

We can however obtain N from the theory of radiation alone, for 
we can eliminat e A from (4) and (5) arid obtain an expression for k. In 
this way we get JVs=60*12xl0 22 . 

But the radiation constants are not known very accurately, hence the 
best value of N is obtained from .indirect methods. These are outside the 
subject of heat and hence we shall indicate them only briefly in this place. 


C. METHODS BASED ON THE DETERMINATION OF 
ELECTRONIC CHARGE 
We know from the theory of electrolytes that 

F^Ne, .( 6 ) 

where F is the charge carried by a gram- equivalent of a monovalent ion 
and is equal to 96540 coulombs. The electronic charge, c can be to unci 
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directly as by Millikan or hidirecfb- by determining the charge on 
the a-particle which is equal to 2c (ilegeocr). Using the value 
<r--4’801 X 10 -jy e. s. u. we get N -- 60-1 xiO 8 -. 

D. FROM MEASUREMENTS OF LIELECTRiC CONSTANT 

Considering the molecules as sphcjical conductors of electricity, 
Clausius and Mossotti obtained for a gas the relation 

$(-\ =: hllTTO* . . . . ( 8 ) 

where £fC is the dielectric constant of tile gas and n the number of 
molecules per c.c. Knowing and o, n can be calculated. If £/C is 
not known, we can determine <y( from Maxwell’s relation f/C-- g 3 where 


fi is the refractive index of the gas. • 

We give below a summary of die important methods* by means of 
which the Avogadro number can be determined. 



Table 2 .—'The 

Avogadro number 

JV, by various methods. 

No. 

Method 

Method first 

iven by 
g 

NX 10“** 

Calculation of 

N depends 
upon 

measurements of 

1 . 

Kinetic Theory 
of Gases (vis¬ 
cosity, heat 
conduction, 
etc.). 

“ 

Lo schmidt 
(1865) 

corrected by i 
Sutherland 
(1893). 

59*5 

to 

68 

Euckcn, Pkys. Zeits. 
14 , 324, 1913^ 

««• 

Brownian 
mo vement 

(a) Vertical dis¬ 
tribution of 
particles. 

(b) Change of 
position of 
particles. 

Perrin (1909). 

Einstein 

(1905). 

60-9 

59 1 

60*3 

60-4 

Perrin, The Atoms. 

Nordlund, Zeits. f. 

Phys. Ghent.) 87 , 40. 
Fletscher, Phys. Rev. 

4 , 440, 1V14. 
Evring, Phys. Rev. 

5, 412, 1915. 

3. . 

Surface Tension 
of very dilute 
sodium oleate 
solutiou. 

D e N o ii v 
(1924). 

60-0 

i 

i 

De Noiiy, Phil. Mag., 
48 , 664, 1924. 


* Virgo (Science Progress, 108 , 634, 1933) has enumerated more 
than eighty different experimental determinations of this quantity 
made upto 1933. For an excellent summary of the different methods, 
see Loeb, Kinetic Theory of Gases , (1934), pp. 408-423 
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No. 

Method 

Method first 
given by 

Nx 10- 2a 

Calculation of 

N depends 
upon 

measurements of 

4. 

5. 

I.aw of Black- 
body Radia¬ 
tion. 

Determination 
of the charge 

Planck (1900). 

i 

60-5 

Gerlach, Zeits.f. Phj- 
sik, 2 , 76, 1920. 
Warburg and.Miiller, 
Attn. d. Physik. 
48 , 410, 1917. 

1 


(a) on the elec¬ 
tron (Oil 
drops). 

Townsend 
(1897) im¬ 
proved by 
Millikan 
(1910). 

60 62 

Millikan Phil. Mag. 
34 , 1, 1917. 


(It) on tt-par- 
ticles. 

Regener(1908). 

60-4 

Regener, Perl. Akad. 
1909, p. 948. 

6. 

Scattering of 
light by 
Earth’s at¬ 
mosphere. 

Lord Ray¬ 
leigh (1899). 

60-4 

Fowle, Astrophjs. 
Jour., 40, 435,1914. 

7. 

Fine Structure 
of Hydrogen 
lines. 

Sommerfeld 

(1916). 

60*8 

Paschen, Ann. d. 
Phjsiky 50, 901, 
1906. 

8. 

Magnitude of 
elementary 
cube of a cry¬ 
stal obtained 
with X-rays. 

A. Compton 
(1922). 

60*35 

Backlin. Diss. Up- 
sala (.1928). 


NOTE 7 


Stirling’s Formula 

The value of the quantity N I very rapidly increases with ft. In 
fact, 301 gives us a number which requires 33 figures to write, and 4001 
requires 869 figures. An approximate formula for finding out the value 
of n ! was given by Stirling. This is 


n 1 — -s/'l’nn ^1 
F. 109 



1 139 

228« a "51840 ** 
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For the purpose of this book, it will suffice to use the less approxi 
mate formula 

/»/;! = » {In n— 1). 

This can be proved as follows:— 

In ti ! = In 1-j- In 2-{-/» 3 -f-. • In x . In n. 

In n n = In n-\-ln n +. In n +. . In n. 

Hcace In J J +• • • ■ * +■ • ln J 

= 2(/» x—ln «). 

The summation can be replaced, though not quite rigorously, by 
the integration 

| (In x—ln n) dx = [x In x -x] - [x In nj — —(n—\)+ln n. 

Hence In n\ = n {In n-\)-\-ln n -fl, 

and the last two terms may be neglected in comparison with others 
when n is very large. 

NOTE 8 

Proof of Liouville’s Theorem. 

Let q x , q 2 _ q» and p x> p % - pn denote the position and mo¬ 

mentum coordinates. Then according to this theorem 

(IT A P- A?) = 0. 

any arbitrary element of volume in phase space does not change its 
size with time. To prove this, let us put. 

A t ~ AA- A/ 2 ♦ ■ • A pn’ Aft- A q% • • • A 4n 

If At is the volume of the element after a small interval of time dt, then 

Ax'=A(A+A^AA(A+/V^)- • • A (A +p »^) A(^i+ A(qn+qndt)* 

Since A Pi~ '^p L . AA • • • etc. A?i— ^ A?i ♦ • • etc. 

we have 

At' •= A/>i*A/>» • • • AjVAfi-Aft • • ♦ L\q» (!+ <!*) x 





proof of Boltzmann’s theorem 


867 


Or At 


Atfl + 


fiPl , d P 

XSfi'Sp 



At' - At = At ( 


Gpi, d P 


dp x dp 2 


+■ 



Since, 


however, 

Pr = 


an 

a q r 


anti q r ~ 


dH 

dpr 


where H is the Hamiltonian function of the system, the right-hand side 
identically vanishes. Hence At does not change with time, 


4- (ITAa A?) = o. 

We have now to show that the elementary volume At is indepen¬ 
dent of the choice of the system of coordinates. Let 0 be the position 
and 0 the corresponding momentum coordinates in another system of 
coordinates. We have then to show that 


At* = At*. 

Evidently 0’s and 0’s must be some functions of q’s and p’s. Let os now 
choose another set of position and momentum coordinates (x x , **„... x„) 
and • -jVn) respectively which are also functions of the original 

coordinates. Let us further suppose that these coincide with q’s and p’s 
at a certain time t and with 0’s and 0’s at another time Then 

At* — At* and At* — At^ > 

where At and At' denote the volumes at t and f. Since, however, as 
proved above 

At* — At* > 

We have At, = Ax/* Av 

The element of phase volume is thus independent of the choice of 
coordinates. 

NOTE 9 

Proof of Boltzmann’s Theorem S= k log W 

We have on p. 388 the functional equation 

/(^^s)=/(^i>+/(r s ), . . . . (i) 

the solution of which, determines /. To solve this let us differentiate (1) 
with respect to W Xt keeping W t constant. We get 


w, /(r.rj) =/(ir,>. 
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Similarly W\ /(IF, IF.,) = /(IF*) 

4 

Hence IF, /(IF^ = IF, ?(!F 2 ) » W\\rJ(\¥\W n \ 

or W x /(IF,) = IF, /(1F 2 ) = const. 

/ (IF) — /& log W + C 

The constant k is a universal constant, being the same for all 
systems but C is not necessarily the same for all systems. 

NOTE 10 

Energy of Oscillators in a Field of Radiation 

Let us consider a number of linear simple harmonic oscillators of all 
frequencies in equilibrium with radiation and let us find the average 
energy of the oscillators in terms of the density of radiation. For solving 
this problem, Planck considered the absorption and emission from these 
oscillators separately. The energy absorbed by an oscillator of charge e 

K TT(? ^ 

and mass m from the field of radiation of density u v is u v (ft, where- 

as the emission, when the oscillator has the energy E is E —— dt ,. 

For equilibrium, the time average of these quantities must be equal. 
Hence 

8 irv* _ 

u v — ^3 E« 

We shall however deduce this result from the equation of motion of 
an oscillator as this method is shorter. 

Let us suppose that a linear simple harmonic oscillator, consisting 
of an electron, is placed in the field of radiation. The equation of motion 
of the electron is given by 

mx-\-\ix — F, . . . . . (I) 

where F is the impressed external field due to radiation, and the 
oscillator is not subjected to any damping. But this last assumption is 
not true, as according to classical electrodynamics, the oscillator radiates 

2 6 ^ " ert? 

at any instant the amount of energy S~~= rT x 2 ——, but the energy of 

a simple harmonic oscillator is constant and it cannot radiate energy. 
To F, we must therefore add some damping force. Let it be denoted by 
F\ Putting F—0, we can obtain F' by equating the average work done 
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against it by the oscillators to S, the average radiation of energy, i.e. t from 
the condition 

1 


2 ^ C r .. 

x 2 (it. 


Since 


jVi*— 

( x *)=**-j-‘x x, we have 

r r r t 

} xHt=\~(x *> - j'fxx) ^ L/;] 7 - 


d_ 

dt 


0 0 
r 


r j ( F ' x )'"- ~y ^r [**] 0 + T~?r\* x *• 

0 - o 

The first term on the right side is zero, if T be sufficiently large, 
which is always allowed. Hence we must have 

This is satisfied if 


2 e 2 ... 

F f — -x 

3 *•»*• 


• (2) 


This force is known as "Radiation Damping*, The equation of motion 
is now given by 

• • 2 e* ••• 

mx+ixx- — x ~ F .(3) 

When F = 0, we obtain free motion of the oscillator. It can be 
shown easily that the free motion is given by 


= e (a 0 cos oj Q t -)- b Q sin a> 9 t) 


( 4 ) 


where 


<«•* - #•/*» y — 3 • 



This is the equation of a damped oscillator. 

When the oscillator is moving in a radiation field, we can put 
F=eE z where E^ is the electrical intensity of radiation and is given by 



-—-oo 



and e is the charge on the electron and ajlir is some fundamental 
frequency. Since the radiation is continuous, it has been decomposed 
into a Fourier series. To have E z real, we must have 

= a„* .(6) 
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where a„* denotes the conjugate complex of a n . According to Maxwell's 
Theorem, the energy density u of radiation in space is given by 


+ + -E. a 4- «„* + H„> + j = ~ B,K (7) 

since for isotropic radiation all these mean square quantities are equal. 


But 



a* rf-w 


;(*-«') a/ 
e 


Thus the time average becomes zero unless tt~n\ and we have 


ft » cc 





and therefore 


H — 


3 ” 

5)2 

11=0 


2 

a n 


( 9 ) 


The incident energy lying between v and v-\-dv is given by the 
relation 


since 

Hence 



n — 2m>fa. 



■ ( 10 ) 
• ( 11 ) 
• (12) 


Now the integration of (3) with E m as given by (5) can be easily 
performed by ordinary known methods. We expand the function *•(/) 
in the form 






«»/ ■ 


• (») 


««*® - CO 


Substituting the values of x and E x from (13) and (5) respectively 
in equation (3) we obtain for the amplitude £ n the equation 

U | -(#a) 2 +<V+ * 3^3 (**)*] = ^ a » 

From this we get 


«.*{.“ |fn|= - 




a n 




. (14) 
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We now find the energy E of the oscillator. Since this is equal to 
double the average kinetic energy we have 


E = 4 




inat 


(15) 


Calculating as before in the case of B« s we have die time average 

£ W .... (16) 


#*s *0 


since in place of a n in (5) we have now i£ H .»a. 

Substituting the value of |£„J 2 from (14) and replacing the summa¬ 
tion by integration, remembering that a>=na, or dn — we obtain 


_ m e 8 
E = 2 'm* 


r 


OT 


!-■-T + 14 S-'l 


1 12 ^ *• 

T W* 


This integrand has sharp maximum at co—w 0 . We can therefore 
replace &> by ouq everywhere, excepting where to—co 0 occurs, and take the 
limits of integration from — ©o to +oo. Further we introduce the 
integration variable w—o) 0 —x. Thus we have 






f + ” dx 


07) 


where |<* n | 2 is the value of |<*nl 2 at »<*=a»o 
3 m z x 


Putting 


a 2 =^, equation (17) reduces to 
e Off 


J5 = — ^ a ” I 2 

2m a 


u). 


0 4c 2 


+°° 

3 >mc* f d% 

?) 


U) 9 


^+1 


2 V 


rru v 


since the integral is equal to n and from ( 12 ), 
Hence finally we get since to 0 ==2irv, 

8 m / 2 — 


I a * I* _ 3 


u v . 


Uv — 


E 


• (18) 
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NOTE 1 11 

Nuclear Spin from Molecular Spectra 

It was first observed by Mecke that the band lines due to the 
spectrum of diatomic molecules show a remarkable alternation of in¬ 
tensity. In the case of molecules like He 2 and O a the alternate lines are 
entirely absent, while in the case of H 2 , the alternate lines have the 
intensity 3:1. Similar alternations are found in the case of all diatomic 
molecules where the two nuclei are identical. Heisenberg was the first 
to observe that the case was analogous to that of the spectrum of the 
He-atom, whose lines can be grouped into two sets—the parhelium lines 
and the orthohelium lines. The parhelium lines arise from a singlet 
set of terms, and the orthohelium lines from a triplet set, and terms 
of the one set do not usually combine with those of the other. (For 
a description of the case, see Saha and Saha, Treatise on Modern Physics, 
p. 557, and for explanation from wave mechanics, see Sommcrfeld, Wave- 
M&hanical Supplement , p. 267). The explanation of the occurrence of this 
phenomenon is that when the electrons are interchanged, the eigenfunctions 
of the different states should change their sign, t.e. y should be anti-symmetri¬ 
cal. The interchange includes spin, as well as space coordinates. 

In the case of molecules composed of two identical atoms, the 
rotational eigenfunction (due to rotation of the molecule about a line 
passing through the C G. and perpendicular to the nuclear axis) is 

given by where s — 0, 1, 2.any integral number. If we now 

interchange the nuclei, the process is equivalent to substituting 
i r-f ^ for <f>, and it is easy to see that e*** remains the same if .r is an even 
number, but changes its sign when s is odd. Hence the rotational 
terms corresponding to s — 0, 2, 4.. . are symmetrical in the two 
nuclei, but those corresponding to s— 1, 3, 5,..are anti-symmetrical. 

Let us now suppose that each of the two nuclei possesses die spin- 
moment 7\ Then each nucleus is capable of taking 2/4-1 positions, 
corresponding to the values /, /—l, / — 2, ... —i. Here m signifies 
cos 6, where d is the angle between the nuclear axis and a fixed direction 
in space. When we take two nuclei a and b, any one of the (2/4-1) 
orientations of a can combine with any of the ( 2 / 41 ) orientations of b, 
so the total number of combinations is (2/4 l) 2 . But let us put the further 
restriction that the combinations are either to be symmetrical or anti-sym¬ 
metrical. All the (2/4-1) 2 combinations can be represented by the terms 
Xfi of the square matrix where j = /, /-I, ... and xji denotes 
a combination in which V has the /v^-value j, and b has the value /. Now 

* This note should be read after note 15. 
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if th« combination is symmetrical in a, b, we should have xji—xtj, the, 
sign is not changed by interchanging j and /. It can be easily seen that the 
number of combinations in this case is (/-}-l)(2**+l). But if the combina¬ 
tion is anti-symmetdeal, we have Now the diagonal terms 

Xjj ~ — xjj~ 0, hence the number of independent terms is 
We thus find 

g kt = (i+l)(2/-l-l) for symmetrical combination of nuclear spin. 
g ta . i(2i -f 1) for anti-symmetrical combination of nuclear spin. 

Now let us consider the combined symmetry. We represent by 
% i ft n . . . the symmetrical eigenfunction for rotation. 
ha • anti-symmetrical „ „ „ 

tfi ks . . . symmetrical eigenfunction for nuclear spin 
^ ka . . . anti-symmetrical „ „ „ 

Then remembering that the ultimate ^-functions will be either sym¬ 
metrical or anti-symmetrical, we have the following cases :— 



I. 

Symmetrical 

11. 

Anti- 

■S) mmetrical 

A. i/v, 

• h 


A. lf*rs • 

ha 

• gka = i(2i~\ 1) 

s=- 6, 

2, 4,. 


.<•- o, 

2 4 . 

B. U 

• ha 


B. . 



«f —1» 

3,5 . 

• ■ g*=/(2/+l) 


3, 5,. . 

gha 


This explains the result given in §§ 16*9 and 16 10. Wc have for 
the hydrogen molecule, the B-terms {s— 1,3,5. . ) thrice as numerous as 
A-terms. Hence 


gba l ~ 

i.e.y the H-atom has the nuclear spin $, and the molecule obe\s FD- 
statistics. But for nitrogen, it was found by Ornstein and Van Eyck that 
for N a + -bands, the A-terms (r=0, 2, 4,) are twice as numerous as B- 
tetms (r=l, 3, 5. . ). This cannot happen if the molecule is of type 

II., i.e.y if it obeys FD-statistics. We therefore suppose that T he N. - 
molecule is of type I., i.e., obeys BE-statistics, and 

hence 1. 

gba 1 

We observe that when/=0 (case of He 2 , C 2 , O a . . .), only one set of 
terms is present—A-terms when the molecule obeys BE-statist;cs, B-terms 
when it obeys FD-statistics. (vide, Kronig, Phys. Zeits. 32, 774, 1931). 
F. 110 



NOTE 12 

Table 1.— C v after Einstein for hvjkT from 0 to 14. 
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& 

Table 2.— C v after Debye for from 0 to 30 


& 

T 

o-o 

0-1 



0-4 

0-5 

0-6 

0-7 

0-8 

0-9 

1-0 

0 

5-955 

5-95 

5-94 

5-93 

5-91 

5-88 

5-85 

5*81 

B 


5-67 

1 

H 

5-61 

5-55 

5-48 

5 41 

5-34 

5-26 

5-18 



4-92 

2 

4-918 

4-83 

4-74 

4*64 

4-54 

4-45 

4-35 

4-25 

4-15 

4-05 

3-95 

3 

3-948 

3-85 

3-75 

3-65 

3-56 

3-46 

3-36 

3-27 

3-18 

3-09 

3-00 

4 

2-996 

2-91 

12-82 

1 

2-74 

2-65 

2-57 

2-50 

2-42 

2-34 

2-27 

2-20 

5 

2-197 

213 

2-06 

1 ‘99 

1-93 

1-87 

1-81 

1-75 

1-69 

1-63 

1*58 

6 

1-582 

1-53 

1-48 

,1-43 

1-39 

1*34 

1-30 

1-26 J 

1-21 

1*18 

1 • 14 

7 

1-137 


1-065 


•998 

j 

•966 

•935 


•878 

•850 

•823 

1 

8 

•823 

•798 

•774 


•727' 

•704 

•683 

•662 

•642 

I 

•623 

•604 

9 

•604 

•588 


•552 

•537 

•521 

•507 

•492 

•478 

•465 

•452 

io 

•452 

•439 

•427 

•415 

•404 

•394 

•383 

•373 

•363 

•353 

•345 

11 

•345 

•335 

•324 

•319 

•310 

•302 

•295 

•287 

ss 

•273 

•267 

12 

•267 

1 

•254 

•248 

-242 

•237 

•231 

•226 

•221 

•216 

•211 

13 

•211 

1 

•202 

•197 

•193 

•188 

. *184 


•176 

•172 

•169 

14 

-169 

•165 

•162 

•159 

•155 

•152 

•149 

•146 

•143 


i -137 

15 

•137 

•135 

•132 


•127 

•125 

4 

•122 

, -120 

•118 


; -H3 


e 

T 


e 

T 

C v 

B 

c. 

16 

mm 

21 

0-0502 

26 

0 0264 

17 

■iniyiw 

22 

0-0436 

27 

0-0236 

18 


23 

0 0382 

28 

0-0212 

19 

0-0677 

24 

0•0336 

29 

0-0190 

JB 

0-0581 

25 

0-0298 

30 

0-0172 
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NOTE 13 


Combination with Repetition 

In Chapter XVII we have stated that the number of ways in which 
N s particles can be distributed in A, cells is equal to 

(AA N,-l)! 

• (A,~ 1)'! N~! * 


This can be derived as follows : 

Let the cells be designated as x }> x .,,.... , A particular 

distribution can be represented by 


-v, 


•V A , 


. 0) 


where a., /?, .. ., v are the number of particles in the cells x j5 x 2> -.. 
x\ ; respectively and 

. • • "bp ~ A/, . . . . (2) 


Now consider the product 

(jc 1 f -Sv l 1 +Xi 2 -bV+- • • • • • ) «-i• • •-! *VT • • 

(•' v °j.,-b' v \irr-v a .is+- • ♦ 4->Lj if *h- . * ), 


where each factor consists of an infinite number of terms. In this 
product we have all possible combinations of the powers of x 2 ,. . , 
x Al . Hence the number of ways of distributing N f particles in the A, 
cells is equal to the number of those terms of type (1) for which the 

condition (2) is satisfied. Now let x t = .v 2 = . = x Jx — a-. 

Then the number of combinations is equal to the coefficient of x^ ! 
in the expression 




f-.Y r -b. 


. )■'* 



\ t (Ary*) .. 2 . 

— 1 -4- -j--2^]- A . • • • 


4 


A/A A l)(/b-'-2).. . f.-W-1);, 

j- - - .V 


Hence the required number is 

A,(A,-'r l)(^,4-2)- (A, TiV,- 1) (A^X S ~ l)! 


XT 


(.-1,-1) 1 TV,! 
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A very simple proof of the relation is as follows:— 

Consider the array 

*1 ^2 a a a l X 2 a i a 6 - V 3 a S a X s .-V.Ir 

where x l denotes cell number 1 and a 2i a z denote particles 2 and 
3 etc. The array symbolically means that particles 2, 3 are contained 
in cell 1, particle 1 in cell 4, particles 4 and 6 in cell 2 and^so on; i.e. 
the particles contained in a cell are conventionally written on the 
right of the ceil. In the array there are terms. Keeping fixed 

in its place let us permute the remaining A t N, — 1 terms among 
themselves. This can be done in {.•4.4-2ST, —1)1 ways. Out of these 
we reject those which consist merely in a permutation of the cells 
among themselves viz. (A s — \)\ or a permutation of the particles 
among themselves viz. N s \ because it is immaterial which particles are 
contained in which cells. Hence the total number of new arrange¬ 
ments is given by 

(A s + A/ t ~ 1)1 
(A,- 1)1 N t ’\ 


NOTE 14 

Integrals used in B. E.-and F. D.-Statistics. 

The integrals used in §17*6 are of the form 


co 

t f u n dit 

r(*+i)J **-w? * 


rlf 


\ l y \ r ~(r+l)« 

' f r \ e //» ( j, ti 


When / ^> 1, this can be expanded as 

CO 

I,= F(»+i)f ~ ( 7 ) 

° r—0 

Jo ' 


Since 


we have 


U - S <ylfYI(r+\y*\ 

r= o 


or writing in full 

L = 1 4- 


2»+i 3«+i fi 


r+- * • 


(/■+i) n+ 7 


> *i“ 


= ldh" 


1 


1 


1 


-L 


2 «+ l f 1 3 »+i jz 4 / 14-1 

the upper sign referring to B.E.-, the lower to F.D.-statistics. 
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Wfrnf&d. 

It has been pointed out in the text, that for BE-statistics, the 
minimum value of f~ 1. We have then 

7^(1) — 1 -r 23 / 2 "t* ~3372 +•••• = 2-612, 
which was utilised in §17 * 10. 

For f <^ 1, we have only to consider Permi-statistics, and find 
out the value of 

T _ 1 f 00 //“. du 

" ** r(»Ti)Jo ?W 

for now y~- — 1. 

Let us take the function 


m; 


du 




>o * U -M// 

where is a regular function of u, and vanishes for u = 0. Let us 
putlog/— Since / <^ 1, £>0. We can now write V as 

v =i 

=K+v r 

e u +lif = 1 “ )’ 


Writing 
we have 


£ ' 

= / + V.. where K, = 


Now for evaluating V 3 , we put //—f(l —/). Then we see that 

We may now change the upper limit to 00 . The error involved is 
of the order of e~%=f and is small, so that 




For calculating V 2 , we put //=£(!-f-/). We have then 


V. 


du 


\i **+!// 




dt 


0 1 +*** 


f & 
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We have therefore 


2/ v* £ *<M€) 

by Taylor’s expansion, where <f> v (£) denotes vth differential of </>(£), 


^=2,4,6.. O'-1)1 J 0 f+^ 


Now 


= 0^)i(i-I + i-i, . . •) 

\ 2 v y 4» ’ 


(v-l)I 


Cu 


2 4 

We know that C, — C, = l X ^ , etc. We have therefore 

h7/= «f) + 2 {C^(f) + Crf*(0 + . . .} 

For calculating 7„ we have to put 




TFV’bc n “^= rn 5 ) 


Hence 

V/ = 


£ n+1 


r,«( 


r(#+2) 

Patting »—£ and »=£ respectively. 


___+- p ——, 


I] 




Wf-iA* Hi + % + ■ ■ •} 

W l Of 


i5y; 


NOTE 15 

Wave-Mechanics and New Statistics 

Before giving an account of the quantum mechanical treatment 
of statistics of an assembly of particles we shall give a brief sketch of 
the basic principles of wave*mechanics. This is necessary for a clearer 
understanding of what is to follow. 

Since the time of Newton, we have been accustomed to the 
particle concept. In fact, Newton assumed that both matter as well 
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as radiation consisted of particles. But about the year 1800, Young 
and Fresnel proved from study of diffraction and interference pheno¬ 
mena that light was a kindiof wave motion. This theory held right upto 
1900, when Planck showed, as explained in §15*32 that for explaining 
the lav/s of black-body radiation we have to suppose that light of 
frequency v consists of quanta of energy content hv. Thus an em¬ 
barrassing position was created, viz., for explaining the phenomena 
of interference and diffraction we have to regard light as waves, while 
for explaining photo-electric phenomena, the laws of black-body radia¬ 
tion and the atomic spectra we have to regard light as consisting of 
atoms of energy. This dual concept of radiation is the great puzzle 
of modern physics. 

In 1923, L. de Broglie showed that the dual concept of light 
may be extended to particles of matter as well. He was led to this 
conception from Einstein's idea that matter and energy are identical, 
in fact a particle of mass m may be supposed to possess the energy 
me 2 . From this, he concluded that since both matter-particles and 
photons are simply different forms of energy and are mutually con¬ 
vertible, their physical nature ought to be identical, and whatever 
properties may be deduced for one type, should ipso facto hold for the 
other type. Thus the dual conception of waves and particles may 
be extended to particles of matter as well. In fact, de Broglie succeeded 
in showing that a particle of mass m moving with the velocity v may 
be described as a wave of length \~hjmv, a discovery which was soon 
found to explain successfully the experiments on electron reflection 
by Davisson and Germer, or the more direct experiments on electron 
diffraction by G. P. Thomson and others, which were inspired by de 
Broglie’s discovery. Schrodinger showed that wherever the wavelength 
of particles is comparable with the dimensions of the space in which 
the particle moves as in the case of electron motion in the H-atom the 
wave-conception of matter has to be used in place of the particle- 
conception. 

If the particles of classical dynamics are to be replaced by waves, 
we have naturally to find out corresponding substitutes for the dynami¬ 
cal concepts as well as for dynamical equations. It has been shown 1 
that for the non-relativistic case, this is accomplished if we represent 
a free particle moving uniformly by a function tft or its conjugate 
imaginary 0* such that 

4 ,« A k y y-k^) . . . . (1) 

1 For proof see p. 882. 
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where hv—m 2 —energy of the system 1 

hk=mc —momentum of the system. 4 j * ^ 

A is the amplitude which may be a function of x,j, 

The question now arises : how are we to find the 0 function 
in general when the particle is moving in any field of force? The 
answer to this important question was given by Schrodinger. We 
know that in classical mechanics the motion of any system is comple¬ 
tely defined if the Hamiltonian H of the system is known. The motion 
can then be determined by solving the system of differential equations 


di 


dH 


Opr. 

di 


dH 


(3) 


cp r ' Ct dq r * * * 

(called Hamiltonian equations) subject to the given initial conditions. 
The Hamiltonian H is a function of the p’s and q’$, the generalised 
momentum and position coordinates. Schrodinger showed that the 
wave function 0 for the system is obtained as the solution of the differ¬ 
ential equation (Schrodinger’s equation) 

ih dtp ' ( ih ft \ . 

where h is the Planck constant, and the conjugate equation 


(4) 


ih dtp* , „ 

2TW = h 




■ (5) 


where every p r occurring in H has been replaced by the operator 

- ~ in the equation for 0 and by ~ ^ in the equation for 

ip*. If H does not cdntain the time explicitly, the above equation may 
be immediately integrated. We have 

0 = 0 (^ r ). e - 2 * iEt i h .( 6 ) 

where tp(q r ) satisfies the equation 

= • ■ • (7) 

We are to seek only those solutions of Schrodinger*s equation 
which satisfy certain conditions, i. e., ifi -+0 at infinity, and $tptp*dv 
integrated over all space is finite, but we need not enter here into 
these details. In general we shall obtain a number of independent 
solutions tp ly 0 2 , etc., each corresponding to a definite value of the 
energy parameter E. We shall speak of each 0, as an eigen-function 
0„ of the corresponding eigen-value of the energy E„, As a simple 
F. Ill 
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illustration of the solution iof Schrddinger's equation, we shall deduce 
the result given above for a free particle. In this case 




• ( 8 ) 


and Schrddinger’s equation becomes 

- - w( & + -W+ w) * - E « x -* * •« 

We first investigate the possibility of writing the solution in the form 

*) = X( X ) Y(j) Zfe), . . . (10) 

where X(x) is a function of x alone, Y(j) ofj alone, and Z(%) of \ alone. 
Equation (9) can now be written as 

1 0*X , 1 d*Y , 1 0 2 Z 8w*» n /1iN 

X y + Z 8^ ~ “ A a 25 * * 

A simple argument now shows that equation (11) can be broken up 
into the three equations 

1 0®X 8 t rha D 1 0 2 y 817 % n 

x a* a y e> 2 k 2 *** 

_1^ 0 a Z _ 8n 2 m _ ' * 

Z d? ° ' 

where B*, By, E a are three constants satisfying the condition 

B* + By + E* = E .(13) 

The solutions of the three equations in (12) are 

X = A x e’ vik * x -f 3 x e~ U,kx x I 
y = A/™*** -b B./ ~- 2 * ikv J [ . (14) 

Z = A/ nik * * + z J 


8-77% 


where 


87 t 2 w 


MV+V+W) = 4ir a k* = (£,+£,+£.) 


Rir2«» 

4tt 2 a* = E = 4nWv*fh* 


or £ — /w/li, .(15) 

which is the same as the second equation (2). The first terms in equa¬ 
tion (14) represent a wave moving in the positive direction. Taking 
these terms only and adding the time factor we get equation (1). Since 
there is no restriction to the values which k x> k yi k z can assume, the 
energy has a continuous range of values. 

The physical significance of regarding p as an operator in quantum 
mechanics was brought out by Heisenberg and Bohr. The former. 
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starting from a point of view different from that of Schrddinger, showed 
that the basis of quantum mechanics lay in the operational equation 

th 

^rpH’^PtfUr— ^ rt ’ ... ( 16 ) 

where 8 rj — 1 for r — s, 

8 r , = 0 r=|=f. 

Therefore q r and p, no longer commute (q r pr =|= Pr fr) contrary 
to what we get in the classical theory. We immediately verify that 
(16) is the same as Schrodinger condition 


a ih 


■ 07 ) 


as follows. For any 0 


<3. + ~ \ • *)* = Tn * 


from which (16) follows immediately. 

Bohr was the first to clearly realise the physical basis of (16). He 
showed that the non-commutability relation is a consequence of the 
fact that even in principle it is inherently impossible to devise an 
experiment for the exact simultaneous measurement of both q T and pr- 
In fact the uncertainties Afr in the measurement of q T and Apr in 
* the simultaneous measurement of p r are shown from (16) to be con¬ 
nected by the relation 

A^r* Apr ^ • • • . . (IS) 

By considering several ideal experiments Bohr, and following 
him others, have been able to verify (18) from elementary physical' 
principles. As the classical theory is the limiting case of h-+Q, so 
A q r Apr=«0 and therefore the errors in the simultaneous measurement 
of q r and p r vanish. 

The particle in a box —Let us now study the case of a particle con¬ 
strained to move inside a rectangular box of edges a , b and c. We can 
visualise that the particle moves in a potential field which is zero 
inside and infinite outside the box. Taking the origin in one corner 
of the box, the Hamiltonian of the particle can be written as 

H ~i . • (i») 


where V(x, j, £) — 0 for 0<x<<?, 0<j y<Jb, 0<£<v and infinite 
outside these limits. Let us represent the potential function as 

V.(x, J; z) = V 9 (x) + V v 0) + V 9 (*). 
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where !'''*(■*') = 0 fox 0<x<« and equal to infinity outside this range 
and the functions V^y) and show a similar-behaviour for the 

specified ranges of y and ^ respectively. The wave equation is 

dH d 2 th d*tb 

+ -gj. + 0^ + X2 - {2^ - K.(.r) - K,(j) - F&W « 0 . ( 20 ) 

As in the case of the free particle we can solve thfs equation by 
the same substitution (10), the differential equation for X(x) being 


d 2 X(x) 8t r-w r . v 

0^2 '" “ps ^ f (•*■) jX = 0 , . . . ( 21 ) 

We have two similar equations for Y( ))and Z(^) with the condition that 

E x -\-E v -i -E Z ~E. . . . . ( 22 ) 

The general solution of (21) is 

X ~ A sin (4-v+a), 

where A, k x and a are constants, k x being related to E x by the equation 

a _ p 

** ~ ~f b jr 

Similarly for Y and Z. The complete solution is given by 

ip = A sin (AfV-fa) sin (k y j+ft) sin (k, ^ 7 ) . . (23) 

where A, k x > k v , k x% a, (3, y are constants, being connected by the 
equation 

= (E,+JB„+E,) = ^'E. (24) 

We must now consider the boundary conditions which will be imposed 
by the presence of the walls of the box which have been represented 
in the problem by the existence of a potential at the walls. In the 
region x <0 or x>a, equation ( 21 ) becomes 

d z X 

■gh^Ta" “ ..... (21') 


Q Q 

where ft* = j V(x) - E J = infinity. 

The solution of (2V) which vanishes at x = oc. is X ~~ Be"** and since 
B = 00, this vanishes for all values of x>a. Similarly the solution must 
vanish for all negative values of x. Hence the boundary conditions 
to be satisfied by the solution (2'V) are that it must vanish (ttx = 0, y 0 
and ^ 0. This makes a 8 y 0. Also it must vanish at x » a, 

y *** K Z —■ r ' Hence we must have 

4jc “ - "Tf} X j(f , k v ~~ 7Tfl v /b } k t ~ IrHf jc'y 
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where n„, and « 3 are integers. Hence 


P — ‘ 

-A 


[(■t-W+M-t-JI- 


H X , tty and « s can assume al] integral values which satisfy equation 
(24'). Corresponding to each set of values of n x , ny and n„ there will 
be one independent wave-function. If there is more than one set of 
values of n Xy tty ., n z satisfying (24'^ there will be more than one eigen¬ 
function corresponding to the same eigen-value E. The state is then 
said to be degenerate, the degree of degeneracy being measured by the 
number of eigen-functions belonging to the same eigen-value. In the 


present case if no two edges of the box a, b and c are in the ratio of 
integers, the energy levels corresponding to various sets of values of 
the three quantum numbers are all different, with one and only one 
independent eigen-function associated with each. If, however, there 
exists an integral relation among a , b and c, there will occur certain 
values of the energy corresponding to two or more distinct sets of 
values of the three quantum numbers n x , n y , and rt % and to two or 
more independent eigen-functions. 


We will now calculate the number of different eigen-functions 
or steady quantum states having eigen-values of the energy lying within 
a given range, say e, to e } -f- de t . Since each integral combination 
of n x ,, tty, n t satisfying (24) gives rise to an independent eigen-function, 
the required number, using arguments similar to those of (§17*2), is 



2nV(2m)*l* de s 
A 3 


. (25) 


In case the particle has a spin, the above expression is to be multiplied 
by where j is the spin moment of the particle in units of 

hj2n. It may be recalled that equation (25) is the same expression 
which we have used for the number of phase-cells in the energy range 
lying between c, and c t -\-dc s . 

Let us now go back to the Schrodinger equation and consider the 
case of two systems having negligible interaction. Let their Hamil¬ 
tonians be H 1 and H 2 respectively. The Hamiltonian H of the com¬ 
bined system (or assembly) will be 

H=H 1 -\-H 2 , . . . . (26) 

where the interaction term H la has been assumed to be negligible. The 
Schrodinger equation of this Assembly 

Htf> = Etft .(27) 

becomes (H,-f H t )tf = (E x -(-E 2 )0, 

or (Ht-EM+iH.-EM = 0, . . . (27') 
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and is thus separable intip two parts, one for the first system and the 
other for the second. Therefore 0 will be of the product form 0(1 \E X ), 
i/f(2|E g ) J where 0(1 JEj) denotes the wave-function of the first system in the 
energy state E x and 0(2)Ej) denotes the wave-function of the other for 
its energy value E a . 0(1 |E 1 ) is a solution of the equation (H t — E,) 0=0 
and 0(2]E a ) is the solution of (H a ~ Eg)0 = 0. The product 0= 
0(1|E 1 ) 0(2 jEjj) satisfies equation (27) For 

(H 1 ~E 1 )0+(H 2 ^E 3 )0 = (H.-EJ 0(1 |Ej) 0(2|E,) 

+(H 2 -E 2 ) 0(1|E X ) 0(2)E a ) = 0. 

Let us now suppose that the two systems are similar, i.e., physically 
indistinguishable (say both are H atoms). For this case of similar 
systems, there emerges a new and interesting point which will lead to 
far reaching consequences. The energy state Ej-f-Ej of the combined 
system is realisable in two ways : 

(a) First system in the energy state j Second system in the energy state 
E-, and the wave-function 0(l(iE 1 )| E 2 and the wave-function tp(2\E^) 
and thus 0 a = 0(1 |E,) 0(2|E 8 ). 

(k) First system in the energy state I Second system in the energy state 
£ a and the wave-function 0(11£ 2 ) | E x and the wave-function 0(21 E,) 

and thus 0i = 0(l|E a ). ^-(2\E X ). 

These two ways are physically indistinguishable. Thus the energy 
state Ej-f-Eg of the combined system is degenerate for we have two 
independent wave-functions 0 a and 0* representing it. This type of 
degeneracy is called exchange degeneracy and it is principally due to 
Heisenberg that we owe the full realisation of its significance. As the 
S Qdinger equation is linear in 0, it follows that any linear combina¬ 
tion of 0o and 0/, will also satisfy the differential equation and represent 
the same energy state E 1 +E a . Consider for example the combinations 

m = 0(*)+0 (b) = 0(1115,) 0(2jE a ) + 0 (l|E a ) 0(2|Ej) 

+(A) = M-m - lK2(E,)-0(l[E a ) «2|E,). (28) 

ifj(A) may be written in the determinant form 


* d|E,) 

0(2|EO 


(KUE*) 

0 (2|£s 2 ) 

. . (28') 


and 0(i) is the same determinant in which all the terms are taken with the 
positive sign, i.e., a permanent. is symmetrical in the two systems, 

i.e., an interchange of the two systems (putting 1 in place of 2 and 2 in 
place of 1) leaves it unchanged. On the other hand an interchange of 
the two systems changes the sign of tfi(A) } i.e., if in the expression for 
0(-<4), we put 1 in place of 2 and 2 in place of 1, we obtain - 0(y4). 
Because of this property is called antisymmetrical in the two systems. 
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From what has been said so far it would seem that both wave- 
functions p(A) and 0(3) or any linear combination of them will re¬ 
present the system in the energy state an d indeed it would be 

so were it not for a restriction of entirely non -classical nature imposed 
by the following fundamental principle of quantum mechanics. The 
principle states that if any assembly composed of any number of similar systems , 
interacting mutually and also with its surroundings, is at some time to be represented 
by a wave function tp 9 possessing certain symmetric properties with respect to the 
interchange of the undistinguishable systems constituting it , then wave-function 
representing it at any later time will also possess the same symmetric properties as 0. 

The proof of this important theorem is as follows. The Hamil¬ 
tonian H of the assembly will be of the form 

2^ [ ?Px l 2 +ZP *■,*+• • « • j + V(x u y x ^ x , * a , J^a)* ( 29 ) 

The potential energy term V must be symmetrical among the systems, 
i.e., V remains unchanged when say x{, y v are interchanged with 
x t>y%> £2 respectively. This simply expresses the fact that the systems 
are similar. Thus we see that H is symmetrical in the systems, for 
the part { } is obviously symmetrical. Let A be absolution of the 
Schrodinger equation 

= • • • • W 

Now tp will be a function of the coordinates of all the systems, i.e., 
0 S t (x v y v x 8 , y t> .). 

Let Ptp denote the 0 obtained by a certain definite permutatioiT among 
the systems in 0. 

As H is symmetrical in the systems, 

P H — H P, 

and therefore we have multiplying (30) by P, 

- 2^r^-W ) = -P(H^) = H(P*),. . (31) 

i.e., P0 also satisfies the Schrodinger equation. Take the case that 
0 is symmetrical at a particular instant say / 0 . Then 

P 0 = 0, or (P0 -tp) — 0. . . . (32) 

Now from (30) and (31) we have 

ot If = °- ■ • • (33) 

Thus if (32) holds at one instant t 0 , (33) tells us that it holds at a slightly 
later instant and thus by induction it Holds at all times. Therefore if a 
wave function is initially symmetrica!, it always remains symmetrical. 
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Similarly the theorem could be proved for the antisymmctrical case. 
We therefore see that the symmetry property of the wave-functions is 
fixed once for all and is the property only of the systems constituting 
the assembly. 

If there be an assembly consisting of similar systems, then the 
wave-function representing any state of the assembly will either be 
symmetrical or antisymmctrical in every pair of particles. It will be seen 
later that the symmetrical case corresponds to Bose-Einstein statistics, 
and the antisymmetrical to Fermi-Dirac statistics. Now it has been 
shown by Pauli 1 that it is a consequence of the general features of the 
quantum theory that elementary particles with half-integral spins 
(in units of hf2v) are governed by the Fermi-Dirac statistics and parti¬ 
cles with integral spins must obey the Bose-Einstein statistics. This is 
also supported by experimental evidence. The symmetry property of 
a complex particle can be derived in terms of the particles of which 
it is composed. The wave-functions must be symmetrical in a particle 
which is composed of elementar) particles of integral spins only or if 
the number of elementary particles of half-integral spin is even. How¬ 
ever, if the complex nucleus contains an odd number of elementary 
particles of half-integral spins, the assembly will have antisymmetrical 
wave-function. Protons, neutrons and electrons possess a spin moment 
equal to \hj2ir and wave functions are anti-symmetrical in them and 
they obey the Fermi-Dirac statistics while photons which have zero 
spin obey the Bose-Einstein statistics. The helium nucleus of mass 4 
contains two protons and two neutrons. The wave function changes 
sign if one proton is interchanged with another pioton. Hence the 
sign must remain the same if a pair of protons or a proton and a neutron 
is interchanged with a pair of protons or a proton and a neutron. It 
is obvious, therefore, that the wave-functions must be symmetrical in 
the helium nucleus of mass 4. On the other hand the helium nucleus 
of mass 3 contains two protons and one neutron. Hence the wave- 
function must be antisymmetrical in the helium nucleus of mass 3. 
Similarly, it must be antisymmetric in the helium atom of atomic weight 
3, as it contains five elementary particles of half-integral spins, but 
symmetric in the hydrogen atom of atomic weight 1, as the latter 
contains two particles of half-integral spins. The symmetry property 
of more complex particles can be derived from similar considerations. 
It must be emphasised that while considering the symmetry properties, 
account must also be taken of the spin coordinates. 


>W. Pauli, P/ns. Rev., 58, 716, 1940. 
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Let us now consider equation (28). *f>(s-l.) vanishes if jE A ==jB 2 . 

Hence if there is only one wave function corresponding, to each value 
of the energy two (or more) similar particles with half-integral spins 
cannot be in the same energy state. This is known as Pauli’s exclusion 
principle. $($), however, has still a value, viz., 

m - wiBj. <k2\e 2 ). 

Thil means that particles with integral spins do not obey Pauli’s 
exclusion principle and there can be two (or more) particles occupying 
the same energy state even in the non-degenerate case. 

We shall now consider the degenerate case. For simplicity we 
shall first assume that there are only three distinct wave functions corres¬ 
ponding to the energy value E v The wave-functions corresponding to 
the first particle are 0 (I> (l|E 1 ),0* 2, (lj.E 1 ) and 0f 3, (l[ E x ) and corresponding 
to the second particle they are 0< J > (2|E A ), 0«> (2jE,) and 0® (2^). 
From these we can build three independent antisymmetrical wave- 
functions for the assembly of two particles. They are 

0<»(1|.E x ) 0<»(2|E 1 ) ^(llfio) 0 <2) (2jEj) 

0i (*4) = ; 0 2 (yl)— 

0 (a> ( 2 \Ej) 0< 3 >(1|£,) 0< 3 > (2|E X ) 


M-A) = 


mm) 

mm) 


mm) 

mm) 


(34) 


It will be observed that in (34) elements in each column of the 
determinant are made up of the different 0 -functions of one of the 
particles. Each row is characterised by a different upper suffix of the 
0-function. Hence the total number of independent wave-functions 
for the assembly is the number of combinations of two upper suffixes 
out of a total of three upper suffixes. 

Let us now consider the more general case. We shall assume that 
the number of independent wave-functions corresponding to the energy 
state e 8 is j4 8 and that there are N e similar particles occupying the 
energy state € s . We shall calculate the total number of wave-functions 
corresponding to this assembly. A typical wave-function for the 
assembly is represented by the following determinant of order N 8 : 




--■mcN, i«.) 

WHO 

■ ■ ■ 

■ ••*«*><*, i«.) 

mm*,) 

* 

* 

0 (C) ( 2 M- • ■ < 
• 

... | 6 .) 


ft d K2\*i) - 

• • -^(N.1..) 


F. 112 


(34') 
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The number of upper suffixes (a), (b) .is A, and as before 

each column consists of wave-functions corresponding to one of the 
N a particles and each row is characterised by a different upper suffix. 
The wave-function vanishes identically if two rows have the same 
upper suffixes. Hence the number of different independent wave- 
functions of the assembly will be equal to the number of ways of 
choosing N e different upper suffixes out of a total A t upper suffixes. 


This number is clearly 

Any- __ __ 

N. N t l (A g — N t ) 1 


(35) 


Let us now determine the number of different independent wave- 
functions for the assembly when the particles composing the assembly 
have integral spins. The wave-function describing the state of the 
assembly has now to be symmetrical in the systems. A typical wave- 
function is of the form (34') with the sign of each term taken positive. 
Due to this the wave-function does not vanish even when two or more 


upper suffixes have the same value. Hence the number of different 
independent wave-functions of the assembly will be equal to the number 
of ways of choosing N, upper suffixes out of a total of A, upper suffixes 
when two or more upper suffixes in any combination can have the same 
value. This process is known in algebra as combination with repetition, 
and it can be proved 1 that the total number of combinations is given by 


(Ag+N g — 1) 1 (Al,+N g ) 

N t l (A,— 1)1 ~ 2V,!Al s l 


. ( 36 ) 


This number is much larger than the number according to (35), 
but is much smaller (as we shall see presently) than the number allowed 
according to the classical statistics. 

Consider now an assembly consisting of a very large number of 
N similar systems. Let the energy levels of the systems be denoted by 


«I> «2>.. 

Any statistical state of the assembly can .be specified by a set of positive 

integers (including zero) N 0 , N v ., N „.., where A T , denotes 

the number of systems in their c, energy level. We shall always have 

N=2 g Ng, U-Z'Ngeg .... (37) 

where U is the total- energy of the assembly. 

The specification of the energy of the assembly by (37) and in 
fact the assigning of individual stationary states and energies to the 
systems separately assumes that they are practically independent systems. 


1 See Note 13. 
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i.e., their mutual interaction is very weak, each system pursuing its own 
motion undisturbed for the greater part of the time. 1 Therefore, 
the Hamiltonian of the assembly will be (to a first approximation) a 
sum of the separate Hamiltonians of the systems and hence Schrfidin- 
ger's equation for the assembly will be separable corresponding to 
each separate Hamiltonian. 

Any wave function of the assembly which is anti-symmetrical in all 
the systems would take the form of a determinant—a typical example being 


•row 

ffl<J. 



«A' 2) ( 2 K)-. 

0< 8 )(N|, O ) 


^'(2|e,)... 

0(')(N|O 


ww. 


WK) 

. 



This corresponds to the characteristic 

N 0 — 2, Ni — 1, JV 2 = 0,.— 1 and U = 2<o*f'€i“f-€3-f-.. 

The anti-symmetrical wave function vanishes identically if any two 
rows of the determinant be equal, i.e. if any two systems have the same 
wave functions (or states). Generalising equation (35) it follows that 
the number of anti-symmetrical wave functions corresponding to a 
specified statistical distribution is 

p F = IT | • ' • ( 39 ) 

Similarly for the symmetrical case, the number of wave-functions 
of the assembly corresponding to a statistical distribution is 


Pb.b. = TT 


a 


(A,+N,- 1) 1 
l N, I 


n ! 

V A,\ N ,I ‘ 


. (40) 


The expression (39) was obtained by Fermi 8 in 1926. Almost 
simultaneously Dirac 8 obtained the same result from the symmetry 
considerations of the wave functions. The statistics embodied in (39) 
is called Fermi-Dirac or briely FD -statistics. Similarly the statistics 
embodied in (40) is called Bose*-Einstein® or BE-statistics. 


1 If the interaction is altogether absent the systems will not form 
'•a connected assembly and obviously cannot possess definite equilibrium 
laws. 

8 Fermi, Zeits. t /. Pbysik, 36 , 902, 1926. 

8 Dirac, Pror. Roy. Soc., 112 , 66 1, 1926. 

4 Bose, Zeits. f. Physik, 26 , 178, 1924. 

6 Einstein, Sit^mgsber. Preuss. Akad ., p. 261, 1924. 
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For the sake of comparison we shall evaluate also the value of P 
according to classical statistics. Here the particles are considered 
distinguishable and we do not have to apply any symmetry considera¬ 
tions to the wave functions of the assembly. 

We have seen that if two systems 1 and 2 have the eigen-functions 
^(2jEg) and the eigen-energies E v E 2 , the eigen-function for 
the combined assembly is given by their product, vi 2 . 

W|E.) ■ ^(2|E,). 

We can generalise this theorem for the assembly specified by 
equation (37). The eigen-function would be 

i> = </'(lk 0 ) • K 2 \ € o)- • • • 0(^ol«o)X 

tf*£Rl«i) .... ^OTl«)X 


. 0(N o -fN 1 +... +N>,) . . . (41) 


We have assumed above that there is only one eigen-function 
cotresponding to each eigen-value. It can, however, be easily seen 
that this is not the only eigen-function for the state of the assembly 
specified by (37). For example, we can take any two particles from 
rows (1) and (2), e.g. we interchange the (JVq-I- l)th. particle with the 
second particle, i.e. »fi( 2|e 0 ) which is a function of x^y 2 , £ 2 , e 0 is now 
replaced by ^(N 0 HMk®) which is the same function of *> 7 0+ i 

J^No+1, *o and ^(No+%) is now replaced by ^2| ei ). 

The new ^-function obtained in this way represents the assembly 
equally well. Let us now see how many distinct ^-functions we can 
obtain in this way. It can easily be seen that the number is 


N 1 


P “ N 0 ! Nj\ N 2 1... N,V \ ' * ^ 

because if the systems had distinct eigen-energies, the number would be 
obtained by the permutation of the systems amongst themselves (N 
coordinate systems). But N 0 of them are in the same energy state <•„. 
By permuting these N 0 amongst themselves, no new eigen-function 
arises. Hence the above number is to be divided by N 0 ! and for a 
similar reason by N x !, N 2 1, etc. 

Further, if the energy states themselves are degenerate, i.e. A s dis¬ 
tinct eigen-functions possess the same eigen-values e, (A, is generally 
called the weight of the state e,), then clearly the number of distinct 
wave functions of the assembly for the given statistical distribution is 


p = ni n 


A, k ‘ 
N ,! 


. (43) 
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The factor A,** arises in the following way: as there are A, 
eigen functions for the eigen-energy e„ each system in e*-state can 
be represented by any one of the A, eigen-functions, i.e., in A s ways. 

Hence N, systems can be represented in A t ways. P t therefore is 
the total number of distinct wave-functions for the specified statistical 
distribution. By taking a numerical example it can now' be verified 
that P c is much greater than the value of P in the other two statistics. 
However, the number of wave functions representing the given state of 
the assembly will be actually much smaller than this, being either sy¬ 
mmetrical or antisymmetrical as already discussed. 

We now postulate that all states (or eigen-functions) realisable 
by an assembly have the same £ priori probability. The assumption is 
capable of a formal justification as has been shown by Neumann 1 and 
also by Dirac . 2 Thus the number of ways (eigen-functions) of realising 
a specified statistical distribution of the assembly is 

Classical 

Fermi-Ditac 

Bos e-Einstein. 

NOTE 16 

Method of Darwin and Fowler 

Darwin and Fowler sought to avoid uncertainty in the statistical 
definition of entropy by calculating the average value of the partition- 
sums. We shall illustrate the method by taking the simple case of an 
assembly consisting of two sets of Planck oscillators A and B, Let the 
energy quanta of the two systems be e and ij respectively. Let us 
suppose that the total number of oscillators of the two types A and B 
are N a and Ni respectively. We make the assumption that the oscillators 
in the two systems can have energies equal to any integral multiple of the 

quanta e and 17 respectively. Let a 0 , a t , a t . a r . ... be the number 

of oscillators of the first type possessing the energies 0, e, 2 e,. 

re.... Similarly let b 0 , b v ... b s denote the corresponding quantities for 
the second type of oscillators. Then we have the. conditions 

■' Srtfr=*N„ S*^=Ni, 2 r rtf r e+2,.^ = E - • ■ H) 

1 GW. Nad'., p. 245 (1927). 

* Proc. Camb. PML Sot *, 25, 62, 1928, 


P c = Nl TT 


(A s ) ^ 


Pb= 17 


. N s I 
A t I 

N s 1 (As-Ns) 1 
N s 1 (A,— 1) 1 
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Let us now find out the number of ways in which this particular 
distribution can be obtained. It is equal to the number of permuta¬ 
tions which are possible when out of N a substances we have to choose 

the groups a 0 , a v . a r ..... multiplied by the number of possible 

permutations in groups of b 0 , b 1 ... . b s in the second system of Nj, 
substances. This number is equal to 1 

■ N, 1 ; Nb 1 

1 q I. • • • bft 1. . . . 


The total number of complexions with the energy E is given by 
tiie expression 



N a 1 Nil 

n a r \ rr M 


• (2) 


summed up for all values of a r and b, subject to the conditions (1). 

Let us introduce the quantities f a ,fb and F, defined by the relations 

/„= 14 ?■+**+. +Z re + .- 

/** u-z i> +z 2i, + . +*r*+- • •♦ = 

-V„ J n N n 

F =f a . fb = (l-U € +* ?e +...♦) • + ••) ( 4 ) 

where z stands for the quantity e~ ^as will be proved later. 

By taking the help of the well-known polynomial theorem it will 
be seen that the term containing z K i n tbe infinite series (4) is given by 

N a 1 N(, 1 2r«,e+2^,v 

, rr a'r i TfM K 

a,t> 


1 


_J_ 

1-*’ 


(3) 


where the summation is taken for all values of a r and b s subject to the 
conditions (1). On comparing with (2) we see that the number of 
complexions C which we want to find out occurs as the coefficient of z/' 
in the expansion (A). Vi e can evaluate C, by using Cauchy's theorem 
of residues in the theory of complex integration. In fact it can be 
shown that 


C =• 



f 


Nb dz 


.if+l 


• (5) 


v 

where the complex integral is taken round a contour enclosing the 
origin £=0. The contour y may be any contour lying within the circle 
of convergence of this power series and circulating round £=0 once in 
the counterclockwise direction. 


1 This presupposes that the particles are distinguishable from 
each other. 
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Let us now find out the average energy of the oscillators A. 
given by the expression 


V ( g Mr 0 N fl 1 Nj 1 


It is 


It will be easily seen that CE A is the coefficient of in the 
expansion of the function. 

[ kt z o+f+t" +.) N “]a + ?’ + .•■.r vt 

= N,z i [ log 

since the extra terms v ra, c occurring in CEj are obtained by the process 





We again use the Cauchy formula for its evaluation. We get 


CE a = 




fal fa*", /A 


JK_ 


( 6 ) 


The expressions -which have been deduced for C and CE A are 
quite exact and hold for all values of N a , Nb and E. Generally in 
physical systems these quantities are very large. We can therefore 
deduce the asymptotic values of these expressions for N a and Nb tending 
to infinity. This can be done by the method of steepest descent. 

Let us take the integrand in equation (5) on the positive real axis 
It tends to infinity for and ^->1, and at some point between these, 
it passes through a unique minimum. This point is given by 



Let us denote the point so defined by -ft. For y take the circle of 
radius 0 described with the origin as centre. From the properties of 
complex functions we can easily see that the modulus of the quantity 
to be integrated has a strong maximum at % — ft and decreases very 
rapidly as we move away from this point. Hence in finding out the 
integral CEa we need consider its value only in the immediate neighbour¬ 
hood of ft. We can therefore take the slowly variable function out¬ 
side the sign of integration and write ft for % in it. Thus we get 


C£.= ^N.^log/.J/. N V, 


N. ,Nj 


'v. 


Using the value of C from (5) equation (8) yields 


( 8 ) 


£^ = N a ft^log/ a 


• ( 9 ) 
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Let us now return to the consideration of equation (7). Intro¬ 
ducing in this the. values of f a and f(, we obtain 


p __ Ng £ , Nb y 

r"-i 


. ( 10 ) 


From equations (9) or (10) it will be evident that ft must be a 
function of the temperature. The exact relation can be deduced from the 
second law of thermodynamics or from the lav/ of equipartition of energy. 
According to the latter the. mean energy of a linear simple harmonic 
oscillator in the limit v-*0 will be AT. Hence from (10) we have 


kT = 


or ft= e 


-1 1 AT 


log 1/ft 

The mathematical process of limiting the integration round the 
neighbourhood of the minima point corresponds physically to the 
above-mentioned method : an isolated system having the total energy £ 
is to be replaced by a system in contact with the thermostat T whose 
temperature is so chosen that the most probable energy is £. 

On putting the values of ft and f a in equation (9) for E A we get 



which is the same formula as deduced by Planck. For further applica¬ 
tions Fowler's Statistical Mechanics may be consulted. 


NOTE 17 

Low Temperature Physics and Liquid He II 

Low Temperature Physics is mainly the physics of Liq. He II, 
and of bodies placed in a bath of Liq. He II. A short account of the 
discovery of liquid He II and attempted explanation of the peculiar 
properties exhibited by it has been given in §12’ 30 and §17 * 10. A more 
detailed account is given in this Note. 

As fig. 21, p. 526 shows, the phase diagram of He is quite 
different from that of other substances. The fusion-curve (solid-liquid 
phase line), and the S. V. P. curve (liquid-vapour line) do not meet in 
a point (Triple point) as in the case of other substances, but they are 
separated, as far as can be inferred now, up to absolute aero, by the 
liquid phase. The fusion-curve, after taking a sharp bend at the 
end of the A-line proceeds almost horizontally and cuts the /-axis at 
p—25 atm. Thus even at absolute zero, liquid helium will not solidity 
unless an external pressure of 25 attnos. is maintained. The S. V. P. 
curve also appears to proceed normally to the origin (p — 0, T = 0). 
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Thus it* external pressure is withdrawn, solid He will liquefy, and 
probably blow up to a gas at the A. N. This proves the existence of 
strong forces of repulsion amongst the atoms of He when brought 
close together. 

The two curves are joined by the A-line running between the points 
(T — 1*778°K, p — 29-96 atm) and (T — 2-186°K, p = *05 atm.) 
To the left, we have Liq. He II, to the right Lit]. He I. 

There is nothing to distinguish Liq. He I from any ordinary liquid, 
except that its viscosity co-efficient (when in equilibrium with its 
vapour) does not increase with lowering of temperature according to 

the formula i) = n 0 as is the case with most liquids, but it actually 
decreases, as in the case of gases, according to the semi-empirical law 

V ~ Vo CTW". 

Transition to He II. 


Some properties show no sudden discontinuity as the A line is 


crossed. These are surface 
tension, vapour pressure, 
latent heat and dielec¬ 
tric constant. The speci¬ 
fic heat, on the other 
hand, shows a sudden 
discontinuity. But dis¬ 
continuities are most 
prominent when . we 
study transport pheno¬ 
mena such as viscosity 
and heat conductivity or 
flow phenomena. 



T ,. . Fig. 1.—Viscosity of liquid and gaseous helium at 

Vtscositj :—The value - different temperatures. 

of the viscosity coefficient of Liq. He in equilibrium with its 

vapour is shown in the full-line curve of Fig. 1 1, and that of 

He-gas is shown by the broken curve. It is seen that there 

is a sharp discontinuity at the A-point and the course of the curve on 

the two sides of it are different. The values of the viscosity coefficient 

which are plotted in Fig. 1 are obtained by the oscillating disc method* 

by Keesom and MacWood. But when attempts were made to measure 

viscosity by the flow through capillary method, quite different results 


1 Taken from Tisza, Phys. Rev., 72, 838. 2 Physica , 5, 737, 1938. 

F. 113 
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were obtained. Below the A-point, the flow was found to be extra¬ 
ordinarily large; in fact Kapitza noticed that 

V for liq. He II 

rj for liq. He I = 10 ' 

The explanation for this striking difference in the values of viscosity as 
determined by these two methods is given later. 


Heat Conductivity :—Heat conductivity of Liq. He I is quite 
normal, of the order of 10~ 4 (of the same order as for gases at ordinary 
temperatures), but that of Liq. He II was found to be abnormally 
large; in fact some observers reported that it was 800 times more con¬ 
ducting than even copper at room temperature and about 13*5 XlO 8 
times larger than that of Liq. He I, the absolute value being 820 cal/deg. 
cm. sec. It was found that the heat flow was not proportional to the 
temperature gradient. Apparently, though these experiments were 
designed for conductivity measurements, heat was being transported 
by some other mechanism. 


Kapitza on the basis of his flow experiments, first postulated 

the hypothesis that the anomalous 
properties of He II were due to the 
formation of a “Superfluid" below 
the A-point. Thus liquid He II is 
supposed to be a mixture of this 
superfluid and the normal fluid which 
is the ordinary liquid He I. The 
superfluid is a perfect fluid having no 
viscosity. Landau worked out the 
quantum-hydrodynamics of the super¬ 
fluid, and predicted the existence of 
a second sound in liq. He JI which 
was verified by Peshkov (vicle infra). 
The second sound was predicted 
earlier by Tisza (1938) on the basis 
of London’s theory of Bose-Einstein 
condensation, (vide supra). 

The anomalous values of heat 
conductivity, and of liquid flow were 
in part traced to the formation of 



Fig. 2.—Daunt and Mendelssohn’s 
apparatus for demonstrating the 
transfer effect of liq. He 13. 


a creeping film of helium formed over solid surfaces generally known 
as the Rollin (sometimes also called Rollin-Simon) film after the authors 
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who first suggested its existence. The properties of the. film were investi¬ 
gated in great detail at Oxford by Daunt and Mendelssohn 1 , by 
means of the apparatus shown in Fig. 2. 

The apparatus is a liquid He-cryostat, the liquid He being contained 
within A and V, the outer mantles D a and C containing liq. N 2 and 
liq. H a . As He evaporates from A, it passes through the heat exchanger 
E. Helium is introduced into V by the arrangement P through the 
heat exchanger E, and its temperature is reduced below the A-point sc 
that V contains Liq. He II. B is a glass beaker which can be lowered 
into or raised from V, by means of the arrangement W. The observa¬ 
tions of Daunt and Mendelssohn are illustrated in Fig. 3. 

(a) shows the beaker inside the liquid, the liquid level inside 
beaker being lower. In this case, 
liq. He creeps along the surface 
of the beaker in the direction shown 
by arrows, till the level in and out 
are equalized. 

(b) shows the beaker still 
inside the liquid with the level of 
helium inside it higher. In this case, 
helium drains out of the beaker 
creeping along its surface in the 
direction of arrows till the level is 
equalised. 

(c) shows the beaker filled with 
the liquid and lifted entirely out 
of the pool of liquid helium below. 

The liquid inside the beaker now 
drains out along the surface, and collects in the farm of drops and falls 
into the pool of liq. He below till the whole beaker is drained out. 

Liq. He II apparently seeks the lowest level, but the rate of 
transfer is found to be independent of the difference in level. Further 
the volume of the liquid which is transported in this .way depends 
on the perimeter of the surface and the temperature but is independent 
of the nature of the surface. The flow can thus be expressed in 
cm.*/cm. per sec. This highly mobile helium film is of the order of 
several hundred atoms thick, the film flowing over an adsorbed layer 
of helium atoms with a velocity of about 20 cm. per sec, below 
1 • 5°K. This mobile property is attributed to the superfluid component 


rt 


'w' 


ft 

t 


\ 






Fig. 3.—Transfer effect of liq. He IT. 


1 Proc. Roy. Soc. Load., 170, 423, 439, 
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of liq. He II. The abnormally high thermal conductivity of liquid 
He II is also attributed to this superfluid and is due to an actual 

transport of mass along the capillary, com¬ 
pensated by some kind of return flow, rather 
than to ordinary thermal conduction. The 
existence of such a flow can be directly de¬ 
monstrated as explained below. 

Thermo-fjyt Iromechanical Effects .— 

The fountain Effect. —This phenomenon 
was discovered by Allen and Jones 1 at Cam¬ 
bridge and is illustrated in Fig. 4. d is a U-tube, 
one limb being lengthened by a capillary. It 
is immersed in a liq. He II bath with the 
capillary arm projecting out. The bent part 
is packed up with fine emery powder, leav¬ 
ing orifices of the order of \p between the 



Fig. 4.—Thermohydromecha¬ 
nical effect of liq. He II. 


grains. If now light from a torch is flashed on the powder, liquid 
He II- spurts out of the capillary end, and may even rise to as great 
heights as 30 cm. 

The Mecbano-caloric Effect.— The opposite effect was discovered by 
Daunt and Mendelssohn 2 and is illustrated in Fig. 5. 

P is a Dewar flask filled partly with the same liq. 

He II as the bath, and provided with a cons¬ 
tricted opening at the bottom which is plugged 
by fine powder, A resistance thermometer 
placed inside the Dewar flask and its top is closed. 

If the flask is now raised a few cm. above the 
level of the bath and the liquid allowed to drain 
out through the powder, the temperature inside 
the Dewar flask is found to rise by about 0*1°. 

If on the other hand, P is dipped into the bath, 
and the liquid is allowed to flow into it through 
the plug, the temperature inside the Dewar flask 
is found to fall. 

Both these effects have been very extensively 
studied by later workers. 



1 Nature , 141, 243, 1938 


2 Nature , 143 719, 1939. 
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Attempted Explanation of the Properties of Liq. He II 

The extraordinary properties of Liq. He II were being found 
out before the outbreak of world war II. During the war, investiga¬ 
tors in Europe and America, and in Soviet Russia began to frame 
theories for explaining these properties in ignorance of each other’s 
works. Some of the assumptions and results agree, others differ. The 
chief investigators have been London and Tisza 1 2 in America and Landau 
in the U. S. S. R. 

Most of these theories regard Liq. He II, as a mixture of two 
liquids, which interpenetrate each other. The one is normal liq. He I 
which will be described by the suffix “ft”, the other is the superfluid 
which will be described by the suffix *V\ The density of the liquid 
is given by p—p„-pp, where p„ is the density of the normal liquid, p s 
that of the superfluid. 

The superfluid is taken to consist of He-atoms with zero energy, 
and zero entropy. It begins to be formed at the A-point, but its pro¬ 
portion goes on increasing as the temperature is lowered till at the 
absolute zero, the whole mass becomes superfluid. It is assumed that 
the atoms of the superfluid do not interchange momentum with atoms 
of the normal fluid or with the surface of the containing vessel. 

Landau* draws the follwing picture :— 

At absolute zero, liq. He is a liquid* without thermal motion. 
As temperature is increased, thermal agitation begins to appear, not 
continuously but as quanta, which may be called “Phonons” or quanta 
of sound, and rotons, which are described as elementary excitations 
of the vortex spectrum. These quanta behave like gases and interchange 
energy with walls. But as definite quantities of energy are required 
to produce either type of quanta, energy of translatory motion cannot 
change into quanta, until the velocity of^flow exceeds a certain limit. 
Kapitza claims to have found that this critical velocity is about a metre 
per sec. 

These assumptions go a long way in explaining the anomalous 
results on flow through tubes, flow through capillaries, and anomalous 
results on viscosity. When liq. He II flows through a tube, it is only 
the normal liq. He which is subjected to the laws of viscous flow, for 
the superfluid has rj= 0, and its flow is not subject to Poisseuille's law. 
Therefore when Liq. He II flows through a narrow capillary or through 


1 Phys. Rev., 72, 838, 1947. . 

2 For full details see Phys. Rev.; 75, 884, 1949. 
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fine powder, ic is only the superfluid which passes, the normal liquid is 
held stationary by the walls; there is therefore no gradient in the velocity 
of the normal fluid, and hence no viscous effects are observed i.e. the 
viscosity becomes vanishingly small. 

The Viscosity Experiments : 

When viscosity is determined by observing the damping of a torsion 
pendulum, it is only the atoms of normal He which interchange energy 
with the moving parts. The atoms of the superfluid do not interchange 
any energy. Similarly when we determine the moment of inertia of 
liquid He II by observing the period of vibration, what we determine is 
the quantity due to the normal component, for only the normal fluid is 
dragged along by the discs on account of viscous forces, the supctfluid 
remaining stationary. Let the quantity measured experimentally be /, 
and that obtained from geometry be I 0 . We have then I — I 0 p„jp. 

This conceptioti has been used by Andronikashvili 1 in Kapitza’s 
laboratory to find out the ratio p„fp. In his experiments the rotating 
system consisted of a set of parallel and equi-distant aluminium discs 
(separation distance 0'21 mm.) fixed on a common axis. This system 
of plates was suspended in liquid He II by a fine torsion fibre and the 
period of torsional oscillations observed from which I and hence • p„ was 
calculated. The results are shown in Fig. 6. This constitutes the most 
direct method of calculating p n . By observing the logarithmic decrement 
of the oscillation the product p„ could be calculated, from which the 
viscosity of the normal fluid is determined. 

Thermo-Hydrodynamics of Liq. He IL 

A mathematical expression for the Fountain Effect and the Me- 
chano-caloric effect can be deduced with the aid of the above ideas. 

Let us take a cylindrical Dewar flask, plugged in the middle by 
emery powder, just as in the porous plug experiment (p. 504). Both 
sides are filled with liq. He II, at the temperatures T A and T B 
and they are closed with pistons exerting the pressures p A and p B . 
Let us now allow the piston A to move forward, and drive one mol 
of liq. He II, through the plug to B, the piston on the other side 
also moving so that the pressure p B is maintained. The work done 
on the liquid to the left hand side is p A V A , and the work done by the 
liquid on the right side is p B V B . Now as the liquid passing through the 

1 J. ExptL Theoret. Pbys. U.S.S.R 16, 780, 1946. See also Hollis- 
Hallett, Proc. Roy. Soc. London* 210, 404, 1952. 
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capillary has zero entropy, and this dilutes the liquid in B with more 
superfluid He,, the specific entropy in B is diminished and correspond- 



Fig. 6.—Proportion of the normal component at different temperatures. 

ingly that in A is increased. For the transfer of such a fluid for which 
entropy is zero, the second law of thermodynamics dW~ — dlJ -f TdS 
gives, by the addition of the relation S dT — 0, the equation 

dW=-~. — d(U — TS) = -dF, 

OI PbVb—PaVA = Fa—Fb> .... ( 1 ) 

where F A and F B are the free energies in A and B. We have therefore 
UaFPa Ki ~ T, A S A — Ujj-l-fixVx — T B S . , . (2) 

or G a = G b , 

i.e. the Gibbs’ function remains unchanged in the process. We have 
as proved on p. 348, 

dG = V. dp - S dT = 0 from (2). 

Hence =., SfV — ps .(3) 

This relation was first deduced by H. London 1 , and has been 
verified experimentally by Kapitza 2 and later by Mellink and Meyer. 8 
The results are shown in fig. 7. The abscissa represents temperatures. 


1 Nature, London, 142, 612, 1938; Proc. Roy. Soc., 171, 484, 1939. 

2 J. Phys. U. S. S. R., 4, 181, 1941. 3 Physica, 13, 197, 1947. 
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the ordinate the value of /\ p as indicated by the height to which 



Fig. 7.—Themio-hydromecbanical effect at different temperatures. 


liq. He II rises for a temperature change of 10“ 3 calculated from the 
relation (3), vis. 

A p — ps/\J = p&h 

h = s. A TJg. .(4) 

AT is taken to be ^ 10~ a . 

Table 1 .—Specific Heat and Entropj of Lt'q. He II dt different 

temperatures . 


r 

P K 

c v 

cal./gin. deg. 

cal./gm. deg. 

Pn\p 

i 

2-186 

2*85 

•390 

1 

218 

205 

•3701 


2-15 

1*66 

•3383 

•860 

2*10 

1*41 

•2951 

•738 

205 

1*218 

•2583 

•641 

20 

•918 

•2260 

•552 

1*9 

•691 

•1714 

•420 

1*8 

•525 

•1278 

•307 

1*7 

•391 

•09324 

•222 

16 

. *269 

•06582 

•157 

1*5 

*-176 

•04477 

•104 

1*4 

•116 

•02964 

•067 

1*3 

•0705 

•01892 

•042 

1*2 

*0411 

•01160 

•025 

M 


*00684 

•0143 
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The values of the relevant quantities have been taken from 
Table 1 reproduced partly from one by Band and Meyer, Phjs. Rev. 
74, p. 388. 

The effect is found to be independent of the width of the capillary 
below a certain limit, which depends on the temperature. TJie critical 
velocity at which the first relaxation between temperature effect and 
fountain effect occurs was found to be 30-40 cm/sec. at 1 •3°K, decreasing 
to 4 cm./sec. at. 2- 1°K. For further information, see papers by Band 
and Meyer, loc. cit. 


Propagation of Sound Wave in Liq. He II: Velocities 
of First and Second Sound* 


Before taking up this topic, let us recapitulate the methods of 
finding out the expression for velocity of sound in a liquid. Let us 
suppose that the sound is propagated along the .v-axis and the displace¬ 
ment due to sound wave at a point x be £, which is a small quantity 
of the first order. Let us now take the small element of volume dx 
bounded by the points x, and x-\-dx, and having unit cross section; 
the kinetic energy per unit volume due to sound waves is Now 

let us calculate the potential energy of compression per unit volume. 
This is obtained by considering the variation of interna] energy n in 
the element of volume dx — v.' Let us denote variations due to passage 
of sound wave by the symbol A* Then we have for the volume v 


A * “ ^ A ” + S} Aj -H Av2 + 2 8^ f Aw -A* + |?r A'*} (5) 

where v and s are the specific volume and specific entropy of the liquid. 
Now from the relation du + pdv = Tds, 


(d*l9v)r = - A (d»jds) v = T. . . . (6) 

Hence (5) yields 

A«+?Av- TAs = jg A**4-2 gfc Av.As+ ~ As* ) 

Now T/\s may be put equal to the potential energy 

due to the sound wave for the volume v under consideration; for A u 
is the change in internal energy, p/\v is the work done on the volume 
v. From this, we have to deduct TAj, which is the amount dis¬ 
sipated in heat production. Hence we have 
F. 114 
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W = potential energy per unit vol. = {t}M-\-pAv - Tds)jv 


2v 


(WT A* 2 + 2 A»- A' + -g-A- 2 ) 


d 2 u 


d-H 


( 7 ) 


Let us now find out /\v and /V* A*' is the expansion caused to 
the slab dx = v by the passage of sound waves. Now the point x is 
shifted to x-f £, and .v-j-Ar to A 1 -f £ -(•- (d£{dx) dx. Hence 
the elongation of the slab dx is (d£jdx) dx and /\v — (d$jdx) dx, or 
since dx — v, we have /\vjv ~ d$jdx. 

In the usual sound propagation A f is taken to be zero, but we 
cannot do so here. However if in the first instance &s were to be 
put — 0 we have 


.... 1 d 2 n / dp \ / A*' \ 2 


• (*) 


Now —v. opfdv ~ B s , the coefficient of adiabatic elasticity. Hence 
we have W = fE,. (<?£/<bc-) 2 , and the kinetic energy L = Ipg 2 . 


Using the Lagrangian form of equation of motion -j- 



gap 

= 0, we obtain p£~E s -~- z as the equati: n for wave-propagation, 
this the velocity of propagation q^is seen to be equal to \/B s jp.' 


From 


Let us notv find out expressions for kinetic energy and potential energy 
per unit volume in the present ease , where =J= 0. 

The kinetic energy per unit volume is given by 

L = h On’ £«* + ipr & • • • • ( 9 ) 


where = displacement of normal fluid, & that of superfluid. Further 
as before, we have 


A Pn A34 __ i-^Pi 

P. V, Hx‘ p, ~ dx ’ 


• ( 10 ) 


from which we deduce that 

A p , ACpnLpa) Ap* pH _|_ Ap, & / inPH~]~$tPt \ 

p p p n p p s p dx\pj 


&£l 

OX 



*£ v = d£jdx. For details, see Courant and Hilbert, Methoden 
etc., vol. 1, Chap. IV. 
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from (10), where ~ (f„p«+£/>,)/?• , £i is a new co-ordinate, which 
denotes the displacement of the centre of gravity of the whole mass. 

(N. B .—Note that we take = 0, = 0. The propor¬ 

tions of the normal fluid and superfiuid are thus assumed to be unaltered 
by the passage of sound waves which is a reasonable assumption.) 

The entropy variation /\s of the element dx is obtained from the 
following considerations. We have 

P* ~ pg-^f 

Here s is the average entropy per unit mass, s n that of normal fluid, 
s t that of the Superfluid. Let us take s s — 0. Then ps — p„s n . 

Or A J | Af* __ Ap« | Afg 

p ~ p» ' S„ * 


the symbol A denoting variation due to passage of sound waves. 
Now since n denotes a normal fluid,, m may put Ax*= 0, as ** aH 
acoustic propagations through normal fluids , entropy does not chcmg. Hence 

At _ A pn A p _ J^ [/><(&- &)] __ /a i \ 

s - Pa ~ p - ~dx p • < lla ' 

We introduce thus a second variable given by (£„ — £,). 

P 

It can be shown from (9) by simple substitution that in terms of the 
new variables £ v £ a we have 

[fr + W*)l>] .... (12) 

since : ~ z 


Let us find out the value of the potential energy. We have as before 

and from (6) and (11a) the third term in (7) is 

£ iik)S¥) a = w {■&)'■ 


_I d*u 
2v 

It can be shown that 


d z u 
di7&s 


— a. JBy. . Tjf v . 


[ Ptoof :_We have (It), = “ A (tst). 
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by thermodynamical relations. To find out 
s a=s f(T, z>); then it can be easily shown that 



we take 



/\v — v. d^fdx, £\s = —sd£ddx. 


We have therefore for potential energy per unit volume. 



+ 


2a E t . T s 


V v 


iit. 

dx 


dx 




(13) 


Further, as already proved above, the equations of motion are easily 
seen to be given by 



+ 


aE T . Ts 8 2 £ 2 
c 7 , dx 2 * 


P Pn * _ «£ r • Ts 0 2 | x , ps 2 T d z i r 

P. ~ d * 2 ^ ^ r ‘ 

The coefficient of thermal expansion is very small for He II 
(a ^ — 3 X10 -3 deg. -1 ). Therefore if, as a first approximation, we 
neglect the coupling terms, the equations reduce to 

a - e ‘ • !£- 

for the equation of ordinary sound propagation, and 

ft. ■ fg S>f, 

Pi 2 c v dx z 


for equation of propagation of second sound. We have therefore, 
the velocity of ordinary sound — E,jp , and the velocity of the 

second sound . 

Pn 

The physical interpretation of the two results is now appaient. 
The vector — (pt£ t -}- />«£»)//> denotes the displacement of the 
centre of mass, the normal fluid and the superfluid moving togethei 
during this displacement. Since d$ x jdx — - Ap//o, this displacement 
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causes density fluctuations and pressure waves as in ordinary sound. 
The equation therefore represents ordinary sound waves propagated 
with the velocity given by the usual expression < ^ r x — */E s jp. The 
vector — p,(£ n — g t )jp denotes relative displacement of the normal 
fluid with respect to the super-fluid, and as it satisfies the relation 
d$Jdx —— /\sjs, its variation denotes entropy fluctuations. Now 
entropy fluctuations will cause fluctuations of, temperature, hence 
the second equation represents propagation of temperature waves. The 

velocity <^* 2 is given by — 's/Ts^pifp^. We can find out expressions 
for the velocity of the two waves from the data given in Table 1. At 
T=1-3°K, comes out to be 230 metres/sec. This does not much 


vary with temperature. As regards the second wave its velocity be¬ 
haves in a more complicated way. At the A-point (and above), <^ 2 — 9 
to start with. Then it begins to grow, but for its calculation, we must 
have a knowledge of s, c v , p, and p„. Using the data given in Table 1, 


we find <3^ 8 to be 
about 25 metres at 
1 -33 °K. 

The existence of 
the second wave was 
first predicted by 
Tisza. 1 and indepen¬ 
dently by Landau 2 . 
As their theories 
differ in details, the 
variation of velocity 
of the second sound 
with temperature as 
given by them is 
different. According 



Fig. 8.—Velocity of second sound as a function of 
temperature. (Ptsbkov, Maurer and Merlin, 
Atkins and Osborne.) 


to Tisza's theory the velocity should not vary much below 1 • 6°K but 


according to Landau it should increase below 1 TK, reaching the limi¬ 
ting value <y i/a/ 3 = J37 m./sec. at the absolute zero. 


The experimental verification of the theory of the second wave was 
first obtained by Peshkov® working in Kapitza’s laboratory in Moscow. 


1 C. R. Acad. Sri. Paris , 207 , 1035, 1038; /. phys. 
164, 1940; Phys., Rev., 72 , 838, 1947. 

2 J. Phys. U. S. S. R, 5, 71, 1941. 

* J. Exp. Tbeo. Phys. U. S. S. R. 10 , 389, 1946. 


radium, 8 , 
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Peshkov first showed the increase of second-sound velocity with tempe¬ 
rature below 1 • i°K, which supports Landau’s theory. Peshkov set up 
standing second sound waves in a cylindrical column of liquid He II 
between two flat discs wound with resistance wires. An alternating 
electric current served to produce temperature fluctuations- in one disc 
and the other disc was moved from temperature maximum to tem¬ 
perature minimum to detect the nodes and antinodes. Pellam used 
pulsed heat from a multivibrator from which he could measure both 
the velocity and the attenuation of the second sound. Pellam and 
Scott found that the second sound velocity rises to 33 • 9 m./sec. at 
a still lower temperature while Atkins and Osborne 1 find for the 
velocity at (M°K the value 152 m./sec. These results are shown in 
Fig. 8. For fuller information regarding the present state of the 
theory of liquid helium, see Advances in Physics Vol. 1, pp. HI 
209, 1952, or Gorter, Progress in low temperature Physics (1955) Vols 
I and IT. 


NOTE 18 
Thermal Diffusion 

1. Elementary theory of thermal diffusion.—The phenomena 
of thermal diffusion has been briefly described in § 3*42. We shall 
first give here a simple theoretical treatment of the phenomenon 
following the method of Furth who has extended the simple 
mean free path treatment assuming maxweliian distribution to this 
case also. 

It is obvious that the treatment of pure diffusion given in §3*40 
must be modified in this case to include the temperapire gradient and 
hence change of and 0 2 with ^ also. In place of equation (83) p. 
177 we shall now have for the number v x of molecules of the first 
type crossing unit area in unit time the relation 

I°° I” 1 “ a ^°“ eoS $ sin * cos 6 “*> cos# 

Xf(c)dc 

= J eX c f(c)dc - ^ j J n x X e f(c) dc r 


1 Phil. Mag., «, 1078, 1950. 
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neglecting terms containing products of a and dzjdz and putting 
n x ~ A x — the concentration at the plane Zo- Putting a — — dnfdz 
we have 

ddi 

n = - 5 I ~xr wi 


= -*[-$-M, + ^-*A'] ■ 


(1) 


We have introduced A x and A/ as the two mean free paths defined in 
different ways. .Similarly, 

1 

j 


*--»[■ 


if" + — 


a 


As explained on p. 178 the resultant transfer v t -{-v 2 has to be 
annulled by a mass velocity n> such that »'= -(v x - »' 2 )/(« 1 +/7 2 ) and the 
true flux of molecules (1) is ri"(v 7 2 - H , 2 #i)/( w i“H ? 2 )* The mean 
velocity of flux of molecules (1) is and for molecules (2), 

r 2 /» 2 - The diffusion velocity is 

Vi T a 

ti* 


t» x - w t 


tlo 


• (2) 

Since the partial pressure of molecules (1) is 

n M p — n x kT t .(3) 

where p is the total pressure equal to (« 1 -f« 2 ) ^T and « 10 is the frac¬ 
tional concentration ^/("l+^a) = we h ave 

dT 1 


dn x 

P 

1 dn 10 

d£ ~ 

k 

r dz 


or 


1 dn x 

71 lz 


1 da 


10 


n 


19 


d Z 


”io _ 

T2 d K 

_L dT 
r 


Again, since 


3 = y/®kT\m tt). 


dVi i 8 k \i/* 1 

** \ / 2 T 1 






(4) 


(5) 


I* 1 / 8 dz 

Hence equation (2), using (4) and (5) yields 

Ml— ~M> — “ f 

-^»)] • • • (61 


11 


\J/ a dT ( 

2 * 

l ttT , 

) dz ( 


1 t» x and »* 2 represent the mean molecular velocities in the ^-direc¬ 
tion and would be zero if the gas were in equilibrium state (i.e. uniform 
„ and T). 
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where the first two terms give the pure diffusion, and as shown on 
p. 182, will yield, since dn 10 jdz = -dn^jd^ and Vjn l ~r 2 /" 2 = 

?i (»x+»a)/»i*2> 


n * h » ( i A 282 \ 

U u *= T*10 ff 20 I ~ "T ~~~ ) 

J v « 10 » 20 

1 „ ( MT \<l> | A,A 2 V».1 

- 3 "U.f.J t ”,n »» J 

Therefore equation ( 6 ) can be written in the form 

i r /»„ d t £r i 
«x««2ol 12 *L + T d Z J’ 


= 


(?) 


( 8 ) 


where 


Dt ~ ~ T " 10 *» (l^r j [( Al ~ iK* 72 ~ ( Aa “ X V'* 1 ] 

1^^ j 2 » » * . » • 


Thus we can write 


where 


t (A,-A,72) - (Ax-A^/2) V^ 2 

r “ *10 A 2 + «20 Ax " 10 " 20 


( 10 ) 


It is usual to put o # s0 == °* The quantities I> r , k? and a are 
respectively called thermal diffusion coefficient , thermal diffusion ratio and 
thermal diffusion factor. 

The transfer rate of number of molecules of type (I), which by 
convention is taken to be the heavier component, is 


r>= -(»,+»*) [Aa‘^r+%^ ]- • • («) 

and the net transfer of mass is Tifai—tn^. 

The steady state is characterised by any of the conditions; 

8^=0, » , 2 = 0 , rx=0, J=s 0. Hence when the steady state is attained 
after lapse of sufficient time, the concentration gradient is given by 


^”10 _ l ^ dT 

Iff ~ ~ * T ~T~dz ’ * ’ ’ 1 } 

which shows that for positive values of kp or a the heavier gas ( 1 ) gets 
concentrated in the colder bulb. 


2. Values of a : 


The expression for kp or a is seen from ( 10 ) tobe a complica¬ 
ted function of the masses, concentrations and the mean free path 
(i.e. molecular diameter also). For comparison with experimental 
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results the exact expressions for a given by Chapman and Enskog 1 
must be utilised which is however, very complicated and involves 
the laws of interaction between like and unlike molecules viz. those 
between (1, 1), (2, 2) and (1, 2). The expression simplifies considerably 
if (a) the colliding molecules can be regarded as rigid elastic spheres, 
or (b) they repel each other with a force F = Kr~*. The value of a for 
a mixture of heavy isotopes in the first case is approximately given by 


105 m x — m % 
a °° ~~ 118 m L -\-m 2 
In the second case it is given by 


0*89, 


a 


x-5 

x-1 






. <«) 
. (13*) 


where C(s) is a complex function of x, which has been calculated from 
x = 3 to x = oo. The value x = oo, corresponds to the assumption of 
rigid elastic spheres. The values of C(x) are given in table 1. 


Table 1 .—Values of C(x). 















1 " 


s 

3 

B 

5 

6 


8 

9 

10 

11 

12 

j 13 

■ 

14 

15 

OO 

C(x) 

•807 

•809 

•816 

•828 



•865 


*882 

i 

1 


•896 


•906 

1 


For s = 5, a(x) = 0. If x>5, a is positive; for x<5, a is negative. 

As explained on p. 171, x can be obtained if we have a range of 
values of viscosity coefficient rj, which is found to obey the law 
ij/tjo = (T/T ffl )”. We have then x = (2*-f-l)/(2#-1). Experiments however 
show that n does not remain constant over a large range of 
temperatures. 

These values of a are however only approximate. Further this me- 
- thod of deducing the value of x is applicable only when all molecules 
are of the same chemical type as in a mixture of isotopes. When we 
have a mixture of two different species of gases say N a and 0 2 , the 
force of repulsion may be supposed to be given by F oc r“- ru , the force 
between molecules of the same type being given by F oc r-hi, r—h*. 
While x u , x 22 , can be obtained as explained above, x l2 has to be 
obtained from temperature variation of the interdiffusion constant. 
Such values have been given by Chapman, from measurements by Ibbs 
and his coworkers. 

1 See Chapman and Cowling" Mathematical theory of non-uniform 
gases, Chapter XIV. 

F. 115 
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3. Experimental Test of Thermo-diffusion—After the first 
experimental verification of (11) by Chapman and Dootson in 1917, 
numerous experiments have been carried out by Ibbs, Grew and their co¬ 
workers in England, by Nier and others in the U. S. A. and by Bliih and 
Bliih in Germany, by Itterbeck, Paemela and others in Holland using 
mixtures of gases. In all these experiments, two vessels, connected 
by a narrow tube, are filled up with the known mixture and then the 
vessels are placed in baths maintained at fixed but different tempera¬ 
tures. A temperature gradient sets in along the connecting tube and 
diffusion takes place according to (8). Finally, after sufficient time 
has elapsed, a steady state is reached given by (12). The equilibrium 
concentration is found by integrating (12) if we treat kp as constant. 
We get 

= kf la T'lT. .... (14) 

where T, T* are the temperatures of the two bulbs, n lv , n 19 the respec¬ 
tive concentrations in the steady state; « 10 —« 10 ' is called the separation. 

Since, however, bp is strongly dependent upon » 10 , it is preferable 
to use a instead of bp. Equation (12) then becomes 


or 


Hence 


da 


1 da 19 dT 

* 10*20 ~ T d Z ’ 

•»[t- + tV- 1— T- rfr - 

L *10 1 *10 J 1 

( ”10 ) fJnL)-(l-) a 

\ *20 1 * 20 f)-\T) m 


(15) 


The left-hand side of equation (15) is called the separation factor q and 

* 

is the quantity usually measured experimentally. Wc have therefore 

_ lo g * 


log {TJT) ‘ 


• ( 16 ) 


It is usually but not always, the practice to choose one of the vessels 
rather large compared with the other. The value of a l0 for the smaller 
vessel albne is measured by different methods. Ibbs and his co- 
workers measure the change in concentration by measurement of 
thermal conductivity, Nier from mass spectroscopic analysis, Itterbeck 
and his co workers by the change in viscosity, Bliih and Bliih by 
change in the refractive index. A typical apparatus due to Grew is 
described below: 

The apparatus used by K. E. Grew for measurements of thermal 
diffusion in gas mixtures consisted of a diffusion vessel A-B of the 
shape shown in Fig. 1. The upper part A of this vessel could be 
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Hnaintained at any desired temperature up to 450°C by placing it inside 
an electric furnace carefully designed to secure uniformity of tempera¬ 
ture within 2°C. The lower part B between the stopcocks T, and 



Fig. 1.—Thermal diffusion apparatus (Reproduced from a paper bv K. E Grew 
Proc. R. S. L., A. Vol. 178, p. 391, 1941.) 

T 2 was immersed in a water thermostat maintained at 20°C. The tem¬ 
perature of A was measured by a chromel-alumel thermocouple Th 
placed close to the bulb A. The volumes of A and B were 20 c.c. and 
2*5 c.c. respectively. For measurements at low temperatures the 
vessel was inverted and the part A immersed in a liquid oxygen 
bath the temperature of which was measured by a copper-constantan 
couple. 

The gas-mixture at the atmospheric pressure was introduced into 
the evacuated diffusion vessel through the stopcock T v A small part 
of it was then led into the analyser, previously evacuated, through the 
stopcock T 2 and its composition determined by a thermal conductivity 
method to be described in the next paragraph. Sufficient time was 
then allowed for diffusion to take place. When a steady state was 
reached the mixture in B was again analysed and the change in the 
composition determined. 
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The analyser consisted essentially of a spiral tungsten filament, 2-5 
cm. long, welded to short platinum wires which were sealed in 2 mm. 
capillary tubing as shown at G. A capillary side-tube led to a bulb L 
of capacity 15 c.c. and a mercury reservoir R. By raising or lowering the 
level of mercury in the reservoir the pressure of the gas could be 
adjusted to any desired value indicated by the mercury manometer 
M. The whole thing was immersed in a paraffin thermostat maintained 
at 2t*2°C by a toluene regulator. 

The analysis rests on the fact that the temperature of the filament 
depends both on the current flowing through it and the conductivity 
of the gas surrounding it. The filament formed one arm of a 
Wheatstone’s bridge, and its temperature coefficient of resistance was 
first determined by varying the thermostat temperature and using very 
low currents so as not to produce appreciable heating effects. The 
second arm of the bridge consisted of thick nickel and manganin wires 
wound in the form of a coil C surrounding the gauge G. By combining 
suitable lengths of nickel and manganin wires the second resistance 
was given the same temperature coefficient as the first so that any random 
fluctuation of temperature might affect them equally. The resistance 
of the second atm was made equal to that of the filament when the 
temperature of the latter was 41 •2°C that is, 20°C above the thermostat 
temperature, and for equal resistances of the remaining two arms a 
balance point was obtained. On next introducing the gas mixture into 
the gauge the balance point was disturbed owing to a fall in the tem¬ 
perature of the filament, the amount of fall depending on the com¬ 
position of the mixture. The potential difference across the bridge 
was then increased until the temperature of the filament was brought 
back to 41 • 2°C and the bridge was balanced. The change in the com¬ 
position of the mixture could thus be determined from the change 
in the potential difference required to balance the bridge. 

Value of krp :—A typical set of experimental results is taken 
from a paper of Atkins, Bastick and Ibbs, on Thermal Diffusion 
in Mixtures of inert gases, P. R. S. L. (A), Vol. 172, p. 142 
and illustrated in Fig. 2 reproduced from there. The ordinate 
represents the experimentally obtained values of k>p calculated from 
the observed separation by means of equation (14). The abscissa 
represents concentration of the lighter constituent in percentages 
i.e. IOOwjj,. If the relation k T — an 1( /t 20 — a(l —# l0 ) # 2 o held good 
throughout the whole range of » 20 values, the curve would be a 
parabola, kj> = 0 at # 2 o = 0 and at n w — 1, rising to a maximum at 
#20 ~ 50%. Curve III shows that this law is not obeyed. For curve III 
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(He- Kt) we reproduce in Table 2 the experimental values of k? and « 
for diffetent concentrations. 



Fig. 2.—Relation between separation and concentration ( I, argon-krypton; 

II, neon-krypton; III, helium-krypton) 

[Reproduced from a paper by Atkins, Bastick and Ibbs., P.R.S.L.., 172, 148, 1939.] 


Table 2.—Thermal diffusion in Helium-Krypton mixture 


w ao 

•3 

•4 

1 

•5 

•6 

i 

•7 

krp (experimental) 

•0677 

•0852 

•1000 

•1080 

t 

•1068 


•323 

•355 

•400 

•450 

•509 

k? (rigid sphere) 

•105 

•133 

•156 

•172 

•176 

a(co) (from 17) 

•500 

•559 

•624 

•716 

•838 


From Chapman’s formulae, the following first approximation 
expression has been deduced for a : 


a — 5(C—1) 


$2»iq 




a"2o 


(17) 


where J*!, S& Q v j2a» J 2 i 2 are functions of m u w 2 , and the parameters 
of molecular interaction—the force index s or the molecular diameter 
etc.; C depends only upon the interaction between unlike molecules. 
Methods for their calculation have been given by Chapman. 

For the case of rigid elastic spheres 5(C—1)— 1, and S v S\, Q i , 
<2 2 , Q 12 are found to depend only upon the molecular masses 
and diameters. The calculated values of k T and a for the: helium- 
krypton mixture are given in Table 2, rows 3 and 4, assuming that 
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the molecules behave as rigid elastic spheres. Comparison between 
rows 2 and 4 shows clearly that the rigid sphere model is inadequate 
for explaining thermal diffusion, Tsx fact both the rigid sphere model 
and the inverse power model fail badly in case of thermal diffusion 
in that they give a to be independent of temperature, while experi¬ 
ments show that a is strongly dependent on temperature. 

This temperature dependence of a has been investigated extensively 
by Grew 1 for a number of mixtures and the results explained satisfac¬ 
torily on the Lennard-Jones (12, 6) model (pi 172)-, by assuming suitable 
values of the potential parameters « 12 and <x 12 for unlike molecules. 
In fact, taking advantage of the result that the temperature dependence 
of a is almost wholly governed by the term (C-1), Srivastava and 
Madan 8 have developed a method of evaluating the unlike potential 
parameter e 12 from the observed temperature variation of a. To a 
fair, approximation the unlike parameters can be calculated from the 
empirical relations c 12 = (e n . e 2 a) 1/? and u 12 = £ (<j n -f a 22 ). 

When we take isotopes having nearly equal atomic weights, the 
value of a is extremely small, e.g. for the separation of N a u and 
N 1 * N l * a(oo)= *89XsV= *015; taking the force factor, a actually reduces 

to -0089 and q the separation factor is equal to (Tg/Tj) 0 — 1*006 for 
a temperature ratio of two i.e. in a stationary apparatus like this, very 
litde separation is effected. In fact, it is much less efficient than other 
methods (gaseous diffusion p. 206, or ^chemical exchange reaction). 
But Clusius and Difckel 8 devised an experimental method which com¬ 
pletely revolutionised the technique of separation by the use of this 
method. It js described in the next section. 

4. The Separating Column of Cluaius and Dickel. —The 
apparatus consists of a long cylindrical vertical tube (Fig. 3) about 
1 cm. in diameter along the axis of which is stretched a platinum wire 
which is kept taut by means of the weight of a heavier rod dipping in 
mercury below. This is kept heated to about 900°C. The tube is 
enclosed in a concentric jacket through which cold water or some 
other coolant is circulated. The gaseous mixture is introduced through 
two side-tubes, which are then closed. It is found that soon after, there 
is a separation, the light gas quickly collects at the top, and the heavy 
gas at the bottom. For example, if we have a mixture of H 2 and Br 2 the 

1 Proc. Roy. Soc. Lond., 189 , 402,1947 ; Grew, Johnson and Neal 
Proe. Roy. Soc. 224, 513, 1954. 

3 Proc. Pbys. Soc. London, A, 66 , 277, 1953. 

» Naturwiss , 26, 546, 1938; 27, 148, 1939. 
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bromine will collect at the bottom, as is proved by the intense 
coloration characteristic of Br 8 , while H 2 collects at the top. This is 
shown by the fact that the 


upper half of the Pt-wire 
which was glowing loses its 
glow, showing a rapid fall of 
temperature, for hydrogen 
being a much better conduc- 
tof of heat than the heavy 
H 2 —Br 2 mixture, carries all 
the heat away and does not 
allow the wire to attain a 
high enough temperature for 
glowing, though the same 
amount of energy is being 
applied. 

The theory of the column 
is mathematically very com- 
“plicated and consequently 
Clark Jones and Furry 1 have 
given an elementary theory 
which brings out very clearly 
the physical processes in the 
column and which will there¬ 
fore be discussed here. • The 
working of the column is 



ELECTRIC CURRENT 


CONVECTION 


l\ 

f COOLANT 


COOLANT | 



CONVECTION 


ELECTRIC CURRENT 
Fig.3.—Separating Column of Ctusius and Dickel 


T« 


Tz 


briefly as follows:—As the gas comes in contact with the hot wire, it 

gets heated, and a convective cir¬ 
culation of the gas, consisting of 
the vertical up-streaming of the 
hot gas near the wire, and down¬ 
streaming of the cold gas near the 
jacket sets in. Therefore the pro¬ 
blem is considered in two parts: 
(1) the purely hydrodynamical 
problem of convtctive flow in 
the column, and (2) the deter¬ 
mination of the net transport 
along the column. 



1 Rev. Mod. Pbys., 18 , 151, 1946. 
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The value of the convection velocity can be easily obtained in 
the two-dimensional case. Let the cross-section in the xy plane of 
the vertical column (axis of be rectangular with sides of lengths 2a 
and b and let us take the centre of the rectangle as the origin of co¬ 
ordinates (Fig. 4). Let the walls x= — a, and x—a be maintained at 
the temperatures T lt T 2 , (T 1 >'T i8 ) so that 


-dTjdx = (T \-T$2a = £j\2a. 


The convective velocity tv is parallel to the axis of Z but it varies 
with x. The value at any point x can be obtained from the hydro- 
dynamical equations : 


PjP _ A ^ 

dx ~ ’ d Z 


, d z w 


where p and n are respectively the density and viscosity of the mixture. 
This last term is due to the transference of momentum of the gas 


due to viscosity. 


Now from the condition 

dhv dp 
n d^ =g d^' 


d*p _ d_*p 
d Z dx dxd Z 


we have 


Now p oc 1/7’, hence 

dp _ p dp _ dp dT 

df = ~ T’ fc^dT’fc' 

and hence 

d % n> _ gp A T 
dx * ~ “ Ixta T * 

T is a function of x but *• to simplify matters we may assume 
it to be constant and equal to the mean value T — (T 1 -|-T a )/2. The 
boundary conditions are that tv = 0 at x — d: a * This gives us on 
integration 

{*(«*-**)> .... ( 18 ) 


tv varies with x and has an extremum value at x — d; aJy/2>. 
speed over the range x — 0 to x a is 


tv 


4S V T 


The mean 


. (19) 


We shall assume that the gas in the region II from O to the cold plate 
moves down with this velocity tv and in region I moves up with the 
same velocity. 
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If the number density n x in the downward stream is n x and in 
the upward stream n x \ the net transport down the column is 

(«i' -O *> 4- n D 12 lab , 

since the longitudinal diffusion takes place across the whole length 2a. 
The mass of molecules (1) transported downwards is 


T, = ai > + P D u 2«i>. • • (20) 

The concentrations « 10 ', /z 10 " are actually produced by the combined 
effect of vertical convection and transverse diffusion (thermal and ordi¬ 
nary). Due to the former n x decreases by — w dnjd^pct second, «/' 
increases by —~v d/tjd%; hence («/—decreases by — 2i > da x }d%. Due 
to the latter the number flux density of molecules (1) is given by (11), 
and as this flux is into a layer of thickness a y n x increases at the rate 
Til*, and n x decreases at the same rate, and therefore increase 

at the rate 2T x fa> In the steady state the net increase from both causes 
must vanish, i.e. 

?Ti + 2g _ o. . . . (21) 

a ay 

V 


Substituting Ti from (11) and waiting 

(^10 . ”io'-*io" d _J AJ 

dx a * dx la * 


equation (21) yields 

; io ‘ *10 


ft id - tiid' — a/i, a fi 


AT , Tvtd dn^ 

2f + ’ 


. ( 22 ) 


and substituting this in (20) we get 

- ,f A T aw dn x d\ „ </#j„ 0 , 

t >=**»»- it + on 41 + p12 

= H* w +(K c +K d )J>, 1 „l<lz . 


(23) 


where 


rr ap 2 ga*b fAT\ 2 v _ pYM f AT\‘ 

n ~ “96 5 “ rr; s c ” 48VD7A t / 


48 2 ij 2 D 12 

Kd = />D ia . 2*/&. 

The three terms respectively represent the contribution of thermal 
diffusion, convection and longitudinal diffusion. 

After sufficient time a steady state is reached when the transport 
7 -j = 0. Then 

dn 10 


Tin jo ^2o 


K 


d K 


(24) 


F. 116 
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where K~K c -\-Kd- Integrating we get 

/ *io \ _ / /; io \ e - 2 \A 

' ^20 ' t \ ^20 '0 

where A—HJ2K. The separation factor is 


q t r= e 


2 AL 


. ( 25 ) 


(26) 


for a column of length L. The rigorous theory which takes into account 
the variation of n, tj, D 1S etc with temperature and variation of w with re¬ 
produces only a change in the numerical factor occurring in the expre¬ 
ssion for A. t 

For the production of a large separation the column must be long 
and A should be large, i.e. the ratio of the thermal diffusion as repre¬ 
sented by H to the remixing effect as represented by K should be 
large. In practice due to small irregularities in dimensions and tempe¬ 
rature distribution in the column some additional remixing effect occurs 
which is.represented by the term Kp, and therefore K <= 

When this value of K is substituted, equation (26) is found to hold 
fairly well. 

The performance of a typical Clusius column is illustrated by 
Fig. 5, which represents the working of a typical 20 metre column 
of the type illustrated in Fig. 3. This was used for the separation 
of the isotopes of chlorine; they have the atomic weights 34*979 and 
99*6% HCl” 36*956 and occur in the proportion of 75:25. 

Actually HCl gas was used. After steady condi¬ 
tions had set in, probes of the gas were taken 
at different points and its isotopic composition 
was analysed by density determinations. Fig. 5 
shows the distribution of the lighter constituent 
at different heights of the column. It shows 
clearly as equation'(25) indicates that the propor¬ 
tion of Q a# goes on increasing with height, and 
at 20 metres, we have neatly 99*6% of pure Cl w . 
It was found that to separate one mole of chlorine 
completely the amount of energy needed was 
normal 757% HCl 31 nearly 43000 K.W.H. 

, , The task of separation of isotopes has now 

a Clusius column. assumed industrial proportions, not only for the 
production of the raw material for atomic energy 
fuel (this is used in the form of UF # which is gaseous) but also on 
account of the need for particular isotopes for researches in nuclear 


6m 


*>m I 


199% HCl” 
98 5% HCl” 

98% HCl” 


8m 


97% HCl 


89% HCl 


is 


xs 
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physics, in biology, and other branches of science. O 8 , N ie and several 
others are being produced on the commercial scale and offered for sale. 

In many cases, other methods have been found more suitable, 
(e.g. gaseous diffusion) but on account of secrecy regulations, it is 
difficult to find out the actual situation, and make a comparative 
assessment of the merits of-different methods. 

Literature :—For further information, see Ergekn/sse chr exakten 
Naturmssenscbaften , Vol. 20, article on Tremrohr, by Fleischmann and 
Jensen, p. 121-182, or a report in the Reviews of Modern Physics* Vol. 
18, on the “Separation of Isotopes by Thermal Diffusion" by Jones 
and Furry. 

NOTE 19 

Occurrence of Elements and their Isotopes on the 
j&artlt, the Meteorites, the Sun and the Stars. 

* f * 

This is a purely ‘cosmological problem', but has cropped up here 
only as a side issue. Only the briefest outline will be given. 

Tbi'Ebrth— Extensive chemical and spectroscopic investigations 
haVebeen undertaken on the composition of the rocks forming the 
outer crust of the Earth, on the composition of its atmosphere, and 
the composition of matter in solution in sea water. These tcsults hare 
been summarised by Goldschmidt and others, and ate given in Table 1 
below. Ifshould be borne.in mind that different kinds of rocks have 
different composition. The figures given here are average ones and 
for understanding how these have been obtained, the reader must 
refer to original papers. No figures are given for H, He, C and N and 
a few others. All free hydrogen must have escaped from the primitive 
atmosphere of the earth, as the kinetic energy of the molecules at the 
high tempetature prevailing in those times was too high for their deten¬ 
tion (see p. 136). The hydrogen now found on earth occurs almost 
completely as a component of water, which must have been deposi¬ 
ted from water vapour, or released from rocks as they cooled. If 
the primitive earth contained any helium, it must have been completely 
lost, and the little helium we get now is probably wholly obtained 
from radioactive disintegration. Carbon is largely found in organic 
matter, either living or fossilized (coal and petrol) and nitrogen almost 
wholly in organic matter and in the atmosphere. 

The abundance for other elements is given in terms of number 
of atoms taking that of Fe as 100. The most abundant elements arc 
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Table 


1 . — Abundance of Elements in the earth's crust , meteorites and the Suti 1 . 


Fe—~100 




Earth's 

crust 

Icon 

Meteors 

Sun 



Earth's 

crust 

Iron 

Meteors 

Sun 

1 

H 



6 X10 6 U 

41 

Nb 

•017 

•0*5 

1 

•0*6 

R 

2 

He 




42 

Mo 

•017 

, 001 

•0 2 12 

U 

3 

Li 

1-0 


•0*6 R 

44 

Ru 


•0*51 

•0*2 

R 

4 

Be 

•07 


•0*4 

45 

Rh 

•0 2 1 

•0*19 

•0*2 

R 

5 

B 

•03 


•63 R 

46 

Pd 

•0*1 

0*17 

*0*8 

R 

6 

C 


•72 

3700 

47 

Ag 

■0 3 1 

. *0*15 

•0*6 

R 

7 

N 



776 U 

48 

Cd 

•0*48 

•0*14 

•001 

R 

8 

O 

3400 

185 

1023 U 

49 

In 

(Ft 

•0*5 

•G 6 6 

R 

9 

F 

1-5 

•018 

6 R 

50 

Sn 

•037 

•0*34 

•0*1 

R 

10 

Ne 




51 • 

: Sb 

■0 3 9 

•0*1 

•0*4 

R 

11 

Na 

135 

2-5 

3-63 U 

53 

I 

• 0*26 

•0*1 








55 

Cs 

• 0 2 58 

•0*5 



12 

Mg 

94 

48 

62 U 

56 

Ba 

•311 

•0*2 

•0 2 17 

U 

13 

A1 

358 

4-8 

41 U 

5? 

La 

•015 

•0*1 

•0*4 


14 

Si 

1076 

54-64 

37-16 U 

58 

Ce 

•032 

•0*12 

•0 2 16 

R 

15 

p 

2-8 

•7 

•063 R 

59 

Pr 

•00435 

•0*5 

•0*25 

R 

16 

s 

1-7 • 

4-12 

45-8 U 

60 

Nd 

•0183 

■0*18 

•0*6 

R 

17 

Cl 

1-5 

•17 


62 

Sm 

•0 2 47 

•0 4 65 

•0*2 

R 

18 

Ar 




63 

Eu 

•0*74 

•0*15 

•0*16 

R 

19 

K 

72 

•38 

-30 U 

64 

Gd 

•0 2 438 

•0*1 

•0*8 

R 

20 

Ca 

99 

3-66 

3 • 23 U 

65 

Tb 

•0*69 

•0*28 



21 

Sc 

■12 

0 09 

• 004 TJ 

66 

Dy 

•0 2 29 

•0*11 

•0*25 

R 

22 

Ti 

14-4 

•14 

• 17 U 

67 

Ho 

•0*8 

•0*31 



23 

y 

•21 


•021 U 

68 

Er 

■0*16 

•0 4 88 

•0*8 

R 

24 

Cr 

: -42 

•52 

•72 U 

69 

Tu 

•0*2 

•0*16 

•0*2 

R 

25 

Mn 

1-85 

•42 


1 70 

Yb 

•0*16 

•0*82 

•0*63 

R 

26 

Fe 


100 

lOO-OOU 

71 

Lu 

•0*44 

•0*26 

• 0*63 

R 





100-00R 

72 

Hf 

•019 

•0*38 

•CM6 

R 

27 

Co 



•2 U 

73 

Ta 


•0*17 

•0*63 

R 

28 

Ni 

•186 

7-3 

1*7 U 

74 

W 

•041 

•0*93 

•C*l 

R 

29 

Cu 

•172 



i 75 

Re 

•0’7 

•0*22 



30 

Zn 

•067 

■ I 

•11 U 

76 

Os 


•0*19 

•0*2 

R 

31 

G a 

•023 



77 

Ir 

•0 7 6 

•0*76 

•0*4 

R 

32 

Ge 

•015 



78 

Pt 

1 -0®3 

•0*47 

•0*25 

R 

33 

As 

*0 2 7 

•026 


79 

Au 

•0*3 

•0*45 



34 

Se 

•0 2 1 



80 

Hg 

•0*27 




35 

Br J 




81 

Tl 

•0*24 




37 

Rbj 

•397 


•083 R 

82 

Pb 

. -0085 

•0*15 

•0*67 

U 

38 

Sr 

•52 

•0022 

•0042 U 

83 

Bi 

•0*1 

•0*12 



39 

Y 

•038 

• 0 3 54 

■0031 U 

90 

Th 

•0052 

•0*6 



40 

Zr 

1 

•23 

•0082 

•0*45 TJ 

92 

U 

•0018 

•0*14 




1 R stands for Russell, U stands for Unsold. 
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O, Si, Mg, Fe, Al, Ca, Na, K. The other elements will hardly afford 
2 atoms, all told. 

Meteorites : They are the ‘Fire balls' which flash across the 
sky, and are found in Weights ranging from a few milligrams to a few 
tons. They are found to be of two typfes t Iron meteorites, and Stony 
meteorites. The analysis of iron meteorites shows that they are on 
the avenge 90% iron, 8% nickel, and 2% others. The high propor¬ 
tion of nickel to Iron is a mystery yet. There is very little siliceous matter. 

The stony meteorites consist mainly of magnesium and iron 
silicates. Most stony meteorites .have finely divided metals distri¬ 
buted throughout the mass. On an average the metal phase consti¬ 
tutes about eleven percent, but the quantity of metals in some cases 
varies from zero to about fifty percent. A third and less abundant 
phase(troiiifce) mainly composed of FeS exists in both iron and stony 
meteorites, usually distributed over the 1 whole mass but frequently 
found in pockets of substantial size. 

According to one school of thought, the earth's interior is a 
liquid mass. This is borne out by evidence from seismology, for 
transversal seismic waves fail to be transmitted when they reach a 
distance of 3400 km. from the core. This inner core is supposed 
to consist entirely of liquid iron and nickel, in the proportion of 100 
to 7-5 as in iron meteorites and the external crust is supposed to 
consist mainly of siliceous matter originally dissolved in it. As 
the core cooled, it separated out in the form of a slag, having appro¬ 
ximately the same composition as the stony meteorites. The outer 
parts of the slag formed the crust. 

The Sun —The abundance of elements in the sun is given in terms 
of the number of atoms found over a cm 2 of its photosphere. This 
figure is obtained from a complicated analysis of the strength of the 
Fraunhofer line or lines by which the element is identified, the position 
of the line in the spectral series of the element, and other points for 
which a reference must be made to original papers. See Uns61d, Zeits.f.. 
Astrophysik , Vol. 24. 

Very great precautions have to be taken in deducing any conclu¬ 
sions about the abundance of elements in the sun and other stellar 
bodies. The absence of the lines of an element must not be taken to 
imply that the element is actually absent; it may be that the element; 
as in the case, of Rb and Cs is completely ionised, and the lines of the 
ionised element are not within the available range (A 3000-10000),. Let 
us now scrutinise the eleme«-' 
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(1) The halogens, excepting F.—Their resonance lines are in the 
extreme ultraviolet. The next lines (e. g. for p*s—p*p) are in the extreme 
red, but they have not been found. No compounds containing halo¬ 
gens are found in stellar atmospheres. 

(2) The rare gases excepting helium.—Resonance lines lie in the 
extreme ultraviolet; next lines p h s — -p*p are in red and infra-red, but 
they have not been found in any stellar . spectrum. 

(3) Generally heavy elements.—The heaviest element known 
on the sun is Pb. Bismuth which is. 80 times less abundant on the 
earth is not found, though its resonance lines are in a very good region. 
The fissionable element Th has recently been identified by Babcock 
by means of its ionised lines. Uranium may also occur but its spectrum 
is not yet so well known. 

It is believed that if the sun were cooled to the temperature of 
the Earth, the composition of its crust would not be much different from 
that of the Earth. 

The Balmer lines Of hydrogen are found in great strength in 
the atmosphere of the sun and all stars. From this and other reasons 
it has been concluded that it is the most abundant element in all 
heavenly bodies and also in interstellar space, but estimates as to its 
abundance vary widely. For the sun’s atmosphere, Uns6l$ gave the 
proportion as 

H O Metals Electrons 

Proportion in no. of atoms 91 3*3 3*3 2*4 

The absolute amount is given as 3xl0 24 atoms, giving a total 
mass of 5 gm. over 1 cm* of- the photosphere. Taking the number 
of Fe-atoms as 100, the number of H-atoms comes to be. nearly 
10*. But recent investigations by Wildt and Chandrasekhar have raised 
the proportion of H to the rest (excepting He, O and N) as 400.0 : 1. 
It appears that He, N, O and probably one or two more have to be 
left out of general considerations. 

In the calculation of the ionisation of the elements in the sun 
the value of electron pressure plays.a great part. This pressure has 
been estimated to, be about 10 dynes on the reversing layer, giving 
an electron density of 10 18 per e.c. on the disc. .The electrons are 
almost wholly derived from the ionisation of the metals. H, He, O 
and N are not ionised appreciably on account of their high ionisation 
potential. 
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Table 1 .—Properties of Ammonia (NH 3 ) 


Temp. 

°c 

Vapout 
Pressure 
in lb. 
per sq. 
in. 

P 

Volume 

of 

saturated 
vapour 
in cu. ft. 
per lb. 

Enthal- 
py of 
liquid 
in. lb- 
calories 
(C.H.U.) 
per lb. 
h 

Latent 
Heat of 
saturated 
vapour 
in C. H ., 
U.ptt lb. 

L 

Enthal¬ 
py of 
vapour 
in 

C; H. 17. 
per lb. 

h 

Entropy 

■ 

Vapour 

V 


41 *5 

6-8 

—8 

322 

314 

-0-033 

1-193 

—5 

51 

nm 

—4*5 

319-5 

315 

-0-017 

1*175 

0 

61 

D 

0 

316 

316 

0-0 

1-158 

5 

74-5 

B 

4-5 

312-5 

317 

0-017 

1*141 

10 

| 

459 

3-3 

9-2 

308*6 

317-8 

0-033 

1-123 

15 

106 

2-7 

14 i 

304 

318-8 

0-050 

1-107 

20 

125 

2-3 

18*6 

300 

318-6 

0-066 

1-089 

30 

170 

ra 

28-2 

290 

318-2 

0-098 

1055 






- 











Table 2.— Properties of Drj Saturated Steam . 


Temp, 

°C 

Pressure in 
lb. per sq. 
in. 

P 

Volume in cu. ft. 
per lb. 

Enthalpy 
of water in 
ib~calorie$ 
per lb. 
h 

Latent Heat 
of steam in 
lb-calories 
per lb. 

L 

Total Heat 
of steam in 
lb-calories 
per lb. 

Internal en¬ 
ergy in lb- 
calories per 
lb. 

Entropy per lb. 

Dry steam 

Water 

Water 

Steam 

0 

0-0892 

3275-9 

0-01602 

0-0 

594-27 

594-27 

564-21 

0-0 

2-17602 

10 

0-1788 

1693-9 

0-01603 

9-98 

589-03 

599-01 

567*85 

o-03585 

2-11650 

20 

0-3400 

922-2 

0-01605 

19-94 

583-78 

603-72 

571-48 

0-07046 

2-06220 

30 

0-6162 

525-8 

0 01609 

29-91 

578-49 

608-40 

575-07 

0 10393 

2-01248 

40 

1-0703 

312-4 

001614 

39*89 

573-15 

613*04 

578-64 

0-13631 

1-96688 

50 

1-7883 

292-7 

0-01621 

49-88 

567-75 

617-63 

582-17 

0-16770 

1-92490 

60 

2-8873 

122-9 

0-01629 

59-87 

562-29 

622-16 

583-66 

0-19815 

1-88620 

70 

4-5156 

80-8 

0*01638 

69-88 

556-72 

626-60 

589-07 

0-22774 

1-85039 

80 

6-8627 

54-6 

0-01648 

79-90 

551-05 

630-95 

592-41 

0-25652 

1-81713 

90 

10-161 

37-82 

0-01659 

89-94 

545-25 

635-19 

595-67 

j 0-28454 

1-78619 

100 

14-689 

26-79 

001671 

100-00 

539;30 

639-30 

598-83 

0-31186 

1-75732 

120 

28-808 

14-271 

0-01698 

120-22 

526-85 

647-07 

604-78 

0-36460 

1-70485 

140 

52-482 

8-143 

0 01729 

140-62 

. 513-57 

654-19 

610-23 

0-41511 

1-65832 

160 

89-80 

4-923 

0-01765 

161-26 

499-29 

660-55 

615-08 

0-46373 

1-61657 

180 

145-59 

3-128 

0-01807 

182-21 

483-93 

666-14 

619-30 

0-51078 

1-57884 

200 

225-24 

<3-074 

0-01856 

203-55 

467-41 

670-96 

622-91 

0-55654 

1-54452 

220 

334-38 

1-428 

0-01914 

247-74 

449-69 

675-06 

625-93 

0-60128 

1-51326 

240 

478-74 

i_ 

1-018 

0-01980 

225-37 

430-81 

678-55 

. 

628-43 

0-64517 

1-48479 


Table 3 .—'Entropy and Enthalpy of Superheated Steam, 


1 

Pressure 
Absolute 
lb. per 
sq. in. 

Entropy at Superheat in degrees C 

Enthalpy at 

Superheat in degrees C 

+20 

■ -f-40 

+60 

+80 

+100 

+20 

+40 

+60 

+80 

+ 100 

15 

1-7817 

1- 

8062 

1-8295 

1-8515 

1-8725 

649-53 

659*43 

669-25 

679-04 

688-78 

20 

1-7590 

1- 

7832 

■ 

1-8279 

1-8486 

652-91 


672-79 

682*63 

692-42 

40 

1-7045 

1- 

7282 

■ 

1-7716 

1-7918 

661-37 

671-61 

681-73 

691-76 

701-69 

60 

1-6728 

1* 

6961 

1*7182 

1-7390 

1-7589 

666*44 

676-89 

687*20 

697-37 

707-45 

30 

1-6503 

1- 

6736 


1-7161 

1-7358 

670-07 

680-73 

691-18 

701-49 

711-68 

100 

1-6329 

1- 

6560 

1-6778 

1-6984 

1-7179 

672-88 


694-30 

704-73 

715-03 

120 

1-6187 

1- 

6418 

1-6635 

1-6840 

1-7034 

675-19 

686-14 

696-88 

707*42 

717-81 

140 

1-6066 

1 

6297 


1-6717 

1-6911 

677-13 

688-23 

699-08 

709-73 

720-20 

160 

1-5962 

1 

•6194 


1-6618 

1-6806 

678-77 

rnmm 

700-98 

711-72 

722-28 

180 

1-5870 

1 

•6101 

1*6317 

1-6520 

1-6713 



702-66 

713-51 

724-16 

200 

1-5787 

1 

•6018 

1-6234 

1-6437 

1-6630 

681*52 

m 

704-17 

715-15 

725-82 

250 

1-5612 

1 

•5843 

1-6059 

1-6262 

1-6454 

684-23 

695-97 

707-38 

718-10 

729-41 

300 

1-5468 

1 

•5700 

1-5967 

1-6120 

1-6312 

686-40 

698-39 

710-01 

721-32 

732-38 

350 

1-5348 

1 

•5580 

1-5797 


1-6191 1 

688-22 


712-24 

i 723-72 

734-93 

400 

1-5243 

1 

•5476 

1-5693 

1*5896 

1-6087 

689-77 

i 702-19 

714-16 

725-81 

737-17 

450 

1-5150 

1 

•5384 



1-5996 

691-12 


715-88 

727-65 

339-14 

500 

1-5068 

1 

•5302 

1-5519 

1-5723 

1-5915 

692-32 

705*09 

717-40 

729-32 

740-93 
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NOTE 21 

The Thermodynamics of Irreversible Processes 

In Chapters V to VIII we have described the thermodynamics of 
reversible processes which was based on the three laws of thermody¬ 
namics. These were first taken to be basic principles but were later 
on derived by statistical methods from the laws of mechanics (Chap. 
IX), and thus thermodynamics as applied to equilibrium systems and 
reversible changes became a branch* of statistical mechanics. There 
are, however, various non-equilibrium phenomena characterised by 
irreversible processes which cannot be explained, except qualitatively, 
by these three laws. The purpose of this note is to formulate a macros¬ 
copic theory for such non-equilibrium processes. It has been found 
that if the system is dose to equilibrium, it is possible to describe in 
general terms its rate of approach to equilibrium by means of certain 
principles. These principles and their formulation are known as the 
thermodynamics of irreversible processes, which has been successfully 
applied to various irreversible phenomena though it must be admitted, 
it has not yet attained the firm foundation of the equilibrium 
theory. 

Consider some equation which describes a time-dependent phy¬ 
sical process. If the equation is invariant with regard to the algebraic 
sign affixed to the variable time, the process is called a reversible process, 
otherwise it is called irreversible. Most of the physico-chemical pro¬ 
cesses are irreversible, and the major progress in thermodynamics during 
the last twenty years is related to the extension of macroscopic method 
to such processes. It will be noticed that the usual phenomenological 
laws describing irreversible processes exist in the form of proportiona¬ 
lities, e.g. Fourier’s law between heat • flow and temperature gradient 
(Chapters III and XIV), Fick’s law between flow of matter of one 
component and its concentration gradient (Chap. Ill), Newton’s law 
between shearing force and velocity gradient. Ohm’s law between 
electric current and potential gradient etc. When two or more of 
these phenomena occur simultaneously, they interfere and give rise to 
new effects. Thus the coupling of diffusion and heat conduction 
gives rise to thermal diffusion (Soret effect) and its inverse the 
Dufour effect. The cross-phenomena are mathematically described 
by additional linear terms. We shall now give an outline of 
Onsager’s theory upon which the thermodynamics of irreversible 
processes is based. 
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The Linear Larv : The thermodynamics of irreversible processes 
is based upon two important concepts: (1) the linear Jaw and (2) 
the Onsager reciprocal relations. The linear law is a generalisation of 
the empirical relations which are found to hold for many systems only 
slightly removed from equilibrium. At the present time the linear 
law is only empirical and has no foundation except as a working pos¬ 
tulate which is justified by the results.. However it is possible to*study 
the approach of a system to equilibrium with the help of the statistical 
theory of fluctuations and it is very likely that the linear law cap be 
justified on this basis. Linear relations should almost always apply 
sufficiently close to equilibrium; in effect, therefore this postulate of 
linear relationship merely defines the range of applicability of the 
thermodynamics of irreversible processes,. 

We have seen above that a number of causes can give rise to 
occurrence of irreversible phenomena, e.g. a temperature gradient pro¬ 
duces heat flow, a concentration gradient produces diffusion flow etc. 
These causes arc called driving “forces” or “affinities" (usually denoted 
by X) which produce “fluxes" (also called “flows” or “rates" and usually 
denoted by j) and thereby tend to restore the system to equilibrium. In 
general any force can give rise to any flow e.g. a temperature gradient 
can produce heat flow as well as diffusion flow. Hence for situations 
not too far removed from equilibrium the irreversible phenomena can 
be expressed by linear relations of the general type 

Ji = 2 I-'tk ^4 (f ~ I» 2,.. ■ . . , (1) 

M 

which states that the fluxes are linear functions of the generalised 
forces. Linear relations of this type are called phenomenological 
relations and the coefficients L<* are called the phenomenological 
coefficients. The coefficients L i{ may stand for the heat conductivity, 
the ordinary diffusion coefficient, the electrical conductivity etc., while 
the coefficients L ik (/={=->%) describe the interference of the two irrever¬ 
sible processes / and k. If for example the two processes are thermal 
conductity and diffusion, the coefficient L ik is connected with thermo¬ 
diffusion. It is in the study of these interference effects that the ther¬ 
modynamics of irreversible processes has been very useful. Considering 
only two simultaneous irreversible processes, equation (t) may be 
written down 

/i ~ I-u Lx* 

/a ~ L 2l -j- jL 28 
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Onsager reciprocal relations ; We shall now formulate the funda¬ 
mental theorem of the thermodynamics of irreversible processes due 
to Onsager, This theorem states that if a "proper choice" of the flaxes 
Ji and forces X< has been made, the matrix of phenomenological coefficients 
Lti is symmetric i\e. 

La, = Lki (i,k=l,2,...n) . . . . (3) 


These identities are called the Onsager reciprocal relations, which 
in the thermodynamics of irreversible processes play a role similar in 
importance and in concept to the second law. We must however 
explain what is meant by a “proper choice" of the fluxes and forces. 
Let us suppose that the state of the system is , described by a number 
of parameters A lt A a , ,...A n (these may be the local temperature, 
pressure etc.), and the values of these parameters in the state of ther¬ 
modynamic equilibrium are Af, Af . Af. For convenience we 

use the deviations of the state parameters from their equilibrium values 
m. a — Ai - A{ with t»l, 2, . ... n, as our state variable. It will be 
shown later that the “proper choice" of the fluxes and forces are res¬ 
pectively the time derivative of the state variables a<: 

Ji ~ ( s = I> 2, ....,#) . . . (4) 

and the following linear combinations of the state variables o< : 

(/= 1, 2. n) .(5) 

Coi 


where AS denotes the deviation of the entropy from its equilibrium 
value. 

Due to the irreversible processes there will be entropy production 
in the system. The change in entropy A^ from the equilibrium value 
can always be written down as a function of the parameters a lt a 2 ,.... 
Hence 


A S — 


V(AS) n 

sir ai + 


0(A S) 

0a 8 


a 2 + 



(*) 


from (4) and (5). Fluxes Ji and forces X* with the same index i are 
called conjugated parameters. It is possible that the expression AS 
can be split In several ways into a sum of conjugated Ji and X 4 but for 
all the choices made the Onsager relation (3) holds. 

Equations <1), (3), (4), and (6) give a complete set of equations 
upon which a satisfactory macroscopic theory of the thermodynamics 
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of irreversible processes can be built up. We may assume eqn. (3) as a 
fundamental principle without bothering about its proof and develop 
the thermodynamics of irreversible processes just a& classical thermo¬ 
dynamics is developed from the three basic laws. The inquisitive reader 
may obtain the statistical proof later if he chooses. 

For illustrating the methodology we shall consider a simple system 
which is composed of two parts both enclosed within the same rigid 
adiabatic enclosure. One part is at a uniform temperature 7\ and 
the other at a uniform temperature T 2 . Let a small amount of heat 
Sj2 flow from the part at T 2 to that at T v The increase in entropy of 
the system is 


dS = 8 o 


*]- 


8Q. 


The rate of entropy production is 


hzh 

r, t, * 


S a 



. C 7 ) 


if T 2 - and Tr= /V /!T 1 T 8 . Thus the entropy production is a 

product of two factors : Q which represents the flux J v tending to 

a T 

re-establish equilibrium and which represents the driving force X u 


causing the flux and this is in agreement with (6). Eqn, (1) for this 
case yields 

Q = £ . (?) 

which is the well-known Newton's law of cooling. 

Proof of Onsager reciprocal relations : The proof is based on a formal 
treatment of the kinetics of irreversible processes in general. The 
statistical mechanical theory of fluctuations together with the concept 
of microscopic reversibility is utilised and it is assumed that the rate 
of a macroscopic irreversible process is the same as the average rate 
of regression of statistical fluctuations in the state of the system. This 
procedure is outlined below. 

We shall first work out the statistical mechanics of fluctuations of 
an aged system i.e. a system which has been left isolated for a length of 
time sufficient to ensure thermodynamic equilibrium. Suppose the state 
of the system is described by a number of characteristic parameters A x < 
A 2 , .. A n (these may be the local, values of the temperature, pre¬ 

ssure, concentration etc.). Because of the continuous variation of the 
properties in this case the variables form an infinite set. The deviations 
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of these parameters A { from their equilibrium values Ay will be denot¬ 
ed bv ai~A(—A£ as before. In the equilibrium state the entropy has 
maximum value and the state variables c< are zero. 

The deviation A S of die entropy from its equilibrium value due 
to the fluctuation at is given by the quadratic expression 

n 

AS-. -12 .( 9 ) 

iyk = 1 

where ga is a mixed second derivative appearing in a Taylor series and 
is clearly symmetric. X< is therefore given by 




acA s) 

Cat 


n 

- 2 «§<* 


. . (40) 


Further &S = .— 2 .. ga at a k = 2 . • • ( 6 a) 

In the system under consideration the probability P of fluctuations 

Ja lt da. .is, from Einstein's fluctuation theory, proportional to the 

exponential of the corresponding entropy deviation A S divided by 
Boltzmann’s constant k. Hence the probability of finding a state in 
which the values of a* lie between 04 , atdot is given by 


pi 1 €2cj) (ASIfy. da-y ... da n 

l ' ’ * " / “ .fexp (ASjk). day... da n 


• (H) 


The denominator of the right hand ensures normalisation to unity. 

J ... J* Pda-y . . . da, , = 1 . . . ( 12 ) 

We now calculate the following average 


ct^ J* * . . J* jP day ... da„ . « 

From (10) and (11) we get 

555 « * J. . .J p day... da n 

= k J. . *J^ a i • • » day -1 f/cq +J . • . a < • 


But 


j: 


SP 

at 


dat 


(13) 


(14) 


by partial integration. Now P is zero for Further at and of 

are independent variables, hence 


dot 

day 


*= with S t j < 


-1 for /=/ 
—0 for idfcj.. 
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Hence 

-' ' w ^ J • . » . JV/ctj. > e « t/nj J da • * i d(t*H ^ ^ dfj. j a (15) 

Using the normalisation condition (12), eqn. (15) yields 

a i^j ~ ^ ~ 1 , 2 ,...., //). . . . ( 16 ) 

Now we shall utilise the principle of microscopic reversibility which 
implies the invariance of all mechanical equations of motion of indivi¬ 
dual particles with respect to the transformation Consider the 

value of the fluctuation a, at a time instant t and of fluctuation aj after 
a time interval r and let us form the product of both quantities. The 
average value of this product during a sufficiently long lapse of time is 

“/ (0 a ;( / + T ) “ t j? m ~T~f ' a i(0 . . (T 7 ) 

From the general principles of statistical mechanics it can be shown 

that the time average (17) for one single system is equal to the average 
over a microcanonical ensemble obtained by using the probability func¬ 
tion (11) [this is the so-called ergodic hypothesis (p. 393)]. 

Let us next consider the average value of the product a j(t) a,(/+r). 
Tl\g mean value of this product differs from (17) merely by the substi¬ 
tution /-*■ — t. So we shall express the microscopic reversibility by die 
,r relation 

a i (0 *j (H~t) = aj (t) a, (/+r). . . . (18) 

Subtracting the same quantity a, (/) aj (/) from both sides and dividing 
by t, we get 

[aX / T T )~ a i(*)l __ [a, ^+T)~a > (/)j 

T ^ T 

When r tends to zero, this yields 

a i (?) ® j (?) — O-j (?) Uf (/) . . . . (19) 

The time derivative in (19) denoted by the dot, must be considered as 
a quotient of differences taken over a time t- large in comparison to the 
time interval between two collisions of molecules. 

Onsager next makes the important assumption, which is a new 
hypothesis, that on the average the decay or regression of a fluctuation 
follows the ordinary phenomenological macroscopic laws (1) and 
hence we can write 

Ji ~ = ^ • • 


• (20) 
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Substituting (20) in ($9) we get 

9, Lj u a; A. h ~ 2 L'tk °>j • • * (21) 

k k 


Using (16) this yields 

k 2 $ik l-'jk == 2 f-'ifo 

k k 

'.in.i 8,j=0 for i^zj, 

L. ji -- L;j . 


• ( 22 ) 


which is the O iw.ger relation. 


Applicaiu,’ .—The thermodynamics of irreversible processes has 
been applied extensively to elucidate a large number of irreversible 
phenomena, particularly cross-phenomena where it is most useful, and 
the detailed treatments can be found in a number of books 1 now availa¬ 
ble. We shall explain the method here by taking a simple example. 

Consider an adiabatically insulated system composed of two vessels 
I and II maintained at two temperatures, T and T+A^ ancl commu¬ 
nicating with each other through a hole. For a Knudsen gas this 
is the well-known phenomenon of thermal transpiration and as shown 
in §3-58 a thermo-molecular pressure difference will be set up. In the 
case of liquid He II it is called the fountain bffect. For simplicity Tve 
consider a one component system. It will be seen that there occurs a 
thermal flow as well as mass flow with interference between the two. 

In order to develop the thermodynamical theory of any irrever¬ 
sible phenomenon it is necessary to calculate the entropy production 
and then find the appropriate fluxes and forces. Let the volumes of 
the two vessels be V. In the state of thermodynamic equilibrium the 
vessels will have the same energy C7, the same mass M and the same 
entropy S. We can choose 17 and M as the state variables since they 
obey simple conservation laws. The variation A^i of entropy of the 
chamber I is 


^ Sl ~ {dv)u + (sm)?; 

+ \ (gyi) M ( AU ) a + 0 LJ 0 Af A ^ 

1 S. R. de Groot, Thermodynamics of Irreversible Processes, North 
Holland ‘Publishing Co. (1950); I. Prigogine, Introduction to ™*™ 0 ’ 
dynamics of Irreversible Processes, Blackwell (1955); K. G. Denbigh, J h «rmo- 
dynamics of the Steady State, Methuen (19M);I. Prigogine, Ther- 

wodyftatftitfue desPhenofflenes lvTtvttsibUs s Desoer, Liege ( /• 



THERMODYNAMICS OF IRREVERSIBLE PROCESSES 


937 


Fot chamber II the variation A S is given by a similar expression. 
From conservation laws 

(AI7)i- -CAU)n ; (AM)i= - (A%. 

The total entropy variation of the entire system 2AA= (A^)i 4- (A^)li- 
Hence 

+ ^ne^AUAM + i () t (A^) 2 - (24) 

Therefore the time derivative 



A 

13 

•<J 

1 ! 

«n 

fi 2 v 7 

dU*) M dUcM AAf j 




+AM| 

(™ 1 
l dM*) a 

AM + yua^] au . • . 

• -* 

(25) 

The 

energy 

flow 







J V 

== A u . 

(26a) 

and 

the mass 

flow 







Jm 

~ Am. .... 

(26b) 

will 

be chosen as fluxes. 

The corresponding forces arc from (5) 





“P„ AU + &) A "- ■ 

(27a) 



<1 

IK 

[dMV 

„ AM ±{%bm) AU - 4 

(27b) 


Hence (25) yields 

zA — Ju^u + /A * • • . ( 28 ) 

analogous to ( 6 ). 

The phenomenological linear relations will then be 

Jm — Au + A a .... (29a) 

Ju = A* X x 4- L a2 .(29b) 

and Li % —- hgj. ....... (30) 

i 

To find out the physical consequences of (30) we must evaluate 
Xu amd X M explicitly. For a simple system at constant volume we 
have from Problem 3(a) of p. 370, 


TdS = dU - ,uh\L 


. (31) 


F. 118 
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where p is the chemical potential per unit mass. This gives from 
(27a) and (27b) 

X tr =A(4)=-T^ • • • (32) 

Xu=* - a {-£-) 

Now /x = a-\-pv—Ts = h — Ts y 

Hence A#* •=* vA p —^A^ 1 

and A(-f)=^-f AT- ^ ftAT 

Therefore X« «= — v — ^ + A * (23) 

Using (32) and (33) in (29a) and (29b) we get the phenomenological 
relations 

Jx - - &P + L “ - 4fa‘ AT . . (34a) 

Ju = - Al + AT . .(34b) 


In the stationary state J M = 0, and the thermo-molecular pressure 
difference is given by 

(^f)r _ # - (LuA-Lni/rX.,^. . . (35) 

If on the other hand, we maintain a certain pressure difference 
between the two vessels and a uniform temperature throughout the 
system, matter flows from one vessel to the other and an associated 
flow of energy proportional to flow of matter is observed. The energy 
flow Ju can be measured by detearmining the heat which is necessary 
to maintain a uniform temperature in the system. This effect is called 
the thermo-mechanical effect and is given by 

(M-) . . . (36) 

VfiT 1&T=0 Ln 

Hence from (35) and (30) we have 



which connects the two cross effects. 



PHYSICAL CONSTANTS* 


1 bar=10* dynes/cm 2 = • 9869 Atm. 
1 kg/cm 2 = 0*981 bar =0*97 Atm. 


The Gas Constant 

Coefficient of expansion for perfect 

gas at 0°C 

Ice point 

Volume of one gram-molecule at 

N. T. P. 

Avogadro number 

Number of molecules per c.c. at 

N. T. P. 

Mass of the H x -atom 
Density of mercury at N.T.P. 
Standard atmosphere 
Standard gravity 
Mechanical equivalent of heat 
Boltzmann's constant 

Stefan-Boltzmann constant 


R =(8*3166±0*0004)xl0 7 

erg. deg. -1 mole.”* 1 

/ 

=0*0036608 per °C. 

=273*16 ±0*01°K. 

=22*414 ± 0*0008 litres. 

N =(6* 0247±0 • 0004) x 10-“ 

mole -1 . 

=(2* 6870±0-0005) x 10“ per c.c. 
M =(1*67334±0*00010)X10“ M gm. 
=13 *59504±0* 00005 gm. cm-*. 
=1 *013246 x 10* dyoes. cm“ 2 
g =980*665 cm. sec.- 2 
J =(4*1855±0 0004)X10’ ergs cal" 1 
Jk =(1 • 38042±* 00010) xlO-* 18 

erg. •C" 1 

a =(5*6686±*0005)xl0-» 


Wien's constant b =0*28979±*00005 cm. deg. 

Planck’s constant h =(6*6252±♦ 0005)X10 -27 erg. sec. 

Velocity of light in vacuum c = (2 * 997929± • 00008) x 10 1 ® 

cm. sec.” 1 

Electronic charge e =(4-80288±0* 00021) XlO -10 

e. s. u. 

=(1 • 60207±0-00003) xK)-w 

c* tn* u# 

Faraday number F =96501 ±10 int. coulombs per 

gm. equiv. 

Rest mass of the electron m =(9*1085±0*0006)xl0 -88 gm. 

Radius of the electron r 0 =(2*8178±*0001)xl0 _u cm. 

M,fm 4 =1836*13±*04 

1 barn 9 =10- 84 cm -1 

Gravitation constant G =» (6 • 670±0 •005) X 10~* dyne 

cm. 2 gm. -2 

1 Mev= 1 • 07 X10-* mass units=l • 6 X 10~« ergs=4 • 45 x 10** 2 ® KWH. 

*The values given here are taken from the following sources :—- 
Birge, Keif. Mod\ Pbys., 13 , 233, 1941; Pbys. Rev., 63 , 213, 1943; Amer. 
Jour. Pbys., 13 , 63, 1945; DuMond and Cohen, Rev. Mod. Pbys., 25 , 691 
1953. The standard error is indicated by the magnitude following ±. 
All quantities in this table involving the mole or the gram-equivalent, 
are on the chemical scale of atomic weight (0=16*0000). 

939 


Faraday number 

Rest mass of the electron 
Radius of the electron 

1 barn 

Gravitation constant 
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In case of extensive properties of a system, small italic types are 
used in general to denote the quantity per unit mass and capital types 
for the quantity per mole. In cases where confusion might arise boldface 
types are used to denote the quantity for an arbitrary mass or a mixture. 
Certain symbols have been used to denote more than one quantity so 
that the usual familiar symbols for each quantity cah be retained but no 
confusion is likely to arise in the context in which they are used. Script 
capitals, boldface types, starred quantities and suffixed quantities have 
also been utilised to minimise this confusion. 

English Alphabet 

a any constant in general; constant in van der Waals' equation; 
constant in Maxwell’s distribution law; accommodation co¬ 
efficient; absorption coefficient; radiation constant;^, *«*= 
number of cells in phase space. 

A any constant in general; first virial coefficient; area; maximum 
work obtainable from a system; chemical affinity; atomic weight; 
electron affinity. 

b any constant; constant in van der Waals' equation; constant in 
Maxwell’s distribution law; breadth or half-width; Wien's 
constant; fy = .coefficient of internal pressure. 

3 any constant; second virial coefficient; B=hjSTr' i I; Faraday number. 

c any constant; proportional concentration; mean temperature 
coefficient of resistance; specific heat (c p , c v , c s )\ velocity 
of light; velocity of elastic wave fo, r<); restoring couple 
per unit twist;- molecular velocity (c, resultant; d, mean). 

C a constant; molar specific heat; third virial coefficient; root mean 
square velocity. 

d diameter; density; thickness; lattice spacing; symbol for differenti¬ 
ation. 

D Diffusion coefficient; heat of dissociation; Df — thermal diffusion 
coefficient. 

i emissive power; electronic charge; base ofNaperian logarithm. 
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B e.m.f.; elasticity (Ej>, isothermal; E s , adiabatic); energy (Et, 
E r , E 0) E(r)); emissive power of biackbody; electrical field 

(E x> Bff, Hj). 

/ free energy; any function; partition function; fraction of mole¬ 
cules absorbed. 

F force; any function; partition function (F r> F t , F 0 ); free energy; 
F* = decrease in free energy. 

g gravity; Gibbs function; volume of elementary cell; a priori pro¬ 
bability of cell; statistical weight; Lande factor. 

G Gibbs function; phase volume. 

h height; quantity of heat; enthalpy; Planck’s constant; diffusivity; 
Millerian index. 

H height; quantity of heat; enthalpy; Boltzmann H-function; Hamil¬ 
tonian; — magnetic field. 

i y/ — 1; electric current; chemical constant; nuclear spin. 

I moment of inertia; intensity of radiation; integration constant 
of reaction isobar; J? -- intensity of magnetisation. 

j inner quantum number. 

J mechanical equivalent of heat; flux. 

k a constant; Boltzmann’s constant; bulk modulus; wave vector 
(k, k x> k y , k g y, Millerian index; kx,~ thermal diffusion 
ratio. 

K a constant; thermal conductivity; specific intensity of radiation; 
K p , Kg, K„ equilibrium constant of chemical reaction; 
= dielectric constant. 

I length; latent heat per unit increase of volume; direction cosine; 
Millerian index. 

jL length; latent heat; kinetic energy; self-inductance. 

m mass of molecule; mass in general; direction cosine; n. —\Znjti-, 
magnetic quantum number. 

M mass of a gram-molecule; molecular weight; mass in general; 
thermal capacity; Mach number; .^^magnetisation per mole; 
M — mean molecular weight; M* — mass flowing 

n any number; number of molecules per c.c.; frequency of sound; 
modulus of rigidity; constants in force law; n*, number of 
moles. 
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N any number; Avogadro number; total number of molecules in 
the vessel. * 

p pressure; generalised momentum; number of cells; perimeter; p*— 
pressure ratio. 

P thermodynamic probability; collision rate. 

q quantity of heat; generalised coordinate; dryness factor. 

j 2 quantity of heat; heat of reaction (£) p , j2v) 

r radius; ratio; reflection coefficient. 

R gas constant per mole; electrical resistance; radius; R* — reheat 
factor. 

s specific heat; distance; entropy; rotational quantum number. 

S entropy; solar constant. 

/ temperature in °C; time; transmission coefficient. 

T temperature in °K; periodic time ; T 0 , volume of gas flowing 
out per unit pressure difference; £? — surface tension. 

u internal energy; energy density of radiation; molecular velocity; 
j/ 0 = velocity of flow of gas. 

U internal energy; molecular velocity relative to layer; Uf = energy 
of ionization of one gram-atom; U T = heat of reaction; 
17*—decrease in internal energy. 

v any volume; volume of one gram of gas; molecular velocity; 
vibrational quantum number; velocity of flow of gas. 

V any volume; volume of one mole of gas; potential energy; mole¬ 

cular velocity relative to layer; = velocity of wave, velo¬ 
city of sound; Vt —ionization potential; Fo = volume of 
gas flowing. 

w molecular velocity; any velocity; mass. 

W thermal capacity of calorimeter; work done; mathematical pro¬ 
bability; W ti resistance of tube to flow of gas. 

.v variable distance; a variable quantity; concentration. 

X a variable term; force; electrical field. 

y coordinate of position. 

Y component of force; 6/ = Young’s modulus. 

^ coordinate of position. 

Z component of force. 
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Greek Alphabet 

Alpha a any constant; constant of platinum thermometer, coefficient of 
volume expansion of gas; a-rays; some angle; most probable 
velocity; polarizability of a molecule; deviation from equili¬ 
brium value; thermal diffusion factor; a — —/*/. 

Beta /? any constant; constant of platinum thermometer; coefficient of 
pressure expansion; /1-rays; some angle; volume of sphere of 
influence; coefficient of performance; modulus of distribution. 

Gamma y any constant; ratio of specific heats; coefficient of expansion 
of vessel; y-rays; volume of 6N-dimensional phase space. 

»» I 1 1 , gjttnma for mixture; number of molecules crossing. 

Delta 8 small change; constant of platinum thermometer. 

„ A small change; Brownian displacement. 

Epsilon e any constant; small quantity; energy; coefficient of external 
friction. 

Zeta £ coefficient of slip. 

Eta ij viscosity; efficiency; Joule coefficient ( dTjdp )#. 

Theta $ temperature °C; angle. 

„ 9 excess of temperature; characteristic temperature. 

Iota « 

„ 0 saddle point in complex integration. 

Kappa k compressibility. . 

Lambda A a constant; wave-length; mean free path; coefficient of linear 
expansion; number of moles of gas; molar latent heat; 
A-point; direction cosine; standard deviation; coordinate 
of position. 

Mu fjL momentum; force per unit displacement; torsional couple per 
unit twist? force parameter; volume in molecular phase space; 
dipole mofnent; Joule-Thomson coefficient; refractive in¬ 
dex; molecular weight; direction cosine; micron (—10“ a mm.); 
micro- (10 r ' t ); Bohr magneton; /x — EpfpAt; protonic 
magnetic moment; m — chemical potential of /-th, specie.. 

Nu v number of collisions; number of moles per unit volume; 

number of molecules crossing; frequency, stoichiometric 
coefficient. 

Xi £ momentoid; displacement; g—hvjkT. 

Omicron o 
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Pi tv Pokier coefficient; ratio of circumference to diameter. 

„ TT symbol tor product. 

Rho p density. 

Sigma a molecular diameter; specific heat of water; Thomson coeffi¬ 
cient; electrical conductivity; Stefan's constant; a-@IT. 

„ 2 symbol for summation. 

« 

Tau % interval of time; temperature; element of phase volume. 
Upsilon v 

Phi <f> excess of temperature; displacement in vibrating medium. 

„ * 

Chi X magnetic susceptibility; ionisation ( X ,) and excitation (X, s ) 
energy of atom. 

Psi tjt any function : Planck's function; thermal resistance; Schro- 
dinger wave function. 

,, 'Vp - Schrodiner wave function 

Omega a> angular velocity; fractional number; wave number. 

„ a solid angle 

Mathematical symbols 

d symbol for partial differentiation 
d „ „ total differentiation 

of the order of 
^ approximately equal to 
S equal by definition 
oc is proportional to 

V 2 haplacian operator 

Abbreviations 

A Angstrom 

esu electrostatic unit 

emu electromagnetic unit 

emf electromotive force 

ev electron volts 

kev ‘ kiloelectron volts 

Mev million electron volts 

gm gram 

amp amperes 

cm centimetre 

mm millimetre 
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Absolute scale, 7 

Absolute temperature, negative, 778 
Absolute zero, 7, 630 
energy at, 776 
march towards the, 630 
measurement of temperature near, 
36, 530 

pressure at, 760, 761 
Absorption bands of HBr, 719 
Absorption coefficient, 625 
Absorption freezing' machine, ammonia, 
486 

Absorptive power, 624 
Accommodation coefficient, 216 
Adiabatic demagnetisation, 630 
thermodynamic theory of, 633 
Adiabatic expansion 
of black radiation, 656 
of compressed gases, 491, 516 
y by the method of, 92 et seq. 
Adiabatic process in natural changes, 342 
conditions of equilibrium in, 348 
Adiabatic stretching of wife. 328 
Adiabatic transformations, 82 
Adiabatic vacuum calorimeter, 75 
Adsorption, cooling due to, 488 
Affinity, chemical, 892 et seq. 

calculation of, from the equilibrium 
constant, 805 (Table) 
expression for, from thermodynamics, 
804 

measurement of, 803 
Age of the earth, 614 
Air, liquefaction of, 514 et seq. see also 
Liquefaction of gases. 

Air tiquefiers, 514-516 
Air thermometer, 4 et seq. 
differential, 617 

Air, the pressure coefficient of expansion, 

10, 17 

the volume coefficient of expansion, 

6, 7, 17 

magnitude of, 17 


INDEX 

Amugat’s experiments, 432 
Ammonia, 

speciiic heat of, 85 
synthesis of (Haber process), 791 
Ammonia machines 
absorption, 489 
vapour compression, 487 
Andrews’ experiments, 
on conductivity of gases, 607 
on liquefaction of gases, 398 
Angstrom’s experiment, 687 
Anisotropic bodies, 
conductivity of, 601 
expansion of, 568 
Annual heat wave, 612, 614 
Apparent expansion, 561 
Artificial rain, 482 
Assembly, 

of two similar systems, 881 
of N similar systems, 885 
Astrophysics, application of Kirchhoft’s 
law to, 635 

application of ionization formula to, 
813 et ssq. 

Athermancy, 625 
Atom bomb, 839 

Atoms with ractastablc levels, 700 
Atomic heat, 

Debye’s theory of, 727 et seq. 
of Nj, discontinuity at (he CJurie point 
in, 738 

of silver at different temperatures, 
725 (Table) 
of solid methane, 740 
of tin, discontinuity in the supra- 
conducting state, 740 
Available energy, 320 
Average velocity, 138 
Avogadro’s law, 127 
Avogadro number, 129, 183 
determination of, by various methods, 
860 et seq. 

—from Brownian movement, 183 
et seq. 

—from ocher methods, 864 (Table) 
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Barker's mill, 263 

Bartoli’s proof of radiation pressure, 
642 
Baths, 

fixed temperature, 20, 21 
sulphur, 21 

Bert helot’s apparatus, 462 
Berthelot’s principle, 343 
Black body, 633 
absorptive power of, 627 
definition of, 627 

emissive power of, 627, 649, 685 
of Fery, 634 
of Wien, 634 

spectrum emitted by, 656, 668 
total radiation from, 649 
Blackbody curves, 661 
Blackbody radiation, 
analogy with a perfect gas, 643 
spectral, law of, 666, 669, 767 
total, law of, 649 et aeq. 

Blackbody temperature, 683 
measurement of, 683 et seq. 
of the sun, 696 
Boiling point of watery 2 
effect of pressure on, 363 
Bolometer, 680 
linear, 680 
surface, 680 

Boltzmann’s constant, 129, 389, 864 
Boltzmann’s H-theorem, see H-theorem 
Boltzmann’s theorem 388, 

deduction of law of perfect gases 
from, 388 

deduction of Van dec Waals’ equation 
from, 389 , 

proof of, 845 
Bomb calorimeter, 106 
Bom and Karman’s theory of specific 
heat, 736 

Bose-Einstcin statistics, 746 
calculation of entropy and pressure 
from, 760 

integrals used in, 877 
Boyle point, 398 
Boyle’s law, 7 

deduction from kinetic theory, 128 
deviadons from, 396 
Bridge, Callendar and Griffith’s, 26 
Brownian movement, 121, 181, et. seq. 
Avogadro number from, 192 .. 
rotational, - 191 


translational, theory of, 185 
—Einstein’s theory of, 188 
—in gases, 190 

vertical distribution of particles in, 
182 

Bunsen's ice calorimeter, 59 


Calculus of probabilities, some elemen¬ 
tary theorems on, 375 
Callendar and Griffith’s bridge, 26 
Calendar's continuous flow calorimeter, 
67 

Caloric theory, 199 
Calorie, the, 49 
mean centigrade, 49 
Calorimeter 

adiabatic vacuum, 75 
bomb, 106 
Bunsen’s ice, 59 
continuous-flow, 67, 86 
continuous-mixture, 67 
copper block, 63 
differential steam, 62 
Jaeger and Roscnbohm’s, 54 
Jaeger and Steinwehr’s, 66 
Joly’s steam 61 
micro- 106 
Nemst vacuum, 72 
special types of, 104 
steady-flow electric, 67 
steam, Joly’s, 61 
vaporisation, 64 
Wertenstein’s differential, 105 
Calorimetry, 49 (Chap. XI) 
methods in, 51 et seq. 

Capacity for heat, 50 
Carbon cycle, 838 
Carbon dioxide, 
critical constants of, 401 
isothermal curves for, 399, 410 . 
Carnot’s cycle. 230 et seq. 
entropy-temperature diagram of, 247 
mean effective pressure in, 255 
reversibility of the, 238 
with steam, 242 
Carnot’s engine 
efficiency of, 229 
• reversibility*of, 234, 238 . 

Carnot’s theorem, 239, 303 
1 Cascade process, of: refrigeration, 498 
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Catalyst, 780 
Cell, 

Clark, 346 
Daniel!, 344 
galvanic, 344 

reversible and irreversible, 347 
thermodynamics of, 344 
Centigrade scale, 2 
Change of state (Chap. XI), 362, 442 
application of thermodynamics to, 362 
methods based on, 59 
Charles’ law, 17 
Chart of fixed points, 47 
Chemical affinity, 802, see also Affinity 
Chemical constant, 477, 799 
calculation of, 477 
expression for, 477 
of diatomic gases, 769 (Table) 
of electron, 767 
of hydrogeo, 769 

of monatomic substances, 478 (Table) 
Chemical equilibria (Chap. XVIII), see 
Equilibrium, chemical 
Chemical reactions, 
heterogeneous, 282, 360, 806 
homogeneous, 779 et seq. 
laws of, 783 

—in terms of partition function, 798 
Chemical thermometers, 6 
Chromosphere, 695 
Clapeyron’s equations, 325, 355 
Clark cell e.m.f. of, 346 
Claude’s liquefier, 516 
Claus ius-Clapeyron’s relation, 353 
Clapeyron's deduction of, 355 
deduction from thermodynamics, 355 
Clement and Desormes’ apparatus, 92 
Clinical thermometer, 5 
Coefficient of performance, 493-496 
Coefficient of slip. Maxwell’s, 196 
Coefficient' of expansion, 646, 659 
see also Expansion 
effect of pressure on, 566 
of crystals, by X-ray method, 656 
of crystals in ' different directions, 
561 (Table) 

Collin’s expansion- engine, 524 
Collin’s liquefier, 522 
Collision 

method of, deduction of Maxwell’s 
law from, (Note 2), 847 
of two elastic bodies, 845 


Combination of several equilibria, 797 
Combination with repetition, proof of 
the formula of, 876 
Combustion engine, see Engine 
Components of a system, 366 
Compound engine, 228 
Conditions of natural change, 341 
in adiabatic process, 342 
in isothermal-isobaric process, 347 
in isothermal-Jsochoric process, 343 
in isothermal process, 342 et' seq. 
Conduction of' heat (Chap. XIV), 
668 

investigated from kinetic theory, 173 
in three dimensions, 595 
Conductivity (electrical), 582 
Conductivity (thermal), 

by a periodic variable heating, 585 
definition of, 568 
from periodic florfr of heat, 585 
of Earth’s crust, 612 
relation between electrical conducti¬ 
vity and, 582, 591 
table of values, 610 

Conductivity (thermal) of crystals, <59l' 
absolute*. 602 
Eucken’s law for, 603 
of different substances, 810 (Table) 

—, age of the Earth from, 914 
of glass, 599 

Conductivity (thermal) of gases'; 606 
et seq. 

at low pressures, 214, 611 
determination of, 606 et seq. 
from kinetic theory, 1?5 
relation between viscosity and, 174, 
611 

variation of, with pressure, 011 
variation of, with temperature, 611 
Conductivity (thermal) of liquids, 
measurement of, 603, et seq. 
Conductivity (thermal) of mefkls, 
determination of, 570 et seq; 

—at very low temperatures, 674 
—by a combination of the steady and 
variable heat flow (Forbes* method), 
579 

—by guard-ring method, 571 
—from aperiodic variabKf heating, 590 
—from calorimetric measurement, 
570, 572 

from periodic flow of heat, 685 
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Conductivity(therm a 1) of metals, (Cotitd.) 
—from temperature measurement, 575 
—from the electrical energy spent in 
a body, 582 

Sommerfeld’s the or) 1 of, 594 
theories of, 693 

, Conductivity (thermal) of poorly con¬ 
ducting solids, 696 
measurement of, 696 et seq. 

-=*-by cylindrical shell method, 598 
—by disc method, 600 
—by spherical shell method, 596 
Conductivity of rubber, 699 
Conductivity, practical applications of, 611 
Conductivity, thermometric, 676 
Constant, 

Boltzmann, 120, 389 
Chemical, see chemical constant 
critical, see Critical constant 
gas, 8, 18 
Planck’s, 646, 671 
Stefan’s, 660-664 
Wien’s, 660, 662 
Constant flow method, 
for gases, 86, 89 
for liquids, 67 

Constant volume hydrogen thermometer, 8 
Constants, 

of kinetic theory, 223 
physical, list of, 939 
Continuity of spectrum, 619 
Continuity of states, 401 
Convection, 668 
Cooling, 

by adiabatic demagnetisation, 530 
by adiabatic expansion, 491 
due to adsorption, 525 
due to Joulf-Thomson effect, 500 
Newton’s law of, 61, 
regenerative, 612 
Corona, 696 

Corona graph, Lyor’s, 896 
Correction, 

of gas scale, 10-16 
of gas thermometer from Joule- 
Thomson effect, 609 
to be applied to gas thermometer, 10 
to mercury thermometer, 3 
Corresponding states, law of, 429 
Cosine law, 200 
Critical coefficients, 413-415 


Critical constants, 401 
deduction of, from Van det Waals’ 
equation, 413 

experimental determination of, 434 
of water, 430 
table of, 438 
Critical data, (Table), 438 
Critical density, 430 
Critical isothermal, 410 
Critical point, 438 
discovery of, 497 
matter near the, 438 
Critical pressure, 410, 435 
Critical temperature, 410, 435 
of gases, 499 (Table) 

Critical volume, 410, 435 
Cryohydric point, 369 
Cryostats, 540 

Crystal, conductivity of, see Conduc¬ 
tivity of crystals 
Crystal, expansion of, 558 
Cubical expansion, 558 
Curie point, 738 

discontinuity in the atomic heat- 
temperature curve at, 740 
Curtis turbine, 279 
Curve of inversion, 507, 598 
Cycle, 

Carnot, 236-243 
Diesel, 267-4562 
Otto, 252-255 
Rankine, 243 

Cylindrical shell method of finding 
conductivity, 598 
Czerny’s apparatus, 710 

Dalton’s law, 128 
Daniell cell, e.m.f. of, 344 
Deacon’s process, 798 
Dead space correction, 10 
Debye function, 727 
curves representing the, 727 
table of, 873 

Debye maximum frequency, 728 
calculation of, 734 
Debye’s theory of the specific 

heat of isotropic solids, 736 et seq. 
modifications of, 734 
comparison of, with experimental 
results, 731-733 
Debye’s T 3 law, 730 
illustration of, 730 (Table) 
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Degeneracy, 
exchange, 886 
parameter, 740, 752 
Degeneration of gaseous state, 754 
Degrees of freedom, 
of particles, 145-148 
of radiation, 666 
De Laval's turbine, 268 
Demon, Maxwell’s, 320 
Dennison’s theory, 715 
Desorption method, 525 
Deviation from Boyle’s law, 398 
Dewar flask, 21, 539 
Diathetraanous, 625 
Diatomic moleules, 
dissociation of, 794 
—heat of, 797 

entropy and other thermodynamicai 
functions of, 762 
chemical constant of, 769 
rotational specific heat of, 711 
vapour pressure of, 768 
vibrational motion of, 717 
Diesel cycle, 257 
efficiency of, 259 
mean effective pressure in, 269 
Diesel engine, 258 
four-stroke, 262 
semi-, 260 

Difference Cp—C p , 331 
Differential air thermometer, 617 
Differential law 
of reaction isobar, 784 
of reaction isochore, 785 
Differential steam calorimeter, 62 
Diffuse radiation, energy density and 
pressure of, 641 
Diffusion, 

analysis of, from kinetic theory, 
176 

coefficient of, 176 
—Meyer’s . formula for, 179 
increase of entropy in, 318 
inter-, 179 
pressure-, 180 
self-, coefficient of, 179 . 
thermal-, see Thermal diffusion, 
Diffusivity, 676 
Dilatometer, 562 

Priest’s fringe width, 663 
recording interferometric, of Nix and 
MacNair, 556 


Disappearing filament pyrometer, 687 
Disc method for conductivity, of liquids 
604 

of poor conductors, 600 
of solids, 574 

Displacement law, Wien’s, 655 et seq. 
deduction of, 655 
experimental verification of, 681 
Dissociation, 

equilibria (Chap. XVIII), 779 et seq. 
heat of, 796 

methods of studying, 895 

of diatomic molecules, 794 

of polyatomic molecules, 790 

of CaCO ? , 895 

of HI, 788 

of I.„ 794, 790, 800 

of N 2 0*. 790 

pressure, 806 

—of CaCOj, 806 (Table) 

Distribution of energy in blackbody 
spectrum, 656 et seq. 

Distribution cf pressure in a vertical 
column of gas, 183 

Distribution of velocities. Maxwell’s law 
of, 129 et seq. 

deduction of, from dynamics of 
collision (Note 2), 84, 
deduction of, from statistical mechanics, 
382 

experimental verification of, 138-144 
Diurnal heat wave, 612 
Diyariant system, 367 
Doppler effect, 367 
in spectral lines, 856 
in the case of reflection of radiation, 
657 

Draper point, .62 

Drude’s theory of metallic conduction, 
593 

Dufour effect, 181 

Dulong and Petit’s law, 77, 163 

deduction of, from kinetic theory, 
163 

illustration of, (Table) 77 
Dushman manometer, 212 


Earth, 

age of the, 614 
temperature inside the, 612 
Earth’s crust, conductivity of, $12 
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Efficiency of engines, 228 
Efficiency ratio, 250 
Effusion, 

molecular, 192, 205 
practical applications of the principle 
of, 205 

theory of, 192 
thermal, 212 

through a narrow opening, 453 
Eigenfunction, 874, 882 
rotational, 874 
Eigen-value, 882 
Einstein function, 727 
tables of, 872 
Electrolux, 490 

Electromagnetic waves, chart of, 621, 622 
Electromotive force, 
of Clark cell, 346 
of Daniell cell, 344 
of reversible galvanic cells, 344 
Electron, 762 
affinity of halogens, 831 
charge on, 863 
chemical constant of, 773 
weight factor of, 773 
Electrons from heated solids, 772 
Elements, occurrence of, 023-927 
Emission, 

of electricity from hot bodies, 772 
total, 649 ' » 

—on one side, 627 
Emissive power, 826 
Energy 

as a fundamental quantity, 298 
conservation of, 289 
discontinuous changes in, 295 
distribution of, in the spectrum of a 
black body, 656 et seq. 
distribution of, in the spectrum of 
the sun, 696 

due to rotation, 704 et seq. 
exchange of, between radiation and 
matte r, 620, 669 
forms of, 288 
free, 342, 345 

intrinsic, variation of, with volume, 
. 329 ■ 

kinetic, law of equipardtion of, 149 
molecular and atomic, 151 
null-point, expression for, 721, 755 
of oscillator in a field of radiation, 
868 


Energy—(Contd.) 
of rotadon, 704 et seq. 
of vibradon, 705 
spectra! distribudon of, 663 
total, in a thermodynamical system* 
288 

unavailable, 320 

Energy relations in a reaction, 782 
Engine, 

Carnot's, 230, see also Carnot's engine 

Clerk, 281 

Diesel, 267 

—four-stroke, 262 

efficiency of, 228 

fuels for, 262 

internal combustion, 261 see also 
Internal combustion engines 
irreversible, 239 
jet propulsion, 277 
‘National’ gas, 261 
Otto, 262 
reversible, 238 
semi-Diesel or hot bulb, 260 
steam, see Steam engine 
two-stroke, 260 
Entropy, 

absolute, of a monatomic gas, 391, 
750 

—of diatomic gases, 764 
—of polyatomic gases, 764 
and probability, 375 
and unavailable energy, 320 
change of, in irreversible process, 

313 

definidon of, 307 

effect of nuclear spin on, 761, 766 
evaluation of, from the three statistics, 
747 

increase of, 319 

—due to diffusion of two gases, 318 
—during conducdon or radiation of 
heat, 314 

—in irreversible processes, 314 
—when a gas expands into Vacuum, 

314 

molar, calculation of, by Lewis’s 
method, 777 
of a mixture of gases, 316 
of a perfect gas, 315 
of a system, 313 
of steam, 247 
physical concept of, 321 
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Entropy (contd.) 
principle of increase of, 319 
staristical interpretation of, 388 
tneoreme concerning, 319 
Entropy—^temperature diagram, 245 
Equation 
Clausius’s, 

Clapeyron’s, 325, 353 
Clausius’s latent heat, 365 
fundamental, 344 
Gibbs-Heltnholtz, 344 
Equation of state, (Chap. X), 
definition of, 396 
experimental study of, 431 et seq. 
for a perfect gas, 396 
of Beattie and Bridgman, 423 
of Berthelot, 422 
of Dieterici, 423 
of Fowler, 424 
of K. Onnes, 397 
of lleinganum, 424 
of Saha and Bose, 423 
of Van der Waals, 421 
reduced, 429 

Equilibrium, chemical, (Chap. XVIII) 
application of thermodynamics 
to, 783 et seq. 
between H 2 and S, 779 
—Nj ahd H 2 , 792 
—H, and I 2 , 788 
calculation of new-, from old, 797 
illustrations of, 788 et seq. 
Equilibrium constant, 785, 788 
Equilibrium of physical and chemical 
systems, (Chapter VIII), 339 
Equilibrium, thermodynamical, 
general conditions of, 281 
of a heterogeneous system, 805 
Equipartition of energy, 845 
law of, 149 

Eutectic temperature, 486 
Evaporation, 463 
cooling produced by, 492 
thermodynamics of, 353 
Examples on thermodynamics, 334 
Exchange degeneracy, 886 
Exchanges, Prevost’s theory of, 626 
Exothermic reaction, 343 
Expansion, thermal, (Chap. XIII) 
linear, 545, see aiso Linear expansion 
of anisotropic bodies, 558-661 
of crystals, 559 


Expansion (contd.) 
of gases, 566 
of liquids, 561 
—absolute, 563 
—apparent, 561 
coefficient of, 561 
—measurement of, 662-565 
of gold and iron, 556 
of silica glass and invar, 557 
of solids, 545, see also Linear expansion 
of wapsr, 566 
surface, coefficient of, 558 
Explosion method, 90 


Fermi-Dirac statistics, 747 
evaluation of entropy and pressure 
from, 750 

integrals used in, 877 
Film method of determining conducti¬ 
vity of gas, 609 

Finite breadth of spectral lines. Max¬ 
well’s law from, 855 
First law of thermodynamics (Chap. V), 
279, see also Thermodynamics, 
first law of 
Fixed points, 
chart of, 46 
table, 20 

Fixed temperature baths, 21 
Flash spectrum, 637 
Flow of gases through tubes, 194 
Flow of heat (rectilinear), 
aperiodic, 590 

combination of steady and variable, 
579 

periodic, 58ft 
steady, 677 
Fluid, caloric, 109 
Forbes’ method, 579-582 
Fourier series, 688 
Fowler’s method, 394, 893 
Fraunhofer lines, 635 
Free energy, 342 
calculation of, 774, 777 
theorem of Gibbs and Helmholtz, 
344- 

—application to thermochemistry of, 
344 

Free path, 165, 161 

mean, see Mean free path 
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Freezing mixtures, 486 
principle of, 369, 486 
Freezing point, depression' of, with 
increase of pressure, 325 
Fundamental, 
band, 718 

-—rotational-vibrational, of HBr, 720 
frequency, 718 
interval, 24 
Fusion, 442 

effect of pressure on, 353 
latent heat of, 324, 443’ see also 
Latent heat 


Gaede molecular pump, 209 
Galvanie cells, reversible, e.m.f. of, 
344 

Galvanometer relay of Moll and Burger, 
680 

V, determination of, 92 et seq. 
by adiabatic expansion method, 92 
velocity of sound method, 98 
7*rays, 624 
Gas constant, 9, 18 
Gas engine, 251 et seq. 

Gas turbine, 276 
Gases, 

conductivity of, 606, see also Con¬ 
ductivity (thermal) of gases 
—from kinetic theory, 173 
degeneration of, 753 
—, entropy and thermodynamical 
functions of, 762 
diffusion of, 176 

equation of state for (Chap. X), 
396 see also Equation of state 
expansion of, 566 
flow of, through tubes, 194 
liquefaction of, 496 see also Lique¬ 
faction of gases 

low pressure phenomena in, 192 
molecular heats of, 105 (Table) 
permanent, 497 
rarefied, oee Rarefied gases 
specific heat of, see Specific heat of 
gases 

two specific heats of, 79 
thermal conductivity of, 176 
viscosity of, 166 et seq. 

Gas laws, deduction of, 127 

F. 121 


Gas scales, 
correction of, 10 
different, comparison of, 16 
Gas thermometer, 
constant pressure, 8 
constant volume, 12 
corrections for, 10-16 
Gibbs* ensemble, 392 
Glbbs-Helmholtz relation, 349, 774 
Glass, conductivity of, apparatus for, 
600 

Graham's law, 192 
Gruneisen's law, 556 
Guard-ring, 671 


H-function, 851 
relation to entropy of, 854 
relation to probability of, 854 
H-theorem of Boltzmann, 853 
Maxwell's law from, 853 
h, the Planck’s constant, 646, see also 
Planck's constant 
Haber process, 791 
Half-width, 856 
Hampson air liquefier, 513 
Heat 

and light, 610 
as motion of molecules, 119 
caloric theory of, 109 
conduction of (Chap. XIV), 668 
latent, see Latent heat 
mechanical equivalent of, 110 
nature of, 109 
periodic flow of, 585 
propagation of, 568 
radiant, see Radiation 
, rectilinear flow t of, mathematical in* 
vestigadon of, 575 
specific, see Specific heat 
unit of, 49 

Heat engines (Chap. IV), 225 oee also 
Engines 

Heat of adsorption, 525 
Heat of combustion, 106 
Heat of decomposition, 

determination of, by effusion method, 
795 

of diatomic molecules, 794 
of hydrogen, 796 

of iodine, by manometric method, 
794 
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Heat of reaction, 

at constant pressure, 770, 782 
at constant volume, 770, 782 
calcu lation of, 800 
variation of, with temperature and 
pressure, 782 

Heat of sublimation, determination of, 480 
Helium, 

liquefaction of, 510 
—by adiabatic expansion method, 521 
—by Collins, 522 | 

liquid, see Liquid helium 
solidification curve for, 527 
Simon liquefier for, 525 
solidification of, 528 
two liquid states of, 627, 896 et seq. 
vapour pressure of, 41 
Henning’s tube method, 649 
Henry’s apparatus, 89 
Hercus and Laby’s apparatus, 114, 609 
Hertzian oscillator, 689 
energy of, 609, 868 
Hertzian waves, 62 

Hertz’s method of separating isotopes, 208 
Hess’s law, 297 

Heterogeneous equilibrium, 282,300, 805 
Heterogeneous system, thermodynamic 
equilibrium of, 282 
Hot-bulb engine, 260 
Hot-wire method, 605, 607 
Hydrogen, 
bomb, 839 ■ 

'• conductivity of, 608 
conversion of, into para form, 714 
critical temperature of, 518 
heat of dissociation of, 796 
isothermal curres for, 399 
Joule-Thomson fffect for, 618 
liquefaction of, 497,518, 521 
—by adiabatic expansion method, 521 
liquefying apparatus of Dewar and 
Travers for, 618 

para and ortho, Dennison’s theory 
of, 713, 

Simon’s liquefier for, 523 
solidification of,' 623 
specific heat of, variation of, at 
low temperatures, 706 
—calculation of, on the hypothesis 
of ortho and para forms, 713 
thermometer, 8 
Hypers pace, 381 


Hypothesis, 

Meyer’s, 81 

of conventional chemical constants, 
393 

Hypsometcr, 21 

Ice, different modifications of, 367, 
442 

—crystal effect, 483 
latent heat of, 443 
Impulse turbines, 263, 268 
Indicator diagram, 228 
of Carnot’s cycle, 231 
of Diesel cycle, 257 
ol Otto cycle, 253 
of Rankine cycle, 244 
of steam engine, 260 
Inert gas, 90 
Infra-red rays, 620 
Infra-red spectral pyrometer, 680 
Ingen-Hausz’s experiment, 677 
Inner quantum number, 760 
Integrals required in the kinetic theory, 
824 

Integrating factor, 311 
Internal combustion engines, 261 et seq., 
see also Engines 
Clerk, 26 

Diesel four-stroke engine, 257, 262 
historical introduction to, 261 
Otto engine, 252, 261 
semi-Diesel engine, 266 
Internal combustion gas turbine, 276 
Internal work, 81 
Inversion, curve of, 607 
International temperature scale, 44 
Intrinsic energy, variation of, with 
volume, 329 
Invar, expansion of, 558 
Inversion temperature, 506 
expression for, from thermodynamics, 
606 

Iodine, dissociation of, 794—796, 798 

Ionisation, thermal, of monatomic gases, 
807 et seq., see also Thermal 
Ionisation 
Irreversible, 
cells, 347 
engine, 239 
process, 234 

—,thermodynainics of, 930 et seq. 
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Isentroplcs, 313 
Iaobaric processes, 280 
Isothermals, 396 
critical, 4 
for COj, 399 

for gases, method of determination 
of, 431-434 

Isothermal processes, 342 
Isothermal-isobaric processes, 347 
Isothermal-isochoric processes, 343 
Isotopes, Hertz’s method of separation 
of, 207 

separation factor for uranium hexa¬ 
fluoride, 206, 20S 

Isotropic bodies, linear expansion of, 
646 see also Linearexpansion 

J, the mechanical equivalent of heat, 110 
determination of, by different obser¬ 
vers, 118 (Table) 
methods for determining. 111 
—electrical, 117 
—Joule’s, 110 
—Laby and Hetcus’s, 114 
—-Rowland’s, 112 
value of, 118 

Jaegfr and Rosenbohm’s apparatus, 54 
Jaeger and Steinwehr’s apparatus, 65 
Jakob’s apparatus for determining con¬ 
ductivity, 573 
Jet propulsion, 277 
Joly*s steam calorimeter, 61, 89 
differential, 62 r 
Joule’s law, 81. 

Joule-Tbomson eflect, 500 et seq. 
calculation of V and *b’ from, 409 
cooling due to, 500 
correction of gas thermometer from, 509 
dependence of, upon temperature 
and pressurr, 506 
differential, 503 
for nitrogen, 507 
Sot Van der-Waals gas, 506-510 
integral, 608 
inversion of, 506-508 


Kapitsa’s liquefier, 521 
Kinetic energy, 
law -of equipartition of, 148 
relation with pressure of, 127 


Kinetic theory of matter (Chap. I1J), 111 
deduction of gas laws from, 127 
deduction of the law of equipartition 
from, 149 

definite integrals for use in, 854 
expression for pressure from, 126 
growth of, 120 . 
historical introduction to, 120 
introduction of temperature into, 128 
value of constants in, 223 (Tabic) 
Kinetic theory of specific heat, 151 
Kitchhoff’s law, 629 
applications of, 635 
deduction of, 632 

quantitative proof of (Pfluger’s ex¬ 
periment), 637 
Klinkhardt’s apparatus, 76 
Knudsen’s absolute manometer, 218 
Knudsen’s experiments, 
on eflusion, 205 

on flow of gas through tubes 218. 

et seq. 

on thermal conduction at low pres¬ 
sures, 611 

on thermal transpiration, 214 
Knudsen’s theory of molecular flow, 
198 

Kohlrauscb’s method for determining 
Kb 583 

Kopp-Neumann’s law, 7S 
Kundt’s tube, 100 
determination of velocity of sound 
by, 100 

Kussmann’s determination of Stefan’s 
constant, 652 


Langley’s bolometer, 680 
Langmuir’s method of finding vapour 
pressure, 455 
Lande factor, 762 
Latent heat, 443, 446 
data, discussion of, 472 
of fusion, 443 

—determination of, 445 et-seq.- 
—of ice, 443 
—of metals, 446 
of liquid hydrogen, 465 
of steam, 354 (Table) 
of vaporisation, 443, 461 
—determination of, 461 et seq. 

—by condensation method, 461 
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Latent heat (contd.) 

—by evaporation method, 463 
—by indirect methods, 401 
—variation of, with temperature, 
formula for, 443 

Law, 

Avogadro’s, 127 
Boltzmann’s, 388 
Boyle’s, 128 
Charles’, 17 
Dalton’s, 128 
Debye T*-, 729 
Dulong and Petit’s, 77, 153 
first, of thermodynamics, see Thermo¬ 
dynamics n 
Graham’s, 192 
Gruneisen’s, 556 
Hess’s, 297 
Joule’s, 81 

Kirchhoff’s, 629 et seq, 
Kopp-Neumann’s, ”8 
linear, 931 

Maxwell-BoltzmaQn’s, 132 et seq,, 383 
853, see also Maxwell’s law 
Newton’s, of cooling, 51 
of blackbody radiation, 669, 746 
of conservation of energy, 289 
of cooling, 51 

of corresponding states, 429 
of distribution of velocities, 134 
of equipartition of kineric energy, 
140 

of mass action, 783 
of perfect gases, 127, 389 
of reaction isobar, 734 
of reaction isochore, 785 
of rectilinear diameters, 435 
of thermodynamics, first, 292 
Planck’s, 668 see also Planck’s law 
Rayleigh-Jeans’, 663 
second, of thermodynamics, 302 
sec also Thermodynamics 
Stefan-Boltzmann’s, 649 
Wien’s displacement, 666 
Lead resistance thermometer, 38 
Leads, compensating, 23 
Le Chateltcr-Braua principle, 801 
Lees’ method for conductivity, 
of crystals, 602 
of good conductors, 573 
of liquids, 603 
of poor conductors, 600 


Less, method (contd.) 

\, the mean free path, 155, see also 
Mean free path 
Lenoir engine, 252 
Leslie cube, 618, 626 
Light, 

pressure of, from quantum theory, 647 
production of, by heating, 619 
quantum theory of, 644 
Linde’s machine, 514 
efficiency of, 515 
Linear expansion, 
coefficient of, 545 

comparator method of determination 
of, 547 

earlier measurements of, 546 
of crystals, measurement of, 558 
of different substances, 555 (Table) 
of isotropic solids, 546 
relative, Henning’s tube method of 
determination of; 549 
X-ray method of determination of, 
556 

Linear law, 931 
Liouville’s theorem, 391 
proof of, 887 
Liquefaction, 

by application of Joule-Thomson effect 
600, 507 

by application of pressure and low 
temperature, 497 
by the method of cascades, 498 
of air, 514-518 

of helium, 519, 521, see also Helium 
of hydrogen, 518, 521 see also Hydro¬ 
gen 

of oxygen, 499 
Liquid air, 

calorimetric applications of, 542 
Linde’s machine for, 514—516 
preparation of gases from, 541 
production of high vacuum by, 541 
uses of, 640 

Liquid helium. Note 17, 896 
density of, at different temperatures, 
527 

heat conductivity of, 902 
phase diagram of, 526 
solidification of, 526 
specific heat of, 527 
temperatures, properties of bodies at 
629 
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Liquid helium (Contd.) 
the superfluid, 902, 004 
transition to He IT, 901 
vapour pressure of, 41, 626 
viscosity of, 002, 905 

I, 901 

II, 627, 901 

—explanation of properties of, 901 
—fountain effect in, 900 
—Landau's theory of, 901 
—mechano-caloric effect of, 990 
—propagation of sound wave in, 
904-909 

—second sound in, 904-909 
—thermo-hydrodynamics of, 902 
—tbetmo-hydromecbanicaJ effect in, 
900- 902 

- thermo-mechanical effect of, 900 
—transfer effect in, 900 
Liquids, 

conductivity of, 603 et seq., see also 
. Conductivity 

expansion of, see Expansion of liquids 
specific heat of, see Specific heat of 
liquids 

Liquid thermometers of special type, 3-4 
Low temperature, 
measurement of, 36 
production of (Chap. XII), 485 
—by absorption machines, 488 
—by adding a salt to ice, 486 
—by adiabatic expansion of com¬ 
pressed gases, 491 

—by boiling a liquid under reduced 
pressure, 487 

—by utilising Joule-Thomson effect, 
600 

Physics, Note, 17, 896 
siphons, 643 
technique, 639 

Macroscopic properties, 371 
Magnetic susceptibility, variation with 
temperature of, *631 
Magnetic temperature, 536 
—, conversion of, into Kelvin tempera¬ 
ture, 636 et seq. 
Magneto-hydrodynamics, 840 
Manometer, 

Dushman’s, 212 
Knudsen’s absolute, 218 


Mass action, law of, 783 
deduction of, from kinetic considera¬ 
tion, 783 

deduction of, from thermodynamics, 
784 

Matter near the critical point, 438 
Maximum probability, 
and entropy, relation between, 376, 
388 

—Boltzmann’s theorem of, 388 

state of, for an assembly of particles, 
383 

Maximum and minimum thermometer, 
(Six’s), 4 

Maxwell’s demon, 320 
Maxwell’s law, 

Boltzmann’s extension of, 148 
curves illustrating, 137 
deduction of, 132 

—from probability considerations, 

132 

—from the dynamics of collisions, 846 
—from statistical mechanics, 371 
direct experimental proof of, 139 
—Lammcrt’s apparatus for, 144 
—Stem’s experiment, 140 
—Zartmann’s experiments, 141 ' 

experimental verification of, 138-143 
—from emission of electrons by heated 
filaments, 139 

—from the finite breadth of spectral 
lines, 139, 861 

Mean effective pressure, 266, 257 
Mean free path, 165 
experimental determination, of 169 
expression for, 167 
—Maxwell’s deduction of, 857 
of Clausius, 158 
of electron, 162 
of Maxwell, 158, 853 
Mechanical equivalent of heat, 110 
et seq., see also under ‘J*. 
Melting, 

change of electrical resistance on, 445 
change of properties on, 444 
change of vapour pressure on, 445 
change of volume on, 446 
Melting point, 
determination of, 446 
effect of pressure on, 326 
of amorphous solids, 446 
of copper, 446 
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Mercury thermometer, 2 
corrections for, 3 
Metals, 

electron theory of, 693 
^relation between thermal snd electrical 
conductivity of, 592 
Method, 

adiabatic expansion, 92 
based on change of state, 59 
Callendar’s continuous-mixture, 57 
electrical, in calorimetry, 64 
Isochromatic, 674 
isothermal, 673 
of cascades, 498 
of cooling,. 58 
of equal ordinates, 673 
of melting ice, 59 
of mixtures, 51, 84, 446 
of residual rays, 676 
of steady-flow electric calorimeter, 67 
of successive approximations, 11 
of undetermined multiplier, 383 
Microscopic state, 380 
Modulus of distribution, value of, 383 
Molecular agitation, evidence of, 120 
Molecular and atomic energy, 151 
Molecular chaos, 131 
Molecular constants of gases, 722 (Table) 
Molecular diameter, 844, 856 
Molecular effusion, 205 
M ol ec ul ar flow, 190 
application of principles of, 208 
Knudsen’s experiment on, 203 
theory of, 198 

Molecular forces, nature of, 426 
Molecular heat, 

in solid and liquid states, 742 (Table) 
of solids, 78 

Molecular motion, reality .of, 181 
Molecular pump, Gaede’s, 209 
Molecular radius by different methods. 
Table of, 862 

Molecular streaming; see Molecular flow 
Molecular spectra, 
nuclear spin from, 874 
Molecular system, statistics of the motion 
oC 380 

Molecules,. determination of sitae of, 
861 

Mollier’s diagram, 248 
for steam, 248 
Monovariant system, 367 ' 


’National’ gas engine, 261 
Nature of heat, 109 
Nernst chemical constants, see Chemical 
constant 

Nernst copper block calorimeter, 53 
Ncmst heat theorem, 773 et seq. 
deductions from, 777 
enunciation of, 775 
experimental proof of, 776-778 
Planck’s formulation of, 777 
Nernst vacuum calorimeter, 72 
Neutron, 761, 888 
Newton’s law of cooling, 61 
Nitrogen peroxide, dissociation of, 790 
Nitrogen, proportion of ortho and 
para, 713, 876 
Non-variant system, 366 
Nozzle, De Laval’s convergent-diver¬ 
gent, 266 

Nuclear alignment, 539 
Nuclear paramagnetism, 538 
Nucleus, spin of, 761 
effect of, on the value of entropy, 
762 

Null-point, see Absolute zero 

Occurrence-of elements, 819, 923-927 
Onsager reciprocal relations, 932 
—, proof of, 933 
Opaque, 624 

Optical method of measuring expansion, 
649 

Optical pyrometers, 686 
disappearing filament type, 687 
polarising type, 089 
—Warmer’s, 689 

spectral type (Henning’s), 688 
Ortho hydrogen, 713 
Ortho molecules, 713 
Oscillators, 

damped, equation of motion of, 869 
energy of, in a field of radiation, 
868 

Osmotic pressure, 182 
Oscillation, see Vibration 
Otto cycle, 252 
efficiency of, 253 
mean effective pessure in, 255 
Otto engine, 262, 261 
Oxides, molecular heats of, 78 
(Table) 
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Para hydrogen, 713 
equilibrium percentage of, in a mixture 
of ortho and para forma, 714 
Para molecules, .713 
Parsons’ turbine, 267, 271 
Particle, 

representation of.^by a 'wave function, 
880 
Particles, 

Brownian, 182 

vertical distribution of. In an emulsion, 
182 

Partington and Shilling’s experiments, 
103 

Partition function; 883, 765 
for electron excitation, 767 
for harmonic oscillator, 868 
for nuclear spin, 762 
for rotation, 766 
—of molecules like HC1, 766 
—of molecules not in the *2 state, 
767 

—of molecules with no nuclear spin, 
766 

—of molecules with nuclear spin, 766 
for translation,' 361 
Pauli’s principle, 888 
Peltier effect, 33 
Perfect gas, 

and black radiation, analogy between, 
643 ■ 

pressure exerted by, 123 
scale, 11 

—reduction to, 11-16 
Perfectly blade body, 626 
Perfectly white'body, 626 
Periodic flow of heat, 585 
Perpetual motion, 
of first kind, 241, 889 
of second kind. Ml, 363 
Petroleum ether thermometer, 37 
Pfluger’s experiment, 637 
Phase, ‘366 
definition of, 360 
diagram, 443 

transition of second order, 527 
Phase tote, 866 
applications of, 966466 
deduction of, from thermodynamics, 
360-366 

illustration of, for a system with more 
than one component, 367 


Phenomena, 

m gases at low pressure, 192 et aeq. 
mean free path, see Mean free path 
transport, 163 
Phenomenon, 
of effusion, 192 
of thermal transpitation, 212 
Photo-electricity, 644 
Photoelectric, 
equation, (Einstein’s), 645 
threshold frequency, 645 
Photons, ’644, 646 
statistics of, 757 
Photosphere, 696 
temperatue of, 696 
Pier's explosion bomb, . DO 
Planck’s constant, 646 
b in terms of, 673 
determination of, 673-076 
<r in terms ot, 672 
Planck’s law of radiation, 668 
deductions from, 672 
deduction of, 669, 746, 757 
—from Bose statistics of photons, 
767 

—from classical statistics, 746 
—from Hertzian oscillators (Planck’s 
method), 669 

experimental, .verification of, 673-676 
Plasma oscillations, 849 
Platinum thermometer, 23 
, advantages of, 28 
differential, '28 

use qf, at low temperatures, 37 
Poisseuille’s law, 195 
Polarisation, 619, 638 
Porous plug experiment, 604 ct aeq. 
complete theory of, 504 
elementary theory of* 500 
of Hoxton,'504 

utilisation of, for producing cooling, 

604 

Po te n ti a l, thermodynamic, 342 
value of, from statistical thermo- 
- dynamics,' 390 
Potentiometer, 31 
-Pretense, 

effect of, on boiling point, 353, 541 
effect of, on melting point, 325 ’• 

evaluation of, from the three statistics, 
747, 764 

exerted by a perfect gas, 123 
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Pressure compounding, principle of, 
270 

Pressure of radiation, 630 et seq. 
Bartoli’s proof of, 642 
experimental measurement of, 647 
from quantum theory, 647 
Pressure of saturated vapour, see Vapour 
pressure 

Prevost’s theory of exchanges, 626 
Priest’s fringe-width dilavometer, 663 
Principal axes of dilatation, 568 
Principle of cascades or series refri¬ 
geration, 498 

Principle of increase of entropy, 319 
Principle of velocity compounding, 27 
Probability, 

deduction of Maxwell’s law from, 
132 

deduction of Van dcr Waals* law from 
402 

definition of, 131 
elementary theorems on, 375 
entropy and, 375 
mathematical, 132, 376 
maximum, 376 see also Maximum 
probability 

of a composite event, 376 
thermodynamic, 383 
—calculation of, 745 
—from Bosc-Einstein statistics, 746 
—from classical statistics, 747 
—from Fermi statistics, 747 
Proton, 888 
Pump, molecular, 209 
Pyrhellometet, 
absolute, 692 
compensation, 692 
water-flow, 693 
water-stir, 692 
Pyrometer, 

disappearing filament type of, 687 
gas, 42 

optical, 686 et seq., see also Optica] 
pyrometers 

radiation, 68 et seq., see also Radia¬ 
tion pyrometers 
resistance, 44 
spectral, 688 
—Strong’s Infra-red, 689 
thermo-electric, 44 
Wanoer’s, 689 

Pyrometry, radiation, 683 et seq. 


Quadruple point, 369 
Quantisation 

of rotational motion, 707 
of vibrational motion, 709 
Quantised states, experimental proof of 
the existence of, 707 
Quantity of heat, 49 
Quantum theory 
and metallic conduction, 693 
and photo-electricity, 646 
application of, to specific heat (Eins¬ 
tein), 726 

—to evaluation of entropy, 391 
et seq., 750, 760 

—to statistical mechanics, 391, 746 
growth of, 644-646 
of light, 644 
of radiation, 668 

of specific heat of gases, 707 et 
seq., 

of specific heat of solids, 727 et seq. 
pressure of light from, 647 
Quantum weight, 760 
Quartz, 580 


Radiant energy, 
identity with light of, 619 
nature of, 618 

passage of, through matter, 624 
properties of, 818 
Radiation, (Chap. XV) 
adiabatic expansion of, 655 
and matter, exchange of energy 
between, 629 

application of thermodynamics to, 
629 et aeq. 

blackbody, full or black, 645 
—analogy with a perfect gas, 646 
diffuse, energy density and pressure 
of, 641 

from solid bodies, 677 
from the stars, 699 
from the Sun, 691 et seq.- 
law of, 649, 653, 668 
measurement of, 679 et seq. 
mutual, between two small black 
plates, 628 

passage through matter of, 624 
Planck’s law of, 668 et seq., see also 
Planck’s law of radiation 
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Radiation (Contd.) 

pressure of, 639 et seq., see also 
Pressure of radiation 
—Bartoli’s proof of the existence of, 642 
—measurement of, 648 
properties and nature of, 618 
temperature, 628 
total, from a black body, 649 
Radiation constant, 

Planck’s, 671 

relation between different constants, 672 
Stefan’s, 650 
Wien’s, 660, 662 
Radiation correction, 51 
Radiation damping, 859 
Radiation pyrometers, 
advantages of, 683 

optical or spectral, 686 et seq., see also 
Optical pyrometers 
total, 683 

Radiation pyrometry, 683 
Radiometer, 682, et seq. 

Crookes’, 221 
Radiometer effect, 221 
Radiomicrqmeter, 681 
Rankine cycle, 243 
efficiency of, 245 

entropy-temperature diagram of, 245 
Rarefied gases, 214 et seq. 
conductivity of, 611 
flow of, through tubes, 208 
—Knudsen’s theory of, 198 
Rateau turbine, 270 
Ratio of the sneciffc heats of gases, 
determination of, 62 et seq., 294 
by adiabatic expansion method, 92-86 
by Clement and Desormes, 92 
by Lummer and Pringsheim, 94 
by Partington, 94 
by Partington and Shilling, 103 
by Ruchardt, 97 

by velocity of sound method, 98-104 
Rayleigh-Jeans’ law, deduction of, 663 
Reaction, 

heat of, 104, 782 

—variation with temperature and pre¬ 
ssure of, 782 
isobar, law of, 784 
isochore, law of, 785 
isothermal-isobatic, 347, 349 
isothermal-isochoric,, 343, 349 
thermo-nuclear, 833 

F. 122 


Reaction, velocity of, 783 
Reaction turbines, 263, 271 
Rectilinear diameter, law of, 436 
Rectilinear flow of heat, mathematical 
investigation of, 575 
Reduced equation of state, 429 
Reflecting power, 625 
Refrigerating machines, 489 
absorption, 488 
Carnot, 238, 493 
gas expansion, 491 
—coefficient of performance of, 496 
vapour compression, 487 
coefficient of performance of, 493 
Refrigeration, 

adding a salt to a liquid, 486 
adiabatic expansion of compressed 
gases, 49.1 

boiling a liquid under reduced pres¬ 
sure, 486 

cascade process, 498 
due to adsorption, 525 
due to Joule-Thomson effect, 500 
Regenerative cooling, principle of, 512 
Regenerative process, 512 . 

Relativity, principle of, 298 
Residual rays (Restrahlen), 676 
Resistance, electrical, 
at low temperatures, 37 
change of, on melting, 445 
measurement of, 26 
neat absolute zero, 529 
Resistance, thermal, 569 
Resistance thermometry, 23 et seq. 

see also Platinum thermometer 
Reversible engine, 238 
efficiency of, 241, 493 
Reversible galvanic cells, 
e.m.f. of, 344, 347 
heat of reaction of, 347 (Table) 
Reversing layer, 695 
Rocket, 278 

Root mean square velocity, 127 
Rotational eigen-function, 874 
Rotational motion, 
energy of, 704 
quantisation of, 707 
spectra due to, 709 
Rotation-vibration speetta, 719 
Rowland’s experiment*. 112 
Rubber, apparatus for cpnductivity of, 599 
Ruchardt’s determination of y, 97 
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Salts, latent heat of fusion of, 440 
Satellite, artificial, 278 
Saturated vapour, 
density of, 467, 474 
pressure of, see Vapour pressure 
specific heat of, 470 
Schtodinger’s equation, 881 
Searle’s apparatus, 571 
Second lav of thermodynamics, (Chap. 
VI), 302 et seq., see also 
Thermodynamics 

Second-Order phase transitions, 357 
Secondary thermometers, 19, 45 
Semi-Diesel engine, 200 
Semi-permeable membranes, 317 
Separating column of Clusius, 918 
performance of, 922 
theory of, 920 
Snock front, 841 
—Mach number, 842 
—tube, 840 

f function, symmetry properties of, 875 
Simidu's apparatus for eteemining K/<r, 
584 

Simon expansion-bomb helium liquefier, 
525 

Size of molecules, 860 et seq., see also 
■Molecules, size of. 

Solar constant, 691 
Solidification of helium, 526 
Solids, 

amorphous, melting point of, 446 
conductivity of, aee Conductivity 
expansion of, 545, see also Expansion 
fusion of, 442 

—latent heat of, see Latent beat 
radiation from, 677 
specific heat of, see Specific heat of 
solids 
Solution 

boiling point of, 459 
vapour pressure of, 459 
Sotet effect, 180 
Sound, velocity of, 98 et seq. 

Specific heat, (Chaps. U & XVI) 
at constant pressure, 79 
—variation of, with pressure, 334 
at constant volume, 79 
—variation of, with volume, 333 
definition of, 50 

difference between the two, for any 
stance, 331 


Specific heat—(Contd.) 
fora gas, 80 
electronic, 738 

importance of investigations on, 737 
mean, 50 ( 

methods of measurements of, 50 et 
seq. 

negative, 470 
of chlorine, 723 
of hydrogen, 706, 714-716 
of metals at high temperatures, 54 
of methane, 740 
of nickel, 739 
of poor conductors, 74 
of saturated vapour, 470 
of silver, at low temperatures, 725 
of waters at different temperatures, 
70 (Table) 

ratio of the two, 92, 297 
theory of, kinetic, 151*154 
—quantum, 720 etseq. 
true, at a single temperature, 50 
Specific beat of gases, measurement of, 
at constant pressure, 83-89 
—by Henry using a modified cons¬ 
tant flow method, 89 
—by Regnault, 83 
—by Scheel and Heusc, 87 
at constant volume, 89*92 
—by explosion method, 90 
—by Joly's steam calorimeter, 61-64, 
90 

—by Nerost vacuum calorimeter, 72, 
92 

at high pressure, 87 
at high temperature, 86, 90, 100 
at low temperature, 104 
ratio of the two, 92 et seq., see also 
Ratio of the specific heats of gases 
table of, 105 

Specific heat of gases,' theoretical cal¬ 
culation of, 

for diatomic molecules, 703, 715, 
et seq. 

—contribution of rotational energy 
to, 711 

—contribution of vibrational energy 
to, 721 

for hydrogen, 715 
for monatomic molecules, 703 
for polyatomic molecules, 153, 730, 
723 
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Specific heat—(Contd.) 

Specific heat of liquids, 67, 742 
by continuous-flow method, 67 
by continuous-tniKture method, 67 
hy electrical method, 64 et seq. 
by method of cooling, 68 
by method of mutures, 61 
table of, 742 

Specifie heat of solids, measurement of, 
at high temperatures, 53, 75 
at low temperature 53, 72 
by Bunsen ice calorimeter, 50 
by electrical method, 64 et seq. 
by heating by cathode rays, 76 
by Joly*s steam calorimeter, 61-64 
by method, of mixtures, 51-67 
by Nerast vacuum calorimeter, 72 
results of experiments, 77 (Table) 
Specific heat of solids, theoretical cal¬ 
culation of, 

• at high tempetatures, 737 
from kinetic theory, 153 
from quantum theory, by Einstein, 720 
. —by Bom and Karman, 736 
—by Debye, 727 et seq., see also 
Debye’s theory of specific heat 
Spectral line 

distribution of energy in, 658 
finite breadth of, Maxwell’s law from, 
855 

Spectral pyrometers, see Optical pyro¬ 
meters 
Spectrum, 
band, of HBr, 720 
continuity of,. 619 
different regions of, description, 
detection and discovery of, 621,622 
emitted by a black body, distribution 
of energy in, 656 
molecular, nuclear spin from, 874 
of stars, 699 

rotational, of HC1 molecule, 710 
Spherically symmetrical atoms, 759 
Spin, nuclear, from molecular spectra, 
874 

Sp n quantum number of the nucleus, 717 
Stars, 

classification of, 699 
radiation from, 699 
temperature of, 700 
State, change of (Chap. XI) 442 
thermodynamic, treatment of, 352 


Stationary waves, 663 
Statistical thermodynamics, (Chap. IX) . 
371 et seq. 

new methods in, (Chap. XVII), 744 
Statistics, 

Bose, of photons, 747 
—application of, to liq. He II, 766 
—extension of, by Einstein to matter, 
756-768 

-calculation of entropy from, 760 

-calculation of pressure and enregy 

from, 760 

-calculation of probability from, 746 

classical (Maxwell-Boltzmann), 371, 
749 

deductions from the three, 747-755 
difference between classical and Bose- 
Eimtein, 746,747 
Fetmi-Dirac, 747 

—calculation of entropy from, 760 
—calculation of pressure and energy 
from, 760 

—calculation of probability from, 
747 

for weakly degenerate systems, 751 
—application of, to helium, 758 
—experimental tests of, 762 
for strongly degenerate F. D. systems, 
763 

method of Darwin and Fowler, 893 

new, 744 et seq. • 

—relation of, to wave mechanics, 

879 et seq. 
quantum, 744 et seq. 

—calculation of entropy from, 760 
—calculation of other thermodyna¬ 
mical functions from, 730 
Steady-fiow electric calorimeter, 67 
Steady state, 677 
Steam calorimeter (Joly), 61 
differential, 62 
Steam engine, 226 et seq. 
compound, 28 
efficiency of, 228, 260 

indicator diagram of, 260 
main parts of, 226 
performance of actual, 249 
Steam jet, theory of, 264-267 
Steam turbine, 263 et seq. 
efficiency of, 274 
impulse, 263 
—blading in, 269 
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Steam. Turbine —(Cootd.) 

Mollies diagram of, 248 
of Curtis, 270 
of De Laval, 268 
of Parsons, 271 , 
of Rateau, 270 
of Zolly, 270 
reaction, 263, 271 
—blading in, 272 
Stcfan-Boltzmann’s ,law, 
experimental verification of, 650 
thermodynamic proof of, 650 
Stefan’s constant <r, 660 
determination of, 662 
—by Kussmann, 652 
—critical review on the, 653 
—recent work on, (Table) 654 
in terms of Planck’s constant, 672 
Stellar energy 
sources of, 836 
Stirling’s theorem, 377, 865 
Stokes' law, 186 
Sublimation, 442 
heat of, 466 

thermodynamic treatment of, 353 
Sulphur boiling apparatus, 21 
Sun, 

blackbody temperature of, 695 
divisions of, 697 
radiation from, 691 
temperature of, 695 
—from distribution of energy 
itfc the spectrum, 697 
—from total radiation, 697 
—from wavelength of maximum 
emission, 699 

Symmetry properties of assemblies, 887 
Synthesis of ammonia, 791 


Tables 

of ammonia, 927 
of steam, 928 
Temperature, 
absolute scale of, 18, 305 
baths, 21 
blackbody, 634 
colour, 878 
critical, 407, 434 
—table of, 499 

—value of, from Van dcr Waals’ 
equation, 413 


Tem perature—(Contd.) 
eutectic or cryohydric, 486 
high, measurement of, 42, 683 et seq. 
international scale of, 44 
logarithmic scale of, 43 
low, production and measurement of, 
see Low temperature 
measurement of, near the absolute 
zero, 41 

of inversion, 506 
of the Sun, 095-699 
standard, 20. (Table) 
ultra-high, sources of, 839 
underground, 612 
very high, materials for, 843 
production of, 840 et seq. 
wave, wavelength of, 812 
Temperature radiation, 628 
Theorem, 

Boltzmann's, 388 
Carnot’s, 239 
Nernst Heat, 773 et seq. 
j virial, 415 
Theory, 

kinetic, see Kinetic theory 
of exchanges, Prevost’s, 626 
quantum, see Quantum theory 
Thermal capacity, 50 
Thermal conductivity, see Conductivity 
(thermal) 

Thermal cteep, 222 

Thermal difiusion, 180, Note 18, 910 

et seq. 

apparatus of Grew, 915 
—of Clusius and Dickel, 918 
coefficient, 912 

equations of transport due to, 911-913 
Thermal effusion, 212 
Thermal expansion, see Expansion 
Thermal ionisation, 
equation of, 810 
—by Saba, 811 
—applications of, 812 et seq.. 

-to Fraunhofer spectra, 813 

-to spectra of sunspots, 816 

-to flash spectra, 817 

--towards a physical explanation of 

spectra of stars, 819-826 
of alkaline earths, 815 
of alkalis, 814 
of calcium, 811 
of gases, 807 et seq.. 
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The oral ionisation—(Contd.) 
of sodium, 809 
theory of, 810 

—experimental proof of, 828-830 
—electron pressure from maximum 
intensity of enhanced lines, 820 
Thermal resistance, 569 
Thermal state of a body, 283 
Thermal transpiration, 212 
Thermic axes, 602 
Thermionic emission, 772 
Richardson's formula for, 773 
Thermistor, 28 
Thermocouple, 29 
differential, 36 

e.m.f. developed by, 34 (Table) 
for high temperature; 33, 44 
for low temperature, 39 
Thermodynamic conditions of natural. 

change,. 341 -344, 348 
Thermodynamic equilibrium, 

between a liquid and its vapour, 352 
general conditions of, 348 
of heterogeneous system, 360, 805 
of homogeneous system, 339 et seq., 
784 et seq. 

of physical and chemical systems 
(Chap. Vni), 339 
Thermodynamic potential, 342 
of diatomic gas, 762, 768 
of monatomic gas, 475, 75ft 
Thermodynamic probability, 850 
Thermodynamic scale of temperature, 
18 

Thermodynamic surface, 351 
Thermodynamical functions, 339, 350 
absolute value of, for diatomic, and 
polyatomic gases, 762 
—for monatomic gases, 476, 759 
Thermodynamical relationship (Maxwell’s) 
323 

first, 324 

—application of, to change of state, 
324 

—application of, to liquid film, 326 
second, 326 
third and fourth, 329 
Thermodynamical systems, 339 
Thermodynamical theorems (Chap, 
vn), 323 

Thermodynamical variables, 284 
nature of, 284 


Thermodynamics 

appl ic ati on of, to change of state, 

. 324, 352, .475 

—to chemical equilibria (Chap. XVIII),. 
339, 779 et seq. 

—to physical equilibria (Chap. Vlll), 
339 et seq. 

•—to radiation, 629 et aeq. 
of change of phase, 352 
of fusion, 354 
of radiation, 628 et seq. 
problems on, 334 
scope of. 279 

statistical (Chap. IX), 371, 744 
Thermodynamics, first law of (Chap. V), 
111, 270 etseq. 
application of, 293 et seq. 

—to calculation of work done in 
some processes, 295 
—to chemical reactions, 297 
—to discontinuous changes in energy 
(latent heat), 295 
—to specific beat, 293 
statement of, 292 
supposed violation of, 300 
Thermodynamics of irreversible processes, 
930 et seq. 

—applications of, 936 
Thermodynamics, second law of (Chap. 
VI), 302 etseq. 
supposed violation of, 320 
most general statement of, in tefrns of 
entropy, 319 

preliminary statement of, 303 
Thermoelectric thermometry, 29 
see also Thermocouples 
Thermometer, 

Assouan, 4 
Beckmann, 5 
Centigrade, 2 
chemical, 5 
.clinical, 5 

constant volume hydrogen, 8 
Fahrenheit, 2 

gas, 6 et seq., see also Gas thermometer 
lead resistance, 38 
liquid, 4 

maximum and minimum, 4 
mercury, 2 
petroleum ether, 37 
platinum, 23, see also Platinum resis¬ 
tance • thermometer 
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Thermometer (contd.) 
secondary, 19 
standard gas, 8 
standardisation of, 19 
thermo-electric, 29 see also 
Thermo-couple 
vapour pressure, 86, 39 
weight, 562 

Thermometric conductivity, 578 
Thermometry (Chap. 1), 1 
gas, accurate, 10 
high temperature, see pyrometer 
low temperature, 36 
resistance, 23-28 

standard temperatures for, 20 
(Table) 

thermoelectric, '29 

Thermo-nuclear reactions, 833 et scq. 
Thermo-molecular pressure difference, 938 
Thermopile, MeUoni’s, 617 
Total heat, 248, 502 
Transformations, adiabatic, 82 
Transparent, 624 
Transpiration, thermal, 212 
Transport phenomena, 163 
Triple point, 357, 499 (Table) 
for sulphur, 367 
for Water, 356, 442 
Trivariant system, 367 
Trouton's rule, 472, 473 
Turbine, 
gas, 276 

steam, see steam turbine 
Turbo-jet, 277 
Two-stroke engine, 260 


Ultta-violet rays, 623 
Unavailable energy, 320 
Uneertaiilty principle, 883 
Underground temperature, 612 
Unit of heat, 49 

Uranium isotope separation, 206, 208 


Vacuum, measurement of, 212 
Van der Waals* equation, 401 et seq. 

calculation of critical constants from, 
. 413 

deduction of, 402 ' . 

—from Bolttmann’s theorem, 389 
—from probability considerations, 402 


—from the virial theorem of Clausius, 
416 

defects in, 414 

determination of ‘a’ and *b’ in, 406 
et seq. 

discussion of, 410 
in ‘reduced’ form, 429 
variation of ‘a’ and ‘b’ of, 421 
Vaporisation, 442, 449 
coefficient, 457 

latent heat of, see Latent heat of vapo¬ 
risation 

Vapour compression machine, 487 
Vapour density, 467 
determination of, 451, 467 
of saturated vapour, determination 
fo, 468 

Vapour pressure, 

calculation of, from kinetic theory, 
479 

calculation of, from statistical mechanics, 
477, 761, 768 

—for diatomic substances, 768 
—»—experimental verification of, 769 
—for monatomic substances, 477 
-—experimental verification of, 477, 
478 

change of on melting, 445 
formula for, 474 

laws of, for mixture of liquids, 449 
measurement of, 449 et seq. 

—at high pressures, for water, 460 

—by dynamic method, 451-463 

—by effusion method, 453 

—by statical method, 460 

—from the rate of vaporisation, 465 

of difficultly volatile substances, 453,485 

of helium, 41 

of solutions, 458 

of tungsten, 468 (Table) 

of water, 449 

over a curved surface, 479 

saturation, 449 et seq. 

Vapour pressure thermometer, 41, 461 
Velocity, 
avenge, 138 
distribution of, 129 
—law of, see Maxwell’s law 
mean, 138 
mean square, 138 
most probable, 138 
root mean square, 127 
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Velocity compounding, principle of, 27 

Velocity of reaction, 784 

Velocity of sound, measurement of, 98 

et seq. 

by Kundt’s tube, 100 
by Partington and Shilling, 103 
Vibration, 

energy of, 706, 718 
bands of HBr, 719 

Vibrational motion, contribution of, 
to specific heat, 718 
Vibrations of continuous media, 063-666 
Virial coefficients, 397 
second, 424 

Virial theorem of Clausius, 416 

deduction of Van der Waals* equation 
from, 416 
Viscosity, 

analysis of, from kinetic theory, 166 
discussion of results on, 169 
relation of, to thermal conductivity, 173 
variation of, with temperature and 
pressure, 170-172 

Wanner pyrometer, 689 

Water, 

boiling point of, 21 
—effect of pressure on, 326, 363 
expansion of, 666 
freezing point of, 2 
—effect of pressure on, 326 
phase diagram of, 443 
specific heat of, 70 
vapour pressure of, 928 


Water-stir pyrbeliometcr, 692 
Wave function, symmetric and anti¬ 
symmetric, 807 
Wave mechanics, 879 et seq. 
relation of, to new statistics, 879 et seq. 
uncertainty relations in, 883 
Weight factor due to nuclear spin, 760 
Weight thermometer, 662 
Wiedemann-Franz law, 691 
Wien's constant, 660 
derivation of, from Planck’s law, 672 
experimental determination of, 661, 
673 

Wien’s displacement law, 655 
deduction of, 655 
experimental verification of, 661 
Wien’s radiation formula, 667 
Wires, adiabatic stretching of, 328 
Wolf and Wolfer’s number, 695 
Work, 

done in isothermal and adiabatic pro¬ 
cesses, 295 

external, done by a gas, 79 
internal, done by a gas, 81 
Working substance, 230 


X-rays, measurement of expansion by 
use of, 656, 559-661 


Zero, absolute, see Absolute zero 
Zero-point • energy, 765 
Zeta machine, 840 
Zolly turbine, 270 



